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Abstract

We consider conducting inference on the output of the Classification and Regression Tree
(CART) (Breiman et al., 1984) algorithm. A naive approach to inference that does not
account for the fact that the tree was estimated from the data will not achieve standard
guarantees, such as Type 1 error rate control and nominal coverage. Thus, we propose a
selective inference framework for conducting inference on a fitted CART tree. In a nutshell,
we condition on the fact that the tree was estimated from the data. We propose a test
for the difference in the mean response between a pair of terminal nodes that controls
the selective Type 1 error rate, and a confidence interval for the mean response within
a single terminal node that attains the nominal selective coverage. Efficient algorithms
for computing the necessary conditioning sets are provided. We apply these methods in
simulation and to a dataset involving the association between portion control interventions
and caloric intake.

Keywords: Regression trees, CART, selective inference, post-selection inference, hypoth-
esis testing.

1. Introduction

Regression tree algorithms recursively partition covariate space using binary splits to obtain
regions that are maximally homogeneous with respect to a continuous response. The Classi-
fication and Regression Tree (CART; Breiman et al. 1984) proposal, which involves growing
a large tree and then pruning it back, is by far the most popular of these algorithms.

The regions defined by the splits in a fitted CART tree induce a piecewise constant
regression model where the predicted response within each region is the mean of the ob-
servations in that region. CART is popular in large part because it is highly interpretable;
someone without technical expertise can easily “read” the tree to make predictions, and to
understand why a certain prediction is made. However, its interpretability belies the fact
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that CART trees are highly unstable: a small change to the training dataset can drastically
change the structure of the fitted tree. In the absence of an established notion of statistical
significance associated with a given split in the tree, it is hard for a practitioner to know
whether they are interpreting signal or noise. In this paper, we use the framework of se-
lective inference to fill this gap by providing a toolkit to conduct inference on hypotheses
motivated by the output of the CART algorithm.

Given a CART tree, consider testing for a difference in the mean response of the regions
resulting from a binary split. A very naive approach, such as a two-sample Z-test, that does
not account for the fact that the regions were themselves estimated from the data will fail
to control the selective Type 1 error rate: the probability of rejecting a true null hypothesis,
given that we decided to test it (Fithian et al., 2014). Similarly, a naive Z-interval for the
mean response in a region will not attain nominal selective coverage: the probability that
the interval covers the parameter, given that we chose to construct it.

In fact, approaches for conducting inference on the output of a regression tree are quite
limited. Sample splitting involves fitting a CART tree using a subset of the observations,
which will naturally lead to an inferior tree to the one resulting from all of the observations,
and thus is unsatisfactory in many applied settings; see Athey and Imbens (2016). Wager
and Walther (2015) develop convergence guarantees for unpruned CART trees that can be
leveraged to build confidence intervals for the mean response within a region; however, they
do not provide finite-sample results and cannot accommodate pruning. Loh et al. (2016)
and Loh et al. (2019) develop bootstrap calibration procedures that attempt to provide
confidence intervals for the regions of a regression tree. In Appendix A, we show that this
bootstrap calibration approach fails to provide intervals that achieve nominal coverage for
the parameters of interest in this paper.

As an alternative to performing inference on a CART tree, one could turn to the con-
ditional inference tree (CTree) framework of Hothorn et al. (2006). This framework uses
a different tree-growing algorithm than CART, and at each split tests for linear associ-
ation between the split covariate and the response. As summarized in Loh (2014), the
CTree framework alleviates issues with instability and variable selection bias associated
with CART. Despite these advantages, CTree remains far less widely-used than CART.
Furthermore, while CTree attaches a notion of statistical significance to each split in a tree,
it does not directly allow for inference on the mean response within a region or the difference
in mean response between two regions. Finally, while the CTree framework requires few
assumptions, its inference is based on asymptotics.

In this paper, we introduce a finite-sample selective inference (Fithian et al., 2014)
framework for the difference between the mean responses in two regions, and for the mean
response in a single region, in a pruned or unpruned CART tree. We condition on the event
that CART yields a particular set of regions, and thereby achieve selective Type 1 error
rate control as well as nominal selective coverage.

The rest of this paper is organized as follows. In Section 2, we review the CART
algorithm, and briefly define some key ideas in selective inference. In Section 3, we present
our proposal for selective inference on the regions estimated via CART. We show that
the necessary conditioning sets can be efficiently computed in Section 4. In Section 5 we
compare our framework to sample splitting and CTree via simulation. In Section 6 we
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compare our framework to CTree on data from the Box Lunch Study. The discussion is in
Section 7. Technical details are relegated to the supplementary materials.

2. Background

2.1 Notation for Regression Trees

Given p covariates (X1, ..., X)) measured on each of n observations (x1,...,7,), let x; 4
denote the sth order statistic of the jth covariate, and define the half-spaces

Xisi ={z€R":zi <m0}, Xso={2€R 1z >z} (1)
The following definitions are illustrated in Figure 1.

Definition 1 (Tree and Region) Consider a set S such that R C RP for all R € S.
Then S is a tree if and only if (i) RP € S; (ii) every element of S\ RP equals RN xjs.e for
some Re S, je{l,...,p},se{l,...,n—1}, e € {0,1}; (i11) RN Xjse €S implies that
RN Xjsi—e €S foree{0,1}; and (i) for any R,R' € S, RNR € {),R,R'}. fRe S
and S is a tree, then we refer to R as a region.

We use the notation TREE to refer to a particular tree. Definition 1 implies that any region
R € TREE \{RP} is of the form R = NX  x;, s,.¢;, Where for each [ = 1,..., L, we have that
ge{l,...,p}, s €{l,...,n—1}, and ¢; € {0,1}. We call L the level of the region, and
use the convention that the level of R? is 0.

Definition 2 (Siblings and Children) Suppose that {R, RN xjs1, RN Xjs0} € TREE.
Then RN xjs1 and RN x;js0 are siblings. Furthermore, they are the children of R.

Definition 3 (Descendant and Ancestor) If R, R’ € TREE and R C R/, then R is a
descendant of R’, and R’ is an ancestor of R.

Definition 4 (Terminal Region) A region R € TREE without descendants is a terminal
region.

We let DESC(R, TREE) denote the set of descendants of region R in TREE, and we let
TERM(R, TREE) denote the subset of DESC(R, TREE) that are terminal regions.

Given a response vector y € R", let yr = (Zi:xieR vi) /{30, 1(xi€R)}v where 1(4) is
an indicator variable that equals 1 if the event A holds, and 0 otherwise. Then, a tree TREE
induces the regression model [i(2) = }_ perupu(re rrir) YR 1(zer)- In other words, it predicts
the response within each terminal region to be the mean of the observations in that region.

2.2 A Review of the CART Algorithm (Breiman et al., 1984)

The CART algorithm (Breiman et al., 1984) greedily searches for a tree that minimizes the
sum of squared errors » RETERVI(RP TRER) > iwierYi — gr)?. It first grows a very large tree
via recursive binary splits, starting with the full covariate space RP. To split a region R, it
selects the covariate x; and the split point z; ) to maximize the gain, defined as

GAINR<Ms>EZ<%—yR>2—{ o i dre.) Y (yi—ymxj,s,of}- (2)

i€ER iERij,s,l Z‘ERﬁX]'.’s’[)
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Figure 1: The regression tree takes the form TREE = {RP,X14,.1,X1,51,00 X1,s1,1 1
X2,52,1> X1,51,1MX2,50,0 - The regions Rg = X1,6;,1MX2,5,,1 and RB = X1,51,1M1X2,52,0
are siblings, and are children, and therefore descendants, of the region x15,,1. The
ancestors of R4 and Rp are RP and x1s,,1. Furthermore, R4, Rp, and x1,,,0 are
terminal regions.

Details are provided in Algorithm Al.
Once a very large tree has been grown, cost-complexity pruning is applied. We define
the average per-region gain in sum-of-squared errors provided by the descendants of a region

R,
> (yi —yr)* — > > (i —or)?

i €ER rETERM(R,TREE) 4:T;€ET

| TERM(R, TREE)| — 1

9(R, TREE, y) = (3)
Given a complexity parameter A > 0, if g(R, TREE,y) < A for some R € TREE, then cost-
complexity pruning removes R’s descendants from TREE, turning R into a terminal region.
Details are in Algorithm A2, which involves the notion of a bottom-up ordering.

Definition 5 (Bottom-up ordering) Let TREE = {R1,...,Rx}. Let m be a permutation
of the integers (1,...,K). Then O = (Rw(l), . wa(K)) is a bottom-up ordering of the
regions in TREE if, for all k =1,..., K, w(k) < w(j) if Ry € DESC(R;, TREE).

There are other equivalent formulations for cost-complexity pruning (see Proposition 7.2 in
Ripley (1996)); the formulation in Algorithm A2 is convenient for establishing the results
in this paper.

To summarize, the CART algorithm first applies Algorithm Al to the initial region
RP and the data y to obtain an unpruned tree, which we call TREE?(y). It then applies
Algorithm A2 to TREEY(y) to obtain an optimally-pruned tree using complexity parameter
A, which we call TREE(y).

Algorithm Al (Growing a tree)
Grow (R, y)
1. If a stopping condition is met, return R.
2. FElse return {R, GRow (R N Xj,g,py)’ Grow(R N X;.,5.07 y) }, where

(3: 5) € arg max; sy:se{1,...n—1},je{1,...p} GAINR (y,J,5) -
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Algorithm A2 (Cost-complexity pruning) Parameter O is a bottom-up ordering of the
K regions in TREE.
PRUNE (TREE, y, A, O)

1. Let TREEg = TREE. Let K be the number of regions in TREEg.
2. Fork=1,... K:
(a) Let R be the kth region in O.
(b) Update TREEy as follows, where g(-) is defined in (3):
TREE;, TREEj_1 \ DESC(R, TREE;_1)  if g(R, TREEL_1,y) < A,
TREE;_1 otherwise.

3. Return TREEf.

2.3 A Brief Overview of Selective Inference

Here, we provide a very brief overview of selective inference; see Fithian et al. (2014) or
Taylor and Tibshirani (2015) for a more detailed treatment.

Consider conducting inference on a parameter 0. Classical approaches assume that we
were already interested in conducting inference on 6 before looking at our data. If, instead,
our interest in 6 was sparked by looking at our data, then inference must be performed with
care: we must account for the fact that we “selected” 6 based on the data (Fithian et al.,
2014). In this setting, interest focuses on a p-value p(Y) such that the test for Hy : 0 = 6y
based on p(Y) controls the selective Type 1 error rate, in the sense that

Prigo—0, {pP(Y) < a | 6 selected} < a, forall 0 < o < 1. (4)

Also of interest are confidence intervals [L(Y), U(Y)] that achieve (1 — «v)-selective coverage
for the parameter 6, meaning that

pr{0 € [L(Y),U(Y)] | 0 selected} > 1 — av. (5)

Roughly speaking, the inferential guarantees in (4) and (5) can be achieved by defining
p-values and confidence intervals that condition on the aspect of the data that led to the
selection of 6. In recent years, a number of papers have taken this approach to perform
selective inference on parameters selected from the data in the regression (Lee et al., 2016;
Liu et al., 2018; Tian and Taylor, 2018; Tibshirani et al., 2016), clustering (Gao et al.,
2020), and changepoint detection (Hyun et al., 2021; Jewell et al., 2022) settings.

In the next section, we propose p-values that satisfy (4) and confidence intervals that
satisfy (5) in the setting of CART, where the parameter of interest is either the mean
response within a region, or the difference between the mean responses of two sibling regions.

3. The Selective Inference Framework for CART

3.1 Inference on a Pair of Sibling Regions

Throughout this paper, we assume that Y ~ N, (i, 0%I,) with ¢ > 0 known.
We let X € R™*P denote a fixed covariate matrix. Suppose that we apply CART with
complexity parameter \ to a realization y = (y1,...,%,)" from Y to obtain TREE*(y). Given
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sibling regions R4 and Rp in TREE*(y), we define a contrast vector v € R” such that

1(JJ¢ERA) 1($¢ERB) (6)

- )

(VSib)i = Zn

i'=1 1(Ii/€RA) 23:1 1($i/€RB)

and vgu = (Zi:zieRA :“i)/{z?ﬂ ]'(IiGRA)} - (Zi:wieRB Ni) /{Z:’L:l 1($i€RB)}' Now,
consider testing the null hypothesis of no difference in means between R4 and Rp, i.e. Hy :
vipht = 0 versus Hy : v5, 1w # 0. This null hypothesis is of interest because R4 and Rp ap-
peared as siblings in TREE*(y). A test based on a p-value of the form pry, ([vZ, Y| > [v5,y|)
that does not account for this will not control the selective Type 1 error rate in (4).

