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Abstract

We propose a spectral-based approach to analyze how two-layer neural networks separate
from linear methods in terms of approximating high-dimensional functions. We show that
quantifying this separation can be reduced to estimating the Kolmogorov width of two-
layer neural networks, and the latter can be further characterized by using the spectrum of
an associated kernel. Different from previous work, our approach allows obtaining upper
bounds, lower bounds, and identifying explicit hard functions in a united manner. We
provide a systematic study of how the choice of activation functions affects the separation,
in particular the dependence on the input dimension. Specifically, for nonsmooth activation
functions, we extend known results to more activation functions with sharper bounds.
As concrete examples, we prove that any single neuron can instantiate the separation
between neural networks and random feature models. For smooth activation functions, one
surprising finding is that the separation is negligible unless the norms of inner-layer weights
are polynomially large with respect to the input dimension. By contrast, the separation
for nonsmooth activation functions is independent of the norms of inner-layer weights.

Keywords: Kolmogorov width, two-layer neural network, single neuron, spectral decay,
curse of dimensionality

1. Introduction

Neural network-based machine learning has achieved remarkable performances in many ap-
plications, such as computer vision, natural language processing, and scientific computing.
One of the key reasons behind these successes is that neural networks can efficiently approx-
imate certain high-dimensional functions (Barron, 1993, 1994; Bach, 2017a; Ongie et al.,
2019; E et al., 2019; Poggio and Liao, 2018; E et al., 2021; Gribonval et al., 2021; Suzuki,
2019; Klusowski and Barron, 2016), while traditional linear methods cannot (Barron, 1993,
1992; Kurkova and Sanguineti, 2002; Siegel and Xu, 2021). In this paper, we provide a
comprehensive study of this phenomenon for two-layer neural networks.

Consider two-layer neural networks given by

Fml@:0) = ajo(w]z+b;), (1)
j=1
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where w; € Rd,aj € R,b; € R and 0 : R — R is the nonlinear activation function. We
use 0 = {aj,w;,b;}7, to denote all the parameters and m to denote the network width.
Denote by N, the set of two-layer neural networks of width m:

N = {In(0) | 3 las] < Lomax(fala + oy ]) < r . )

j=1

To study the separation between neural networks and linear methods, we consider target
functions in

N =U2_ N, (3)

which is the closure (with respect to the L> metric) of all finite-width neural networks with
bounded norms defined above. Note that the function class N' depends on the activation
function o and the size of inner-layer weights r, which are omitted in the notation for
simplicity. The function class N has been widely used to analyze properties of two-layer
neural networks including but not limited to the separation from linear methods. For more
details, we refer to Barron (1993, 1992); Kurkova and Sanguineti (2002); Bach (2017a); E
et al. (2019, 2021) and the references therein. In this paper, we will focus on studying the
separation in terms approximating functions in N.

Denote by p the input distribution and the approximation error will be measured with
respect to p. Mathematically speaking, quantifying the separation boils down to estimating
the following two quantities:

(1) The approximability by two-layer neural networks:
N) = inf — g%z, 4
em(N) ?gjl\)fgé/% 1 g||L2(p) (4)

which describes the worst-case error of approximating functions in AN with two-layer
neural networks.

(2) The (in)approximability by linear methods:

m
N) = inf inf — Dl 5
= et 173 ol O

which describes the worst-case error of approximating functions in A with the best-
possible fixed features. Note that wp,(N) is exactly the Kolmogorov width of N
(Kolmogorov, 1936; Lorentz, 1966).

When w, (N) is significantly larger than e,,(N), we say that there is a separation between
two-layer neural networks and linear methods (with the best-possible fixed features). In
other words, there exist functions in A/ such that they can be efficiently approximated by
neural networks but not by linear methods.

We are particularly interested in how the separation depends on the input dimension
d. Does the separation become more significant in higher dimensions? To facilitate the
statement, we use the concept of curse of dimensionality (CoD) (Bellman, 1957). A quantity
gm is said to be free of the CoD if ¢, < poly(d)m_ﬁ with § being a constant independent
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of d. On the contrary, we say ¢, exhibits or suffers from the CoD if g,,, > poly(1/d) for all
m < exp(d). A specific rate that achieves the CoD is g, > poly(1/d)m—?/¢ with § being a
constant independent of d. In particular, when the Kolmogorov width w,,(N') exhibits the
CoD, we must need exponentially many features for apporoximating functions in .

The seminal work (Barron, 1993) identified a subclass N C N, determined by the
first-order moment of the Fourier transform, and showed e,,(Nr) = O(1/m). This bound
means that approximating functions in Vg with neural networks is free of the CoD; in other
words, the approximation rate is dimension-independent. Later, Barron (1992) extended
this result to the whole class N/. Along this line of work, (Breiman, 1993; Makovoz, 1998;
Kurkova et al., 1997; Kurkova and Sanguineti, 2001, 2002; Bach, 2017a; E et al., 2019; Siegel
and Xu, 2020a) improved and extended the upper bound, showing e,,(N) = O(1/m) holds
for very general activation functions. Given this upper bound of e, (N'), what remains is
estimating the Kolmogorov width wy, (N).

Barron (1993, 1992) proved that wy,(N) > Cd~'m~1/4, which implies that approximat-
ing functions N with linear methods (even using the best-possible features) suffers from the
CoD. Together with e, (N) = O(m~!), Barron (1993, 1992) established the first CoD-type
separation for neural networks and linear methods. However, the lower bound is limited
to sigmoidal activation functions, such as the sigmoid and Heaviside step function. Barron
(1993) obtained the lower bound by explicitly constructing exponentially many orthogo-
nal functions in N via the Fourier transform. Kurkovd and Sanguineti (2002) provided a
systematic study of this orthogonal function argument for general function classes. But
the application to neural networks is still limited to the case considered in Barron (1993),
since the Fourier-based construction of orthogonal functions in Barron (1993) is specific to
sigmoidal activations. It is unclear how to extend it to general cases. On the other hand,
these works did not consider the upper bound of w,,(N'), which is critical for understand-
ing when and how the separation from linear methods becomes negligible. For instance,
if Wy (N) = O(m™1), then there is no separation between two-layer neural networks and
linear methods for approximating functions in A since e,,(N) = O(m™1).

In addition, the separation results mentioned above rely on worst-case analyses and
only guarantee the existence of functions that are hard to approximate with linear meth-
ods. Another important but less-explored question is: Can we identify some specific hard
functions that instantiate the separation? A recent progress was made by E et al. (2019)
and Yehudai and Shamir (2019) for the separation from the specific random feature model
(RFM) (Rahimi and Recht, 2007): hpy(z;5a) = Y77, aja(ijx), where {w;} are indepen-
dently and uniformly drawn from the unit sphere. This model may look similar to two-layer
neural networks. The difference is that the {w;} in two-layer neural networks are adaptive
to the target function, whereas {w;} in the RFM are fixed.

Specifically, E et al. (2019) and Yehudai and Shamir (2019) showed that a single neuron:
x + o(vTx +b) is enough to separate the two methods. E et al. (2019) numerically showed
that approximating a single neuron with random features suffers from the CoD; Yehudai
and Shamir (2019) provided a partial theoretical explanation. Yehudai and Shamir (2019)
proved that there exist constants Cp, C; > 0 such that, if m < e“1? and the coefficients
satisfy max;ejm[cj] < €19 /m, then there exists a b* € R such that for any v € R? with
|lv|| = d3, the error of approximating x +— o(v’z + b*) with the random features is larger
than Cy. However, this theoretical result is quite unsatisfying in two aspects: (1) The bias
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term b* still needs to be chosen in an adversary way, which means that this function is
not completely explicit; (2) The coefficient magnitudes need to be bounded. Consequently,
we cannot fully claim the separation for approximating this specific function. In addition,
the analysis there is essentially also based on explicit constructions of nearly orthogonal
functions (Malach and Shalev-Shwartz, 2020).

