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Abstract

Emphatic Temporal Difference (TD) methods are a class of off-policy Reinforcement Learn-
ing (RL) methods involving the use of followon traces. Despite the theoretical success of
emphatic TD methods in addressing the notorious deadly triad of off-policy RL, there are
still two open problems. First, followon traces typically suffer from large variance, making
them hard to use in practice. Second, though Yu (2015) confirms the asymptotic conver-
gence of some emphatic TD methods for prediction problems, there is still no finite sample
analysis for any emphatic TD method for prediction, much less control. In this paper,
we address those two open problems simultaneously via using truncated followon traces in
emphatic TD methods. Unlike the original followon traces, which depend on all previous
history, truncated followon traces depend on only finite history, reducing variance and en-
abling the finite sample analysis of our proposed emphatic TD methods for both prediction
and control.

Keywords: off-policy learning, emphatic methods, finite sample analysis, reinforcement
learning, approximate value iteration

1. Introduction

Off-policy learning, where an agent learns a policy of interest (target policy) while following
a different policy (behavior policy), is arguably one of the most important techniques in
Reinforcement Learning (RL, Sutton and Barto 2018). Off-policy learning can improve the
sample efficiency (Lin, 1992; Sutton et al., 2011) and safety (Dulac-Arnold et al., 2019) of
RL algorithms. However, they can be unstable if combined with function approzimation
and bootstrapping, two arguably indispensable ingredients for RL algorithms to work at
scale. This instability is known as the notorious deadly triad (Chapter 11 of Sutton and
Barto 2018).

Emphatic Temporal Difference methods are a class of off-policy Temporal Difference
(TD, Sutton 1988) methods first proposed by Sutton et al. (2016) to address the deadly
triad. Compared with gradient TD methods (Sutton et al., 2008, 2009), another class of
off-policy TD methods that address the deadly triad, emphatic TD (ETD) methods usually

(©2022 Shangtong Zhang and Shimon Whiteson.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v23/21-0934.html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v23/21-0934.html

ZHANG AND WHITESON

have better asymptotic performance guarantees (Kolter, 2011; Hallak et al., 2016). The key
idea of emphatic TD methods is the followon trace, a recursively computed scalar depend-
ing on all previous history that reweights the naive off-policy TD (Chapter 11.1 of Sutton
and Barto 2018) updates, first introduced in ETD(A) (Sutton et al., 2016). In addition
to ETD(\), variants have been proposed such as ETD(A, 3) (Hallak et al., 2016), which
allows for additional bias-variance tradeoff, and NETD (Jiang et al., 2021), which copes
with multi-step TD methods like VTrace (Espeholt et al., 2018). Emphatic TD methods
have enjoyed both theoretical and empirical success. For example, Yu (2015) confirms the
asymptotic convergence of ETD(\) under general conditions; Jiang et al. (2021) demon-
strate state-of-the-art performance of several NETD-based algorithms in certain Arcade
Learning Environment (Bellemare et al., 2013) settings. Nonetheless, there are still two
open problems.

1. The followon trace can have infinite variance, as demonstrated by Sutton et al. (2016).
As a result, Sutton and Barto (2018) report that though ETD(A) is proven to be
convergent, in Baird’s counterexample (Baird, 1995), a commonly used benchmark
for testing off-policy RL algorithms, “it is nigh impossible to get consistent results in
computational experiments” (Chapter 11.9 of Sutton and Barto 2018) for ETD(\).
To lower the variance introduced by the followon trace, Hallak et al. (2016) introduce
an additional hyperparameter 5 for bias-variance trade-off in computing the followon
trace, resulting in ETD(A, 8). When g is sufficiently small, Hallak et al. (2016) prove
that the variance of the followon trace is bounded. Hallak et al. (2016), however,
also require /3 to be sufficiently large such that the expected update of ETD(), 3) is
contractive, which plays a key role in bounding the performance of the fixed point
of ETD(A, 8). Unfortunately, there is no guarantee that such a g (i.e., a 8 that is
both sufficiently small and sufficiently large) always exists. Later on, Zhang et al.
(2020b) propose to learn the expectation of the followon trace directly by employing
a second function approximator and use the learned followon trace to reweight the
naive off-policy TD updates. However, little can be said about the quality of the
learned followon trace. It, therefore, remains an open problem to design a theoretically
grounded method to reduce the variance introduced by the followon trace.

2. Twenty years after the seminal work Tsitsiklis and Roy (1996) confirming the asymp-
totic convergence of TD()), finite sample analysis of TD methods were obtained for
both prediction (Dalal et al., 2018; Lakshminarayanan and Szepesvéri, 2018; Bhan-
dari et al., 2018; Srikant and Ying, 2019) and control (Zou et al., 2019). Though Yu
(2015) confirms the asymptotic convergence of ETD(\), we still do not have finite
sample analysis for any emphatic TD method even for prediction problems, much less
control.

In this paper, we address these two problems simultaneously by using truncated followon
traces instead of the original followon trace in Section 4 for prediction problems and extend
the results to control problems in Sections 5 and 6. Truncated traces are introduced by
Yu (2012, 2015, 2017) as an intermediate mathematical tool in proofs to understand the
asymptotic behavior of some least-square TD methods (e.g., off-policy LSTD(A) in Yu 2012,
emphatic LSTD()) in Yu 2015) and gradient TD methods (e.g., GTD(A) in Sutton et al.
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2009) for prediction. In this paper, we instead use truncated followon traces algorithmically
as a tool for variance reduction for both prediction and control. Whereas the original
followon trace depends on all previous history, the truncated followon trace depends on
only finite history. Consequently, the variance of truncated followon traces is immediately
bounded. We refer to emphatic TD methods that involve this truncated followon traces
as truncated emphatic TD methods. Moreover, we show that under certain conditions on
their length, truncated followon traces maintain all the desirable properties of the original
followon trace, enabling us to analyse truncated emphatic TD methods both asymptotically
and non-asymptotically, for both prediction and control.

In particular, this paper makes the following contributions. First, we propose the Trun-
cated Emphatic TD algorithm for off-policy prediction and provide both asymptotic and
nonasymptotic convergence analysis. This is the first finite sample analysis for emphatic
TD methods. Second, we propose the Truncated Emphatic Expected SARSA algorithm for
off-policy control and provide both asymptotic and nonasymptotic analysis. This is the first
emphatic TD algorithm for off-policy control. Third, we empirically study truncated em-
phatic TD methods in both synthetic Markov Decision Processes (MDPs) and nonsynthetic
control problems, confirming their efficacy in practice.

2. Background

In this paper, all vectors are column. A matrix M (not necessarily symmetric) is said to be
positive definite (p.d.) if there exists a constant A > 0 such that ' Ma > Az "z holds for
any z. It is well known that M is p.d. if and only if M + M is p.d. M is negative definite
(n.d.) if and only if —M is p.d. For a vector z and a p.d. matrix M, we use ||z|,;, = V& Mz
to denote the vector norm induced by M. We also use [-||,, to denote the corresponding
induced matrix norm. We use ||-|| as shorthand for ||-||; where I is the identity matrix, i.e.,
||I-]| is the standard fo-norm. We use diag(z) to denote a diagonal matrix whose diagonal
entry is « and write |[-[|,, as shorthand for |[-[| 4;,4(,) When diag(z) is p.d. We use ||| ., and
||-l; to denote the standard infinity norm and ¢;-norm respectively. We use (-, -) to denote
the inner product in Euclidean spaces, i.e., (z,y) = z'y. We use functions and vectors
interchangeably when it does not confuse, e.g., if f is a function from S to R, we also use
f to denote a vector in RISl whose s-th element is f(s).

We consider an infinite horizon MDP with a finite state space S, a finite action space
A, a reward function r : § x A — R, a transition kernel p : § x § x A — [0, 1], an initial
state distribution pg : S — [0, 1], and a discount factor v € [0,1). At time step 0, an initial
state Sy is sampled according to pg. At time step ¢, an agent at a state S; takes an action
Ay according to 7(-|S¢), where m: A x S — [0, 1] is the policy being followed by the agent.
The agent then receives a reward R;y1 = 7(S, Ar) and proceeds to a successor state Sy
sampled from p(-|St, A).

The return at time step ¢ is defined as

(o)
Gr = 7" 'Ry,
=1
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which allows us to define the state value and action value functions respectively as

’Uﬂ—(S) =E [Gt|St = S,W,p] )
qr(s,a) = E [Gt|St =s,4; = a77T>p] :

The value function v, is the unique fixed point of the Bellman operator 7T:
Trv =rp + vPrv,

where r, € RISl is the reward vector induced by the policy 7, i.e., r-(s) = >, 7(a|s)r(s, a).
Prediction and control are two fundamental problems in RL.

2.1 Prediction

The goal of prediction is to estimate the value function of a given policy 7, perhaps with the
help of parameterized function approximation. In this paper, we consider linear function
approximation and assume access to a feature function z : S — RX, which maps a state
into a K-dimensional numerical feature. We then use x(s)"w as our estimate for v, (s),
where w € R¥ is the parameter vector to be learned. Arguably, one of the most important
methods for prediction is TD, which updates w iteratively as

. T T
Wi41 = Wy + at(Rt+1 + VLWt — Ty wt)xt (1)
T T
= w + a Te(YTq — Ty ) Wi + R,
—_— ——

My

where {a;} is a sequence of learning rates and x; is shorthand for z(S). The expectation
of the update matrix M; w.r.t. d,, the invariant state distribution of the chain induced by
m, is

M = By, Ao (150),Sesrmp(-150,40 [Mi] = X T Dr(vPr = D)X,

where X € RISIXK is the feature matrix whose s-th row is z(s)", D, = diag(d,), and
P, € RISIXIS| ig the state transition matrix under the policy T, i.e.,

Pr(s,s) = Z w(als)p(s'|s, a).

a

Tsitsiklis and Roy (1996) prove that M is n.d. under mild conditions. Consequently, stan-
dard Ordinary Differential Equation (ODE) based convergence results (e.g., Theorem 2 of
Tsitsiklis and Roy 1996, Proposition 4.8' of Bertsekas and Tsitsiklis 1996) can be used to
show that the iterates {w;} generated by (1) converge almost surely (a.s.).

So far we have focused on the on-policy setting, where the policy to be evaluated is the
same as the policy used for action selection during interaction with the environment. In the
off-policy setting, those two policies can, however, be different, allowing extra flexibility.
We use 7 to denote the policy to be evaluated (target policy) and u to denote the policy
used for action selection (behavior policy).