To control the selective Type 1 error rate, we propose a p-value that conditions on the

aspect of the data that led us to select v},
PrH, {yy;m > [v2,y| | Ra, Rp are siblings in TREE)‘(Y)}. (7)

But (7) depends on a nuisance parameter, the portion of u that is orthogonal to vg;. To
remove the dependence on this nuisance parameter, we condition on its sufficient statistic
P,}SibY, where P;- = I — vv™/||v||2. The resulting p-value, or “tree-value”, is defined as

psiv(y) = pru, {]V;ribY] > |vipyl | Ra, Rp are siblings in TREE)‘(Y),P,,LM_I)Y = P,,lsiby} )
(8)
Results similar to Theorem 6 can be found in Jewell et al. (2022); Lee et al. (2016); Liu
et al. (2018), and Tibshirani et al. (2016).

Theorem 6 The test based on the p-value pgip(y) in (8) controls the selective Type 1 error
rate for Hy : v, = 0, where vy, is defined in (6), in the sense that

DPrH, {psib(Y) < a| Ra, Rp are siblings in TREE’\(Y)} =aq, foral0<a<1. (9)

Furthermore, psp(y) = pr {|¢>| > vyl | @€ S?ib(’/sib)} , where ¢ ~ N (0, ”l/Sin%O‘Z), v (o, v)
Pry+o(w/lvll3), and

52 (vein) = {é : Ra, Rp are siblings in TREEMy/ (¢, veip) }}. (10)

Proofs of all theoretical results are provided in the appendix. Theorem 6 says that given
the set S;\ib(usib), we can compute the p-value in (8) using

poin(y) = 1= F { Wyl 0. [vain 30, S (vsin) f +F { ~1v5uls 0, [vanlBo?, Skp(ven) } » (11)

where F (- ;0, ||lv]|?c%, S) denotes the cumulative distribution function of the N (0, [[v[35?)
distribution truncated to the set S. In Section 4, we provide an efficient approach for
analytically characterizing the truncation set .S g‘ib(usib). To avoid numerical issues associated
with the truncated normal distribution, we compute (11) using methods described in the
supplement of Chen and Bien (2020). Note that the proof of Theorem 6, and consequently

the efficient computation of pg;(y) discussed in Section 4, relies on the assumption that
Y ~ Np(u,o?L,).
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We now consider inverting the test proposed in (8) to construct an equitailed confidence
interval for v}, ;1 that has (1 — «)-selective coverage (5), in the sense that

pr {y;bu € [L(Y),U(Y)] | Ra, Rp are siblings in TREEA(Y)} —1-a.  (12)

Proposition 7 For any 0 < o < 1 and any realization y € R™, the values L(y) and U(y)
that satisfy

F{vgwy; L(y), o lvsanll3, S (vsin)} =1 — /2, F{vGy:Uy), o [vsall3, So(vsa)} = /2, (13)

are unique, and [L(Y),U(Y)] achieves (1 — a)-selective coverage for vX, p.

3.2 Inference on a Single Region

Given a single region R4 in a CART tree, we define the contrast vector v,..4 such that

(Vreg)i = Lwiera) {Z Layera) } (14)

Then, Vreg/j’ (Z, i €ERA Hi) / {Z? 11z, eRA)} We now consider testing the null hypoth-

esis Hy : 1 = c for some fixed c¢. Because our interest in this null hypothesis results

reg
from the fact that R4 € TREE*(y), we must condition on this event in defining the p-value.
We define

Preg(y) = prm {|VigY — e = Wiegy = el | Ra € TRERNY), PL Y =Py}, (15)
and introduce the following theorem.

Theorem 8 The test based on the p-value preg(y) in (15) controls the selective Type 1
error rate for Ho : Vpegpt = ¢, where vpeg is defined in (14). Furthermore, preg(y) =
prile —cl = [viegy — C| foe Sreg(Vreg) } » where ¢ ~ N(c, |[vregll30%) and, for y'(p,v) =
Pry+o/[Iv]3),

S?eg(”?“eg) ={¢p:Ra€ TREEA{y/(qﬁ, Vreg) }}- (16)

Theorem 2 and the resulting efficient computations in Section 4 rely on the assumption that
Y ~ Np(u,o?l,).
We can also define a confidence interval for v, u that attains nominal selective coverage.

Proposition 9 For any 0 < o < 1 and any realization y € R™, the values L(y) and U(y)
that satisfy

F{V:egy;L(y) ||VT€9||2’ reg(VTeg)} =1- O[/Q, F{Vregy’ (y) ||VT€9||2’ reg(V”’e!])} = Oé/%7 )
17
are unique, and [L(Y),U(Y)] achieves (1 — )-selective coverage for vy, .

In Section 4, we propose an approach to analytically characterize the set Sreg(vreg) in (16).
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3.3 Intuition for the Conditioning Sets S, (vsi) and S, (Vreg)

reg

We first develop intuition for the set S;\ib(ysib) defined in (10). From Theorem 6,

{yl(¢ v b)} = y+(¢_yT y) 22:1 1($i/€RB) 1 - ZZ:I 1(5Ei’€RA) 1 .
y Vsi i 7 stb Z?’:l 1(Ii/€RAURB) (xi€RA) Z?’:l 1(Ii/€RAURB) (zi€RB)

Thus, ¥/ (¢, vsp) is a perturbation of y that exaggerates the difference between the observed
sample mean responses of R4 and Rp if |¢| > |v),y|, and shrinks that difference if |¢| <
[vT,yl. The set S, (vgip) quantifies the amount that we can shift the difference in sample
mean responses between R4 and Rp while still producing a tree containing these sibling
regions. The top row of Figure 2 displays TREE?{y/(¢, vsp)}, as a function of ¢, in an

example where S, (vg;p) = (—19.8,—1.8) U (0.9, 34.9).

¥ = Y(VpY: Vo)=Y (-14.9,Vreg) Y'(5, vsib) ¥'(0, vsip) ¥'(40, vsip)
6 6 6 6
. . . .
4 o . 4 e . 4 e . 4 e .
~ | # e . Rg .a'_. . ‘.a’,. . ° .o'. .
2 5 2 T e 2 S 2 o
5 ;..'.i‘.;-' Ra RS S et PR
So ..; - e 0 _.: - e 0 ..: - e 0 A
e . . . o
FX X oAt & K X TR
2 % “e 2 % T 2 % e 2 e
. . . .
B . .
-4 ° -4 -4 -4 Y
4 2 0 2 4 6 4 2 0 2 4 6 4 2 0 2 4 6 4 2 0 2 4 6 ‘0
Feature 1 Feature 1 Feature 1 Feature 1 20
0
y= V'(VLgy.\'reg) =Y'(-10,vreq) Y'(5, Vreg) Y'(0, Vreg) ¥'(40, Vreg) I
-20
6 6 6 6
. -40
4 K . 4 “ 4 o 4 e
o 4 .-‘ . (4 . |’ ..' . L
o 2 5 - 2 o 2 — - 2 -
5 ST R, R LR ST
S0 e 3o o o 0 P ls - 0 pee PR 01
i o e 4 . o o e
S b Moz % X &,
-2 L . -2 2 -2 %o . -2
.
B oo
-4 -4 -4 4
4 2 0 2 4 6 4 2 0 2 4 6 4 2 0 2 4 6 4 2 0 2 4 6
Feature 1 Feature 1 Feature 1 Feature 1

Figure 2: Data with n = 100 and p = 2. Regions resulting from CART (A = 0) are delin-
eated using solid lines. Here, R4 = Xx1.26,0 N X2,721 and Rp = Xx1,26,0 N X2,72,0-
Top: Output of CART applied to y'(¢, vp), where vg; in (6) encodes the contrast
between R4 and Rp, for various values of ¢. The left-most panel displays y =
Y (vE,y, vein). By inspection, we see that —14.9 € Sgib(usib) and 5 € Sgib(ys,-b), but
0¢&S% (vsip) and 40 & SY, (V). In fact, S (vsip) = (—19.8, —1.8) U (0.9, 34.9).
Bottom: Output of CART applied to v/(¢,Vreg), Where 14 in (14) encodes
membership in R4. The left-most panel displays y = y’(ufegy,yreg). Here,
S0 (Vreg) = (—00,3.1) U (5.8,8.8) U (14.1,00).

reg

We next develop intuition for Sﬁ‘eg(yreg), defined in (16). Note that {y'(¢,vreq)}; =
Yi + (6 — vg¥) Liz,ery), Where 3/ (@, vreg) is defined in Theorem 8. Thus, y'(¢, Vrey) shifts
the responses of the observations in R4 so that their sample mean equals ¢, and leaves
the others unchanged. The set Sﬁ‘eg(l/reg) quantifies the amount that we can exaggerate or
shrink the sample mean response in region R4 while still producing a tree that contains
R4. The bottom row of Figure 2 displays y/(¢, vreq) as ¢ is varied, in an example with

Speg(Vreg) = (—00,3.1) U (5.8,8.8) U (14.1,00).
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4. Computing the conditioning sets S, () and S,i\eg(yreg)
4.1 Recharacterizing the conditioning sets in terms of branches

We begin by introducing the concept of a branch.

Definition 10 (Branch) A branch is an ordered sequence of triples B = ((j1,51,€1),---,(jL,SL,€L))
such that j; € {1,...,p}, ss € {1,...,n—1}, and ¢, € {0,1} forl=1,...,L. The branch B

induces a nested set of regions R(B) = {R©, RV, ... R} where RO = ﬂ%,zl Xy sy ey
forl=1,...,L, and R© =R,

For a branch B and a vector v, we define
$2B,v) = {9 R(B) C REEMY (6,1)}} (18)

For R € TREE, we let BRANCH(R, TREE) denote the branch such that R{BRANCH(R, TREE)}
contains R and all of its ancestors in TREE.

Lemma 11 Suppose that R4 and Rp are siblings in TREE(y). Then R4 and Rp are sib-
lings in TREEMy (¢, vein)} if and only if R[BRANCH{ R, TREE*(y)}] C TREEMy/ (6, veip) }-
Therefore, S2, (vsi) = S*[BRANCH{ R, TREE*(y) }, vsip), defined in (10) and (18).

Lemma 11 says that TREE* 3/ (¢, vgp)} contains siblings R4 and Rp if and only if it
contains the entire branch associated with R4 in TREE*(y). However, Lemma 11 does
not apply in the single region case: for v, defined in (14) and some R4 € TREE(y),
the fact that R4 € TREEMY' (6, vreg)} does not imply that R[BRANCH{ R4, TREE*(y)}] C
TREEM Y/ (4, Vreg) }. Instead, a result similar to Lemma 11 holds, involving permutations of
the branch.

Definition 12 (Permutation of a branch) Let II denote the set of all L! permutations
of (1,2,...,L). Giwven 7 € Il and a branch B = ((j1,s1,€1),---,(jr,SL,€r)), we say that
7 (B) =((Jr(1)s $x(1)> €x(1))s - - - » (Jr(L)s S=(L)> €x(L))) 8 a permutation of the branch B.

Branch B and its permutation 7 (B) induce the same region R, but R{w (B)} # R(B).

Lemma 13 Let Ry € TREE*(y). Then Ra € TREEMY (¢, vreq)} if and only if there exists
am €11 such that Rl {BRANCHR, (y)}] € TREEM Y/ (@, Vyeg)}. Thus, for Sﬁ‘eg(yreg) in (16),

S;\eg(ureg) = U SA (7r [BRANCH{RA,TREEA(y)}} ,u,,eg) . (19)
well
Lemmas 11 and 13 reveal that computing 3, (Vi) and S, (Vreq) requires characterizing
sets of the form S*(B,v), defined in (18). To compute S2; (vsip) We will only need to consider
S*(B,v) where R(B) C TREE*(y). However, to compute Sﬁ‘eg(weg), we will need to consider
SM7(B),v} where R(B) C TREE? (y) but R{n(B)} € TREE*(y).
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4.2 Computing S*(B,v) in (18)

Throughout this section, we consider a vector v € R™ and a branch B = ((j1, $1,€1), ..., (jr,SL,€eL)),
where R(B) may or may not be in TREE*(y). Recall from Definition 10 that B induces the

nested regions RO —= ﬂ§/:1 Xjyrspoep for & =1,..., L, and RO —= Rp. Throughout this
section, our only requirement on B and v is the following condition.

Condition 1 Fory/(¢,v) defined in Theorem 6, B and v satisfy {y'(¢,v)}, = yi—i_cll{xieR(L)}—i—

621[wiE{R(Lfl)ﬂij,sLJ_eL 1] fori=1,...,n and for some constants c1 and cs.

To characterize S*(B,v) in (18), recall that the CART algorithm in Section 2.2 involves
growing a very large tree TREE(y), and then pruning it. We first characterize the set

Sgrow(B,v) = {¢ : R(B) C TREE"{y/(¢,v)}}. (20)

Proposition 14 Recall the definition of GAIN iy {y (¢, V), j, s} in (2), and let Sy ;s = {¢ :
GAINR<1_1>{y’(¢, I/),j, S} < GAINR(z_U{y/(gb, I/),jl, Sl}}. Then, ngw(B, I/) = ﬂlel ?:1 ﬂg:_ll Sl,j,s'

Proposition 15 says that we can compute Sy, (B, v) efficiently.