1.1 Overview of our contributions

In this paper, we present a spectral-based approach to analyze the separation, which reduces
the problem to estimating the eigenvalues of an associated kernel. Specifially, consider a
general parametric feature ¢ : X x Q — R and let ® = {¢(-;v)|v € Q} be the class of
features. The key quantity in our analysis is the following average version of Kolmogorov
width:

() — i i
A (®) = ¢1,...,$2£L2(p) Bon 01,.}2&6[@ o Z CJ¢]||L2(” (©)

where 7 is a probability distribution on 2. We prove in Lemma 2 that A(ﬂ)( D) = Z;’im 41
where {);};>1 are the eigenvalues in a non-increasing order of the kernel: ky(z,z’) =
(p(x;-), p(2";+))r. Then we apply this general result to the two-layer neural network case

where p(x;v) = o(w?z +b). The specfic procedures go as follows.

e Let Q7 = {o,(z) = o(ywTx + b)|v € ST!} be the class of single neuron and 74_;
be the uniform distribution over S*~!. We show in Theorem 10 that when p = 74_1,
there exists a Cy = poly(d) such that

sup A%d‘l)(Q%b) <wn(N) <Cy sup Agd_l)(Q%b). (7)
y+[b|<r v+[b|<r

e Moreover, by Lemma 2, A,(gd’l)(Q%b) =D 2 mi1 Ajs where {\;};>1 denote the eigen-
values corresponding to the kernel: k) (z,2') = Byr, , [o(y0T2 + b)o(yv T2’ +b)].

We thus provide a tight characterization of w,,(N') using the spectrum of k(). For ReLU®
activations, we even have Cy = O(1), where the characterization becomes exact. Here the
ReLU® activation function is defined by o(z) = max(0,2%). Note that the kernel k(7
is in a dot-product form, for which we can apply the harmonic analysis to obtain explicit
estimates of the eigenvalues (Smola et al., 2001; Bach, 2017a).

The above approach does not need the explicit construction of orthogonal functions,
thereby working for very general activation functions, including the commonly-used ReLU,
Gaussian error linear unit (GELU) (Hendrycks and Gimpel, 2016), Swish/SiLU (Ramachan-
dran et al., 2017; Elfwing et al., 2018). Moreover, it allows obtaining upper bounds, lower
bounds, and explicit hard functions simultaneously. Using this approach, we provide a
comprehensive study of how the smoothness of o affects the decay of w,,(N), in particular
the dependence on the input dimension. Our specific findings are summarized as follows.

e For the nonsmooth ReLLU® activation functions, we show in Proposition 4.1 that
2a+1

wm(N) > C(1/d,a)m™ a1 with C(1/d,a) depending on 1/d polynomially. Com-

bining with the known bounds e,,(N) = O(1/m), we establish the first CoD-type
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separation for general ReLU® activations, which includes the result of Barron (1993)
as a special case. In Theorem 6, we prove that the preceding lower bound holds for
any single neuron, which removes all the restrictions of Yehudai and Shamir (2019),
including the boundedness of coefficient magnitudes and the adversarial choice of bias
term. Thus we can now truly claim the separation from the RFM for this specific
function. Moreover, our results hold for any ReLU® activation, whereas Yehudai and
Shamir (2019) only considers the ReL.U case, i.e., a = 1.

e For smooth activation functions, we show that whether w,, (N') exhibits the CoD or not
depends on the norms of inner-layer weights, i.e., the value of r in Eq. (2). Specifically,
Theorem 11 shows that when r = 1, wy,, (M) < d/m for activation functions that satisfy
certain derivative boundedness condition. Proposition 12 further provides a fine-
grained characterization of the dependence on r for the specific arctangent activation,
showing wy, (N) < dAr2m—max(1/2,1/r%) " Thege rates are dimension-independent and
moreover, they can be achieved by using spherical harmonics, i.e., the homogeneous
harmonic polynomials constrained on S*~!. Therefore, neural networks in these cases
do not perform (significantly) better than polynomials. On the contrary, Theorems 14
and 15 show that the CoD-type separation can be recovered for sigmoid-like and ReLLU-
like smooth activations when r > d¢ for some positive constant C. In particular,
C > 1/2 is enough for the specific arctangent activation function.

We notice that there is a concurrent work (Siegel and Xu, 2021), obtaining the same
decay rates of wy,(N) for the ReLU* activations. However, the bounds there are not
very useful in the high-dimensional regime since Siegel and Xu (2021) did not show their
constants depending on d polynomially. On the other hand, the technique used in Siegel and
Xu (2021) is still based on the orthogonal function argument developed in Barron (1993);
Kurkova and Sanguineti (2002), whereas ours is completely different.

Essentially, our spectral-based approach, in particular the bound (7), provides a tight
characterization of the Kolmogorov width for two-layer neural networks, which is even
almost exact for the ReLU® activation function. It is also applicable to analyze other prop-
erties that are related to Kolmogorov width. For instance, Siegel and Xu (2021) obtained a
tight lower bound of the metric entropy (logarithm of the covering number) (Kolmogorov,
1958) of two-layer neural networks by using our results.

1.2 Other related work

Approximation with random features Our work is also related to Ghorbani et al.
(2021), which shows that the random feature model effectively fits polynomials. Let v =
N(0,1) be the standard normal distribution. Specifically, for the single neuron target func-
tion, Ghorbani et al. (2021) showed that the approximating error with N random features
is roughly controlled by [|o¢||7 2 ) When d0 < N < d179 for small § > 0. Here, o-4(-)
is the projection of o orthogona&ly to the subspace spanned by polynomials of minimum
degree ¢. However, no explicit estimate is provided, and it is, therefore, unclear how the
approximability depends on the input dimension. Moreover, the analysis of Ghorbani et al.
(2021) is limited to the specific forms of features. By contrast, our analysis is applicable to

very general features.
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Learning neural networks activated by smooth functions Livni et al. (2014) proved
that two-layer neural networks activated by the sigmoid function can be efficiently approx-
imated by polynomials, if the norms of inner-layer weights are bounded by a constant
independent of d. Then, they use this approximation result to show that these networks
can be learned efficiently in polynomial time (see also Zhang et al. (2016)). In this paper, we
extend this result to more general smooth activations, which include all the commonly-used
ones, such as tanh, softplus, GELU. Moreover, we prove that when the norms of inner-layer
weights are large than d® with 8 being a small positive constant, there does not exist fixed
features such that the linear method can avoid the CoD. These improvements over Livni
et al. (2014) benefit from the spectral-based approach developed in our study, which is quite
different from the techniques used in Livni et al. (2014).

The spectrum of the associated kernel It is well-known that the spectrum of the
kernel k, plays an important role in analyzing the corresponding RFM (Carratino et al.,
2018; Bach, 2017b,a; Mei and Montanari, 2019). Recently, it is also extensively explored
to understand neural networks in the kernel regime (Daniely, 2017; Xie et al., 2017; Jacot
et al., 2018; Chen and Xu, 2021; Bietti and Mairal, 2019; Bietti and Bach, 2021; Scetbon and
Harchaoui, 2021; Bach, 2017a). In contrast to these works, we reveal that the spectrum of
that kernel also play a fundamental role in separating neural networks from linear methods,
which is essentially a property beyond the kernel regime.

At a technical point, our work also bears similarity with Smola et al. (2001) and Bach
(2017a) since we all rely on the harmonic analysis of functions on S, Specifically, Smola
et al. (2001) provided the integral representation of eigenvalues for general dot-product
kernels; Bach (2017a) provided detailed calculations for the specific kernel k. In particular,
Bach (2017a) obtained (complicated) analytic expressions of the eigenvalues for ReL.U?
activations, which are expressed in terms of Gamma functions. The reduced problem in our
analysis is also estimating the eigenvalues of the kernel as explained above. We adopt the
integral representation in Smola et al. (2001); Bach (2017a) and the analytic expressions in
Bach (2017a). The specific differences from Bach (2017a) are listed below.

e For ReLLU® activation functions, we obtain non-asymptotic estimates of the eigen-
values with the constants depending on d polynomially, whereas Bach (2017a) only
considered the asymptotic regime without tracking the constants. This improvement
is crucial for understanding the separation in high dimensions.

e We provide estimates of the eigenvalues for smooth activation functions, which are
not covered in Bach (2017a). Moreover, for the specific arctangent activation, we
further provide a fine-grained characterization by showing that the eigenvalue can be
expressed analytically using Gaussian hypergeometric functions (Olver et al., 2010).

e Bach (2017a) used the spectrum of that kernel to compute the reproducing kernel
Hilbert space (RKHS) (Aronszajn, 1950) norm induced by that RFM. However, our
interest is analyzing how two-layer neural networks outperform linear methods.