!For completeness, we include this proposition as Theorem 13 in Section A.1.
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Since the action selection is performed according to p instead of 7 (i.e., Ay ~ p(+|St), Riy1 =

r(St, At), Se41 ~ p(-|St, Ar)), we can reweight the update made in (1) by the importance

sampling ratio p; = ZEQZI?Z;, yielding the following off-policy TD updates:

W1 = wi + appi(Regr + ’Yxlrlwt — z] wy)my (2)

T T
= Wy + g et (VT — 2y ) Wi+ ayp Rep12

My

The expectation of the update matrix M; in (2) w.r.t. d,, the invariant state distribution
of the chain induced by p, is then

M = ]EStNdM:AtN.“'('|St)7p('|st,At)[Mt] = XTDM(’YPW -1)X,

where D,, = diag(d,). Unfortunately, this M is not guaranteed to be n.d. and the possible
divergence of (2) is well documented in Baird’s counterexample (Baird, 1995).

Sutton et al. (2016) propose ETD()\) to address this divergence issue. In its simplest
form with A = 0, ETD(0) further reweights the update in (2) by the followon trace Fy:

Fy =1i(St) +vpt—1Fi-1, (3)
W1 = Wy + appeFy(Req1 + W;ﬂvt - fUtth)l“t

=Wt + oy ptFt«Tt('YxtTJrl - th) wy + aypp Fy Ry 1y

M

where i : § — (0,400) is the interest function representing the user’s preference for different
states. The motivation for introducing F} is to ensure that the corresponding limiting update
M = limy_, o E[M;], assuming the limit exists for now, is n.d. such that standard ODE-based
convergent results (e.g., Theorem 13) can be used to show convergence. In fact, Sutton et al.
(2016) show

M = X"Ds(yPr — )X,
where Dy = diag(f) with
f=(—~P] )" Dyi. (4)

Sutton et al. (2016) prove that this M is n.d. and the convergence of ETD()) is later on
established by Yu (2015). It is worth mentioning that one important step in computing this
M is to show

Jim B [F|S; = s] = dyu(s)"" f(s). ()

2.2 Control

The goal for control is to find an optimal policy 7* such that vy« (s) > vr(s) holds for any
m and s. Though there can be more than one optimal policy, all of them share the same
optimal value function, which is referred to as v.. One classical approach for finding v,
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is value iteration (see, e.g., Puterman 2014). Given an arbitrary vector v € RIS, value
iteration updates v iteratively as

Vg1 = Tr,, Uk,

where we use 7, to denote the greedy policy w.r.t. vy. Let

Qu, (8,0) =7r(s,a) + ')/Zp(slls, a)vr, (s,

S/

then at a state s, m,, selects an action action greedily w.r.t. gy, (s,-). It is well known (see,
e.g., Puterman 2014) that limg_, o v = Us.

With function approximation, we have vy = Xwy, where wy, is the parameter at the k-th
iteration. When doing value iteration, however, ’7}% v, may not lie in the column space of
X. Consequently, an additional projection operator is used to project Tr, vy back to the
column space of X, yielding approzimate value iteration (De Farias and Van Roy, 2000),
which updates v, as

Uk1 = H(vr) =g, Tr,, vk, (6)
where
Mg, y = X argmin || Xw — ||
Vg w Tup,

is the projection operator to the column space of X w.r.t. to the norm induced by the
invariant state distribution dr, under the current policy 7, . Unfortunately, if 7, is greedy
w.r.t. v, De Farias and Van Roy (2000) show that the approximate value iteration operator
‘H does not necessarily have a fixed point. However, if the policy m, is continuous in v, e.g.,
7, 18 a softmax policy such that

exp (r(s,a) +73 v p(s'ls, a)v(s'))
D o0 €D (7(s0, a0) +7 3, (5150, a0)v(s1))
De Farias and Van Roy (2000) show that there exists at least one w, such that

; (7)

m(als) =

Xw, = H(Xwy).

In RL, one way to implement approximate value iteration incrementally is SARSA
(Rummery and Niranjan, 1994), which updates w iteratively as

W1 = wp + oy (Res1 +2(Set1, Aepr) Twp — 2(S, Ap) Twy) (S, Ar), (8)

where we have overloaded z as a function from S x A to RX to denote the state-action
feature. We then use z(s,a) " w as our estimate for the action value function. In the above
SARSA update, actions are selected such that A; ~ m,, ,(:|S¢), where m,, , denotes a
policy depending on the action value estimate x(s,a) w;_1, e.g., a softmax policy

exp(z(s,a) "wi_1)
s0.a0 OXP (x(s0,a0) Twe—1)

T,y (a]s) = 5

Melo et al. (2008) and Zou et al. (2019) provide asymptotic convergence analysis and finite
sample analysis of SARSA respectively, under mild conditions.
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3. Open Problems in Emphatic TD Methods

In this section, we discuss in detail two open problems of emphatic TD methods.

First, though ETD(\) is proven to be convergent, the large variance of F; makes it hard
to use directly. There are several attempts to address this variance. Hallak et al. (2016)
propose to replace F; with F; g, which is computed recursively as

Fy g =1i(St) + Bpt—1Fi—1,8, 9)

where 5 € (0,1) is an additional hyperparameter. The resulting ETD(A, ) then updates
{w,} iteratively as

W1 = Wy + OétFt,ﬁPt(Rt—i-l + ’Y.%';_lwt — x;rwt):vt. (10)

Theorem 1 of Hallak et al. (2016) states that there exists a problem-dependent constant
Bupper such that 8 < Bupper implies that the variance of F} g is bounded. Further, Proposi-
tion 1 of Hallak et al. (2016) states that there exists a problem-dependent constant Siower
such that 8 > Biower implies that the expected update corresponding to (10) is contractive,
which plays a key role in bounding the performance of the fixed point of (10), assuming (10)
converges. Unfortunately, there is no guarantee that Biower < Bupper always holds, i.e, the
desired # does not always exist. Zhang et al. (2020b) instead propose to use a second
function approximator to learn the expectation of the followon trace directly. For example,
let 2(s) "6 be the estimate for the expectation of the followon trace; Zhang et al. (2020b)
replace F; in the ETD update (3) by z(S;) "6 and update w iteratively as

Wwii1 = wy + ag(@] 0)p(Rigr + vog wy — xf w)zy.

Zhang et al. (2020b) use Gradient Emphasis Learning (GEM) to learn §. GEM shares the
same idea as gradient TD methods. Though Zhang et al. (2020b) confirm the convergence
of GEM, like any off-policy gradient TD method, little can be said about the quality of its
solution, i.e., the error |2(s) "6 — lim_,c E [Fy|S; = s]| can be arbitrarily large as long as
the feature matrix X cannot perfectly represent the expected followon trace (Kolter, 2011).
Jiang et al. (2021) propose to clip the importance sampling ratio p; when computing the
followon trace F; to reduce variance. However, nothing can be said about the convergence
of the resulting algorithm due to the bias introduced by clipping. Despite these attempts,
it remains an open problem to reduce the variance of emphatic TD methods introduced by
the followon trace in a theoretically grounded way.

Second, the analysis of ETD(A) in Yu (2015) is only asymptotic. So far no finite sample
analysis is available for any emphatic TD method. The finite sample analysis of TD(\)
in Bhandari et al. (2018) cannot be easily extended to ETD()). Key to the finite sample
analysis of TD(A) is Lemma 17 of Bhandari et al. (2018), which establishes the boundedness
of the eligibility trace used in on-policy TD()A). This immediately implies the boundedness
of the second moments of the eligibility trace, which is a key bound for error terms. How-
ever, such boundedness cannot be expected for the followon trace in ETD(A) since Sutton
et al. (2016) already show that the variance of the followon trace can be unbounded. It
thus remains an open problem to provide a finite sample analysis for emphatic TD methods
for prediction problems. For control problems, the policy usually changes every time step
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(cf. the SARSA algorithm (8)). Consequently, the induced chain is not stationary. The
asymptotic convergence analysis for ETD(\) in Yu (2015), however, relies on the strong
law of large numbers on stationary chains. It thus remains unclear whether the asymptotic
convergence analysis of Yu (2015) can be extended to the control setting. Hence, provid-
ing a finite sample analysis for emphatic TD methods for control problems is even more
challenging.

4. Prediction: Truncated Emphatic TD

In this paper, we address the two open problems in Section 3 simultaneously by replacing the
original followon trace in emphatic TD methods with truncated followon traces. Assuming
F_; =0, the original followon trace F; in (3) can be expanded as

Fr =i +vpi1Fi (11)
=iy + Yprrit—1 + V2 pr—1pr—2Fro
=it + Ypr—191-1 + V2 pr-1pt—2it—2 + Y pi_1pt—2pt—3Fi—3

¢
= Z Y pr—jit—1%1—j,
=0
where i; is shorthand for i(S;) and

;{Pjﬂj—&-l"'ﬂk J<k
Pjk = .
1 i>k

is shorthand for the product of importance sampling ratios. Clearly, F; depends on all the
history from time steps 0 to t. The idea of truncated followon traces, introduced in Yu
(2012, 2015, 2017), is, for a fixed length n, to compute the followon trace F; as if Fi_,—1
was 0. More specifically, let F},, be the truncated followon traces of length n; we have
DY Vipi_ji—ti—; t>n
tn — . (12)
F; t<n

For example, if n = 2, we then compute F} o for any ¢ as
Fio =iy +vpi_1it—1 + V2 pr_1pt_2it_2.

In this paper, we propose to replace F; with F}, in emphatic TD methods. Apparently,
for a fixed n, the variance of F}, is guaranteed to be bounded. By contrast, Sutton et al.
(2016) show that the variance of F} can be infinite. We refer to emphatic TD methods using
the truncated traces as truncated emphatic T'D methods. For example, Truncated Emphatic
TD is given in Algorithm 1, where we adopt the convention that iy = p = 0 for any ¢t < 0.
To compute F} ,,, one needs to store 2n extra scalars: py—1,..., pt—n,%—1,. .., %—n. Such
memory overhead is inevitable even for naive on-policy multi-step TD methods (Chapter
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Algorithm 1: Truncated Emphatic TD
So ~ po(*)
t<0
while True do

Sample A; ~ p(-|St)

Execute Ay, get Rit1, Si+1

7(At]St)
Pt < w(A¢|St)

Ft,n ~—0
for k=0,...,ndo
| Fyn < tt—nik + VPt—ntk—1Ftn
end
Wi41 < Wt + atFt,npt(RtH -+ ")/IL’;Erl'LUt — :z:tth)a:t
t+—t+1
end

7.1 of Sutton and Barto 2018). The computation of F}, can indeed be done incrementally
at the cost of maintaining one more extra scalar:

. prit
At = 3 At— 1
Pt—n—1tt—n—1

Fipn =i +ypi1F10 — Ay

Overall, we argue that compared with ETD(0) in Sutton et al. (2016), the additional mem-
ory and computational cost of Truncated Emphatic TD is negligible. We now analyze
Truncated Emphatic TD with the following assumptions:

Assumption 4.1 The Markov chain induced by the behavior policy p is ergodic.
Assumption 4.2 p(als) > 0 holds for any (s, a).
Assumption 4.3 The feature matrix X has full column rank.