Proposition 15 The set S; ;s is defined by a quadratic inequality in ¢. Furthermore,

we can evaluate all of the sets Spjq, forl = 1,...,L, j = 1,...,p, s = 1,...,n —1,

in O {npL + nplog(n)} operations. Intersecting these sets to obtain Sgrow(B, V) requires at
most O {npL x log(npL)} operations, and only O(npL) operations if B = BRANCH{ R4, TREE*(y)}
and v is of the form vgy in (6).

Noting that SNB,v) = {¢ € Sgrow(B,v) : RL) € TREEMy/(¢,v)}}, it remains to char-
acterize the set of ¢ € Sy (B, v) such that R is not removed during pruning. Recall
that g(-) was defined in (3).

Proposition 16 There exists a tree TREE(B, v, \) such that

L—1
SMB,v) = Syrow(B, ) N (ﬂ {¢ g {R(l),TREE(B, v, A), 1/ (6, y)} > A}) . (21)

=0

If R(B) € TREE(y), then TREE(B, v, \) = TREE(y) satisfies (21). Otherwise, given the set
Sgrow(B,v), computing a TREE(B, v, \) that satisfies (21) has a worst-case computational
cost of O(n’p).

We explain how to compute a TREE(B, v, \) satisfying (21) when R(B) € TREE(y) in the
supplementary materials.

Proposition 17 The set ﬂlL:_Ol {gb g {R(l),TREE(B, v, \),y (¢, 1/)} > )\} in (21) is the in-
tersection of the solution sets of L quadratic inequalities in ¢. Given TREE(B,v,\), the
coefficients of these quadratics can be obtained in O(nL) operations. After Sgrow(B,v) has

been computed, intersecting it with these quadratic sets to obtain SN(B,v) from (21) requires
O{npL xlog(npL)} operations in general, and only O(L) operations if B = BRANCH{ R4, TREE*(y)}
and v = vy from (6).

10
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The results in this section have relied upon Condition 1. Indeed, this condition holds
for branches B and vectors v that arise in characterizing the sets S, (vsip) and Sﬁ‘eg(l/mg).

Proposition 18 If either (i) B = BRANCH{ R4, TREE*(y)} and v = vy (6), where R4 and
Rp are siblings in TREEMy), or (ii) B is a permutation of BRANCH{ R, TREE(y)} and
V = Vpey (14), where Ry € TREE(y), then Condition 1 holds.

Combining Lemma 11 with Propositions 14-18, we see that Sg‘ib(ysib) can be computed
in O{npL + nplog(n)} operations. However, computing Sﬁ‘eg(yreg) is much more computa-
tionally intensive: by Lemma 13 and Propositions 14-18, it requires computing
SA(m [BRANCH{R A, TREE*(y)}] , Vpeg) for all L! permutations m € II, for a total of O [L! {n®pLlog(pL)}]
operations. In Section 4.3, we discuss ways to avoid these calculations.

4.3 A Computationally-Efficient Alternative to S, ,(vreg)

Lemma 13 suggests that carrying out inference on a single region requires computing
SA(m [BRANCH{R A, TREE*(y)}] , Vpeg) for every m € II. We now present a less computation-
ally demanding alternative.

Proposition 19 Let Q) be a subset of the L! permutations in 11, i.e. Q C II. Define

20 (y) = pru {Wegy —d > Wy — el | |J (R(xlsrancu{Ra, TrEE (4)}]) C TREEN(Y)) , Pir,, Y = Py, y} :
TEQ

The test based on pf?eg(y) controls the selective Type 1 error rate (4) for Ho : Vgt = c. Fur-
thermore, p2,(y) = pr {|¢ — o = Wty — ¢l | 6 € Upeq S (n[BRANCH{ Ra, TREE () }], Ve ) } where
¢ ~ N(c, [[Vregll30?).-

Using the notation in Proposition 19, pye4(y) introduced in (15) equals p{leg(y). If we
take @ = {Z}, where 7 is the identity permutation, then we arrive at

Pgw) = P (16— el > [ligy — cl | & € S [BRANCH{RA, TREEA 1)}, gl ), (22)

where ¢ ~ N(c, ||[Vregl30?). The set S*BRANCH{R A, TREE*(y)}, Vreg] can be easily com-
puted by Proposition 16.

Compared to (15), (22) conditions on an extra piece of information: the ancestors of
R4. Thus, while (22) controls the selective Type 1 error rate, it may have lower power
than (15) (Fithian et al., 2014). Similarly, inverting (22) to form a confidence interval
provides correct selective coverage, but may yield intervals that are wider than those in
Proposition 9. Proposition 19 is motivated by a proposal by Lee et al. (2016) to condition
on both the selected model (necessary information) and the signs of the selected variables
(extra information) in the lasso setting, to gain computational efficiency at the possible
expense of precision and power.

In Appendix F, we show through simulation that the loss in power associated with
using (22) rather than (15) is negligible. Thus, in practice, we suggest using (22) for its
computational efficiency. We use (22) for the remainder of this paper.

11
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Figure 3: The true mean model in Section 5, for a = 0.5 (left), @ = 1 (center), and a = 2
(right). The difference in means between the sibling nodes at level two in the tree
is ab, while the difference in means between the sibling nodes at level three is b.

Furthermore, we can consider computing confidence intervals of the form [L ST, (y),Usz (y)]

reg

rather than (17), where Lsz (y) and Usz, (y) satisty

F (v Lz, (9), 0 [vre |3, 5™ [BRANCH{ R, TREEA ()}, ] )

F (v Usz,, (9), 0% [vreg 3, 8™ [BRANCH{ R, TREEA ()}, 1] )

o
—1-=
2 b
o
In Appendix F, we show that the confidence intervals resulting from (23) are not much

wider than those resulting from (17). We therefore make use of confidence intervals of the
form (23) in the remainder of this paper.

5. Simulation Study

5.1 Data Generating Mechanism
We simulate X € R™P with n = 200,p = 10, X;; "%" N(0,1), and y ~ N, (s, 0I,) with
c=>5and pu; = b x [1(%1@) x {1+ alig, ,>0) + 1(%3mi72>0)}] This @ vector defines a

three-level tree, shown in Figure 3 for three values of a € R.

5.2 Methods for Comparison

All CART trees are fit using the R package rpart (Therneau and Atkinson, 2019) with
A = 200, a maximum level of three, and a minimum node size of one. We compare three
approaches for conducting inference. (i) Selective Z-methods: Fit a CART tree to the data.
For each split, test for a difference in means between the two sibling regions using (8), and
compute the corresponding confidence interval in (13). Compute the confidence interval for
the mean of each region using (23). (ii) Naive Z-methods: Fit a CART tree to the data.
For each split, conduct a naive Z-test for the difference in means between the two sibling
regions, and compute the corresponding naive Z-interval. Compute a naive Z-interval for
each region’s mean. (iii) Sample splitting: Split the data into equally-sized training and test
sets. Fit a CART tree to the training set. On the test set, conduct a naive Z-test for each

12
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split and compute a naive Z-interval for each split and each region. If a region has no test
set observations, then we fail to reject the null hypothesis and fail to cover the parameter.

The conditional inference tree (CTree) framework of Hothorn et al. (2006) uses a different
criterion than CART to perform binary splits. Within a region, it tests for linear association
between each covariate and the response. The covariate with the smallest p-value for this
linear association is selected as the split variable, and a Bonferroni corrected p-value that
accounts for the number of covariates is reported in the final tree. Then, the split point
is selected. If, after accounting for multiple testing, no variable has a p-value below a pre-
specified significance level «, then the recursion stops. While CTree’s p-values assess linear
association and thus are not directly comparable to the p-values in (i)—(iii) above, it is
the most popular framework currently available for determining if a regression tree split is
statistically significant. Thus, we also evaluate the performance of (iv) C'Tree: Fit a CTree
to all of the data using the R package partykit (Hothorn and Zeileis, 2015) with a = 0.05.
For each split, record the p-value reported by partykit.

In Sections 5.3-5.6, we assume that o is known. We consider the case of unknown o in
Section 5.7.

5.3 Uniform p-values under a Global Null

We generate 5,000 datasets with @ = b = 0, so that Hg : v, = 0 holds for all splits in
all trees. Figure 4 displays the distributions of p-values across all splits in all fitted trees
for the naive Z-test, sample splitting, and the selective Z-test. The selective Z-test and
sample splitting achieve uniform p-values under the null, while the naive Z-test (which
does not account for the fact that vg; was obtained by applying CART to the same data
used for testing) does not. CTree is omitted from the comparison: it creates a split only
if the p-value is less than o = 0.05, and thus its p-values over the splits do not follow a
Uniform(0,1) distribution.

Level 1 Level 2 Level 3
ﬁ 1.001 / 1.001 s 1.00 4 7
S 0.754 0.75 / 0.75 ;/
ij / 4 /
= 0.501 0.50 0.50 A v d
8 /
£ 0.251 // 0.254 0.25 /
£ y V4 y 4
w 0.00 0.00 4 0.00 | G m———

-I T T T T
0.00 0.25 0.50 0.75 1.00

T T T T T
0.00 0.25 0.50 0.75 1.00

0.00 0.25 0.50 0.75 1.00

U(0,1) Quantiles

Figure 4: Quantile-quantile plots of the p-values for testing Hy : v}, = 0, as described in
Section 5.3. A naive Z-test (green), sample splitting (blue), and selective Z-test
(pink) were performed; see Section 5.2. The p-values are stratified by the level of
the regions in the fitted tree.
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Table 1: A 3 x 3 contingency table indicating an observation’s involvement in a given true
split and estimated split. The adjusted Rand index is computed using only the
shaded cells

Estimated Split
In left region In right region In neither

In left region t1 to ts
True Split  In right region U1 U9 Uus
In neither U1 ) U3

5.4 Power

We generate 500 datasets for each (a,b) € {0.5,1,2} x {1,...,10}, and evaluate the power
of selective Z-tests, sample splitting, and CTree to reject the null hypothesis Ho : v}, = 0.
As naive Z-tests do not control the Type 1 error rate (Figure 4), we do not evaluate their
power. We consider two aspects of power: the probability that we detect a true split, and
the probability that we reject the null hypothesis corresponding to a true split.

Given a true split in Figure 3 and an estimated split, we construct the 3 x 3 contingency
table in Table 1, which indicates whether an observation is on the left-hand side, right-hand
side, or not involved in the true split (rows) and the estimated split (columns). To quantify
the agreement between the true and estimated splits, we compute the adjusted Rand index
(Hubert and Arabie, 1985) associated with the 2 x 3 contingency table corresponding to
the shaded region in Table 1. For each true split, we identify the estimated split for which
the adjusted Rand index is largest; if this index exceeds 0.75 then this true split is “de-
tected”. Given that a true split is detected, the associated null hypothesis is rejected if the
corresponding p-value is below 0.05. Figure 5 displays the proportion of true splits that are
detected and rejected by each method.

As sample splitting fits a tree using only half of the data, it detects fewer true splits,
and thus rejects the null hypothesis for fewer true splits, than the selective Z-test.

When a is small, the difference in means between sibling regions at level two is small.
Because CTree makes a split only if there is strong evidence of association at that level,
it tends to build one-level trees, and thus fails to detect many true splits; by contrast, the
selective Z-test (based on CART) successfully builds more three-level trees. Thus, when a
is small, the selective Z-test detects (and rejects) more true differences than CTree between
regions at levels two and three.

5.5 Coverage of Confidence Intervals for v,

poand vy

We generate 500 datasets for each (a,b) € {0.5,1,2} x {0,...,10} to evaluate the coverage
of 95% confidence intervals constructed using naive Z-methods, selective Z-methods, and
sample splitting. CTree is omitted from these comparisons because it does not provide
confidence intervals. We say that the interval covers the truth if it contains v"p, where v
is defined as in (6) (for a particular split) or (14) (for a particular region). Table 2 shows
the proportion of each type of interval that covers the truth, aggregated across values of a
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Figure 5: Proportion of true splits detected (solid lines) and rejected (dotted lines) for
CART with selective Z-tests (pink), CTree (black), and CART with sample split-
ting (blue) across different settings of the data generating mechanism, stratified
by level in tree. As CTree only makes a split if the p-value is less than 0.05, the
proportion of detections equals the proportion of rejections.

and b. The selective Z-intervals attain correct coverage of 95%, while the naive Z-intervals
do not.

It may come as a surprise that sample splitting does not attain correct coverage. Recall
that v from (6) or (14) is an n-vector that contains entries for all observations in both
the training set and the test set. Thus, " involves the true mean among both training
and test set observations in a given region or pair of regions. By contrast, sample splitting
attains correct coverage for a different parameter involving the true means of only the test
observations that fall within a given region or pair of regions.

5.6 Width of Confidence Intervals

Figure 6(a) illustrates that our selective Z-intervals for v, u can be extremely wide when
b is small, particularly for regions located at deeper levels in the tree. For each tree that we
build and for levels 1, 2, and 3, we compute the adjusted Rand Index (Hubert and Arabie,
1985) between the true tree (truncated at the appropriate level) and the estimated tree
(truncated at the same level). Figure 6(b) shows that our selective confidence intervals can
be extremely wide when this adjusted Rand Index is small, particularly at deeper levels of
the tree.