2. Preliminaries

Notation. Let S! = {z € R?: ||z|s = 1}, wg_1 = lgerd//;) be the surface area of S,

and 74_1 be the uniform distribution over S~!. For any €, denote by P(Q) the set of
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probability measures over §2. For a probability measure v, for simplicity we use (-,-), and
| - ||y to denote the L?() inner product and norm, respectively. Given a subset B, denote
by 1p the indicator function of B, which has value 1 at points of B and 0 otherwise. Let
I'(z) be the Gamma function and () = T +€)(;?;Bm +1y Pe the binomial coefficient. We
shall use poly(/3) to denote a quantity that depends on § polynomially. We use X ~ Y,
if there exist absolute constants C1,Cs > 0 such that C1Y < X < (Y. X <Y means

X < CY for an absolute constant C > 0, and X 2 Y is defined analogously.

2.1 Legendre polynomials and spherical harmonics

We shall focus on the case of p = 74_1, where the eigenvalues of the kernel of interest can
be explicitly estimated. Hence, we need to prepare some basic techniques for analyzing
functions on S?"!. Denote by P, the associated Legendre polynomials of degree k in d
dimensions (Atkinson and Han, 2012, Section 2.6), which satisfies the following recursive
formula (Atkinson and Han, 2012, Equation 2.86):

Py(t) =0, Pi(t) =1,

2% +d — 4 k—1 (8)
t) = ————tP,_1(t) — ————=Pr_a(t), k > 2.

Note that {P}}3°,, are the orthogonal polynomials with respect to the distribution pg(t) =
(1- t2)%/3(%, d—gl), i.e., the distribution of x; for z ~ 74_;. Specifically,

1
_ _ 1
Pu()Pi(t) (1 — ) ™2 qp = 5, L1~
JRCLTOIES o )

where

N(d,k:):2k+d_2(k+d_3>

k d—2

(Atkinson and Han, 2012, Equation 2.67 and 2.68). Notice that the above equation can be
rewritten as follows:

5.
T (7T _ Yk d—1
/Sd_l Py(z"y)Pj(z" y)drg—1(y) .5 Vo e S%.

The Rodrigues’s formula gives a closed-form expression of Pg:

k B B k B
0= (-3) iy - (5) G- o)

The polynomial Py is even (resp. odd) when k is even (resp. odd).

Let y;j be the space of all homogeneous harmonic polynomials of degree k in d dimensions
restricted on S%71; the dimension of the space Vi is N(d, k). Let {Y};}1<j<n(ar) be an
orthonormal basis of y,gf in L?(74_1). Then Yij: S%-1 +» R denotes the j-th spherical
harmonics of degree k. Then {Y} j}ren 1<j<n(a k) forms an orthonormal basis of L?(74-1)
(Atkinson and Han, 2012, Section 2.1.3, Corollary 2.15 and Theorem 2.38).
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The spherical harmonics is related to the Legendre polynomials:
N(d,k)
> Yij(@)Yi(y) = N(d, k) Pe(a"y) (11)
j=1

(Atkinson and Han, 2012, Theorem 2.24). For any f : [-1,1] — R, z € S and Y}, € yg,
the Hecke-Funk formula (Atkinson and Han, 2012, Theorem 2.22) is given by

)

FaTy)Ye(y) dra-1(y) =

§d—1 W,

1
i) [ roRm - e )

We refer to Schoenberg et al. (1942) and Atkinson and Han (2012) for more details about
the harmonic analysis on S?1.

3. A general result

Denote by ¢ : X x Q — R a general parametric feature. For any = € P(Q2), define
kr i X X X = R, ka(z,2)) = (p(a5-), 0(25 ) (13)

Assume that ¢(-;v) is continuous on X for any v € Q and X is compact. By Mer-
cer’s theorem, we have the eigendecomposition: kx(z,2') = > 222, Ajej(v)e;(2”), where
{\;j}j>1 are the eigenvalues in a non-increasing order and {e;};>1 are the corresponding
eigenfunctions that satisfy E,,[kr(z,2")e;(2')] = Ajej(x). The trace of k, satisfies that
> 521 Aj = Egplkx(2, 7). In particular, we are interested in the following quantity

Ar(m)= Y A (14)

j=m+1

Consider the model: gm(7;0) = 377", ajp(x;v;), where 0 = {(a;,v;)}72; denote the
learnable parameters. In the literature, this model is often called variable-basis approxima-
tion (Gnecco, 2012; Kurkova and Sanguineti, 2001). Two-layer neural networks correspond
to the specical case where p(z;v) = o(w’z + b). Other examples include the free-node
splines (DeVore and Lorentz, 1993, Chapter 11), trigonometric polynomials with free fre-
quencies (DeVore and Temlyakov, 1995), etc.

Recall that ® = {¢(-;v) | v € Q} is the class of parametric feature functions. Define

G=3 aje(v)| Y lajl <1,m e N+t 5, (15)
j=1 j=1

which is just the closure of the convex, symmetric hull of ®. When ¢(z;v) = o(w’z + b)
and Q = {(wT,0)T € R . |jw|ls + [b] < 7}, we have G = N.
The following theorem provides a lower bound of the Kolmogorov width of G.

Proposition 1 (Spectral-based lower bound) w,(G) > supcp) Ar(m).

8
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The proof of Proposition 1 needs the following characterization of the average Kol-
mogorov width of ®.

Lemma 2 Ag:{)(CI)) = Eyr infe,, cner loo — D050y cjejl|2 = Ax(m), where o, = @(+;v).
It is implied that the best-possible features minimizing the average approximation error

are the leading eigenfunctions.

Proof Without loss of generality (WLOG), assume {¢;}]., are orthonormal in L%(p),

otherwise we can perform Gram-Schmidt orthonormalization. Then,

m m

Eyor inf R o — Z%%Hi = Eymrllow — Z(‘Pm ¢j>p¢j”;2) =Eyr UI%II?, - Z<‘Pva ¢J>;2)]
j=1

C1,..,Cm = =

= Epmplkn (2, 7)) — Z By armp|(2) 0 (2 (2, 2")]

> Z)\j — sup ZEx,z/~p[¢j(x)wj(x/)kﬂ(x>x,)]' (16)
j=1

(D) p=0; 51 j—=1

The second term in (16) is a standard PCA problem for k,, where the supremum is reached
at ¢; = ej and D10 By prnplej(@)ej (@) kr(z,2")] = 377, Aj. Plugging it back to (16) com-
pletes the proof. |

Proof of Proposition 1 Lemma 2 provides a estimate of the average approximation
error. The Kolmogorov width, which is the worst-case error, can be bounded as follows:

wm(®) = inf sup infeRHgov—chgijf,ZAgjlr)(Q)):Aﬂ(m), vr e P(Q). (17)
j=1

D150 Pm e Clse-,Cm

Hence, wm(G) > win(P) > supcp(q) Ar(m) because of ¢ C G. [

The spectral-based lower bound of w,,(G) in Proposition 1 is quite general, holding
for any parametric features. Even when explicit estimates of the eigenvalues of k; are not
tractable, we can still numerically compute ones, thereby obtaining a numerical lower bound
of wn(G).

We notice that a similar lower bound of Kolmogorov width already appeared in Ismag-
ilov (1968) for a completely different purpose. At first glance, the function class considered
in Ismagilov (1968) may look different from G, but they are in fact equivalent (see (Pinkus,
2012, Section 3.4)). However, to the best of our knowledge, our work is the first one exploit-
ing this approach to study variable-basis approximations and two-layer neural networks. In
contrast, the existing works on bounding wy,(G) (Kurkova and Sanguineti, 2002; Gnecco,
2012; Siegel and Xu, 2021) all rely on the orthogonal function argument, whose applicability
is limited to some special cases. Moreover, we obtain an upper bound that match the lower
bound in Proposition 1 for two-layer neural networks.

In the remaining of this paper, we will apply the above general result to the case of
two-layer neural networks and the input distribution p = 74_1. In such case, we can have
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explicit estimates of the eigenvalues, thereby the Kolmogorov widths. Moreover, taking
T = T4_1 also yields an upper bound that matches the above lower bound. For simplicity,
we will omit the subscript of A, since 7 is always fixed to be 74_1 in the following analyses.

4. Approximation of single neurons

We first consider the single neuron without bias: @ + o(v?z). The results established in
this section will be utilized later to analyze two-layer neural networks.