Assumptions 4.1 and 4.3 are standard in the off-policy RL literature. Assumption 4.2 can
indeed be weakened to the canonical coverage assumption 7(als) >0 = p(als) > 0 (Yu,
2015). Then for a state s, we can simply consider only actions a such that p(als) > 0, i.e.,
different states have different action spaces. All the analysis presented in this section still
hold. We use Assumption 4.2 mainly to simplify presentation.

When analyzing the original ETD, we have to consider the chain {(F}, S;, A¢)} evolving
in the space Rx S x A (see, e.g., Yu 2015). The space R is not even countable, making it hard
to analyze the chain {(F}, St, A¢)} even with Assumption 4.1. With the truncated followon
trace Fy,, we only need to consider the chain {(S¢—y, At—p, ..., St, A¢)} which evolves in a
finite space (S x A)"™. The ergodicity of this chain follows immediately from Assumption
4.1. Once the ergodicity is established, we can analyze the limiting update matrix under
the corresponding invariant distribution.
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The additional hyperparameter n in (12) defines a hard truncation. By contrast, the
additional hyperparameter 8 in (9) defines a soft truncation. As discussed in Section 3,
a desired 8 does not always exist since we require 5 to be both sufficiently large and
sufficiently small. By contrast, we will show soon that a desired n always exists because
we only require n to be sufficiently large. Further, to analyze ETD(\, ) with the soft
truncation, we still need to work on the chain {(F} g, St, A¢)}, whose behavior is hard to
analyze. Consequently, though the asymptotic convergence of ETD(), ) in prediction
may be established similarly to Yu (2015) for certain 8, so far no finite sample analysis is
available for ETD(A, 8) in prediction, much less control. Nevertheless, we believe the soft
truncation and the hard truncation are two different directions for variance reduction. The
soft truncation is analogous to computing the return G; with a discount factor different
from ~ (see, e.g., Romoff et al. 2019); the hard truncation is analogous to computing the
return G; with a fixed horizon (see, e.g., Asis et al. 2020). It is straightforward to combine
the two techniques together. For example, we can consider F; g, defined as

Foo = S0 B prjia—1i—j t>mn
o Fip t<n’

This combination, however, deviates from the main purpose of this paper and is saved for
future work.

We now study the truncated trace Fj,. Similar to (5), we study the limit of the condi-
tional expectation of the truncated followon trace and define

mn(s) = }HEOE [Fin|St = s].

When n = oo, this me is referred to as emphasis in Zhang et al. (2020b). We, therefore,
refer to m,, as truncated emphasis for a finite n.

Lemma 1 Let Assumptions 4.1 and 4.2 hold. Then

n
M =Y 7D, (P ) Dy,
§=0

m = lim m, = D' (I —vP])"'Dyi.

n—oo

The proof of Lemma 1 is provided in Section B.1. By definition, the weighting vector f in (4)
involved in M of the ETD update (3) satisfies f = D,m. Similarly, we define f,, = D,m,.

Lemma 2 Let Assumptions 4.1 and 4.2 hold. Then

d
I — mlly < 4™
Lymin
d2
= Fll € A1
w,min

where dy max = maxgd,(s) and dymin = ming d,(s).

10
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The proof of Lemma 2 is provided in Section B.2. The M matrix of the ETD(0) update
(3) is X"D¢(yP, — I)X. Similarly, it can be shown that the M matrix of Truncated
Emphatic TD (Algorithm 1) is X "Dy, (vPr — I)X. Lemma 2 asserts that f,, approaches f
geometrically fast. Consequently, we can expect X ' D £, (vPr — I)X to be n.d. if n is not
too small.

Lemma 3 Under Assumptions 4.1, 4.2, and 4.3, if

Aminy mi
41 minQu min
7T < , (13)
d;%,maxHPYPﬂ' - IHHmH1

then XTDfn (vPr — )X is n.d., where \pip s the minimum eigenvalue of

% (Df(f —Fr) + (1 - ’VPWT)Df) :

Sutton et al. (2016) prove that A, > 0. The proof of Lemma 3 is provided in Section B.3.
Since the LHS of (13) diminishes geometrically as n increases, we argue that in practice we
do not need a very large n. Recall that the motivation of using the followon trace Fj is to
ensure the limiting update matrix to be n.d. Lemma 3 shows that to ensure this negative
definiteness, we do not need to use all history to compute F;. FEarlier steps contribute little to
this negative definiteness due to discounting but introduce large variance due to the products
of importance sampling ratios. As suggested by (13), the desired value of n depends on the
magnitude of the emphasis m, which is determined together by the behavior policy wu, the
target policy m, the structure of the MDP, and the magnitude of the interest ¢. In general,
when the magnitude of the emphasis increases, the desired truncation length also increases.
In practice, we propose to treat the truncation length n as an additional hyperparameter, as
estimating the desired n without access to the transition kernel p can be very challenging,
which we leave for future work.

We can now show the asymptotic convergence of Truncated Emphatic TD using the
standard ODE-based approach.

Assumption 4.4 The learning rates {a.} are positive, nonincreasing, and satisfy
S o =00, Y a? < oo
¢ t

Theorem 4 Let the assumptions and conditions of Lemma 8 hold. Let Assumption 4.4
hold. Then the iterates {w;} generated by Truncated Empathic TD (Algorithm 1) satisfy

lim w; = wy,, a.s., where
t—o00

Wiy = A b, Ay = XDy (vPr — )X, by = X "Dy, 7.

The proof of Theorem 4 is provided in Section B.4, which, after the negative definiteness
of A, is established with Lemma 3, follows the same routine as the convergence proof of
on-policy TD(A) in Proposition 6.4 of Bertsekas and Tsitsiklis (1996).

We now give a finite sample analysis of Projected Truncated Emphatic TD (Algorithm
2). Algorithm 2 is different from Algorithm 1 in that it adopts an additional projection

11
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Iz when updating the weight w;. Here 11z denotes the projection onto the ball of a radius
R centered at the origin w.r.t. {3 norm. Introducing such a projection is common practice
in finite sample analysis of TD methods (Bhandari et al., 2018; Zou et al., 2019). This
projection is mainly used to control the errors introduced by Markovian samples. If i.i.d.
samples are used instead, such projection can indeed be eliminated (Bhandari et al., 2018;
Dalal et al., 2018).

Algorithm 2: Projected Truncated Emphatic TD
So ~ po(-)
t+0
while True do

Sample A; ~ p(-|St)

Execute Ay, get Rii1, St11

w(A¢|St)
Pt WAl

th +~0
for k=0,...,ndo
| Fin < tt—nik + VPt—ntk—1Ftn
end
wiy1 = g (wp + 0o Fynpe(Re1 +ya ) ywe — af wy)ay)
t+—t+1
end

Theorem 5 Let the assumptions and conditions of Lemma 3 hold. Let R > ||wy . With
proper learning rates {ay}, for sufficiently large t,

In®¢
] - ().
The proof of Theorem 5 is omitted to avoid verbatim repetition since it is just a special case
of a more general result in the control setting (Theorem 12). The conditions on learning
rates and the constants hidden by O (-) are also similar to those of Theorem 12. We now
analyze the performance of wy .

Lemma 6 Let k = ming %ﬁ(s’). Let Assumptions 4.1, 4.2, and 4.3 hold. If

Ky, min Ming i(s)d,(s)

1
YT < , (14)
&y mazllT = VP o llmlly
then Iy, Tr is a \/y-contraction in |-, and
1
||Xw*,n - U7T”fn < mHHﬁnUﬂ - U7T||fn' (15)

Here Iy, denotes the projection onto the column space of X w.r.t. the norm induced by

Jns 1€,

Iy v =X argmin || Xw — v”fc .
w n

12
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The proof of Lemma 6 is similar to Hallak et al. (2016) and is provided in Section B.5.
Again, the LHS of (14) diminishes geometrically. So in practice, n might not need to be
too large. Lemma 6 characterizes the performance of the fixed points of Truncated ETD
methods in prediction settings. In the following we highlight two points regarding those
fixed points from different truncation length.

1. We argue that those fixed points are equally good. The |[IIf,vr — vr|| 1, term in (15) is
the representation error resulting from the limit of the capacity of the linear function

approximator. With different truncation length, we use different norm (i.e., [|-||; )
1

=
not depend on n. In other words, as long as n is sufﬁcientlmge in the sense
of (14), the exact value of n, including n = oo (i.e., no truncation), does not seem
to affect the performance of the fixed point much. The intuition is straightforward.
Comparing (12) and (11), it is easy to see that by using the truncation, we discard
the term Zé:n 41 wj pt—j:t—11t—j corresponding to earlier transitions from steps 0 to
t —n — 1. This term has a large, possibly infinite, variance because of the product
of importance sampling ratios. The expectation of this term is, however, negligible
because the expectation of the importance sampling ratios are well bounded (see the
proof of Lemma 2) and the multiplicative factor 77 is negligible. It is the expectation,
not the variance, of the trace that determines the performance of the corresponding
fixed point. Consequently, the truncation proposed in this work does not seem to
yield a compromise in the performance of the fixed point. The truncation proposed
in this work is more like a free variance reduction instead of a bias-variance tradeoff.

to measure the representation error. The multiplicative factor however, does

2. We argue that those fixed points are better than the fixed points of gradient TD
methods minimizing d,-induced mean squared projected Bellman errors (e.g., GTD
in Sutton et al. 2008, GTD2 and TDC in Sutton et al. 2009, Gradient Tree Backup
and Gradient Retrace in Touati et al. 2018). This is because the performance of the
fixed points of Truncated ETD methods can be well-bounded by the representation
error, provided that the length of the truncation is sufficiently large. By contrast, the
performance of the fixed points of gradient TD methods can be arbitrarily worse, no
matter how small the representation error is (Kolter, 2011).

5. Control: Emphatic Approximate Value Iteration

The study of the canonical approximate value iteration (6) is essential to the study of the
on-policy control algorithm SARSA (Melo et al., 2008; Zou et al., 2019). Similarly, in
this section, we study approximate value iteration from an off-policy perspective, which
prepares us for the off-policy control algorithm in the next section. In the rest of this
paper, we write f,m, f,, my, £ (defined in Lemma 6), and A, (defined in Lemma 3) as
fum Mp s frojums M s Ky Amin,u,e t0 explicitly acknowledge their dependence on p and
.

The canonical approximate value iteration operator in (6) is in a sense on-policy in that
the projection operator is defined w.r.t. a norm induced by the policy of the current iteration.
In this section, we study approximation value iteration from an off-policy perspective, i.e.,
with a projection operator defined w.r.t. a different norm. Let m, and u, be target and

13
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behavior policies respectively. They depend on w, the parameters used for estimating
the value function, through the value function estimate v = Xw € RIS!, e.g., they can be
softmax policies (cf. (7)) with different temperatures. We consider the iterates {vy = Xwy}
generated by

Vet = Moy, T, Uk

We call this scheme emphatic approximate value iteration as the projection operator is

defined w.r.t. the norm induced by the (truncated) followon trace. In the rest of this

section, we show that emphatic approximate value iteration adopts at least one fixed point.
With Ajps denoting the closure of { o | w € RE } and Ap denoting the closure of

{7rw | w e RE }, we make the following assumptions.