When b is small and the adjusted Rand Index is small, the trees built by CART tend to
be unstable, in the sense that small perturbations to the data affect the fitted tree. In this
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Table 2: Proportion of 95% confidence intervals containing the true parameter, aggregated
over all trees fit to the 5,500 datasets generated with (a, b) € {0.5,1,2} x{1,...,10}

Parameter v, Parameter v, 1t
Level Selective Z Naive Z Sample Splitting Selective Z Naive Z Sample Splitting
1 0.951 0.889 0.918 0.948 0.834 0.915
2 0.950 0.645 0.921 0.951 0.410 0.917
3 0.951 0.711 0.921 0.950 0.550 0.921

setting, the sample statistics VTTegy fall very close to the boundary of the truncation set. See
Kivaranovic and Leeb (2021) for a discussion of why wide confidence intervals can arise in
these settings. The great width of our confidence intervals reflects the uncertainty about
the mean response within each region due to the instability of the tree-fitting procedure.
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Median Confidence Interval Width
Median Confidence Interval Width

0.0 25 5.0 7.5 10.00.0 25 5.0 7.5 10.00.0 25 5.0 7.5 10.0 0.00 0.25 0.50 075 1.00
b

Adjusted Rand Index (true vs. estimated tree)

Figure 6: The median width of the selective Z-intervals for parameter erg,u for regions at
levels one (solid), two (dashed), and three (dotted) of the tree. Similar results
hold for parameter v, u. Panel (a) breaks results down by the parameters a and
b, whereas panel (b) aggregates results across values of parameters a and b, and

displays them as a function of the adjusted Rand Index between the true and
estimated trees.

5.7 Results with Unknown o

Thus far, we have assumed that o is known. In this section, we compare the following three
versions of the selective Z-methods that plug different values of ¢ into the truncated normal
CDF when computing p-values and confidence intervals:

1. o: We plug in the true value of o, as in Sections 5.3-5.6.

n

2. Gcons: We plug in Geons = \/(n —1)"1 3 (y; — )2, where §j = n~! o Vi
i=1
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Figure 7: QQ plots of the p-values from testing Hy : l/gb,u = 0 when p = 0, using the

selective Z-test with three different values plugged in to the truncated normal
CDF for 0. The p-values are stratified by the level of the regions in the fitted
tree.

3. 6ssk : Let T = |TERM (RP, TREE*(y))| be the number of terminal regions in TREE* ().

We plug in dssp = \/(n —T)"' S (i — 9:)2, where §; is the predicted value for
the ith observation given by TREE*(y).

It is straightforward to show that E[62,,.] > o2, for any value of E[y] = p. Thus, we expect
this estimate to lead to conservative inference. On the other hand, &gSE can be made
arbitrarily small by making the fitted tree arbitrarily deep, and so we expect inference
based on this estimate to be anti-conservative if the fitted CART tree is large.

Figure 7 shows the distribution of p-values from testing Hy : Vg;bu = 0 with the three
versions of the selective Z-test under the data generating mechanism described in Section
5.1, with a = b = 0. In this setting, VZ;bu = 0 holds for all splits in all trees. We see almost
no difference between the three versions of the selective Z-test. In this global null setting,
E[62,] = 0. Furthermore, the empirical bias of 6y is small because the trees we grow
are not particularly large; as in the rest of Section 5, we build trees to a maximum depth

of 3 and prune with A = 200.

Figure 8 displays the proportion of true splits detected and the proportion of true splits
detected and rejected, as defined in Section 5.4, for the three versions of the selective Z-test
when data is generated as in Section 5.4. For simplicity, we only show the setting where
a = 1. All three methods detect the same proportion of true splits, because they all perform
inference on the same CART trees. The proportion of splits detected and rejected is very
similar for o and &ggg because dgsg is a very good estimator for ¢ in this setting. While
Ocons performs reasonably when b is small, it severely overestimates ¢ and thus has low
power when b is large.
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Figure 8: Proportion of true splits detected (solid lines) and rejected (dotted lines) for
CART with the three versions of the selective Z-test. The results are stratified
by level in tree.

Table 3 displays confidence intervals for v u and vy u for the three versions of the
selective Z-intervals, where data is generated as in Section 5.5. As expected, Gcons leads to

slight over-coverage and 6gsg leads to slight under-coverage.

Parameter v, 1 Parameter v1, 1
Level g Ocons  OSSE g Ocons  OSSE
1 0.95 0.98 0.95 0.95 0.98 0.94
2 095 097 0.94 095 097 0.94
3 0.95 0.96 0.94 0.95 0.96 0.94

Table 3: Proportion of 95% confidence intervals containing the true parameter, aggregated
over all trees fit to the 5,500 datasets generated with (a, b) € {0.5,1,2}x{1,...,10}

In this section, we have seen that when trees are not grown overly large, plugging in
ossk leads to approximate selective Type 1 error control, approximately correct selective
coverage, and good power. Unfortunately, providing theoretical guarantees for our proce-
dures when using 6ssg would be quite difficult, as the estimator is anti-conservative and
depends on the output of CART. Providing theoretical guarantees for our procedures under
Geons 18 more straightforward, using ideas from Gao et al. (2020), Chen and Witten (2022),
and Tibshirani et al. (2018). However, as shown in Figure 8, selective Z-tests based on
Gcons can have very low power. One promising avenue of future work involves providing
theoretical guarantees in the regression tree setting for estimators that are less conservative
than Geons-
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Figure 9: Left: A CART tree fit to the Box Lunch Study data. Each split has been labeled
with a p-value (8), and each region has been labeled with a confidence interval
(23). The shading of the nodes indicates the average response values (white
indicates a very small value and dark blue a very large value). Top right: A
CTree fit to the Box Lunch Study data. Bottom right: A scatterplot showing the
relationship between the covariate hunger and the response.

6. An Application to the Box Lunch Study

Venkatasubramaniam et al. (2017) compare CART and CTree (Hothorn et al., 2006) within
the context of epidemiological studies. They conclude that CTree is preferable to CART
because it provides p-values for each split, even though CART has higher predictive accu-
racy. Since our framework provides p-values for each split in a CART tree, we revisit their
analysis of the Box Lunch Study, a clinical trial studying the impact of portion control
interventions on 24-hour caloric intake. We consider identifying subgroups of study par-
ticipants with baseline differences in 24-hour caloric intake on the basis of scores from an
assessment that quantifies constructs such as hunger, liking, the relative reinforcement of
food (rrvfood), and restraint (resteating).

We exactly reproduce the trees presented in Figures 1 and 2 of Venkatasubramaniam
et al. (2017) by building a CTree using partykit and a CART tree using rpart on the Box
Lunch Study data provided in the R package visTree (Venkatasubramaniam and Wolfson,
2018). We apply our selective inference framework to compute p-values (8) for each split in
CART, and confidence intervals (23) for each region. In this section, we use dgsg, defined
in Section 5.7, to estimate the error variance. The results are shown in Figure 9.
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Both CART and CTree choose hunger<1.8 as the first split. For this split, our selective
Z-test reports a large p-value of 0.44, while CTree reports a p-value less than 0.001. The
conflicting p-values are explained by the difference in null hypotheses. CTree finds strong
evidence against the null of no linear association between hunger and caloric intake. By
contrast, our selective framework for CART does not find strong evidence for a difference
between mean caloric intake of participants with hunger<1.8 and those with hunger>1.8.
We see from the bottom right of Figure 9 that while there is evidence of a linear relationship
between hunger and caloric intake, there is less evidence of a difference in means across
the particular split hunger=1.8. Given that the goal of Venkatasubramaniam et al. (2017)
is to “identify population subgroups that are relatively homogeneous with respect to an
outcome”, the p-value resulting from our selective framework is more natural than the p-
value output by CTree, since the former relates directly to the subgroups formed by the
split, whereas the latter does not take into account the location of the split point. In
general, the left-hand panel of Figure 9 shows that the subgroups of patients identified by
CART are not significantly different from one another. This is an important finding that
would be missed without our selective inference framework. Furthermore, unlike CTree, our
framework provides confidence intervals for the mean response in each subgroup.

An alternative analysis using Gcons, defined in Section 5.7, is provided in Appendix H,
and leads to similar findings.

7. Discussion

Our framework relies on the assumption that Y ~ N, (u,02I), with ¢ known. In Sec-
tion 5.7, we showed strong empirical performance when the variance is unknown and o? is
estimated. In this section, we briefly comment on the assumptions of spherical variance and
normally distributed data.

It natural to wonder whether the assumption that Y ~ N, (u,02I) can be relaxed to
the assumption that ¥ ~ N, (i, ¥), with ¥ known. Following the work of Lee et al. (2016),
the results in Section 3 extend to the setting where Y ~ N, (i, X) if we:

vI'sy vI'sy
rather than the event {P;-Y = Py}, where v = v, in the case of (8) and v = vy
in the case of (15).

1. Modify (8) and (15) to condition on the event {(In — E””T) Y = (In - E””T) y}

2. Replace all instances of the perturbation 3/(¢,v), defined in Theorem 6, with the
perturbation y”(¢,v) = <In - f}’;ﬁ) Y+ Vngygb.

Unfortunately, the modified perturbation y” (¢, ) does not satisfy Condition 1 in Section 4.2
when ¥ # ¢21,,, and so many of the results of Section 4 do not extend to this non-spherical
setting. Future work could explore how to efficiently compute the conditioning set in this
non-spherical setting.

Furthermore, our framework assumes a normally-distributed response variable. CART
is commonly used for classification, survival (Segal, 1988), and treatment effect estimation
in causal inference (Athey and Imbens, 2016). While the idea of conditioning on a selection
event to control the selective Type 1 error rate applies regardless of the distribution of the
response, our Theorem 6 and Theorem 8, and the resulting computational results, relied on
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normality of Y. In the absence of this assumption, exactly characterizing the conditioning
set and the distribution of the test statistic requires further investigation.

We show in Appendix G that our selective Z-tests approximately control the selective
Type 1 error when the normality assumption is violated. Tian and Taylor (2017) and Tib-
shirani et al. (2018) establish conditions under which selective p-values for linear regression
(derived under the assumption of normality) will be asymptotically uniformly distributed
under non-normality. Thus suggests the possibility of developing asymptotic theory for our
proposed selective Z-tests under violations of normality.

A reviewer pointed out similarities between the problem of testing significance of the
first split in the tree and significance testing for a single changepoint, as in Bhattacharya
(1994). Building on this connection may provide an avenue for future work.

A software implementation of the methods in this paper is available in the R package
treevalues, at https://github.com/anna-neufeld/treevalues.
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Appendix A. Comparison to Loh et al. (2019)

Loh et al. (2016) and Loh et al. (2019) use regression trees to find subgroups of patients with
similar treatment effects in clinical trials. They grow trees based on patient characteristics
using a different algorithm than CART. Furthermore, they are interested in the mean
treatment effect (which is a linear regression coefficient) within each terminal region of the
tree, rather than the mean response within each region.

One of the goals of Loh et al. (2019) is to construct valid post-selection confidence
intervals for the treatment effect within each terminal node. In this appendix, we show
that their approach, when adapted to the setting of this paper, does not yield confidence
intervals with nominal coverage.

The basic idea of Loh et al. (2019), instantiated to our setting, is as follows. Suppose that
R4 € TREE(y), and define the vector vyeq such that (Vpey); = Lerny/ {01 1(xi/eRA)}7
as in (14). We know that the “naive” Z-interval does not achieve nominal coverage, meaning
that

Pr l/;l;g,U,E v,

T g T g
regd = Za/2 - y Vregl + Ra/2 -
Zi:l ]‘(CUiERA) \/ Zi:l 1(xieRA)

This is because the “multiplier” for the naive confidence interval, z, /7, is derived under the
assumption that the region R4 (or, equivalently, the vector v,.cg), is fixed, rather than a
function of the data.

<l—a. (24)
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Loh et al. (2019) observe that there exists some o’ < a such that

Pr VTME[VTy—ZIQO—,Z/Ty—‘—Z/QnO—:|):1—a. (25)
< " et T Nmenyy " P Lmena)

The value for o/ for a given tree will depend on the number of split covariates p, the number
of data points n, the depth of the tree, and the value of A used for tree pruning, among
other considerations. If we know how the data was generated, then we can check whether
some value o satisfies (25) as follows:

1. Draw B different simulated datasets {(Xp,yp)}2 , from the same distribution (call
this F') as the original data. For b=1,..., B:

(a) Build a tree using the simulated data (Xp, y,), using the same procedure and the
same settings as in Step 1, and denote it TREE? ().

(b) For each terminal region R € TERM (TREE(y;), RP) in the tree:

i. Construct a (1 — /) naive Z-interval for the mean response in the region
using (Xp, yp)-
ii. Check if each interval contains jig, the true mean for this region R.

2. Compute the fraction of intervals in 1(b) that contain fip.

3. If this value is 1 — «, then we have found the correct value of o/. If not, then we try
a larger or smaller value of /.