Assume that m = p = 74_1. By the rotational invariance, k; can be written in a
dot-product form:

kr(z,2") = / o(Tz)o(wl2') drg_1(v) = k(zT2) (18)
Sd—1
where k : [-1,1] — R. Following Smola et al. (2001), the spectral decomposition of x is
given by:
so N(d.k)
p(ala) =0 Y Y)Y, (@), (19)
k=0 j=1

where p, is the eigenvalue and the spherical harmonics Y} ; is the corresponding eigenfunc-
tion that satisfies Epror, , [k(272')Y) ;(2')] = pxYjx(x). Note that {A\;} are the eigenvalues
counted with multiplicity, while {yu} are the eigenvalues counted without multiplicity. We
refer to (Schoenberg et al., 1942; Smola et al., 2001) for more details about the spectral
decomposition of a dot-product kernel on S¢1.

Applying Lemma 2 to single neurons gives the following lower bound

EUNTd 1, lnf HUU Zc]¢]|’7'd 1 = (m)a (20)
1yeee =

and the inequality can be achieved by using the spherical harmonics as the fixed features.
By exploiting the rotational invariance, one can show the following upper bound.

Proposition 3 (Uniform approximability) Let {¢]} ', be the leading spherical har-
monics. For any non-increasing function L : Nt — R+ that satisfies A(m) < L(m), let
q(d,L) = supy>; %. Then we have for any v € S%1,

inf oy, — Z%%Hm . S q(d, L)L(m). (21)

C1ly--sCm j=1

The proof is deferred to Appendix A.1. When L(m) ~ m~*, q(d, L) < d*. Therefore, q(d, L)
is at most polynomial in d. In fact, one can choose L(m) = A(m) to obtain the tightest
bound. The introduction of L(m) is to facilitate the explicit calculation of constant ¢(d, L),
since we hardly have the exact rate of A(m).

By applying the eigenvalue estimates given in the next subsections, we have the following
specific results. For the nonsmooth activations considered in Section 4.1, taking L(m) ~

_2a+1 2atl . . cps .
m~ 41 yields ¢(d, L) S d 1 < C, with C, being a positive constant independent of d.

10
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For smooth activation functions that satisfy Assumption 8, we can take L(m) = 1/m, for
which ¢(d, L) < d.

What remains is to estimate the eigenvalues of k, and the following integral represen-
tation allows both explicit estimations and numerical computations of the eigenvalues.

Lemma 4 For the dot-product kernel ky, pi = 77,% with

1
=2 [ op - 292 ar (22)
Wd—1 J-1
In addition, assume that o € C*°(R). Then,
F(d/Z) /1 (k) 2\ k+(d—3)/2
= t)(1—t dt. 2
= Tk + (d=172) ] .7 ) (1-1) (23)

Proof By the Hecke-Funk formula (12),
/ r(zTa! )Yy (2 drg_1(2') = / </ o(wlz)o(wz) del(w)) Vi j(2) drg_q (')
Sd—1 Sd-1 §d-1
_ / o(w”z) ( / o (wTa' )i (') de_l(m')) drg 1 (w)
gd-1 gd-1

= [ ot ) dras () = Y (o)

Substituting the Rodrigues formula (10) into (22) and applying the integration by parts

give
o Wwie T(d-1)/2) ! d\" | o\kHa-3)2
= (-3) v amrs Lo (&) - «
1 wy_9 P((d - 1)/2) /1 (k) o\ k+(d—3)/2
=_ 1— .
T Tt @-12 )7 O0-F) dt
Inserting wy_1 = Igerd//;) completes the proof. |

We remark that the integral representation (22) has been adopted in (Bach, 2017a,
Appendix D) to calculate the eigenvalues of k, for ReLU? activations. Eq. (23) also follows
straightforwardly from Eq. (22). We provide the proof here since it is simple but very helpful
for understanding what property of activation functions affect the eigenvalue. In particular,
Eq. (23) shows that the smaller is the k-th order derivative, the smaller is the eigenvalue and
this formula will be used later to estimate the eigenvalues for smooth activation functions.

Numerical computation of A(m) The following procedures provide a numerical way
to compute A(m), which works for any activation functions.

o First, 322, Nj = [qus k(zTz)drg_1(x) = K(1). If k(1) does not have an explicit

expression, we can use Monte-Carlo integration to numerically compute it by Eq. (18).

e Second, the eigenvalues {);} are computed through numerically integrating the right
hand side of Eq. (22), where the Legendre polynomials can be efficiently computed
using the recursive formula (8).

e The output is: A(m) = r(1) — 3201 A;.

11
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4.1 Nonsmooth activations

Consider the ReLU® activation function: o(t) = max(0,¢)® with a € N. The Heaviside
step and ReLLU function correspond to o = 0 and a = 1, respectively. The case of @ > 1
also has many applications in scientific computing (E and Yu, 2018; Siegel and Xu, 2020b;
Li et al., 2019). In particular, for & = 0,1, Cho and Saul (2009) shows
() = {217{(77 — arccos(t)) ?f a=0 (24)

5ed ((7r — arccos(t))t + V1 — t2> if a=1.

Proposition 5 Let o(t) = max(0,t)* with a € N. There exists a constant C(1/d,a) de-
20+1

pending on 1/d polynomially such that A(m) > C(1/d,a)m™ 1 In particular, C(1/d,0) =

1/d.

The proof is quite techinical and deferred to Appendix A.2, where the analytic expression
of the eigenvalue puy, obtained in (Bach, 2017a, Appendix D) is used. Figure 1 compares the
above bounds of A(m) and numerical estimations for various d’s for the case of a = 0. It
is clear that the decay suffers from the CoD and the explicit rate m~(22+t1/(@=1) given in
Proposition 5 aligns very well with the ground truth for large m’s.

107!

A(m)

1072

102 10° 108 101t 10
m
Figure 1: The decay of A(m) for various d’s and o« = 0. The solid curve corresponds to

the numerical estimate, while the dashed curve corresponds the explicit estimate
m~2a+1)/(d=1) given in Proposition 5.

Then we have the following theorem, which shows that approximating single neurons
activated by ReLU® with linear methods suffers from the CoD.

Theorem 6 Let o,(z) = max(0,vTx)® for « € N. Then, there exists a constant C(1/d, )
that depends on 1/d polynomially such that the following statements hold.

e For any fized features {¢;}7L,, we have

m
2a+1

. 2 —_
inf _flow =Y ciyllE,, 2 C(1/d,a)m™ (25)

15--Cm

E’UNTd 1
C )
J

12
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e Consider the random feature: f;i(+;-) : R x R¥% +— R. We assume {fi}YiL, are
rotationally invariant, i.e., for any j € [m], fj(z;W;) = f;(Qx; QW;) for any or-
thonormal matriz Q € R and W; is sampled from a rotation-invariant distribution
mj. Let W = (Wh,...,Wy,). Then, for any v € s,

. Ui _ 2a+1
By _in oy =Y e (W12, > C/d aym 5 (26)
e m j:1
If m < 2%, with probability larger than C(1/d,a) over the sampling of W, we have for
any v € ST,

m
L o = 3o W, 2 O a) (27)
j=
Eq. (25) shows that the average error of approximating single neurons with any fixed
features suffers from the CoD. This suggests that there exists a single neuron o, such that
the approximation is difficult, whereas the specific choice of v is unknown and it depends on
the features. Eq. (26) and (27) improve this by showing that the same conclusion holds for
any v € S! as long as the features are rotationally invariant. Specifically, Eq. (26) bounds
the error in expectation with respect to the sampling of random features and Eq. (27)
further provides a bound of the failure probability.
A typical form of rotation-invariant random features is f;(z; W;) = gj(WjT x) with
g; : R% — RL, which include f;(z;w) = o(w?z) (emerging in analyzing neural networks)
and kernel predictors with dot-product kernels. Therefore, our results cover the setting con-
sidered in Yehudai and Shamir (2019) but successfully remove all the limitations of Yehudai
and Shamir (2019). Specifically, we impose no restriction on the coefficient magnitudes
and do not need to adversarially choose the bias term. Note that any single neuron can
be approximated exactly by two-layer neural network of width m = 1, whereas the ran-
dom feature approximation requires exponentially many features. They together provides
a CoD-type separation between two methods for approximating this specific function.