Assumption 5.1 Both 7w, and ., are continuous in w.

Assumption 5.2 For any p € Ay, the Markov chain induced by p is ergodic and u(als) >
0 holds for all (s,a).

Assumption 5.1 is standard in analyzing approximate value iteration (De Farias and Van Roy,
2000). If 7, is not continuous in w, even the canonical approximate value iteration can fail
to have a fixed point (De Farias and Van Roy, 2000). The ergodicity assumption of all the
policies in the closure in Assumption 5.2 is also standard for analyzing control algorithms,
in both on-policy (Marbach and Tsitsiklis, 2001) and off-policy (Zhang et al., 2021b,a) set-
tings. One common strategy to ensure this ergodicity in closure is to mix a softmax policy
with a uniformly random policy, assuming the uniformly random policy always induces an
ergodic chain.

We now define two helper functions to understand how n should be selected in emphatic
approximate value iteration.

N ln()\min,u,wdu,min) - ln(dz,maa:H'VPw — I ||mu,7rH1)

= -1
nl(lu’J 7T) ln'}/ )

- In (K rdymin ming i(s)d,(s)) — In (dimaxHI — 'YPJHoonMJ”J

- 1.

Here ny and no correspond to the conditions of n in Lemmas 3 and 6 respectively. Assump-
tion 5.2 ensures that nq, and no are well defined on Ap; x Ay. The invariant distribution
d,, is continuous in p (see, e.g., Lemma 9 of Zhang et al. 2021b), the minimum eigenvalue
Amin,ux is continuous in the elements of the matrix (see, e.g., Corollary 8.6.2 of Golub and
Loan 1996) and thus is also continuous in p and m, and both Aps and A are compact.
Therefore, sup,ep ,, reny max {ni(u, m), n2(p, )} < oo by the extreme value theorem. This
allows us to select n as suggested by the following lemma.

Lemma 7 Let Assumptions 4.3, 5.1, and 5.2 hold. If

n > sup  max {ny(u,m),na(p, )}, (16)
HEA N, TEAD

then there exists at least one w, such that

Xw, = an,uw* T, XWs.

ST W
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The proof of Theorem 7 is provided in B.6, which follows the same steps of De Farias and
Van Roy (2000) but generalizes their results from (on-policy) approximate value iteration
to emphatic approximate value iteration.

6. Control: Truncated Emphatic Expected SARSA

We now present our control algorithm, Truncated Emphatic Expected SARSA. Unlike plan-
ning methods such as approximate value iteration, learning methods for control like SARSA
usually work directly on action-value estimates. To this end, we overload notation for the
ease of presentation. In particular, we overload the feature function z as z : S x A — RE
to denote a state-action feature function. Correspondingly, the feature matrix X is now
a matrix in RIS*AXK whose (s,a)-th row is 2(s,a)”. The transition matrix P, is now a
matrix in RIS¥AXIS*Al {4 denote the state-action pair transition, i.e.,

Pr((s,a),(s',a")) = p(s'|s,a)m(d’|s).
Consequently, the Bellman operator is overloaded as
Trq =1+ vPrq.

The stationary distribution d,, is now in RIS*Al and denotes the invariant state-action pair
distribution under the policy u. D, is then a diagonal matrix in RIS*AXISXAl The interest
function ¢ is now from S x A to (0,400) to denote user’s preference for each state-action
pair. The followon trace F; is now defined as

Fy =1 +vypiFyq,

which is the same as the followon trace used in ELSTDQ()) in White (2017). Correspond-
ingly, the truncated trace is defined as

oo Z?:o Ypr—jrrit—; t>n
b Ft t<n .

The truncated emphasis 1, ;, » is now in RIS*Al and defined as
My (8,a) = lim E[F;,|S; = s, A; = al.
t—o0
Other notation is also overloaded accordingly, e.g.,
mlhﬂ' = nli)n;o m”v”ﬂ“" fnvu77r = Du/mnvuvﬂ-7 fMJT = Dﬂmllﬂr'

Previous theoretical results also hold with the overloaded notation for state-action pairs.
In particular, we have

Lemma 8 Let Assumptions 4.3, 5.1, and 5.2 hold. Define

o) = Omine i in) = W00 el Pr = Tl 1)

-1
In~y ’

. In (Kprdpuminming 4 i(s, a)d,(s,a)) — In (di’mamHI — 'yP;HOOHmMJrHl)
77,2([,6,71') =

-1
In~y ’
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where Aminux 95 the minimum eigenvalue of

1

5 <Df,u,7r(]—_’ypﬂ')+(I_’7P7;I—)Df,u,7r>7

du(s,a)i(s,a) ‘ If

du,mm = mMiNg g d,u<3a a)a d,u,max = INnaXs q d,u,macc<3a a), Rp,w = Mg g 7(s,0)

n > sup  max {ny(u,m),na(p,m)}
HEA M, TEAT

holds, then

(i). For any p € Ay, m € An, X' Dy, (vPr — I)X is n.d.,

(ii). For any p € Apr,m € An, Iy, Tr is a /7 contraction in |||,
(i7i). There exists at least one w, such that

Xwy = an,uw* 7;%* Xw,.

STTW 5

We use W, to denote the set of all such w;.

(17)

The proof of Lemma 8 is omitted since it is a verbatim repetition of the proofs of Lemmas

3,6,and 7.

The iterative update scheme (17) is emphatic approximate value iteration applied to
action-value estimation. To implement this scheme incrementally in a learning sense, we
propose Truncated Emphatic Off-Policy Expected SARSA (Algorithm 3). When computing
F} ., we require that the previous importance sampling ratios be recomputed with the
current weight w;. This requirement is mainly for the ease of asymptotic analysis and is
eliminated in Projected Truncated Emphatic Expected SARSA, for which we provide a

finite sample analysis.

We can now present our asymptotic convergence analysis of Algorithm 3. We first study

the properties of the possible fixed points. We can rewrite (17) as
Ay, Wi + by, =0,
where

Ay, =X'"Dy, . (yPr, — D)X,
bw = XTDfn,Mw,‘fTw r.

Consequently,

1
wy = Ay, by, .

Since A and Ap are compact, both m,, and pu,, are continuous in w, the RHS of the above
equation is bounded from above by the extreme value theorem. Consequently, there exists

a constant R < oo such that

sup |lws| < R.

W EWi
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Algorithm 3: Truncated Emphatic Expected SARSA
So ~ po(-)
Ag ~ i (+50)
t+0
while True do
Execute Ay, get Rit1, Si+1
A1 ~ pap, (+[St41)

Tw, (At|St)
PEST e (A0
th +~0

for k=0,...,ndo

Twy (Atfnﬁ»k |St7n+k)

Fin < tp—nyr +7

Py (Ap—ntk|St—nix) B
end
Wit Wi + 4 Fyp(Reg1 + 7 2, T (@] Se1)2(Seq1, @) Twe — 2 wy) 2y
t+—t+1
end

We then make several regularization conditions on the policies 7, and p,,. For the analysis
of on-policy SARSA (8), it is commonly assumed that the policy 7, is Lipschitz continuous
in w and the Lipschitz constant is not too large (Perkins and Precup, 2002; Zou et al.,
2019). This technical assumption is mainly used to ensure that a small change in the value
estimate does not result in a big difference in the policy thus enforces certain smoothness of
the overall learning process. Without such assumptions, even on-policy SARSA can chatter
and fail to converge (Gordon, 1996, 2001). In this paper, we adopt similar assumptions in
our off-policy setting.

Assumption 6.1 Both u,, and m, are Lipschitz continuous in w, i.e., there exist constants
L, and Ly such that for any s € S,a € A,

Y

alals) — seur(als)] < LyJlw — /]

[mw(als) — mu(als)| < Ly|lw —w'

The Lipschitz continuity of the policies immediately implies the Lipschitz continuity of A,
and b, governing the expected updates of Algorithm 3.

Lemma 9 Let Assumptions 5.2 and 6.1 hold. There exist positive constants C1,Cs,Cs,
and Cy such that for any w,w’

HAw — Aw’H < (ClL# + CQLTF>H’LU — U}/H,
wa — waH < (CgLu + C4L7r)Hw — w'“.

The proof Lemma 9 is provided in Section B.7. Under the conditions of Lemma 8, for any
w, the matrix

1
M(w) = 5 (X Dg, (T = 1Pe )X + X (I =P )Dy, ., X)
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is p.d. For a symmetric positive definite matrix M, let A\(M) denote the smallest eigenvalue
of M. For any w € R¥, we have \(M(w)) > 0. By the continuity of eigenvalues in the
elements of the matrix, the compactness of Ay; and Ap, and the extreme value theorem,
we have
inf A\(M(w)) > 0.
it A (w))

This allows us to make the following assumptions about the Lipschitz constants L, and L,
akin to Perkins and Precup (2002); Zou et al. (2019).

Assumption 6.2 L, and Ly are small enough such that

;nin = u}?}g\/ )\(M(w)) — ((CIL;L + CQLW)R + C3L'u + C4L7r) > 0.
With these regularizations on m,, and p,,, we can now present a high probability asymp-
totic convergence analysis for Algorithm 3.

Theorem 10 Let the assumptions and conditions in Lemma § hold. Let Assumptions 4.4,
6.1, and 6.2 hold. Then for any compact set W C RE and any w € W, there exists a
constant Cyy such that for any w, € W, the iterates {w;} generated by Algorithm 3 satisfy

o
. _ _ 2
Pr(tliglowt—w”wo—w) >1—C’Wt§%at. (18)

This immediately implies that W, contains only one element (under the conditions of this
theorem,).

In (18), Cyy depends on the compact set W from which the weight wg is selected. For
(18) to be nontrivial, the learning rates have to be small enough, depending on the choice
of initial weights. The proof of Theorem 10 is provided in Section B.8 and depends on
Theorem 13 of Benveniste et al. (1990).2

We now analyze the convergence rate of Projected Truncated Emphatic Expected SARSA
(Algorithm 4). Unlike Algorithm 3, when computing F; ,, in Algorithm 4, we do not need to
recompute previous importance sampling ratios. Similar to Assumption 6.2, we make the
following assumption about the Lipschitz constants L, and L, for analyzing Algorithm 4.

Assumption 6.3 L, and L, are not too large such that

Z“-n = Hellf;V MM (wy)) = ((C1Ly, + CoLr)R+ C3Ly, 4 CyLy) > 0.

When defining X/ . in Assumption 6.2, the infimum is taken over all possible w. When
defining A . in Assumption 6.3, the infimum is taken over only W,. This improvement is
made possible by the introduction of the projection Ilg.

To analyze the convergence rate of Algorithm 4, it is crucial to know how fast the

induced chain mixes, which is provided by the following lemma.