We test this procedure in a very simple simulation study. We generate data X;; ~
N(0,1) and y; ~ N(0,1) for i = 1,...,100 and j = 1,...,p. In this simple setting, the
true mean response for every region in every fitted tree is 0. We carry out the procedure
outlined above with a@ = 0.1. For two values of p and for CART trees with 1, 2, and 3 levels,
we create 1000 datasets and 1000 trees and report the empirical coverage of the intervals
obtained using this ideal method, averaged over all nodes in all trees. The results, shown
in Table 4, show that this ideal procedure procedure leads to intervals that achieve nominal
coverage.

Unfortunately, this ideal procedure is practically infeasible, as it requires the user to
know the true distribution of the data F. Thus, in practice, Loh et al. (2019) propose
replacing F' by F, the empirical distribution of the original data. This amounts to replacing
the simulated datasets in Step 2 with bootstrapped datasets, and checking whether the
naive Z-intervals in Step 1(b) contain yg rather than fig.

We can see why this is problematic in a very simple setting where we fit a tree with
depth 1. If all observations have mean 0, then a CART tree fit to a bootstrap sample of
the data will nevertheless find regions Ry and Rp such that the sample mean value of y
within Ry, is negative and the sample mean value of y, within Rp is positive. As y, and y
contain many overlapping observations, it is likely that the sample mean value of y within
Ry is also negative and the sample mean value of y within Rp is also positive. In other
words, because of the overlap between y and 3, the within-region sample means of y; are
closer to the within-region sample means of y than they are to the within-region population
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means. Thus, when we calibrate o/ to cover the mean values of y within various regions,
we end up with under-coverage of the true population mean, as shown in Table 4.

We see in Table 4 that our selective inference framework approach enables valid inference
in this setting, whereas a bootstrap procedure modeled after Loh et al. (2019) does not.

Loh (ideal) Loh (bootstrap) Selective Cls

p Tree depth | Coverage Average o | Coverage Average o Coverage

1 0.902 0.008 0.749 0.037 0.890
2 2 0.905 0.004 0.695 0.038 0.904

3 0.900 0.005 0.660 0.047 0.895

1 0.883 0.001 0.601 0.016 0.908
20 2 0.900 0.00025 0.549 0.016 0.901

3 0.904 0.00015 0.543 0.022 0.905

Table 4: Coverage of 90% confidence intervals computed using three methods for the simple
setting where y; ~ N(0,1) and X;; ~ N(0,1) forfori =1,...,100and j =1,...,p.
Note that the “Loh (ideal)” method can never be used in practice, as it requires
knowledge of the true parameter.

Appendix B. Proofs for Section 3
B.1 Proof of Theorem 6

Let 0 < a < 1. We start by proving the first statement in Theorem 6:
PrH, {psib(Y) < «a | R, Rp are siblings in TREE)‘(Y)} = q.

This is a special case of Proposition 3 from Fithian et al. (2014). It follows from the
definition of pg;(Y) in (8) that

DI, {psib(Y) < a | Ra, Rp are siblings in TREEA(Y),'PVLSMY = P,,Lsiby} = a.
Therefore, applying the law of total expectation yields

Pru, {psib(Y) < a | R4, Rp siblings in TREE’\(Y)}

= Bty [Lpov)<a} | Ra, R are siblings in TREE(Y)]

= En, (EHO [1{psib(y)<a} | Ra, Rp are siblings in TREEN(Y), P, Y =P,y

| Ra, Rp are siblings in TREE/\(Y))
= Ep, {a | R4, Rp are siblings in TREE)‘(Y)} = a.
The second statement of Theorem 6 follows directly from the following result.
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Lemma 20 IfY ~ N, (u,azln), then the random wvariable v}, Y has the following condi-
tional distribution:

viwY | {Ra, Ry are siblings in TREE ( ), PVM)Y P, wy} NTN{ Vaiplly O HusszQ, Slb(ymb)} (26)

where S, (vsip) is defined in (10) and TN (u,0,S) denotes the N(u,0?) distribution trun-
cated to the set S.

Proof
The following holds for any v € R™.

pr {I/TY > ¢ | Ra, Rp are siblings in TREE (V) , PLY = P} }

=pr {I/TY > ¢ | Ra, Rp are siblings in TREE? (PLY + HHY> ,PLY = Pl,ly}
2

=pr {I/TY > c| Ra, Rp are siblings in TREE <PLy + v || > ,PI,LY = Plfy}
2

=pr {I/TY > ¢ | R4, Rp are siblings in TREE* <77Ly + L Y>}
2

:pr{¢>c\¢655)‘ib(u)},

where ¢ = v"Y. In the fourth line, the condition P;*Y = Py can be dropped because when
Y ~ N, (p,01,), P;tY is independent of vTY. Finally, since ¢ ~ N (v, 0?||v||3), (26)
holds. |

B.2 Proof of Proposition 7

Theorem 6.1 from Lee et al. (2016) says that the truncated normal distribution has mono-
tone likelihood ratio in the mean parameter. This guarantees that L(y) and U(y) in (13)
are unique. Then, for L(-) and U(-) in (13), (26) in Lemma 20 guarantees that

pr{v e [L(Y),U(Y)]| Ra, Rp are siblings in TREENY),PyY = Pyyl =1—a.  (27)

Finally, we need to prove that (27) implies (1 — a)—selective coverage as defined in (12).
Following Proposition 3 from Fithian et al. (2014), let n be the random variable P;-Y and
let f(-) be its density. Then,

pr {I/Tu € [L(Y),U(Y)] | Ra, Rp are siblings in TREE)‘(Y)}

= /pr {VT,u € [L(Y),U(Y)] | Ra, Rp are siblings in TREE}(Y), PLY = Pj‘y} f(n)dn
~ [t =1-a.

B.3 Proof of Theorem 8

We omit the proof of the first statement of Theorem 8, as it is similar to the proof of the
first statement of Theorem 6 in Appendix B.1.
The second statement in Theorem 8 follows directly from the following result.
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Lemma 21 The random variable v;.,Y has the conditional distribution

VgV | {Ra € TREENY), P Y = Py} ~ TN {vltt, 0% [Vreg I35 Sieg(vreg) } 5 (28)

Vreg

where S, (Vreg) was defined in (16).

reg

We omit the proof of Lemma 21, as it is similar to the proof of Lemma 20.

B.4 Proof of Proposition 9

The proof largely follows the proof of Proposition 7. The fact that the truncated normal
distribution has monotone likelihood ratio (Theorem 6.1 of Lee et al. 2016) ensures that
L(y) and U(y) defined in (17) are unique, and (28) in Lemma 21 implies that

pr {y;egﬂ € [L(Y).U(Y)] | Ra € TREENY), Pt Y = Pl,lregy} —1-a
The rest of the argument is as in the proof of Proposition 7.

Appendix C. Proofs for Section 4.1

C.1 Proof of Lemma 11

We first state and prove the following lemma.

Lemma 22 Let R4 and Rp be the regions in the definition of vgy in (6). For an arbitrary
region R and for any j € {1,...,p} and s € {1,...,n— 1}, recall that the potential children
of R (the ones that CART will consider adding to the tree when applying Algorithm A1
to region R) are given by RN xjs0 and RN xjs1, where Xjs0 and X;js; were defined in
(1). If (RaURp) C RNXjs0 or (RaURE) C RN Xjs1, then Gaing{y' (¢, vsiv), J, s} =
Gaingly, j,s} for all ¢.

Proof It follows from algebra that for Gaing(y, j,s) defined in (2),

GalnR y J,s) = {Z 1(z GR)} yR)2 + {Zl(ziGRﬁXj,syo)} (ngXiSYO)Q + {ZkziGRﬁXj)sﬁl)} (?Rﬁxj.syl)27
=1

=1
(29)

where Jr = (Xcp¥i) /{0 1(x,~eR)}- It follows from (29) that to prove Lemma 22,

it suffices to show that yr = y/(¢,vsip)p for T € {R, RN Xjs0, RN Xjs1}. Recall from
Section 3.3 that {y/(¢, vsip) }: = yi + Ay, where

Z?’:l 1(z;eRB)

) e
e - ifie R
(¢ Szby) Zi’ 1 (x ERAURB) 4
A, = > Lalery) i
e ifieR
(¢ szby) Do 1<I €R,URp) b
0 otherwise.
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Without loss of generality, assume that (R4URp) € RN xjs0. Forany T € {R, RNX;s0},
RAURp CT. Thus,

—_— 1
y'(¢7Vsib)T = m { Z Yy + Z (yi + A) + Z (yi + Az)}

i€T\(RAURB) 1€ERA i€ERB
_ = ZiERA A+ ZiERB A
= —+ n
Zi:l Liaem)

n i1 Loy et Loy
{X1 Lawera } (0 — Vi) b ?EZI st — {5 Laiera § (0 — YY) Z?Z: PE——

lz;eRAURR)

1 Ya;er URE)

st Yint Laem)
=ygr+0=yr
Furthermore,
(&, Vsib) pe,y = ST ! Z (yitAi) = == ! Z (¥i1+0) =Ygy, ..
- i=1 H(@€RMXG.51) e Rrny.o 2ic1 LwieRnxGen) serim,

We will now prove Lemma 11.

It follows from Definition 10 that if R [BRANCH{R, TREE*(y)}] C TREEMY/ (¢, vein)},
then R4 and Rp are siblings in TREE 3/ (4, vsip)}. This establishes the (<) direction.

We will prove the (=) direction by contradiction. Suppose that R4 and Rp are siblings
in TREE)‘{y (¢, Vﬁb)} Define BRANCH{ R4, TREE*(3)} = ((j1,51,€1),---,(jL,5L,er)), and

define R% ﬂ Xjise, for ! =1,..., L. Assume that there exists [ € {0,...,L — 2}

such that R() 6 TREEA{y (¢, vsip)} and RUFTD o TREEMYy (¢, vsip)}. We assume that any
ties between splits that occur at Step 2 of Algorithm A1l are broken in the same way
for y and (¢, ves), and so this implies that there exists (7,5) # (ji+1,s141) such that
(4,3) € argmax; ; Gaingw{y'(#, Vsiv), Jj, s} and

Gaingy {y (6, Veiv), i1, Si41} < Gainpy {y' (6, vsiv), J, 5} (30)

Since R4 and Rp are siblings in TREE/\{y (¢, vsip) }, it follows from Lemma 22 that
Gainpny {y' (¢, vsin), J, 3} = Gaingw (y, j, 5). Also, since R4 and Rp are siblings in TREE? (),
it follows from Lemma 22 that Gaingu {y' (9, Vsiv)s Ji+1, Si41} = Gainga (Y, jit1, Si41)- Ap-
plying these facts to (30) yields

Gainga (Y, jiv1, s141) < Gainga (y, 4, 9). (31)

But since R®) and Rt both appeared in TREE(y),

(jue1s S141) € arg max Gaingo (4, ., 5).
1S

This contradicts (31). Therefore, for any I € {0,...,L — 2}, if RO € TREEM Y/ (¢, vein)},
then RUTD € TREEMy/ (6, veip)}. Since RO) € TREEMy/ (¢, v4p)}, the proof follows by
induction.
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C.2 Proof of Lemma 13

Let R4 € TREEM(y) with BRANCH{ R4, TREE*(3)} = ((j1,51,€1),-- -, (jr,5L,er)) such that
Ry = ﬂlL: 1 Xjisi,er- Since Algorithm Al creates regions by intersecting halfspaces and set
intersections are invariant to the order of intersection, it follows that R4 = ﬂlel Xijs1,e1 €
TREEM Y/ (4, Vreg)} if and only if there exists 7 € II such that

L
l/
A
{ﬂ Xin(1)»S7 @) €x (1) } C TREE{Y' (¢, vreg) }-
1=1 r=1
By Definitions 10 and 12,
v L
R(n[BRANCH{R 4, TREE*(y)}]) = {m X1y S (1) €x(l) } :

=1 I'=1

Thus,
Speg = {¢ : R4 € TREEMy/ (¢, ureg)}}

- U {¢ : R(r[BRANCH{ R, TREE(y)}]) € TREE {/ () Vreg)}}
well

— U SA (w [BRANCH{RA,TREE)‘(y)}] ,yreg) ,

mell

where the third equality follows from the definition of S*(B,v) in (18).

Appendix D. Proofs for Section 4.2

D.1 Proof of Proposition 14
Recall that B = ((j1,51,€1),.-.,(jr,51,er)) and R(B) = {R®, ..., R}, Recall from
(20) that Sgrow(B,v) = {¢ : R(B) € TREE’{y/(¢,v)}}, and that we define Sy = {¢ :

GAINR(Z*U{y,(d)? V)aja S} S GAINR(Z*U{y/((Zﬁ? V)ujb Sl}}~
Fori=1,...,L,

RV € TREE{y/ (¢, )} and ¢ € NI=) ME_, S) ;. <= {R"V, RV} C rER{y/ (6, 1)}, (32)
because, given that R~ e TREE’{y/(¢,v)}, R® € TREE' {3/ (¢, v)} if and only if
(Ji, 81) € argmMax(j o).se41,....n—1},je{1,...p} GAINga-1) (¥ (¢, ), 5, s) . Combining (32) with the
fact that {¢ : R® € TREE’{y/(¢,v)}} = R yields

L p n—-1

NN N Suis = ﬂ {0+ {RY, RO} C tree®{y (6,0)}} = {6 : R(B) € TREE"{y/ (6, 1)}}.