Proof of Theorem 6 Eq. (25) follows from a simple combination of Proposition 5 and
Lemma 2. To prove Eq. (26), we need to exploit the rotational invariance of the random
features. Let Sy(W) = infe, . [low — 3770, ¢ fi (5 W;)||2 For any v € S™1 let Q, €

Td—1"
R4 be an orthonormal matrix such that Qv = e;. Then,

B ) m (74) ) m
Ey [So(W)] = Ey, Clmfc oy — chfj('; W))ll5 = Ey qu; loe, — chfj(';Qij)H,%
yeem le geeym ‘7:1
(i4) , Ui -
= Ey clmfc |oe, — chfj(‘§ W)l5 = By [Se, (W),
3rem j:1

where (i) and (i7) follow from the rotational invariance of p and {;}, respectively. There-
fore, E;,[Sy(W)] is constant with respect to v. By Lemma 2, we have

By [So(W)] = Evry By [So(W)] = By Bor,, [So(W)] 2 By [A(m)] = A(m).

13
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Then, applying Proposition 5 completes the proof of Eq. (26).
In addition, we have

(d/2)

1
SV < ol = [ ot draa = [ P pu(tyat =
- Sd—1 0 F(

_d/2) 1
d/2+a) ~ do’

_ (-t
d—

where py(t) = 51Ty
27 2
Then,

is the density function of v”z.

A(m) < E[S,(W)] SP{S,(W) > t}d * +P{S,(W) < t}t <P{S,(W) > t}d > +t. (28)

Taking ¢t = 0.5A(m), we have

(e}

P{S, (W) > 0.5A(m)} > %A(m).

~

When m < 24, A(m) > C(1/d,«)272~1. Hence, we complete the proof of Eq. (27).

4.2 Smooth activations

We now turn to smooth activation functions, such as sigmoid, softplus, arctan, GELU, and
Swish/SiLU. We first have the following lemma, which bounds the eigenvalue pyj by using
the k-th order derivative of o.

Lemma 7 Assume that o is smooth and let By = sup,eg |o¥)(t)|. Then, we have
B T(d/2)?
o< B T2
226 Tk +d/2)
Proof By the assumption,

1 1
—1 -1

_ B, /01 w2 (1 — )P/ gy — Bkr(l/2)§((:i—cg;l2; 1)/2)7 (29)

where the second equality follows from the change of variable u = t?. Then, using Eq. (23)

a/2 . .
and wg_1 = % gives rise

| < Bewaa TO/20(d = 1)/2) _ By T(d/2)
TSR war  D(k+dj2)  2FT(k+d/2)

Then, applying ur = 77,3 completes the proof. |

Assumption 8 Assume that By, := maxycg |o® (t)] S T(k +1).

14
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All the popular smooth activation functions satisfy the above assumption as shown below.
e For o(t) = sin(t) and o(t) = cos(t), By = 1.

e Consider the sigmoid function: o(z) = 1/(1+e~#), which can be viewed as a complex
function C + C. The singular points of o are {z = (2k + 1)mi}rez. For any t € R, let
Cy ={z € C : |z —t| =2}. Then, all the singular points must be outside the curve
C%. Using Cauchy’s integral formula, for any ¢ € R, we have

,(,uf)(t)‘:’wml) [ 22 e TN [kl

2mi (z — t)kt1 27 — t]k+1
< I'(k + 1) max.cc, |0(2)] / dz| < I'(k + 1) max.cc, |0(2)] < L'k + 1)'
2r2k+1 c ok ~ 2k
(30)

e For all the other commonly-used smooth activation functions, we can obtain similar
estimates of the k-th order derivatives by using Cauchy’s integral formula.

Proposition 9 Under Assumption 8, we have A(m) < 1/m.

The proof is deferred to Appendix A.3. We remark that the above estimate of A(m) is
rather rough for most smooth activation functions, where By, is much smaller than I'(k+ 1)
as demonstrated in Eq. (30). A simple combination of Proposition 9 and the proof of Lemma
2 gives

m
. 1
Bunras, F Jlow =Y il S ) (31)

j=1

where {gbj};”:l are the leading spherical harmonics. Applying Proposition 3 to activation
functions satisfying Assumption 8, we can obtain that

m
. d
swp it oy =S o2, S (3)

’UESd_l Clyeey ]:1

By comparing with Theorem 6, we see that for smooth activations, the approximation with
fixed features does not suffer from the CoD. This is very different from the nonsmooth ones.

5. Kolmogorov widths of two-layer neural networks

We are now ready to estimate wy,(N), which describes the (in)approximability of A by
linear methods. In this section, we use N instead of N for emphasizing the dependence on
the norms of inner-layer widths. In addition, in order to deal with the bias term, we define
o0 (t) = o(yt +b) for v > 0,b € R and the associated kernel

k) (z,27) = Eonry y[0(y0"z + D)o (yoTa’ +0)]. (33)

Let A9 (.) denote the trace decay of k(") defined according to Eq. (14).

15
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Theorem 10 Let Ap(m) = sup,, p<, AOY (m) and q(d,r) = SUPg>1 Wﬁ))). Then,

Ar(m) < Wm(-/\/r) S Q(dv T)Ar(m)'

Proof Let oy 4(7) = o(wlz + b). Then, for any ¢1, ..., dm,

m
sup inf_[If ~ Zcmjum_ D Bonryy il oy — > il

fGNT c1,...,cm€ ’Y‘Hb‘ﬁr Cl,..+yCm
> sup AOD (m) = Ap(m),
v+]b|<r

where the second inequality follows from Lemma 2. Hence, the lower bound is proved. Let
(c1(w, D), ... ,em(w,b)) = argming, . |lowp— D 52 ¢jd; |2 . Then by Proposition 3 with
taking L(m) = A,(m), we have

lows =D ci(w,0)a5ll2,_, < ald,r)An(m).

Jj=1

For any f € N7 and € > 0, there exist {(a;,w;,b;)}; such that Y, |a;| < 1, max;(||w;|2 +
|b;]) < r and
If - Zaiawi,bium—1 <e¢
i

Let Cj = ZZ aicj(w,-, bl) Then,

[ED LT RELE DIEITED B WCICRALS
j=1 i j=1 1

Td—1
m
<e+ Z |ailllow; b, — ch(wiv 0)®jll7a_s
<s+Z\aZ|\/ (d,r)Ar(m) < e+ +/q(d,T)A
Taking € — 0, we complete the proof. |

In the proof, the key ingredient is the uniform approximability of single neurons shown
in Proposition 3. It is implied that A, (m) provide a tight bounds of the Kolmogorov width
Wm(NT). When A,.(m) ~ m~*, q(d,r) ~ d*. In particular, when A,(m) = Cym—?/4 we have
q(d,r) < d?/¢ = O(1). This means that when A,(m) exhibits the CoD, w,,,(N") ~ A,(m),
i.e., the spectral decay provides an exact description of the Kolmogorov width. Next, we
study how the decay rate is affected by the norms of inner-layer widths and the smoothness
of activation functions.

16
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5.1 Influence of the norms of inner-Layer weights

For ReLU , N" (up to a rescaling) are obviously the same for different r’s because of the
homogeneity of o. In particular, Theorem 6 implies

C(1/d)r?
m3/(d—1) ’

Wm (NT) > (34)
where C'(1/d) depends on 1/d polynomially. Hence, wy,(N") exhibits the CoD for the ReLU
activation function and the decay rate is independent of the value r. However, for general
activation functions, restricting r may affects the decay rate.

Theorem 11 Suppose that o € C™(R) satisfies Assumption 8 andr = 1. Then, wy, (N) <
d/m. The equality is reached by choosing the spherical harmonics as the fixed features.

This theorem follows from a simple combination of Proposition 9 and Proposition 10.
For the specific arctangent activation, we have a fine-grained characterization as follows.

Proposition 12 Assume o(t) = arctan(t). We have

womNT) < — T

~ ypmin(0.5,7=2) "

(35)

The equality is reached by choosing the spherical harmonics as the fized features.

The key idea is to estimate the integral (23) in the Fourier domain using the Parseval’s
theorem. By using the explicit formula of the Fourier transform of o(®) for the arctangent
function, we show that the eigenvalue can be expressed analytically using Gaussian hyper-
geometric functions. Then the integral representation of Gaussian hypergeometric functions
is used for the estimation. The proof is quite technical and deferred to Appendix B.1.

Theorem 11 and Proposition 12 imply that two-layer neural networks have no clear
separation from linear methods when the activation is smooth and the norms of inner-
layer weights are bounded. Specifically, in this case, two-layer neural networks behave like
polynomials in terms of approximation power. This is quite different from the ReLU case,
where the separation of two type of methods is independent of the inner-layer weight norms.