2Tt might be possible to obtain an almost sure convergence of Algorithm 3 like Theorem 4 by invoking
Theorem 17 of Benveniste et al. (1990). Doing so requires verifying (1.9.5) of Benveniste et al. (1990). If
how Melo et al. (2008) verify (1.9.5) was documented in the context of on-policy SARSA with linear function
approximation, it is expected that (1.9.5) can also be similarly verified in the context of Algorithm 3.
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Algorithm 4: Projected Truncated Emphatic Expected SARSA

Initialize wg such that [|wg|| < R
So ~ po(-)

AO ~ Mwo("SO)

t<0

while True do

Execute Ay, get Ryi1, Sii1

A1~ pa, (+[St41)
Tw; (At|St)
PEE o (RIS

Ft,n +~—0
for k=0,...,ndo
| Fin < fntk + V0t—nikltn
end
wey1 — IR (wt + atFt,n(Rt—‘rl +y Za Ty (a|St+1)a:(St+1, a)th — :r;rwt)xt)
t+—t+1
end

Lemma 11 (Lemma 1 of Zhang et al. (2021a)) Let Assumption 5.2 hold. Then there are
constants Co > 0 and k € (0,1) such that for any w € RX and t > 0, the chain {Sthi—oa...
induced by the policy ., satisfies

Z }Pr(St =s)— Juw(s)} < Cort,

SES

where J/wa 1s the invariant state distribution induced by the policy fiy.

Lemma 11 is usually referred to as uniform mizing since the mixing rate x does not depend
on w. This uniform mixing appears to be a technical assumption in Zou et al. (2019). We
are now ready to present our finite sample analysis.

Theorem 12 Let the assumptions and conditions in Lemma 8 hold. Let Assumptions 6.1
and 6.5 hold. Set the learning rate {ay} in Algorithm 3 to

1

EEENCESE (19)

Qi

where ay € (0, N . ) is some constant. Then for any w. € Wy, for sufficiently large t (in

the sense that t — O(Int) > n), the weight vector w; generated by Algorithm 4 satisfies

E“W—wﬂﬂ:o<ﬁ”>

This immediately implies that W, contains only one element (under the conditions of this
theorem,).
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The proof of Theorem 12 and the constants hidden by O(-) are detailed in Section B.9. The
proof follows the same steps as Zou et al. (2019) but generalizes the analysis of the on-policy
SARSA in Zou et al. (2019) to the off-policy setting and includes backward traces, which
are not included in Zou et al. (2019).

In this section, we present (Projected) Truncated Emphatic Expected SARSA as a
convergent off-policy control algorithm with linear function approximation. Importantly, in
Algorithms 3 and 4, the behavior policy is a function of the current action-value estimates
and thus changes every time step and can be very different from the target policy. These
two features are common in practice (see, e.g. Mnih et al. (2015)) but rarely appreciated in
existing literature. For example, in Greedy-GQ (Maei et al., 2010; Wang and Zou, 2020), a
control algorithm in the family of the gradient TD methods, the behavior policy is assumed
to be fixed. In the convergent analysis of linear Q-learning (Melo et al., 2008; Lee and
He, 2019), the behavior policy is assumed to be sufficiently close to the policy that linear
Q-learning is expected to converge to.

7. Related Work

Besides gradient TD and emphatic TD methods, there are also other methods for addressing
the deadly triad, including density-ratio-based methods (Hallak and Mannor, 2017; Liu
et al., 2018; Gelada and Bellemare, 2019; Nachum et al., 2019; Zhang et al., 2020a) and
target-network-based methods (Zhang et al., 2021b). Density-ratio-based methods rely on

learning the density ratio 328 directly via function approximation. This ratio can then be

used to reweight the off-policy TD update (2) (Hallak and Mannor, 2017) if the goal is to
learn the value function of the target policy or reweight rewards directly when computing the
empirical average of rewards (Liu et al., 2018) if the goal is to obtain a scalar performance
metric of the target policy. Density ratio learning suffers from the same critical problem as
emphasis learning and gradient TD methods. Under general conditions for linear function
approximation, it is hard to bound the distance between the learned density ratio and the
ground truth. Consequently, the downstream updates relying on the learned density ratio
rarely have rigorous performance guarantees. By contrast, the performance of the value
function estimation resulting from emphatic TD methods is well bounded (Hallak et al.
(2016) and Lemma 6).

Target-network-based methods rely on the use of a target network (Mnih et al., 2015) for
bootstrapping. Though provably convergent, the methods of Zhang et al. (2021b) require
a sufficiently large ridge regularization, introducing extra bias. By contrast, emphatic TD
methods do not require any extra regularization.

Variance reduction is an active research area in RL (e.g., Du et al. 2017; Papini et al.
2018), which is usually achieved by designing proper control variates, see, e.g., Johnson and
Zhang (2013). By contrast, we reduce variance by truncating the followon trace directly.
This technique is specifically designed for emphatic TD methods and we leave the possible
combination of truncated emphatic TD methods and standard variance reduction techniques
for future work.
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m(dashed = 0|s) - - - - - -
7(dashed = 0.02]s) - - - 10 10 -
m(dashed = 0.04|s) | 107 - 10! 10! 10° 10°
n(dashed = 0.06|s) - - 102 10° 10* 10*
m(dashed = 0.08|s) - - 10t 100 107 107
n(dashed = 0.1|s) - - 10~ 100 102 10*

Table 1: Average variance of curves in Figure 7. Each curve in Figure 7 consists of 100
data points. The average variance of those data points is reported in this table. Here we
consider only successful configurations whose averaged prediction error at the end of training
is smaller than 5. The average variance of other curves are not included and denoted as
“-”. Other tables in this section also follow this reporting protocol.

8. Experiments

In this section, we empirically investigate the proposed truncated emphatic TD methods,
focusing on the effect of n. The implementation is made publicly available to facilitate
future research.?

009 6%}@

y =099

Figure 1: Baird’s counterexample from Chapter 11.2 of Sutton and Barto (2018). The
figure is taken from Zhang et al. (2020b). There are two actions available at each state,
dashed and solid. The solid action always leads to state 7. The dashed action leads to
one of states 1 - 6, with equal probability. The discount factor is v = 0.99. The reward is
always 0. The initial state is sampled uniformly from all the seven states.

We first use Baird’s counterexample as the benchmark, which is illustrated in Figure 1.
We consider three different settings: prediction, control with a fixed behavior policy, and
control with a changing behavior policy. For the prediction setting, we consider a behavior
policy s1(solid|s) = 1 and p(dashed|s) = S, which is the same as the behavior policy used
in Sutton and Barto (2018). We consider different target policies from 7(dashed|s) = 0 to
m(dashed|s) = 0.1. We consider linear function approximation, where the features and the
initialization of the weight vector are the same as Section D.2 of Zhang et al. (2021b). We
benchmark Algorithm 1 with different selection of n. When n = oo, Algorithm 1 reduces to

the original ETD(0). When n = 0, Algorithm 1 reduces to the naive off-policy TD. We use

Shttps://github.com/ShangtongZhang/DeepRL
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Figure 2: Truncated Emphatic TD and ETD(0, /) in the prediction setting. To improve
readability, this figure contains only one representative run and uses a sliding window of size
10 for smoothing. A more informative but harder to read version including 30 independent
runs without smoothing is provided in Figure 7 in Section C. The curves in the two figures
share similar trends and all the discussion in the paper is based on the comprehensive results
in Figure 7.

a fixed learning rate «, which is tuned from A, = {0.1 x20,0.1x 271 ...,0.1 x 2*19} for
each n, with 30 independent runs. We report learning curves with the learning rate mini-
mizing the value prediction error at the end of training. Additionally, we also benchmark
ETD(0, ), where we replace the F},, in Algorithm 1 with the trace F; 3 computed via (9).
We tune S in {0.1,0.2,0.4,0.8}. For each (3, we tune the learning rate a in A, as before.
The interest is 1 for all states (i.e., i(s) = 1Vs). We report the learning curves with the
best 8. All curves are averaged over 30 independent runs with shaded regions indicating
standard errors, unless otherwise specified. This experimental and reporting protocol is also
used in all the remaining experiments in this paper.

As shown by Figures 2 and 7 with n = 0, the naive off-policy TD makes no progress in
this prediction setting. The curve is almost flat because the best learning rate is 0.1 x 2719;
using any larger learning rate simply accelerates divergence. As shown by the curves with
n = oo, naive ETD(0) does make some progresses when m(dashed|s) > 0, though the final
prediction errors at the end of training are usually large. By contrast, using n = 4 leads to
quick convergence in all the tasks with 7(dashed|s) > 0. Reducing n from 4 to 2 also works
when 7(dashed|s) > 0.04 and increasing n from 4 to 8 significantly increases the variance.
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7=0.01 7=0.1 T=1
30 30 30
— n=occ(a=01x2") — n=o00(a=01x2") | — n=oc0(a=0.1x2")
— n=0(a=01x2") — n=0(a=01x2"9) — n=0(a=01x2")
25 — n=2(a=01x27?) 25 — n=2(a=01x27?) 25 ‘ — n=2(a=01x27?)
— n=4(a=0.1x27) — n=4(a=0.1x27) ‘ — n=4(a=01x2"%)
20 n=8(a=01x27) 20 n=8(a=01x27) 20 n=8(a=01x27)
— B=04(a=01x2" — B=04(a=0.1x2° — B=04(a=01x2"
Xw; — g ImE——— T ————— .
10 10 10
5 Q\ 5 Q\ 5 Q\
0 - - 0 -0 — -
0 5 x 10° 0 5 x 10 0 5 x 10°
Steps Steps Steps

Figure 3: Truncated Emphatic Expected SARSA and its S-variant in the control setting
with a fixed behavior policy. The shaded regions are invisible for some curves because their
standard errors are too small.

Obviously increasing n leads to a larger variance, so in practice we want to find the smallest
n. Moreover, though ETD(0, 8) converges when 7(dashed|s) > 0.04, it usually exhibits
larger variance than our Truncated ETD with n = 2 or n = 4 (Table 1). We conjecture that
this is because the trace (9) still relies on all the history. Consider, e.g., m(dashed|s) = 0.02:
the maximum importance ratio iS pmaer = 0.98 X 7 = 6.86. If Bpmaz > 1, there is still a
chance that the trace in (9) goes to infinity since it depends on all the history. However,
requiring Bpmaz < 1 would require using a small 5, which itself could also lead to instability.
By contrast, with truncation, Fj,, is always guaranteed to be bounded. The results suggest
that our hard truncation also has empirical advantages over the soft truncation in Hallak
et al. (2016), besides the theoretical advantages of enabling finite sample analysis for both
prediction and control settings. It can be analytically computed that for all 7(dashed|s) €
{0,0.02,0.04,0.06,0.08,0.1}, the desired n as suggested by Lemma 3 is around 700. The n
we use in the experiments is much smaller than the suggested one. This is because Lemma 3
has to be conservative enough to cope well with all possible MDPs. In this work, we focus
on establishing the existence of such an n and giving an initial but possibly loose bound.
We leave the improvement of Lemma 3 for future work. For computational experiments,
we recommend to treat n as an additional hyperparameter.