1=1j5=1s=1 =1

D.2 Proof of Proposition 15

Given a region R, let 1(R) denote the vector in R™ such that the ith element is 1(,,cr).

Let Py(r {1 } ! 1(R)" denote the orthogonal projection matrix onto the
vector l(R)
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Lemma 23 For any region R, GAINR(Y,j,5) = y" Mg ; sy, where

MR j.s = Prrry;..1) T Pirnx;.0) — Pur)- (33)
Furthermore, the matriz Mg ; s is positive semidefinite.

Proof For any region R, > .. p(¥i — Yr)> = D icn ¥ — Y P1 g,y Thus, from (2),

GAINgR(Y,j, s) = Z(yi —yr)* — Z (i — Urnx; ) — Z (Ui = Yronse0)’

1€ER Z‘ERQXJ',S,I ieRﬁijs,o

_ 2 T 2 T 2 T

=D Y Prpy— Y VY Purng.oy— D Y Y Puann.0Y
iI€ER 1€ERNX,s,1 1€ERNX;,s,0

=y " {Prrnx,.) + Prgnxg.o) — Prw) Y = ¥ MR j sy.
To see that Mpg ;s is positive semidefinite, observe that, for any vector v,

M i sU = GAIN ) = i — U 2 i P — 2 P — 2
VMg 50 = GAINR(v,7,8) = 3 (01 o) mn{ Y wealt Y (-

i€R i€RNX;, 5,1 i€RNX,5,0

>Z —’UR — { Z (Ui—T}R)Q—‘r Z (’Ui—UR)2} =0.

i€ER 1€ERNX;,s,1 1€RNX;,s,0

It follows from Lemma 23 that we can express each set S; ; s from Proposition 14 as

Sijs = {9 CAINgu- {Y (1), 5, s} < GANRa- {y' (¢, v), i, 51}
= {6 9/(6.0)" Mpaon ;1 (6.0) <o/ (6.0) Mpany o0/ (0,0) ) (34)
We now use (34) to prove the first statement of Proposition 15.
Lemma 24 Fach set S) s is defined by a quadratic inequality in ¢.
Proof The definition of y'(¢,v) in (10) implies that

T v
Y (&,v) " Mpjsy' (¢,v) = (PL“ w13 > Mris <7)”L ||Vﬁ2)
2 2
Z/TMRJ‘ sV

— ) ¢2 4 2VTMR»j,sP5_y

I[12 113

a(R,j,8)¢* + b(R,j,s)¢ + c(R, ], ). (35)

¢+y"PMg Py

Therefore, by (34),

o {1 {0 30}~ {0 )] 00,5} <0 )

+ [C{R(l 1)737 } {R(l_l),ijlH < 0}_ (36)
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Proposition 14 indicates that to compute Sgpow(B,v) from (20), we need to compute
the coefficients of the quadratic for each S ;, where [ = 1,...,L, j = 1,...,p, and s =
1,...,n—1.

Lemma 25 We can compute the coefficients a {R(l_l),j, s} ,b {R(l_l),j, s} and ¢ {R(l_l),j, s},
defined in Lemma 24, forl =1,...,L,j=1,...,p,ands=1,...,n—1, in O {nplog(n) + npL}
operations.

Proof
Using the definitions in Lemmas 23 and 24 and algebra, we have that
[VT]_{R(kl) ﬂXj,s,l}]Q [IIT].{R(F1> ﬂxjysyo}]Q [VTl{R(l’l)}}2
+ _

Ivlida{R 5 s} = oy . i :
Zi:l {ieRC-Dnx; o1} Zi:l {ieRC-Dnx; 50} Zi:l {iecR(-1)}

(37)

VTl{R(l_l)ﬂX]gl} (PL ) 1{R(l 1)0X”1}

i= 11{16R<l 1)ﬁx 5,1}

1 -1 .
SIPIB{RY G s} = (38)

VIRV N} (Pry) HRY nixgeo}  v"HROVY (Pry) " YR 1>}
Z?:l 1{ieR<l*1>ij,s,0} ZL 11{16R<l Dy

(Pl R )] [PEDTURTY nxuod] [PEnTLREDY]

n n - n
2im1 Liert-Drx; 1} 2zt Liiert-1ny; 4 0} 2im1 Lera-1y

RV, j s} = - (39)
We compute the scalar ||v||2 and the vector P;-y in O(n) operations once at the start
of the algorithm. We also sort each feature in O [nlog(n)] operations per feature. We
will now show that for the /th level and the jth feature, we can compute a{Rl D, s},
b{RD 4 s}, and ¢{RU=1) 4, s} for all n — 1 values of s in O(n) operations.
The index s appears in (37)—(39) only through > ;" Liic Ry, o1} Yoy Liic RV, . 0}
and through inner products of vectors v and P;-y with indicator vectors 1 {R(l_l) N Xj,s,l}

and 1 {R(l_l) N Xj,s,0}~ For simplicity, we assume that covariate x; is continuous, and thus
the order statistics are unique.

Let my be the index corresponding to the smallest value of z;. Then v"1 {R =1 n Xj,1 1} =
Vpm, if observation m; is in RU=D and is 0 otherwise. Similarly, Yo 1{ieR(l*1)mxj =1
if observation m; is in R~Y, and is 0 otherwise. Next, let mg be the index corresponding
to the second smallest value of ;. Then v"1 {R(l_l) N Xj7271} =1 {R(Z_I) N Xj,1,1} + Vi,
if observation ms is in ROV, and is equal to 1 {R(l_l) N Xj,l,l} otherwise. We compute
Sy 1{iER(l—1)ij2 ! in the same manner. Each update is done in constant time. Con-
tinuing in this manner, computing the full set of n — 1 quantities v"1 {R(l_l) ﬁxjy&l}
and > ", 1{2‘6R(’—1)ﬂxj,s,1} for s = 1,...,n — 1 requires a single forward pass through the
sorted values of x;, which takes O(n) operations. The same ideas can be applied to
compute (Pj‘ ) 1{Rl b N X1, 1} vTl {R(l 1) ﬂngo} ( ) l{R(l 1) ﬂX]so} and
Sy 1{ieR<l,1>ij w0} using constant time updates for each value of s.
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Thus, we can obtain all components of coefficients a{R!~1), 4, s}, b{RU~1) j s}, and
c{R(l_l),j,s} for a fixed j and [, and for all s = 1,...,n — 1, in O(n) operations. These
scalar components can be combined to obtain the coefficients in O(n) operations. There-
fore, given the sorted features, we compute the (n—1)pL coefficients in O(npL) operations. B

Once the coefficients on the right hand side of (36) have been computed, we can compute

S1,j,s in constant time via the quadratic equation: it is either a single interval or the union of
two intervals. Finally, in general we can intersect (n—1)pL intervals in O {npL x log(npL)}
operations (Bourgon, 2009). The final claim of Proposition 15 involves the special case where
v = vy, and B = BRANCH{ R4, TREE* () }.
Lemma 26 Suppose that v = vy, from (6) and B = BRANCH{R 4, TREE*(3)}. (i) If | < L,
then for all j and s, there exist a,b € [—00,00] such that a < v"y < b and Sy ;s = (a,b).
(it) If | = L, then for all j and s, there exist ¢c,d € R such that ¢ <0 < d and S; ;5 =
(—00,c] U [d,00). (i) We can intersect all (n — 1)pL sets of the form Sy in O(npL)
operations.

Proof This proof relies on the form of S ; ,; given in (36). To prove (i), note that when
I < L,

4 -1) -1) . T T
”VSinQ [a {R( )7]7 S} —a {R( )ajla Sl}} = VsibMR(Fl),j,SVSib - VsibMR(l’U,jl:SlVSib
T
= sibMR(lfD,j,sVsz'b > 0.

The first equality follows directly from the definition of a(R,j, s) in (35). To see why the
second equality holds, observe that R4URp C RU=1 and without loss of generality assume
that R4 URpg C RU-Yn Xj,,s,1- Recall that the ith element of vy, is non-zero if and only

if i € R4 U Rp, and that the non-zero elements of vy, sum to 0. Thus, 1 {R(lfl)}T Veip = 0
and 1 {R(l_l) N le7sl71}T Vgp = 0. Furthermore, the supports of R(U=Dn Xj1,s1,0 and v, are
non-overlapping, and so 1 {R(l_l) N ijsl’o}T Vgip = 0. Thus,

Mpa— ji 5 Vsib = |:,P1{R(l*1)ﬂle,sl,1} + PR, 00} T Pl{Ru—mﬂ Vsib = 0.

The final inequality follows because Mp-1) ; ; is positive semidefinite (Lemma 23).

Thus, when [ < L, S; ; ; is defined in (36) by a quadratic inequality with a non-negative
quadratic coefficient. Thus, S; ; ; must be a single interval of the form (a,b). Furthermore,
since B = BRANCH{ R, TREE*(y)}, we know that R(B) C TREE?(y) = TREE{y/(vTy,v)}.
Therefore, vy € Sgrow (B, Vsip) = ﬁlel ﬂ§:1 ﬂ?z_llSl,j,s, and so we conclude a < vTy < b.
This completes the proof of (i).

To prove (ii), we first prove that when | = L the quadratic equation in ¢ defined in (36)
has a non-positive quadratic coefficient. To see this, note that

4 L-1) . L-1) . T T
[vsinl2 {a {R( )4, 3} —a {R( )L, SLH = VairtMpw- j Vsiv = Vs Mp-1) j, s Vsib
= Vg [Pl{R<L71)ij,5,1} + Pl{R<L71)ij,5,0}i| Vsib Vb [Pl{R<L71>ijL,sL,1} + Pl{R(Lil)ijL,sL,O} Vsib
T T
= Vsib [Pl{R(L_l)ﬁXj,s,l} T Pl{R(L_l)ﬂXj,s,o}} Vsib = VsipVsib

2 2
9 - HVsinQ <0. (40)

- H [Pl{R(Lil)”Xj,s,l} + Pl{R(L*UﬂxJ',s,o}} Vsib
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The first equality follows from (35). The second follows from the definition of Mg ;. given
in (33) and from the fact that Piyr-1yvsip = 0 because 1{R(L*1)}Tusib sums up all of
the non-zero elements of vg;,, which sum to 0. The third equality follows because vy, lies
in span [1 {R(L_l) N ijsbl} , 1 {R(L_l) N ijsL,g}]; projecting it onto this span yields
itself. Noting that [Pl{R@,l)ij’s’l} + Pl{R@*Umxj,s,o} is itself a projection matrix, the
fourth equality follows from the idempotence of projection matrices, and the inequality
follows from the fact that ||vgp|la > ||Qusip||2 for any projection matrix . Thus, when
[ = L, the quadratic that defines S; ;; has a non-positive quadratic coefficient.

Equality is attained in (40) if and only if v, € span [1{REY N1} L{REY N g0}
This can only happen if splitting RE=1 on j,s yields an identical partition of the data to
splitting on jr, sr. If this is the case, then Sz ;s = (—00,0] U [0,00) from the definition of
S1j,s in Proposition 14, and so (ii) is satisfied with ¢ = d = 0.

We now proceed to the setting where the inequality in (40) is strict. In this case, (36)
implies that Sp, ;s = (—00,¢] U [d,00) for ¢ < d and ¢,d € R. To complete the proof of
(i), we must argue that ¢ < 0 and d > 0. Recall that the quadratic in (34) has the form
GAIN -0 {Y (), V), j, 8} —GAINp- {y' (), V), jr, 50} When ¢ = 0, GAINp—1{y/(¢,v),jL, 5L} =
0, because ¢ = 0 eliminates the contrast between R4 and Rp, so that the split on jr, st
provides zero gain. So, when ¢ = 0, the quadratic evaluates to GAINz-1{y'(¢,v), j, s},
which is non-negative by Lemma 23. Thus, S; ;, is defined by a downward facing quadratic
that is non-negative when ¢ = 0, and so the set S; ; ; has the form (—oo,c] U [d,c0) for
c<0<d.

To prove (iii), observe that (i) implies that ﬂlL;ll ﬂé’:l NP21S) s = (@mazs bmin), Where
Gmaz 1S the maximum over all of the a’s, and b, is the minimum over all of the b’s. This
can be computed in np(L — 1) steps. Furthermore, (ii) implies that ﬁ§:1 ﬂ?;ll SLjs =
(=00, ¢min] N [dmaz, 00), where ¢y and dpge, are the minimum over all of the ¢’s and the
maximum over all the d’s, respectively. This can be computed in np steps. Thus, we can
compute NZ_, m§:1 ﬂ?;llSlJ’S in O(npL) operations. [ |

D.3 Proof of Proposition 16

To prove Proposition 16, we first propose a particular method of constructing an example of
TREE(B, v, A). We then show that (21) holds for this particular choice for TREE(B, v, A). We
conclude by evaluating the computational cost of computing such an example of TREE(B, v, \),
and by arguing that in the special case where R(B) € TREE*(y), our example is equal to

TREE(y).
When Algorithm A2 is called with parameters TREE, y, A, O, where O is a bottom-up or-
dering of the K nodes in TREE, it computes a sequence of intermediate trees, TREEq, ..., TREEK.