Proposition 12 implies that the error rate decreases with r but independent of d if
r = O(1). We conjecture that similar results hold for general smooth activation functions
and some numerical supports are provided in Figure 2. Specifically, we examine four ac-
tivation functions including two sigmoid-like activations: Arctan and Sigmoid, and two
ReLU-like activations: SiLLU and softplus. According to Proposition 10, A, is a good proxy
of the Kolmogorov width. The eigenvalues are numerically computed using Eq. (22). In
experiments, we find that A, = A9 for all the activation functions examined. Figure 2
shows that for all the cases, the rate is independent of d for a fixed r, and decreases with
r for a fixed d. This is consistent with Eq. (35), which is only proved for the arctangent
activation function.

Note that a result similar to Proposition 12 has be provided in Livni et al. (2014) for
the sigmoid activation function. Ours differs from Livni et al. (2014) in two aspects. First,
we show that the same observation holds for more general smooth activation functions by
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(a) Arctan. (b) Sigmoid.
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(c) SiLU. (d) Softplus.

Figure 2: How the decay of A,(m), thereby the linear approximability, changes with r for
fixed d (left), and changes with d for fixed r (right). Two sigmoid-like and two
ReLU-like smooth activation functions are examined.

clear numerical evidences. In particular, Proposition 10 combined with Lemma 4 provides
us an easy way to numerically compute upper bounds. Second, we can establish a hardness
result given below. These improvements are benefiting from our spectral-based analysis.

Next we then show that when 7 is polynomially large with respect to d, even for smooth
activation function, wy,(N") exhibits the CoD.

Assumption 13 Suppose that the activation function o satisfies either |o(rt) — step(t)| <
(14 7|t))™" or|o(rt) — rReLU(t)| < (1 +r[t|)™? for any t and some constant B > 0.

This assumption is satisfied by all the commonly-used activation functions.

Theorem 14 Suppose that o satisfies Assumption 13 and m < 2¢. Then, there exists
constants C1(B),Ca > 0 such that if r > d“'P®) | we have w,, (NT) = d=2.

Proof We only present the proof for the sigmoid-like activation functions. The proof for
ReLU-like ones is similar can be found in Appendix B.2. For any v € S4 1,

1 ! _
lo(ro)—step(v™) |2, | = B(ld_l)/l(a(rt) — step(t))*(1 — ¢2)(T9/2 qt,
202 )/
d—3
where we use the fact that the density function of v*x is p(t) = 7(;(_52,)1;?) . Then, we have
27 2
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2 J 1 1
o 2 - _ 12\(d-3)/2 - _ 42\(d—3)/2
lotre™)=step(u” Moy = B(3, %Y </0 =) dt—i_/a (1 +rt)2,3(1 %) dt)

1
27 2
1\%
§d1/25+<5> ,
T

Let h(t) = \/%t+t~2%. Then, K(t) = /% —28t2P~1 = 0 leads to t = (28+/r2/d)!/(1+25).

Hence

__B
i (@75 () =i (4)77

lo(ro™) - step(v” it

)HTd 1 r\./

By the triangle inequality,

lo(ro™-) Zwmwustep Zcmle Istep(vT-) — o (ro)|2,
j=1

m

B
d\ 7028
> [[step(e™) = 3 essll2,, — C(8) () e

: r2
Jj=1

Using Theorem 6, there exist a constant Co > 0 such that

. 1 d "\ 20+28)
Epory 4 Cl}_?f lo(ro” Z%%Hm 1~ qCaml/d=1) C(B) <> .

r2

d TS C . (1+28) l+02(1+23) )
Let C(B) (%)20+2%) < d~C2. This leads to r > C(8) 7 d? 5. Hence, there exist
s ~

C1(B) > 0 such that if m < 2¢ and r > d°*(®), we must have

. 1
E’UNTd—l c inf ”U T’U ch(b]HTd 1~ ClCQ

1yee5C
m =

In particular, for the arctangent activation function, we have the following refined result,
whose proof is deferred to Appendix B.3.

Theorem 15 Suppose that o(t) = arctan(t) and r = d®. If o > %, there exists constants
C1,Ca(a) > 0 such that if m < d=C12C2()d** ™1 "y (NT) > =3,

Let r = d*. Theorem 15 improves Theorem 14 by showing that o > 1/2 is sufficient to
establish the CoD-type lower bound. We conjecture that the same results also hold for
more general activation functions. We leave this to future work. These theorems imply
that wy,(N") also exhibits the CoD for sigmoid-like and ReLU-like smooth activations as
long as the norms of inner-layer weights are polynomial in d.
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This result is related to (Livni et al., 2014, Theorem 5), which shows that the time
complexity of learning NP°Y(4) is exponential in d. However, (Livni et al., 2014, Theorem
5) relies on cryptographic assumptions. These assumptions mean that some standard hard
problems cannot be learned in polynomial time; otherwise modern cryptosystems can be
broken in polynomial time. The theoretical justification of these assumptions remains an
open problem, although they are believed to be true. By contrast, our result is unconditional
and does not rely on any hardness assumption. Note that two results are generally not
comparable, since ours is for the approximation complexity whereas (Livni et al., 2014,
Theorem 5) is for training complexity.

Lastly, we mention that some previous studies of two-layer neural networks constrain
r to be finite (see, e.g., Chen et al. 2020). Our result suggests that one should be careful
about the value of r, otherwise the result may be not able to distinguish neural networks
from linear methods.

6. Conclusion

In this paper, we provide a systematic study of the separation between two-layer neural
networks and linear methods in terms of approximation functions in high dimension. To
this end, we develop a spectral-based approach, which reduces the problem to computing
the eigenvalues of an associated kernel. Our approach allows obtaining upper bounds, lower
bounds, and identifying explicit hard examples simultaneously. We extend and improve
the previous separation results for the sigmoidal and ReLU® activation functions to general
nonsmooth activation functions. We also find that for smooth activation functions, whether
the separation exists or not crucially depends on the inner-layer weight norms.

Technically speaking, our spectral-based approach provides a way to accurately compute
the Kolmogorov width of two-layer neural networks. This approach should be also applicable
to analyze other properties that are related to the Kolmogorov width, e.g., the metric
entropy. We leave this to future work.

Appendix A. Missing proofs of Section 4

Here, we present the missing lengthy proofs of Section 4.

A.1 Proof of Proposition 3

To prove Proposition 3, we first need the following lemma.

Lemma 16 For any activation function o and any v € S 1,

k N(dx) 00

inf low — Z Z ¢iiYij Td L= Z N(d,1)p;

{C'L]}l<l<k,l<J<N(dZ) i=0 j=1 i=k+1

Proof Recalling that {Y;;}o<i<k,1<j<n(d,) is orthonormal in L?(14_1), we have

k N(dj) k N(d)j)
3 2
inf ||0v Z Z Ci,j 7]||Td 1 ||O-'UH’Td,1 72 Z YJ’JU Td—1"
{eisYo<i<k,1<i<N(d,0) = = P
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Hence, using Eq. (11)

k N(d)j)
|O-'UHTd 1 Z Z Y7]7UU Td—1
=0 j=1
k N(dy)
= [ et Pdna@ =Y [ [ e0Toe) Y Vi)Yo draa(e) dr ()
gd-1 o Jed-1 Jsd-t =

k
:/Sdl lo(vTz)? dry_y(x) — ZZ;N(CM) /Sdl /§d1 o(Tz)o(Te)Py(zT2") dry_i(x) drg_y (2)).

By the rotational invariance of 74_1, we know that the above equation is constant for all
v € S 1. Hence,

k N(dz)
{ei} inf ‘O-'U - § : E : CZ] JHTd 1
1,J J0<i<k,1<j<N(d,i) i=0 j=1

_/Sd 1[/Sd 1 lo(v @) [? drg_1(v)] drg_1 ()

- Z N(d,i /d 1 /Sd_l[/gd_1 o(Tz)o(wTz") dry_y (v)|Pi(zT2") drg_1 () drg_1 (')

S

:/ r(zTz) drg_y( ZN (d,i / / (a2 Py(xT2') dry_1(z) drg_y1 ().
Sd-1 d—1 Jgd—1

S

Combining the last equation and Eq. (11) and Eq. (19), we obtain that

k N(di)
inf low =" > eiYisl3,
{eijYoci<ki<i<N(d,0) iz o1
0o N(dyi) K N(dy)
S 9D SUTED DB DUy [INEI T PPN
=0 j=1 =0 j=1 i=k+1

Proof of Proposition 3 Let my = Zf:o N(d,i). By Lemma 16 and Proposition 9, we
have

mp,
inf oy — > ol = Almy) < Lmy).