When 7(dashed|s) = 0, which is used in the original Baird’s counterexample, no selec-
tion of n or f is able to make any progress. The failure of ETD(0) with this target policy
is also observed by Sutton and Barto (2018). This target policy is particularly challenging
because the its off-policyness is the largest in all the tested target policies, making it hard to
observe progresses in computational experiments. Though truncation is not guaranteed to
always reduce the variance to desired levels while maintaining convergence, our experiments
in the prediction setting do suggest it is a promising approach. We leave a more in-depth
investigation with this target policy for future work.

In the control setting with a fixed behavior policy, we benchmark Algorithm 4 with
different selection of n, as well as its S-variant (cf. (9)). In particular, we set the radius
of the ball for projection to be infinity (i.e., the projection is now an identity mapping).
Consequently, when n = oo, our implementation of Algorithm 4 becomes a straightfor-
ward extension of ETD(0) to the control setting. We use the same behavior policy as the
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n=o0 n=0 n=2 n=4 n=8 (=08

=0 - - 10% 10° 106 101t
7 =0.01 - - 104 103 106 101!
7=0.1 - - 10% 10° 106 101t

Table 2: Average variance of curves in Figure 3. Here n = 4 has smaller variance than
n = 2 because the former converges slightly faster.

‘ 7 =0.01 S
30 30 30
— n=oo(a=01x2") —_ — n=oo(a=01x2")
—_—n a=0.1x2"1) —_— — n=0(a=01x2")
25 — n=2(a=01x2") 25 —_ 2 25 — n=2(a=01x2")
— n=d(a=01x27?) — n=d(a=01x27?) — n=d(a=01x27?)
20 n=8(a=01x2"1) 20 n=8(a=01x2") 20 n=8(a=01x2"%
— B=04(a=01x2") — B=04(a=01x2) — B=04(a=01x2")
Xw — g
10 10 10
5 l 5 i 5 l
0 - - 0 . 0 — -
0 5 x 10° 0 5 x 10 0 5 x 10°
Steps Steps Steps

Figure 4: Truncated Emphatic Expected SARSA and its S-variant in the control setting
with a changing behavior policy. The shaded regions are invisible for some curves because
their standard errors are too small.

prediction setting. The target policy is a softmax policy with a temperature 7:

exp (q(s,dashed)/)
exp (q(s,dashed)/T) + exp (¢(s, solid)/7T)

m(dashed|s) =

We test three different temperatures 7 € {0.01,0.1,1}. When 7 approaches 0, the target
policies become more and more greedy. Consequently, Algorithm 4 approaches Q-learning.
As shown in Figure 3, neither the naive off-policy expected SARSA (i.e., n = 0) nor the
naive extension of ETD(0) (i.e., n = co) makes any progress in this setting. By contrast,
our Truncated Empathic Expected SARSA consistently converges, with lower variance than
its B-variant (Table 2).

In the control setting with a changing behavior policy, we still benchmark Algorithm 4
with a different selection of n and its S-variant. The target policy is still the softmax policy

n=o0 n=0 n=2 n=4 n=8 =08

=0 - - 103 102 106 109
7 =10.01 - - 103 102 106 106
7=0.1 - - 10° 102 106 109

Table 3: Average variance of curves in Figure 4. Here n = 4 has smaller variance than
n = 2 because the former converges slightly faster.
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with a temperature 7. The behavior policy is now a mixture policy same as the one used
in Zhang et al. (2021b). At each time step, with probability 0.9, the behavior policy is
the same as the behavior policy used in the prediction setting; with probability 0.1, the
behavior policy is a softmax policy with temperature 1. As shown by Figure 4 and Table 3,
the results in this setting are similar to the previous setting with a fixed behavior policy but
the variance with n € {2,4} is reduced. This is because the behavior policy is now related
to the target policy, i.e., the off-policyness is reduced.

Figure 5: CartPole. At each time step, we observe the velocity, acceleration, angular
velocity, and angular acceleration of the pole and move the car 1left or right to keep
the pole balanced. The reward is +1 every time step. An episode ends if a maximum of
1000 steps is reached or the pole falls.

We further evaluate Truncated Emphatic TD methods in the CartPole domain (Fig-
ure 5), which is a classical nonsynthetic control problem. We use tile coding (Sutton, 1995)
to map the four-dimensional observation (velocity, acceleration, angular velocity, angular
acceleration) to a binary vector in R!%%4 and then apply linear function approximation.
In particular, we use the tile coding software recommended in Chapter 10.1 of Sutton and
Barto (2018). We benchmark Algorithm 4 and its S-variant (cf. (9)), following the same hy-
perparameter tuning protocol as in Baird’s counterexample. We use v = 0.99 and i(s) = 1.
The target policy is a softmax policy with temperature 7 = 0.01. The behavior policy
is a e-softmax policy with € = 0.95 and 7 = 1. In other words, at each time step, with
probability 0.95, the agent selects an action according to a uniformly random policy; with
probability 0.05, the agent selects an action according to a softmax policy with tempera-
ture 7 = 1. We grant large randomness to the behavior policy to enlarge the off-policyness
of the problem, making it more challenging. We evaluate the agent every 5 x 10% steps
during the training process for 10 episodes and report the averaged undiscounted episodic
return. Figure 6 (Left) investigates the effect of different truncation length. We recall
that the learning rate « is tuned from A, maximizing the evaluation return at the end of
the training. With n = oo (i.e., no truncation), the agent barely learns anything. With
n = 0 (i.e., naive off-policy expected SARSA without followon trace), the agent reaches a
reasonable performance level but using n = 4 performs better. Using n = 2 performs better
than using n = 4 in the middle of the training but the performance drops near the end
of the training. We conjecture that this may suggest that a truncation length of 2 is not
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enough to stabilize the off-policy training in the tested problem. We note that being able to
achieve a reasonable performance with n = 0 does not mean there is no stability issue with
n = 0, since divergence to infinity and failing to learn at all is not the only consequence of
instability. For example, the iterates can also chatter in a bounded region (Gordon, 1996,
2001), which might be accountable for the early plateau of the curve with n = 0. Increasing
n improves stability and might help escape from the early plateau. Figure 6 (Right) further
investigates the soft truncation using (9). We recall that  is tuned from {0.1,0.2,0.4,0.8}.
Using the soft truncation with 5 = 0.2 performs similar to using the hard truncation with
n = 4. It can, however, be computed that the data points of the curve with 5 = 0.2 has
an average variance around 1.8 x 10% while that of n = 4 is around 7 x 103. This suggests
that our proposed hard truncation might be a better option for variance reduction than the
existing soft truncation for the tested problem.

1000

— n=o0(a=0.1x2"12) — 3=02(a=0.1x27)
— n=0(a=01x27%) 8001 — n=octa=01x2)
— n=2(a=01x2") — n=0(a=0.1x27"%)
800 — n=4(a=0.1x2"1) — n=4(a=0.1x271)
n=8(a=01x2"1) 6001
600
Return Return
400+
400
900 200+
0] 0
0 5 % 10 0 5 x 10°
Steps Steps

Figure 6: Truncated Emphatic Expected SARSA and its S-variant in the CartPole domain.

9. Conclusion

In this paper, we addressed the two open problems in emphatic TD methods simultaneously
by using truncated followon traces. Our analysis is limited to ETD(0) but the extension
to ETD()) is straightforward, which we leave for future work. The idea of using trun-
cated traces as a variance reduction technique can also be applied to other trace-based
off-policy RL algorithms, e.g., GTD(X) (Maei, 2011), and other variants of followon traces,
e.g., ETD(\, B) and NETD, which we also leave for future work. In this paper, we mainly
focused on value-based methods. A possibility for future work is to equip followon-trace-
based actor-critic algorithms (e.g., Imani et al. 2018; Zhang et al. 2020b) with the truncated
followon trace. Further, similar to the canonical approximate value iteration, bounding the
performance of the fixed points of emphatic approximate value iteration also remains an
open problem. In this paper, we restricted our empirical study to linear function approxima-
tion. Empirically investigating truncated emphatic TD methods with large neural networks
like Jiang et al. (2021) is also a possibility for future work.
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Appendix A. ODE-Based Convergent Results
A.1 Proposition 4.8 of Bertsekas and Tsitsiklis (1996)

Consider the iterates {w;} evolving in R¥ defined as
w1 = we + a (A(Or)we + b(Oy))

where {O,} denote a Markov chain in a space O, {a;} is a sequence of learning rates, A
and b are functions from O to RE*K and R¥ respectively.

Assumption A.1 {o} is a deterministic, positive, nonincreasing sequence such that
_ 2
g at—oo,Zat < 00.
t t

Assumption A.2 The chain {O.} adopts a unique invariant distribution denoted by do.
Assumption A.3 The matriz A = Eo,~d,[A(O4)] is n.d..

Assumption A.4 sup,cp ||A(0)|| < 00,sup,co ||b(0)| < oo

Assumption A.5 There exist constants Co > 0 and k € (0,1) such that

HIE A\ Co'
— 9|

| <
IE | |<C
where b = Eo,~d, [0(0)].
Theorem 13 Let Assumptions A.1 - A.5 hold. Then

hm wr=A"10 as..
t—o0

A.2 Theorem 13 of Benveniste et al. (1990)

Consider the iterates {w;} evolving in R¥ defined as
W1 = wy + o H (wy, Opp1), (20)

where {Ot € RE } are random variables, {a;} is a sequence of learning rates, H is a function
from RX x RY to RE. We use F; to denote the o-field generated by {wg, Og,O1, ..., Oy}
and make the following assumptions:
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Assumption A.6 {o} is a deterministic, positive, nonincreasing sequence such that
Zat = oo,Zoz? < 0.
t t
Assumption A.7 There exists a family {Pw | w e RL} of parameterized transition proba-
bilities P,, on RY such that for any B € B(RYX),
PI‘(Ot+1 S B‘ft) = Pwt (Ot, B)

Additionally, for any function f defined on RY, we define (P, = [ f(y)Pw(o,dy). Here
B(-) denotes the Borel sets.

Assumption A.8 Let D be an open subset of RE. For any compact subset Q of D, there
exists constants C1,q1 (depending on Q), such that for any w € Q and any o, we have

1H (w, 0) || < C1(1 + [lof| ™).

Assumption A.9 There exists a function h : D — RE, and for each w € D a function
v : RE — RE | such that

(i) h is locally Lipschitz continuous on D
(i1) vy (0) — (Pyiiw)(0) = H(w,0) — h(w) holds for all w € D,o € RF

(iii) for all compact subsets Q of D, there exist constants Cy, Cs,q2,qs (depending on Q),
such that for all w,w' € Q, z € RE,

[ (o) < Ca(1 +[lof|®),
1(Puviw)(0) = (Purvar)(0) | < Csllw —w'[[ (1 + [|o]|*).