We use the notation TREEE(TREE, y, A, O), for k = 0,..., K, to denote the kth of these inter-
mediate trees. The following lemma helps build up to our proposed example of TREE(B, v, A).

Lemma 27 Let ¢1 € Sgrow(B,v) and ¢2 € Sgrow(B,v). Then TREEXy/ (¢1,v)} = TREEY{¢/ (b2, ) }.
Let O be a bottom-up ordering of the K regions in TREE’{y/(¢1,v)} such that the last L re-

gions in the ordering are RE=Y ... RO, Then TREEK_[TREEX{y/ (61,1)},9 (61,7),\, O] =
TREE _ 1 [TREE’{y/ (¢2,v)}, v (62, v), X, O).
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Proof We first prove that TREEY{y/(¢1, 1)} C TREEX{y/ (¢, v)}, where ¢1, 2 € Syrow(B, V).
The fact that ¢1 € Sgrow(B,v) and ¢2 € Syrow(B, ) implies two properties:

Property 1: RV € TREE’{y/(¢1,v)} and R®) € TREE{y/(¢o,v)} for I € {0,...,L} by
the definition of Sgpouw (B, V).

Property 2: RrRY ¢ TREEY{y/(¢1,v)} and RY ¢ TREE{y/(¢2,v)} for [ € {1,...,L},

sib sib

where Rig) =R(U-Un Xj,s1,1—e;- This follows from Property 1 and Definition 1.

Suppose that R € TREE?{y/(¢1,7)}. Then R must belong to one of these three cases,
illustrated in Figure 10(a):

Case 1: 31 € {0,...L} such that R = RY. By Property 1, R € TREE’{y/ (¢, 1)}

Case 2: 31 e€{1,...,L} such that R = Ri% By Property 2, R € TREE’{y/(¢2,7)}.

Case 3: R € DESC[R', TREE* {3/ (¢1,v)}], where either R = Rg?b for somel e {1,... L},

or else R = R, By Properties 1 and 2, R’ € TREE{y/(¢2,v)}. Condition 1 ensures
that, for all 7 € R’ and for some constants ¢ and d,

{v/(1,1)}4 if R = R(l) for some [ € {1,...,L — 1},
{v/(¢p2,v)}i = {¥/(d1,v)}i+¢ if R = Rgfb),
{y/(¢1,v)}i +d if R = RW),

As constant shifts preserve within-node sums of squared errors, in each of these
three scenarios, DESC[R', TREE?{y/(¢1,v)}] = DESC[R/, TREE’{y/(¢2,v)}]. Thus, R €

TREE'{y'(d2,7)}.

Thus, if R € TREE’{y/(¢1,v)}, then R € TREE?{y(¢2,7)}. This completes the argu-
ment that TREE®{y(¢1,v)} C TREEX{y(¢2,v)}. Swapping the roles of ¢1 and ¢o in this
argument, we see that TREE’{y/(¢2, )} C TREE’{y/(¢1,v)}. This concludes the proof that
TREENy' (¢1,v)} = TREE{y (¢2, 1)}

Because TREEY{y/(¢1,v)} = TREE{y (¢2,v)}, it follows that any bottom-up order-
ing of the regions in TREE'{y'(¢1,r)} is also a bottom-up ordering for the regions in
TREE’{y/(¢2,7)}. We next prove by induction that, if we choose a bottom-up ordering
O that places the regions in R(B) at the end of the ordering, then

TREE [TREE® {3/ (¢1,v)}, %/ (01, 1), A, O] = TREE, [TREE{y/ (¢, V) }, ¥/ (02, V), A, O], (41)

for k =0,..., K — L. Tt follows immediately from Algorithm A2 and the argument above

that TREEg[TREE{y/ (é1,7v)},y ((;51, v), A, O] = TREEQ[TREEX{y/ (¢2, V) }, ¥/ (¢2, V), A, O]. Next,
suppose that for some k € {1,..., K — L},

TREEkfl[TREEO{yI(qSlv V)}v yl(¢17 V)a )‘7 O] = TREEg—1 [TREEO{y/((va V)}’ y/(¢2, V)v )‘a O]’ (42)

and denote this tree with TREE_ for brevity. We must prove that (41) holds. Let R be the
kth region in O and recall the assumption that the last L regions in O are { RE—1 ... RO},
Since k < K — L, this implies that R ¢ {RZ=D ... RO} This means that either
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sib?

meaning that R is a black region in Figure 10(b). From Condition 1,

R € DESC [R(l.) TREEY{y/ (¢1, y)}} for 1 € {1,...,L} or R € pEsc [RE), TREE{y/ (¢, )}],
{y/ (61,0} if R € pesc |RY) TREE{y/(¢1,v)}| for I € {1,...,L -1},
{y/(d2,0)}i = S {4/ (¢, )} + ¢ if R € pEsc | RE) TrREE{y/ (61, 1)}] |
{y(¢1,v)}i +d if R € DESC [R( ), TREE{y/ (91, 1/)}} )

In any of the three cases illustrated in Figure 10, for g(-) defined in (3), g{ R, TREE,_1, ¥ (¢1,v)} =
g{R, TREE;_1, Y (¢2,v)}. Combining this with (42) and Step 2(b) of Algorithm A2 yields
(41). This completes the proof by induction.

(a) (b)
@

U 5 &

54 oG D@
54 b6 4 4 db oo

010 FL L)

Figure 10: (a). An illustration of Case 1 (red), Case 2 (blue), and Case 3 (black) for a
region R € TREE?{y/(¢1,v)} in the base case of the proof of Lemma 27, where
R(B) = {R© ..., R®}. (b.) The black regions show the possible cases for
R € TREEg_; in the inductive step of the proof of Lemma 27.

Since Lemma 27 guarantees that each ¢ € S0 (B, v) leads to the same TREE?{y/ (¢, )},
we will refer to this tree as TREE?, will let K be the number of regions in this tree, and
will let O be a bottom-up ordering of these regions that places RE-D . RO in the last
L spots. We will further denote TREEx_1{TREE",y/(¢,v),\, O} for any ¢ € Syrow(B,v)
as TREEx_ 1, since Lemma 27 further tells us that this is the same for all ¢ € S0 (B, V).
In what follows, we argue that if we let TREE(B,v,\) = TREEk_1, where TREE(B, v, \)
appears in the statement of Proposition 16, then (21) holds. In other words, we prove that
TREEf 1, which always exists and is well-defined, is a valid example of TREE(B, v, \).

Recall from (18) that S* (B,v) = {¢ € Sgrow(B,v) : RW) ¢ TREEM 3/ (¢, v )}}. Lemma 27
says that for ¢ € Sgrow (BB, V), we can rewrite TREEM ¢/ (¢, V) } as TREE { TREE?, ¢/ (¢, V), A, O}.
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So we can rewrite S* (B, v) as
SA(B,v) = {qS € Syrow(B,v) : R € TrREEK {TREE?, / (¢, 1), A, O}} . (43)

Furthermore, since RE— ... RO (all of which are ancestors of R(Y)) are the last L nodes
in the ordering O, we see that R(Y) € TREEx{TREE?, y/(¢, 1), A, O} if and only if no pruning
occurs during the last L iterations of Step 2 in Algorithm A2. This means that we can
characterize (43) as

{$ € Sgrow(B,v) : TREEK_{TREE’, ¢/ (¢, 1), \, O} = TREEK {TREE’,y/(¢,1),\,O}}.  (44)

Recall that for k= K — L +1,..., K, RE~%) is the kth region in O, and is an ancestor of
R, We next argue that we can rewrite (44) as

K

ﬂ {¢esgrow(57y) :g{R(K*k)7TREEK7L,y’(¢7V)} 2)\}. (45)
k=K—-L+1

To begin, suppose that ¢ € (45). As we are talking about a particular ¢, for k =0,..., K
we will suppress the dependence of TREEy {TREEO, y(d,v), A, (’)} on its arguments and de-
note it with TREE;. The fact that ¢ € (45) means that g {R(L_l), TREEK_1,Y (¢, V)} > A,
which ensures that no pruning occurs at step K — L 4+ 1, which in turn ensures that
TREEg_1+1 = TREEx_z. Combined with (45), this implies that g { RE=2) TREEK 1,9/ (¢, V) } =
g {R(L_2), TREEx_1+1,Y (&, 1/)} > )\, which ensures that no pruning occurs at step K —L+2,
which in turn ensures that TREEx_ ;12 = TREEg_r4+1 = TREEg_j. Proceeding in this
manner, by tracing through the last L iterations of Step 2 of Algorithm A2, we see that ¢
satisfies TREEx = TREEg_, and so ¢ € (44).

Next suppose that ¢ ¢ (45). Let

K = min k: {R(ka),TREE .y ,V}<)\ .
ke{K—L+1,...,K}{ g K=L,Y (¢ ) }

As k' is a minimum, we know that no pruning occurred during steps K — L+ 1,..., k' — 1,

and so TREEy _1 {TREE(y/(¢, 1)),y (¢, ), A\, O} = TREEk_1. This implies that

g {R(K_k/), TREEx 1,y (¢, v)} < )\ can be rewritten as

g (R, mmmmyy [TREE{y (6,1)},9/(6,1),1,0],/(6,%)) < A. Tt then follows from

Algorithm A2 that pruning occurs at step k’, which means that TREEx cannot possibly
equal TREEg 1. Thus, ¢ & (44).

Thus, ¢ € (45) if and only if ¢ € (44).

Finally, Proposition 16 rewrites (45) with the indexing over k changed to an indexing
over [, and plugging in TREE(B,v,\) = TREEx_r1. Therefore, TREEx_, is a valid example
of TREE(B, v, \).

To compute TREE(B, v, \), we first select an arbitrary ¢ € Sgpow(B,v). We then apply
Algorithm A1 to grow TREE?{y/ (¢, v)}. We create a bottom-up ordering O of the K nodes in
TREE’ {9/ (¢, )} such that RL~D ... RO are at the end. Finally, we apply the first K — L
iterations of Algorithm A2 with arguments TREE’{y/(¢, 1)}, (¢, v), A, and O to obtain
TREE(B, v, ). The worst case computational cost of CART (the combined Algorithm A1l
and Algorithm A2) is O(n?p).
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In the special case that R(B) C TREE(y), we have that vy € Sy.0(B,v) because
y =y (vTy,v) and R(B) C TREE*(y) C TREE’(y). In this case, suppose that we carry out
the process described in the previous paragraph by selecting ¢ = v7y. As R(B) C TREE(y),
it is clear from Algorithm A2 that no pruning occurs during the last L iterations of Step 2 in
Algorithm A2 applied to arguments TREE?(y), y, A, and O. Therefore, the process from the
previous paragraph returns the optimally pruned TREE*(y). Thus, when R(B) C TREE(y),
we can simply plug in TREE*(y), which has already been built, for TREE(B, v, \) in (21).

D.4 Proof of Proposition 17

We first show that we can express

{¢ . g {R(l),TREE(B, v, \), ' (¢, y)} > )\} (46)

as the solution set of a quadratic inequality in ¢ for [ =0, ..., L —1, where g(-) was defined
in (3). Because only the numerator of g{R"), TREE(B, v, \),y'(¢,v)} depends on ¢, it will
be useful to introduce the following concise notation:

h(R,TREE,y) = > (i —yr)" — > > (i : (47)

i€ER rETERM(R,TREE) €T
We begin with the following lemma.

Lemma 28 Suppose that region R in TREE has children RN xjs0 and RN x;s1. Then,
h(R, TREE,y) = GAINR(y, J, $)+h(RNXjs,1, TREE, y)+h(RNXj 50, TREE, y), where GAINg(y, j, s)
is defined in (2).

Proof The result follows from adding and subtracting .. Rﬂxj,s,1(yi — YRny,..)° and
ZZ.GR% o (Yi—URny,.0)" in (47) and noting that TERM(R, TREE) = TERM(RNYj,s,1, TREE)U
TERM(R N Xj.5,0)- |

Recall that B = ((j1,51,€1),...,(jr, 51, er)) and that R(B) = {R©, RMD) .. R},
Lemma 29 follows from Lemma 28 and the fact that, due to the form of the vector v, there
are many regions R for which h {R, TREE(B, v, \),y'(¢,v)} does not depend on ¢.