Clyeeey my

For any m, assume m € [mg_1 + 1, my]. Then,

ME—1

inf HU'U ZC]¢]“Td 1 — lnf ”UU - Z Cj¢j”72'd71 S L(mkfl) S

Cly.-sCm ClyeyCmy,

j=1 j=1

L(my_1)

(my)

~—
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y (A.2) and (37), we have

T(k+d)  T(k+d—1)
Tdr(k+1)  TdT(k)

my —

when k£ > 1 and mg = 0 Then,

mk+1<max k:—I—d—i—l k+d ['(k+d) /F(k+d—1)}
mE I'(k+2) F Nk+1) T(@T(k+1) L'(d)T'(k)
k + d k+d—
= < 1
and m
1
— =d+1.
mo +
Therefore,
<d+1,
mg—1

which means that
Lmy—) _  L(mg-1)
L(mk) - L((d—l— 1)mk_1)

Plugging it into (36), we complete the proof.

<q(d,L).

A.2 Proof of Proposition 5

We only give the proof when d > 3. The simple case d = 2 can also be proven using similar
argument. According to Appendix D.2 of Bach (2017a) !, we have

Ci(}, ) if k < q,

m =<0 ifk>a+1,and k=a (mod 2)
P(at1) T(d/2)T(k—a)
V2r 2k T(E=gil)p(EEdia)

otherwise,

where C1(}, ) depends on % polynomially. By Stirling formula, T'() ~ v/2rt!~1/2e~t+1
for any ¢ > 1. Then, up to a constant only depending on «, we have for £k > a + 1 and
k= (a+1) (mod 2),

ks ~ dd—lkk—a—l(k, + d)—k—d—OH—l‘

Note that
I'(k+d) N'k+d—-2)

N(d, k) = D(d)T(k+1) TD(d)T(k—1)

where up to a constant, we have

T'(k + d)

- k+d—21, -1k ;1-d
71“((1)1“(14:4—1) (k+d) 2k™27"dz2 (37)

1. Note that the one provided in Bach (2017a) is not correct due to the miscalculation of wg—2/wq—1.
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WLOG, assume that « is odd. By definition,

P2k+d—2) T(a+d-1)
Ndr2k-1)  T(dI(e)

)\m—ugk,forme[ZN —|-1+
=0

P2k+d)  Tlatd—1)
ZN T2+ 1) T@)T(a) (38)
By (37), when

m > 1+za:N(d,i) :C(é,a), (39)
=0

and there exists &k such that (38) is satisfied, we have
(zk + d)2k:+d—7(2k)f—2kd7—d

and,
)\m = Jig) ~ (2](5 + d)*?k)*d*CH’l(214:)2]670471dd7

which means

v 1 k4 d\EEGkEDa) ]
a1 > S o~
Amm 1 2 O, a ) (Zg ok )’ Clyp

a). (40)
Noticing that when (39) is not satisfied, the above inequality still holds, we have

2041

Am)= > A= C(éaa)m_ it

In particular, when a =0, C(1/d,0) = 1/d.
A.3 Proof of Proposition 9
First, by (A.2) and (A.2),

k
ZN (d,§) < _2(k+d) ~ (k + d)FHa1/2 12k g2,

P ~T(@)T(k + 1)

Second, plugging By < k! into Lemma 7 and using the Stirling formula, we have

2k+1 =2k ( (d/2)d/2—1/26—d/2+1
(

2
2k+1 gd—1 —2k—d+1
Hhe > gk k+ d/2)k+d/2—1/26—k—d/2+1> ~ KT (2k + d) .

Let A = g if m € [S020 N(d, §) +1,35_y N(d, j)], then
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because {)\;};>0 is the non-increasing rearrangement of {\;};>o.
By definition, if A, = %, we must have m < Z?:o N(d, 7). Therefore,
~ k
A (Y N(d 5))? < d™(k + d)* 2071 2k + d) 727
=0

(k+d\" [ k+d 2’“+d—1< E+d\? [ k+d\2kd
~\d 2% +d =\ 4 2k +d '

Let k = td, then we have

) RN

where h(t) = (t+1)%12/(2t+1)%"*1. Hence, log h(t) = (2t+2)log(t+1)— (2t +1)log(2t+1).

dlogh(t)

& =2log(t+1)+2—2log(2t+1)—2<0,Vt>0. (42)

Combing with log h(0) = 0, we have logh(t) < 0, i.e., h(t) <1, for any t > 0. Plugging it
into (41) leads to A,,m? < 1. In other words, A\, < 1/m?. Therefore, we have
= < _ 1
A(m) < ‘Z NS
j=m+1

Appendix B. Missing proofs of Section 5
B.1 Proof of Proposition 12

We show that for the arctangent activation function, the eigenvalues can be expressed
analytically using the hypergeometric functions.

Lemma 17 Assume o(z) = arctan(rz +b). Then,

k
1 r? 2 g1 k+d—3
el < Qus ( ) P - ar, (43)

1+7r2t

NQINE)
T (Er(EET)

Proof Recall (10),

where Qg1 = The equality is reached when b = 0.

 lwgs T((d-1)/2) ! k+(d—3) /2
"=y @ ), O ah

By Parseval’s theorem,

"= g o r(i(id& %22) o / F(o ™)) F (var) (&) de, (44)
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where v 4(t) = (1 — t2)k+% and F(-) denote the Fourier transform, i.e., F(f)(§) =
[ f(t)e %t ae.
Notice that

r

ey TONO = FolWe) = (g et a5)

o'(2)

Also, using Eqn. (10.9.4) of Olver et al. (2010), we know that

Flonae) = Vart2'r (k4 S0 70, s ) (46)

where J,, 4—2 is the Bessel function of the first kind with order %k + % (see, e.g., (Olver
2

+7
et al., 2010, 10.2.2)). Plugging (45) and (46) into (44) leads to

a2 (d\ 1 [ 1 e rribe o —k—d=2
m=2 7T () g [l me gt () ag

_ d\ [ , .
=2°5T <2>/0 72Ty aa ()TN e 4 TR e,

By Eq. (10.22.49) of Olver et al. (2010), the above integration can be expressed by using
the Gaussian hypergeometric function F (see (Olver et al., 2010, Chapter 15)):

d kb=l (k k+1 d 2 k k+1 d 2
7m=ﬂ@ﬂﬂ(g ZW<+-k+-—T'>+F<+-k+-— i

2/\2) 2 2 2 " T (14 bi)2 2 2 T T (ki)
(47)
Notice that F(p, ¢; u; z) has the integral representation (Olver et al., 2010, Section 15.6) as
follows: . 1( ) )
1 t9 (1 —t)yv— 9~
F(p,qu;z) = / dt.
P02 = T —g) o (L= st

Plugging it into (47) gives us

il < r k)F(%l) /1 r? k/2 t@(l f krd=s
2 — 2 .
= S (ED (L) Jo \T+ 2%
Thus, we complete the proof. |
Let .
1 2 b _ _
I:A &;¥%>t%%L%fg3&. (48)

Now, our task is to estimate how I depends on r, k, and d. In order to achieve this, we
consider two cases: (1) r? > %; (2) r? < %, separately.

Lemma 18 Let hy 5(t) = t%(1 —t)?. Then, ha. g is increasing in [0, a13) and decreasing
in [3535.1].
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Proof A simple calculation gives us
Pop(t) = at® (1 =) = o1 = )71 = (a— (a+ Bt )t (1 - 1),

Hence, hy, 5(t) > 0 for ¢ € [0, ;55], and hy, 4(t) < 0 for ¢ € [;$5,1] [ |

a+p

_k+d
Proposition 19 Assume 2 > %. Then, I Sre” 22 .

Proof Consider the decomposition

([ L) () o

=11 + Is.

Next, we estimate I, I, separately.
By Lemma 18 hk—l Jfkd=s (+) is increasing for ¢t < ¢ = 2&%. The assumption on r

ensures that =5 < t. Therefore for Iy,

; B gk 1\'z IR A
< (7 (= _ - t<—(1-=
< () () T esg(-5)

where the last inequality uses the fact that r2 > 2.