Assumption A.10 For any compact subset Q@ of D and any q > 0, there exists constant
Cy (depending on Q,q) such that for all t, o € R, w € RX,

El({we € @k <t} (1 +[|0p1]) [ Oo = 0,wo = w] < C4(1 + |lo]|*),
where I is the indicator function.
Assumption A.11 There exist a function U € C*(RX) and w. € D such that
(i) U(w) = C < 400 if w — ID or |jw| — o
(i7) U(w) < C for allw € D
(iii) U(w) > 0, where the equality holds i.f.f. w = w,
(iv) <dU w) h(w )> <0 for all w € D, where the equality holds i.f.f. w = ws.

Theorem 14 (Theorem 13 of Benveniste et al. (1990) (p. 236)) Let Assumptions A.6 -
A.11 hold. For any compact QQ C D, there exist constants Cy, qo such that for allw € Q,0 €
RE, the iterates {w;} generated by (20) satisfy

o0
Pr<t@olowt — w, | Op = 0,wp = w> >1— Co(1+ ||o]|©) tz;af.
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A.3 Theorem 13 of Benveniste et al. (1990) with a Finite Chain

Consider the iterates {w;} evolving in R¥ defined as
wii1 = wi + apH (wy, Oppr), (21)

where {O,} are random variables evolving in a finite space O, {ay} is a sequence of learning
rates, H is a function from R¥ x O to R. Without loss of generality, let O = {1,2,..., N} C
R. We make the following assumptions.

Assumption A.12 {a;} is a deterministic, positive, nonincreasing sequence such that
S o= 00,30 < oo
¢ t

Assumption A.13 There exists a family {Pw c RVXN | w e RK } of parameterized tran-
sition matrices such that the random variables {O} evolve according to

Ot+1 ~ pwt(Ota )

Let Ay, be the closure of {Pw | w e RK}, for any P € Ay, the Markov chain in O induced
by the transition matriz P is ergodic. We use dp to denote the invariant distribution of
the chain induced by P. In particular, d, denotes the invariant distribution of the chain

induced by P,. We define

h(w) =Y dy(0)H(w,o0).

0eO

Assumption A.14 P, is Lipschitz continuous in w. For any compact Q C RX and any
o€ O, H(w,o) is Lipschitz continuous in w on Q.

Assumption A.15 There exist function U € C*(RX) and w, € RX such that
(i) U(w) — oo when ||w] — oo
(ii) U(w) < oo for all w € RE

(111) U(w) > 0, where the equality holds i.f.f. w = w,

(iv) <dléguw),h(w)> <0 for all w € R where the equality holds i.f.f. w = wi.

Corollary 15 Under Assumptions A.12 - A.15, for any compact set Q C R, there exists
constants Cy (depending on Q) such that for all w € Q,0 € O, the iterates {w;} generated
by (21) satisfy

(o]
. 2
Pr(tlg};lowt:quo:o,wO:w) > 1—C’0tz;ozt.
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Proof We proceed by expressing (21) in the form of (20) and invoking Theorem 14. Let
H o

H(w,o0) = (w,0) o€ :
h(w) o¢ O

Then (21) can be rewritten as
Wity = we + apH (wy, Opp1),

which has the same form as (20). Here the L in R” is 1 and we consider D to be RX.
Assumption A.6 is identical to Assumption A.12. Assumption A.11 is implied by As-
sumption A.15 via considering C' = oo.
To verify Assumption A.7, let

P (O B)i Zo’(so/(B)Pw(O,O/) oe O
o N(B) O¢O’

where 0,/(B) is the Dirac measure, NV () denotes the normal distribution (we can use any
well-defined distribution on R here). Then Assumption A.7 follows from Assumption A.13.

We now verify Assumption A.8. From Assumption A.14 and the finiteness of O, for any
compact Q, H(w, o) is bounded on Q. So h(w) is also bounded on @Q. Then the boundedness
of H(w,o0) on @ follows immediately.

We now verify Assumption A.9(i). First, for any compact Q C R¥, H(w,0) is Lipschitz
continuous in w and bounded on Q. dy(0) is apparently bounded. By Assumption A.13,
for any P € Ay, the chain induced by P is ergodic. It can be easily proved (see, e.g.,
Lemma 9 of Zhang et al. (2021b)) that d,, is also Lipschitz continuous in w. The Lipschitz
continuity of h(w) on @ then follows immediately from the fact that the product of two
bounded Lipschitz functions are still bounded and Lipschitz. Since we are free to choose
any @, h(w) is locally Lipschitz continuous in RX.

We verify Assumption A.9(ii) by constructing auxiliary Markov Reward Processes (MRPs)
and using standard properties of MRPs. To construct the i-th MRP (i =1,...,K), let Hy;
denote a vector in RY whose i-th element is H;(w, o), the i-th element of H(w, o). For any
w € RE 0 € O, we define a vector 7,(0) in R by defining its i-th element 7, ;(0) as

(e 9]

Puwi(0) =B | [Hyi(Ok) — hi(w)] | Og = 0,0p41 ~ Pu(Oy, ) | ,
k=0

where h;(w) is the i-the element of h(w). By definition, #,,; is the bias vector of the MRP
induced by P, in O with the reward vector being H, ;. Since P,, induces an ergodic chain
under Assumption A.13, 7, is always well defined. Moreover, h;(w) is the gain of this MRP.
It follows from Chapter 8.2.1 of Puterman (2014) that for any w € R¥ and o € O,

Du,i(0) = Hui(0) — hi(w) + > Pu,i(0') Puy(0,0) (22)

ij,i = HPwHw,i7
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where Hp = (I — P+ 1d})~*(I — 1d},) is the fundamental matrix of the chain induced by
a transition matrix P. Define

. Jw(o) 0€O
yw(o)_{() 0d O

It is then easy to verify that for o € O,
(Pyy)(0) = /Vw(y)Pw(o, dy) = /Vw(y) Zéol(dy)Pw(o, o) = Zz/w(o/)Pw(o, o).

For o ¢ O, (Pyvy)(0) = 0. For o € O, Assumption A.9(ii) holds since it is just (22). For
o ¢ O, Assumption A.9(ii) holds as well since since both LHS and RHS are 0.

We now verify Assumption A.9(iii). Since dp is Lipschitz continuous in P for all P €
Ay and Ay, is compact, we have suppgy H(I — P+ 1d]T3)71H < oo by the extreme value
theorem. Using the ergodicity of the chain induced by P and

It =y = Yy -y < [l = vy,

it is then easy to see that Hp is bounded and Lipschitz continuous in w. Consequently,
for any compact Q C RE,w € Q,w’ € Q, v, is bounded on @ and

HHw,i - Hw’,i

HVw,i — Vw'ji

| < Hpr - Hp,

| Ew il + | e,
< Cillw — /|| + Colfw — ]|

where the constant C results from the Lipschitz continuity of Hp and the boundedness
of H(w,0) on @, the constant Cy results from the Lipschitz continuity of H(w,0) on @ and
the boundedness of Hp . Since by Assumption A.14, P,, in Lipschitz continuous in w, the
Lipschitz continuity of Py, in @) follows immediately, which completes the verification of
Assumption A.9(iii).

Assumption A.10 is trivial since O is finite, which completes the proof. |
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Appendix B. Proofs
B.1 Proofs of Lemmas 1
Proof Let 7 = (s5,a5,5j—1,0j-1,...51,01), I'j = (Se—j, Ai—j, ..., St—1, As—1),
min(s) = E[F{*|S: = 3] (23)

n
= Z’YjE [0t—jit—19—j| St = ]
=0

n
= ZVj Z Pr(T; = 758 = 8)E[ps—jt—19s— 5|5 = 75, St = ]
j=0 TjE(SX.A)j
(Law of total expectation)

Pr(I'; =1;,5; =s)
Pr(S; = s)

Elpt—jit—1it—;|T'j = 75, S¢ = 5]

Il
2
<.

(Bayes’ rule)

3

Pr(Fj:ijst:S), ‘ ' ‘
B s s plora)

I
2

1
)

. Pr(S;—; = s;)Pr(s;,8i-1) - Pr(s2,51)Pr(s1,5) .
j =5 4> 55 .
g; PI‘(St = S) Z(SJ)

r(Si—j = 5)Pr(sjss)
PI'(St — Z(SJ)

I
3
\QQ.
™
g

Assumption 4.1 implies

lim Pr(S; = s) = d,(s).

t—00
Consequently,

mp(s) = tlggo M (S)

YAy du(sj)Pw()Sjvs)i(Sj)_
7=0 5;€S

In a matrix form,
n
Mp = Z’Y]D;Il(Pr—rr)]Duia
§=0

m = lim m, = D' (I —vP])"'Dyi.

n—oo
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B.2 Proof of Lemma 2

Proof
o0 . .
My — M = Z ’y]D;l(PﬂT)]DMZ'
j=n+1
o© . .
=DM | D AP | Dy
j=n+1
= D'y (P (I =Pl ) T Dy
— ,yn+1D;1(P7;r)n+lDum7
implying
[y, —mlly <A™ D Dl llmll, - (Using ‘ Pl = I Prlls = 1)
= et Gy
du,min

I fn — f”oo < HDuHoonn - mHoo < du,maxnmn - m”l < du,maxnmn - mHoo

2

n+1 du,ma:p HmH

:’7 1

H,men

B.3 Proof of Lemma 3

Proof Let Dy, be a diagonal matrix whose diagonal entry is f,, and Dy, _; be a diagonal
matrix whose diagonal entry is f, — f. We have

y' Dy (vPr =Dy =y Dy, _t(vPr — )y +y Dy(vPr — 1)y
<Y Dsu—fllllvPr — I|| + y " Dy(vPr — D)y
<NulPlfn = FllolvPe = Il +y " Dy(vPr — D)y

Similarly,

g OP] = 1)Dgy < WPl f = floc |yl =1 + 4" (P = DDy

Combining the above two inequalities together, we get

1
59" Dy, (P = 1)+ GPT =)Dy, )y

1
<lfa = FloelvPe = gl + 597 (Dy(yPs = 1) + (BT = DDy ) y
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(Invariance of ¢ norm under transpose)

<(1fn = FlloolrPe = Il = Amin) 1y 11

(Eigendecomposition of real symmetric matrices)
n+1 di,mam 2
<O = lmllylvPr = Il = Amin)lylI”  (Lemma 2)
w,min
As long as the condition (13) holds, the above inequality asserts that
Dy, (vPr = I) + (P! —I)Dy,

is n.d., implying Dy, (yPr — I) is n.d.. This together with Assumption 4.3 completes the
proof. |

B.4 Proof of Theorem 4

Proof Let Oy = (Si—n, At—n, ..., St, A¢, St+1) be a sequence of random variables generated
by Algorithm 1. Let oy = (S¢—n, Gt—p, - - -, St, at, St+1) and define functions
T mladse) m(as)
Aoy) = o MASLILLYA PP ARLZAT <’YCCS 1T7935T),
( t) jz; kl;[_] ,U(alc|5k) ( t j) M(atlst) ( t) ( t+ ) ( t)

t—1

b0 = [ 007 | TT 28 Vi) | 2o,
=0

weie; Mlak|sk) plalst)

Here o; is just placeholder for defining A(o;) and b(o;). Then the update for {w;} in
Algorithm 1 can be expressed as

w1 = wy + o (A(Op)wy + b(Oy)) .