Lemma 29 For any ¢ € Sgrow(B, V), we can decompose h{RW, TREE(B,v,\),y (¢,v)} as

h{R(l),TREE(B, v, A,y } Z h{ Slb,TREE(B v, \), v (6, y)}

V=41
+h {R(L), TREE(B, v, \), (¢, V)}

+ Z GAIN ooy Y/ (&, V), Jir415 Sv41 )
=

where Rg?b is the sibling of R® in TREE(B, v, \).
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Proof Repeatedly applying Lemma 28 yields

h{R(l),TREE(B, v, ),y } Z h{ RY) TRER(B, v, \), (4, V)}
V=11

+h {R(L), TREE(By v, )\)7 y/(¢7 V)}

—i—ZGAINR(z’){y (6,V), ju+1, 8141} (48)
1=l

Forl! =1+1,...,L —1, h{Rgig,TREE(B v, \), o (6, )} {Rgig,TREE(B V), y (as,y)} be-
)

cause R_, only contains observations where [y/(¢,v)]; = [y (¢,v)];. Similarly,

h{RD), TREE(B, v, \),y/ (¢, 1)} = h {R<L>, TREE(B, v, \), ¥/ (9, ,,)} and h {Rg“}, TREE(B, v, ), (¢, y)}

h {R(.L) TREE(B, v, \), ¥/ (¢, u)} because for i € R and i € RS}}, {/(¢,v)}s and {y/ (o, ) }i

sib?

only differ by a constant shift. Plugging these two facts into (48) completes the proof. M

We can now write (46) as

f—’H

g{R , TREE(B, v, \), } > )\}

= {qb :h {R(D,TREE(B,V, ),y (¢, v) } > A [| TERM{R(”,TREE(B, v, \)}H — 1]}

L—1
= {qﬁ : Z CAIN oy {4/ (¢, ), v 41, s41} = A [| TERM{R" | TREE(B, v, \)}| — 1] —

L
> n{RG) RER(B, v, N), 5/ (6,) } — b { R TRER(B, 1, X), ¥ (8, 1) } }

U'=l+1

= {¢ : LZ_I [a {R(l/)y.jl/+17 Sz’+1} ¢2 +b {R(ll),jlurl, Sz'+1} p+c {R(l,),jz/ﬂ’ Sz/+1}] > %}, (49)

V=l

where the functions a(-), b(-), and ¢(-) were defined in (35) in Appendix D.2, and where

Y= [|TERM{R(” TREE(B, v, \)}| — 1] - Z h{Rillb),TREE(B, v, A,y (&, )} {R<L) TREE(B, v, \), ' (¢, 1/)}

=I+1

is a constant that does not depend on ¢. The first equality simply applies the definitions of
h(-) and g(-). The second equality follows from Lemma 29 and moving terms that do not
depend on ¢ to the right-hand-side. The third equality follows from plugging in notation
from Appendix D.2 and defining the constant ; for convenience. Thus, (46) is quadratic
inequality in ¢. We now just need to argue that its coeflicients can be obtained efficiently.

We need to compute the coefficients in (49) for [ = 0,...,L — 1. The quantities
a{R(l,),jy, Sl/+1}, b{R(l/),jlq_l, Sl/+1}, and C{R(l,),jlq_l, 5l’+1} for I’ = O, ceey L — 1 were al-
ready computed while computing Sgrow(B,v). To get the coefficients for the left hand side of
(49) for each I = 0,..., L —1, we simply need to compute L partial sums of these quantities,
which takes O(L) operations. As we are assuming that we have access to TREE(B, v, \),
computing h{R, TREE(B, v, \), v’ ((]3, v)} requires O(n) operations. Therefore, computing 7o
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takes O(nL) operations. By storing partial sums during the computation of 7y, we can

subsequently obtain ~; for I =1,...,L — 1 in constant time.
We have now seen that we can obtain the coefficients needed to express (46) as a
quadratic function of ¢ for [ = 0,...,L — 1 in O(nL) total operations. Once we have

these quantities, we can compute each set of the form (46) in constant time using the
quadratic equation.
It remains to compute

L—1
SNB,v) = Sgrow(B,v)[) [ﬂ {¢> g {RU),TREE(B, v, A), 1 (6, y)} > )\}] . (50)

=0

Recall from Proposition 14 that Sgrou(B,v) is the intersection of O(npL) quadratic sets.
Thus, in the worst case, Sgrow(B,v) has O(npL) disjoint components, and so this final
intersection involves O(npL) components. Thus, we can compute S*(B,v) in O{npL x
log(npL)} operations (Bourgon, 2009).

The following lemma explains why, similar to Proposition 15, computation time can be
reduced in the special case where v = vy and B = BRANCH{ R4, TREE* (y)}.

Lemma 30 When B = BRANCH{R 4, TREE*(y)}, the set
{6 : g{RY, TREE(B, v, \), s/ (6, vsip)} > A} has the form (—oco, a;) U (by, 00), where a; < 0 <
b;. Therefore, we can compute ﬂlL:_Ol {(b g {R(l),TREE(B, v, \), Y (o, 1/)} > )\} as

-1
— U (b = (— i U b
D)( 00, ar) U (b, 00) = ( Oo’ogrz%l?_lal) (nglngag(_l 1, 00)

in O(L) operations. Furthermore, we can compute (50) in constant time.

Proof
As R(B) C TREE?(y), we can let ¢ € Sypon(B,v) from Lemma 29 be vTy such that

y'(¢,v) = y. We can then apply Lemma 22 to note that

L-1 L-2

> GAN g {y (¢, vein), i1, 5141} = | Y GAN gy {y, a1} | +GAIN g {y' (6, Vain), i 1.}
= =l

Thus, when v = vy, and B = BRANCH{R4, TREE*(y)}, we can rewrite (49) with
all of the terms corresponding to GAIN pu {y' (), Vsib), i1, sp41} for I = 1+ 1,...,L —
2 moved into the constant on the right-hand-side. This lets us rewrite (49) as {¢ :
Gaingr-1{y (Vi) jr. SL} > A1}, where 4; is an updated constant that does not de-
pend on ¢.

To prove that {¢ : Gainge-—n{jr, Sr.Y (¢, Vsin)} > A1} has the form (—o0, a;) U (b, 00)
for a; < 0 < by, first recall from Lemma 23 that Gain g1 {jr, sr. ¥ (¢, vsip) } is a quadratic
function of ¢. It then suffices to show that this quadratic has a non-negative second deriva-
tive and achieves its minimum when ¢ = (0. The second derivative of this quadratic is
a{R(Lfl),jL,sL} = HySib‘|2_4y37;bMR(L_1),jL,SLVSib7 which is non-negative by Lemma 23.
From Lemma 23, Gaingew-1) {jr,s5.y (¢, vsip)} is non-negative. It equals 0 when ¢ = 0,
because when ¢ = 0 then gR(L—l)ijL,SLJ = sz(L_UijL’SL’O.
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Intersecting L sets of the form (—o0,a;) U (b, 00) for a; < 0 < b; only takes O(L) op-
erations, because we simply need to identify the minimum a; and maximum b;. Finally,
Lemma 26 ensures that Sy (B, Vsp) has at most two disjoint intervals, and so the final
intersection with Sgyou (B, vsip) takes only O(1) operations. [ ]

D.5 Proof of Proposition 18

Let B = BRANCH{R A, TREE*(y)}, let R(B) = {RO), ..., RP)}, and let v = vy (6). Ap-
plying the expression given for {y'(¢, vgp)}i in Section 3.3 (which follows from algebra), we
immediately see that Condition 1 holds with R4 = R®) and Rp = R~ n Xjp,sp.l—er -

Let B = m [BRANCH{R 4, TREE?(y)}] and let v = v;¢4 (14). Note that 7 [BRANCH{R 4, TREE?(y)}]
induces the same region R(") as the unpermuted BRANCH{R 4, TREE*(y)}. Regardless of
the permutation, the induced R") is equal to R4. Applying the expression for {1/ (¢, Vreg) }i
given in Section 3.3, Condition 1 holds with constant cy = 0.

Appendix E. Proofs for Section 4.3

E.1 Proof of Proposition 19
As stated in Proposition 19, let

pgeg (y) = PTHy {|VTTng - C| Z |VrTegy - C| I U R(W[BRANCH{RA7 TREE}\ (y)}]) g TREE/\ (Y)7 Pi«egy = ,Pj;‘Egy} .
TEQ

First, we will show that the test based on p,%g (y) controls the selective Type 1 error rate,
defined in (4); this is a special case of Proposition 3 from Fithian et al. (2014).
Define & = {Y : Ry € TREENY)}, Ea = {Y : Py Y =Py}, and

Vreg
& = {Y : Ureq R (7 [BRANCH { R4, TREEM(y) }]) C TREE)‘(Y)}. Recall that the test of
Hy : Z/TTegu = ¢ based on pf?eg(y) controls the selective Type 1 error rate if, for all a € [0, 1],
PrH, {ngg(Y) < a| &1} < a. By construction,

PTHy {pgg(y) <a | &N 83} =FE [1{197’1-10<|V7?59Y—C|Z|V7Tegy—c|\52053)§a} | &N 53} = .

)<a}* An argument similar to that of Lemma 13

Q _
Let QIZ)RA - 1{p7‘H0(|V7T€gY—c\2\1/;ggy—c||€2ﬁ53

indicates that £ C &;. The law of total expectation then yields
B, |&) =E{EWR, |&n&n&) | &} =E{EW], |&n&) &} =E@| &) =a

Thus, the test based on p?eg(y) controls the selective Type 1 error rate. We omit the proof
that pf?eg(y) can be computed as

pgeg(y) = PTHy ’¢ - C’ > |V7Tegy - C| ’ ¢ € U SA (W[BRANCH{RA, TREE)\(y)}]a Vreg)
TEQR

for ¢ ~ N(c, ||vregll30?), as the proof is similar to the proof of Theorem 6.
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Appendix F. Effect of Using the Computationally Efficient Alternative in
Section 4.3

In this section, we investigate the effect of using p%eg(y) from (22) rather than p,eq(y) from
(15) on power. We also investigate the effect of using (23) rather than (17) on the width of
confidence intervals for vy, p.

We generate data as described in Section 5.1, but for simplicity we restrict our attention
to the case where a = 1 (corresponding to the center panel of Figure 3).

For each tree that we build, we consider (a) testing Ho : v, = 0 and (b) constructing
a confidence interval for v u, for each region appearing at the third level of the tree. For
each test, we compare the test that uses the full conditioning set (i.e. that uses p,c4(y) from
(15)) to the test that uses the identity permutation only (i.e. that uses pZ.,(y) from (22)).
For each interval, we compare the method that uses the full conditioning set (i.e. (17)) to
the method that uses the identity permutation only (i.e. (23)). The results are displayed
in Figure 11.

The left panel of Figure 11 shows that the power loss resulting from using (22) instead
of (15) is negligible. In fact, we need to zoom in on the left panel, as shown in the center
panel, to see any separation between the power curves. We see in the center panel that
power is lower when (22) is used, though we emphasize that the differences in power are
extremely small.

We see in the right panel of Figure 11 that the computationally efficient conditioning
set has a more noticeable impact on the median width of our confidence intervals. As
expected, the confidence intervals are narrower when we use the full conditioning set (i.e.
(17)). However, this difference is most noticeable when b is small. When b is small, in which
case the confidence intervals are wide even when the full conditioning set is used. Thus,
the amount of precision lost overall by constructing confidence intervals using the identity
permutation only (i.e. (23)) is not of practical importance.

Based on these results, we recommend using the identity permutation in practice, be-
cause it is the most computationally efficient choice and does not meaningfully reduce power
or precision compared to the full conditioning set.

Appendix G. Robustness to Non-Normality

In this section, we explore the performance of the selective Z-test under a global null when
the normality assumption on Y is violated. For four choices of cumulative distribution

function F', we generate Y; B such that all observations have the same expected value.
We set n = 200,p = 10, and we grow trees to a maximum depth of 3. We plug in (n —
)73 (yi—¥)? as an estimate of 02, as it does not make sense to assume known variance
for distributions with a mean-variance relationship. Figure 12 displays quantile-quantile
plots of the p-values for testing Ho : v}, = 0, using the test in (8).

Figure 12 shows that despite the fact that our proposed selective inference framework
was derived under a normality assumption, it yields approximately uniformly distributed
p-values for Poisson(10), Bernoulli(0.5), and Gamma(1,10) data. We suspect that this is
because PLY is approximately independent of vTY for these distributions (see the proof
of Theorem 6 in Appendix B). In the case of Bernoulli(0.1) data, which represents a par-
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Figure 11: Simulation results comparing inference based on the full conditioning set to
inference based on the identity permutation only (see Section 4.3). The left
panel shows power curves. The center panel zooms in on one section of the left
panel. The right panel shows median widths of confidence intervals.
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Figure 12: Quantile-quantile plots of the p-values for testing Hy : v1, x = 0 under a global
null. A naive Z-test (green), sample splitting (blue), and selective Z-test (pink)
were performed; see Section 5.2.
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Figure 13: A CART tree fit to the Box Lunch Study data. Each split has been labeled with
a p-value (8), and each region has been labeled with a confidence interval (23).
Inference is carried out by plugging in Gcons, from Section 5.7, as an estimate of
.

ticularly extreme violation of the normality assumption, the p-values from our selective
Z-test are not uniformly distributed. As mentioned in Section 7, future work could involve
characterizing conditions for ' under which our selective Z-tests will approximately control
the selective Type 1 error.

Appendix H. Alternate Box Lunch Study Analysis

Figure 13 is the same as the left panel of Figure 9, but the selective Z-inference is carried
out with Gcons, from Section 5.7, rather than 6gsg. The takeaways presented in Section 6
do not change.
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