For I,
1 T’Qt % 1 k+d—3 1 1 k+d—3
— v -3(1 — < -3(1 —
I /12<1+T2t> (1 1)t dt_/lt S )t gy

2

(z) 1 k4+d—3 1 k+d

2 2
<r({l--—= <rll1--= 50
<r ( ) <r ( ) , (50)

where (i) is due to that A_1 xra-s(+) is decreasing in [0, 1].
27 2
Combining (49) and (50), we have

I§r<1—12) Srefzbd.
r

Lemma 20 For o, 3,7 > 0, let Hy o 5(t) :=
and ya/B < 2. Then,

(%)a (1—1)8 with t € [0,1]. Assume > «

& B
Yo Q@
ot = (5355) (1-35)
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Proof Taking the derivative gives us

ix,a,ﬁ(w:a( r )a_l(vg(l—t)ﬁ—6< 7 )a(1_t)5—1

1+t 1+ t) 149t
a—1
g 7t B—1
= (a—pt(1 t) 1t
(a Bt + 1) (14 ~t)? <1+’yt> ( )

Let 6 = /3. Then, the maximal value of H, , g(-) is reached at

E:;(W—Q.

Notice that 1 +¢/4 < 1+t < 1+1t/2 for t € [0,8]. By the assumption, 0 < 47§ < 8,
which implies that % <t < 6. Hence,

(N g < (00 0N _ (o N a)’
Hw’ﬂ(t)SHw’ﬁ@_<1+vf> (1-9 §<1+r(5> <1_2> _<7a+ﬂ> (1_2B> '

Lemma 21 Assume that r?> < % and k,d > C for an absolute constant C. Then, we

have
1 r2k 2
I <der|-—-+-—— —k/4,
~ 2T<(r2+1)k+d> ¢

Recalling (48),

k—1
1 2 1
et 2 k+d—3
1< — 1- = H o« - .
_T‘/O <1+T2t> ( t) =z dt 7“/0 r2, k=1 ketd s(t)dt

By the assumption,

o (k=1)/2 _2%k+d-4 _, d-2 _,
(k+d—-3)/2~ k+d-3 =~ k+d-3""7

r

which means that the condition in Lemma 20 is satisfied. Therefore, we have

e (it (et
() (-wts)
st (i) (Cmva) 2

where the last inequality follows from that d,k > C for some absolute constant C. Using
the fact that (1 —1/2)* < e~! for any # > 1, we complete the proof.
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Proof of Proposition 12 Following Theorem 10, what remains is to show that when
o(x) = arctan(yz + b) such that |y| + |b| < r, we have

1
A(m) < d?rtm” maxr®)

According to Lemma 4 and Proposition 17, ux = Qg kI2 if k£ is odd, other wise ui = 0.
Assume that k is odd. Let

_ Tktd) (e d)F (ke d)i
TR D@Dk +1) | phtbgit Y kkad

(52)
Our task is to determine the smallest 5 such that
1+1 1+1 1
my P <my /BQg,kﬂ = (mrQ 1) (mk/ﬁﬁ) < Cayr,

where Cy, depends on d,r polynomially.
First,

2
,  T(k+d) L(k)(5)
mrQg ), = T(d)0(k + 1) \ 2kD (A1) (k+d=1)
(k4 d)F+i=s  pElad!

~ . <
Eatkgd—%  (k+d)ktd-2 ™ d. (53)

Next, we turn to estimate m,lc/ fr2,
1) We first consider the case where r2 < 2524=4 By Proposition 21 and (52), we have
k—1

k+dN 1/8 2 k
mllc/ﬁIZ < dr? (M> ((Tk> o—k/2

kkdd r2+1)k+d
< g2 -k + D2R)” RN o—h/2
~ k((r2 + 1)k +d)P d
= dr* AP . (54)

Next, we estimate A and B, separately. To simplify the notation, we write k = sd, a = 2.

For A, if 8 > a,

A= (k+d)(r*k)?  (s+1)(as)’ < aBsPtl 4 aBsh <1 ()
For B, if g > 2,
E\ 4B

Combining (55) and (56),
2
m,lc/r %7 < dr®.

28



THE SEPARATION BETWEEN NEURAL NETWORKS AND LINEAR METHODS

(2) Now, we turn to the case where 72 > 2’“:#. By Proposition (19) and (52),

k+d 1/8
ml/PP < ((k +d) ) 12— (ktd)/r?

kkdd
k/B a/B
<2 <1 + Z) (1 + ’;) o)

< 12418 k/B o= (kd)/r?.

N . . 1 2
Taking 3 = r? gives rise to mk/r I? <72,
Combining two cases, we arrive at

1+—1
m max(2,r2)Mk S d2T2.

Therefore,
o0 o 1 1
A(m) = Z N S dr? Z j_l_m < d2rtm” max2%)
j=m+1 Jj=m+1

B.2 The missing proof of Theorem 14

Proof Here, we provide the proof for the RelLU-like case, which is similar to the sigmoid-like
case. For any v € S%~1, we have

1 1
|o(rvT-)—r ReLU (v )szlzBld_l/ (o(rt) — rReLU(t)) (1—t2) 2 dt
(577) —1
([0 o [ - o)
< ——F= 1-t¢ dt—l— ——=(1—t7) 2 dt
w50 (00T o [ =)
1 1 1
< dz - < 3
<Sd2é+ 1510720 <dzd+ (r3)28

Following the proof of Theorem 14, we have

B8
1 1 d \ 200+28)
inf 2 — | < — .
(4 ) <e0)(3)

By the triangular inequality,

™) = 3y, , 2 I ReLUGT chqsgum P RELUGT) — o (T2,
7=1
i d\ 7
2 IrReLU) = el - o) (5)"
j=1

Using Theorem 6, there exists a C'5 > 0 such that
. 2 d \ 2(0+28)
Eymry_y cl,l.].af o (rvT) ZC]%HM L & W - C(B) <> .

2
r
j=1
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Obviously, there exists C’(3) > 0 such that when m < 2¢ and r > C'(8)d™>(1/2:C3/2) ' we
have

EUNTd—l 1nf HU ro’ ZC]%HM e

|
B.3 Proof of Theorem 15
Proof Following the same approach with Proposition 17, we know that
k
1 2c 2 k-1 k+d—3 .
el = 4 Qi fo (i) 15 (1= 0" at when k is odd
0 when £k is even.
Therefore, when % +1<m< % or m =k =1, we have
2k—1
1 1 a2 2 2htd—1
2 = _ — ¢ dt.
pin = Qd,2k 1/0 <1—|—d20t> ( )
Noticing that A(m) is increasing with respect to «, we only consider the case that
€ (3,1].
First, noticing that
1 20 2kl 1 20 ol
d 2 e 2k+d—4 /d d 2 2ktd—4
—_— t 1-—t dt > e t 1-—t dt
/0 <1+d2at> (I—t) = di= L\ T+ (1=t
s dPl e 1 2htd=a
<A G gar) T g
2a—1
> d—%(id )2k
~ 2+ d2a—1
Also,
dk+d—4 T(2k+d-3)
N(d, 2k — 1)Q3 =
( ’ )Qd,Qk—l 2% — 1 F(d — 1)]._‘(2]{ — 1)Qd,2k—1
. (2k+d)2k+d—1 (2k)2k—2qd-1
™ (2k)22gd-s (2k+ d)PRHATS
1
_ (2R N
2k+d)) ~
Therefore, for any k > 1,
2

2k—1
2% +d—3)\ X L@ N7 2t
A<<(d>2k_2) ZM 2] = 1)Qas;- 1[/0 <1+d2t> po(g Rt g,

3+°O q2e—1 i 5 q2e—1 n
>d Z 2 + d2o— l)sz (2+d2°‘_1) ’
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Therefore, when k ~ %d%‘*l, we have

T(2k +d — 3) _
(Fartei=z) 2 o

On the other hand, when &k ~ %d%‘_l, we have

 T(2k+d—3) (2k+d)*ris

Mo S D@Dk —2) "~ (2k)P St} (58)
Therefore, there exist C1,Ca(a) > 0 such that
T a— 1 o
Mo 2 d3-20P 7 =5 450 _ g5 +5a9C(@)d® ! in(d) » e (59)
[ |
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