We now proceed to confirming its convergence via verifying Assumptions A.1 - A.5 thus
invoking Theorem 13.

Assumption A.1 is identical to Assumption 4.4. Assumption A.2 follows directly from
Assumption 4.1. And it is easy to see the invariant distribution of {O;} is

dO(Ot) = du(St—n)u(at—n\St—n)P(st—nH\St—n, at—n) " 'p(3t+1’3t7 at)- (24)
Moreover,
A =E0,~do [A(O)]
_ T T
=Eo,~do [Ft,nptxt(’ﬂtﬂ — Ty )}
= Z du(s)u(als)p(s'|s,a)E [Ft,nptxt(’yxlrl —2)|Si =5,4; =a,Si11 = 5]

s,a,s’
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(Law of total expectation)

= du(s)m(als)p(s'|s, )E [Fyn] Sy = s a(s) (v (s) T —a(s) ")

s,a,s’

(Conditional independence and Markov property)

=Y du(s)m(als)p(s'|s, a)mn(s)x(s)(vx(s') T — x(s)") (Using (23) and (24))

s,a,s’

=Y fu(s)m(als)p(s']s, a)a(s)(va(s") T —x(s)T)  (Definition of f,)

s,a,s’

=X"D; (vPr — DX.

In the above equation, we have abused the notation slightly to use O; to denote random
variables sampled from dp. Similarly, it can be shown that

b= Eoumdp [6(01)] = X Dy, 1.

Lemma 3 confirms that A is n.d., verifying Assumption A.3. Assumption A.4 is obvious
since |S|, |A|,n are all finite. Assumption A.5 follows immediately from the geometrically
mixing rate of ergodic Markov chain. For example,

[E[AOn)] = A|| = ||Y_ (Pr(O¢ = 0) — do(0)) A(o)

o€

< max | A(0)[| Y [Pr(O; = 0) — do(0)|

< COKt)

for some Cy > 0 and k € (0,1). Here the last inequality is a standard result, see, e.g.,
Theorem 4.9 of Levin and Peres (2017).

Note this procedure cannot be used to verify the convergence of the original ETD(0),
where we would need to consider O; = (Fy, St, A;). Since Fy involves in R, Assumption A.4
cannot be verified. [ |

B.5 Proof of Lemma 6

Proof Since i(s) > 0 holds for any s and P is nonnegative, from Lemma 1 it is easy to
see for any ny > no,

My (8) > M, (8)

always holds. Then by the definition of f,,

fna(8) > fy(s)
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holds as well. In particular, for any n > 1,

F(5) > Fuls) > fols) = du(s)i(s) > 0.

For any v, we have

2
NPl =7 fals) (Z Pr(s, s’)v(s’))
<7 Z fn(s) Z Py (s,5)v*(s') (Jensen’s inequality)
=y YV () D fals)Pals, o)
= v diag(yP; fa)v
—v"diag (fo — (I =7P])fu) v
= vTdiag (fu — (I =vP])f + (L =7P)(f = fn)) v
= |[v]f}, = v"diag (1 =7P])f ) v+ 0" diag (1 =7P])(f = f)) v
= [[0l3, = l[o]3, + 0" diag ((I = APT)(f = fa)) v

(Using (I —yP)f = (I —vPI)I —~vP])"'Dyi = fo)

< Nl = llel3, + || = vPD( = fu)

2
o]
o0
(Property of ¢5 norm of a diagonal matrix)

d? 9
I )2 (Lemima 2)

,min

< Jlollf, = llollF, + wmini(s)dy(s)l|vl|*  (Using (14))

2 2
< lloli, = llell3, + || = vP7)

< oll3, = llvl7, + sllvl7, (Using mini(s")d(s) < fo(s) < fu(s) )
= (1+m)|lulf, — vl
= (L+m)llolf, =D v(s)?du(s)i(s)

dy(s)i(s)
f(s)

< (14r)|vlf, =&Y v(s)*f(s) (Definition of x and f(s) > 0)

= (L+w)lloll7, =D v(s)*f(s)

< (L+w)llolf, =&Y v(s)*fals) (Using f(s) > fu(s))

2
= [lvll¥,
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Consequently,
[ Tzv1 = Trvall;, = 7?1 Pr(v1 — v2) |13, < Allvr — w2,

implying that 7r is a \/7-contraction in [|-|| ; . Since Iy, is nonexpansive in [|-[| ; , it is easy
to see that Iy, 7r is a /¥ contraction in |||, as well.
Further, let Dy, = diag(f,), it is easy to verify that

I, = X(X' Dy, X)'X"Dy,.
Consequently,

Apwypn = by (25)
< X'D; (YPr — I)Xws,, = X' Dy, ry
— XDy (rs +vPrXwin) = X' Dp, Xw.p,
= X(X'D; X)) 'X" Dy, (rx + vPeXwip) = X(X "Dy, X) ' XDy, Xwspy
= I, Tr(Xwspn) = Xwy .

Then,
1 Xws = vell}, = [ Xwen — g, onl}, + [p, 00 = vel},
(Pythagorean theorem)
= Ty, To(Xwan) = Ty, Trvr |7+ [T, 00 — vel| G,
< A Xwipn — Uﬂ”?cn + [Ty, vr — Uﬂ”?vn-
Rearranging terms completes the proof. |

B.6 Proof of Lemma 7

Proof If (16) holds, then Lemma 6 implies that for any u € Ay and m € Ay, Iy, |, Tr is
a \/7-contraction in [|-[| wnr We use Xwy « to denote its unique fixed point. Lemma 3

ensures that XTDfMM(I — vP;)X is p.d.. Similar to (25), it is easy to verify that

Wppr = (X' Dy, (I —vP)X)"'X Dy 7o,

from which it is easy to see wy, ;. is continuous in g and 7 since the invariant distribution
d, is continuous in pu.
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Similar to De Farias and Van Roy (2000), we first define several helper functions. For
any policy 1 € Ayr, ™ € Aqp, and 5 > 0, let
Gur(w) = XDy, (T Xw = Xw)
= XTDfn,H,WX(XTDanX)*lepan (TaXw — Xuw)
= XDy, .Uy, ToXw— Xw),
g(w)=X"Dy, . (Tr, Xw — Xw)
=X"Dy (Mo Trn Xw — Xw),
2 (W) = w + gy x (W),
21(w) = w +ng(w).
We have

ZZJI’(U)) =w
= gur(w)=0
< XDy, T-Xw=X'Dy,  Xuw
T — T T - T
<— X(X waMX) lx Dfn%ﬂ’ﬁer = X(X wamX) lx Dfn#me
— Iy, , T Xw=Xw,

i.e., Xw is a fixed point of ITy, , T if and only if w is a fixed point of z . With the same
procedure, we can also show

ZNw) =w <= an’uw’ﬂwﬂw(Xw) = Xw.

This suggests that to study the fixed points of emphatic approximate value iteration is to
study the fixed points of 2”7 with any n > 0. To this end, we first study 2, » with the
following lemma, which is analogous to Lemma 5.4 of De Farias and Van Roy (2000).

Lemma 16 There exists an ng > 0 such that for all n € (0,19), there exists a constant
By € (0,1) such that for all p € Apr, 7 € A,

sz,w(w) - wn,#ﬂr“ < Byllw — wn px

Proof By the contraction property of Ily, Tz,
H]:[fn,u,w’];rxw - X'wn,u,Wan’“m S ﬁ”’Xw - Xwnﬁiﬂr”fn’mﬂ’
Consequently,

(w — wn,uﬂr)Tguﬂr (w)

(Xw — Xwnyux) Dy, (I, ToXw— Xw)

(Xw — Xwnyr) Dy (g TeXw — Xwp pr + Xtnpun — Xw)

1 Xw — Xwppzlly, |0, TeXw — Xwp — | Xw — Xwp . r

IN

I ;
W P
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(Cauchy-Schwarz inequality)

<(V7-D||Xw— Xwn%ﬂHanWr (Property of contraction)
:(ﬁ - 1)(w - wn:ﬂzﬂ)T(XTDfn,u,ﬂX)(w - wnvﬂvﬂ')'

Since X "D fopnX 18 symmetric and p.d., eigenvalues are continuous in the elements of the
matrix, Ay; and A are compact, by the extreme value theorem, there exists a constant
C1 > 0 (the infimum over the smallest eigenvalues of all X' Dy, X), independent of p
and 7, such that for all y,

yTXTDfn,M,ﬂ'Xy Z C’1||y||2

Consequently,
(w = W) G (W) < (V7 = DCr[[w = wi e (26)

Moreover, let x; be the i-th column X, we have

K 2

2
l9nr (@) = 3 (2] Dy (Mg, Ta X0 = X))
i=1
K
2 2 . .
< Z Hxinn%ﬂ Han’Wﬂ;Xw - XwamWr (Cauchy-Schwarz inequality)
i=1

K
2
< Sl (I X0 = Xl [Xttngr = Xwl, )
=1

K
< (V7 + 1) Z sz‘H?vn%ﬁ”waW - XwH?n’Wr (y/7-contraction)
i=1

K

2 T 2

< (V7 +1)? (Z uxinfn,u,,,) | XTD e X |10 =
=1

By the extreme value theorem,
K
2 T
sup x; HX Dy, ”XH < o0.
Lo (S
Consequently, there exists a constant Co > 0, independent of 1 and 7, such that
2 2
g (W)[I* < Collw = wn,pxl”. (27)

Combining (26) and (27) yields

2 2

|2 (W) = W pum||” = 1w + 0gum (W) — Wy |

= |lw — wn,/mrH2 + 2n(w — wn,u,ﬂ)Tgu,W(w) + 772”9,11,77@’)”2
< (1—2n(1 — A7) C1 + n*Ca) |w — wy x|
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Then for all n < ng = 2C1(1 — /7)/Cs, we have 8, = /1 —2n(1—/4)C1 +71?°C, <1. A

We are now ready to study z" with the previous lemma, analogously to Theorem 5.2 of
De Farias and Van Roy (2000). Note W = {wy x| # € Ay, m € A} is a compact set by
the continuity of wy, ,» in p and 7. Let C3 = sup,cy ||w|| and take some 7 in (0,79), we
have for any w

127 ()| < [12"(w) = wnpy, o |+ (105,100 0|
(Wn,ju,m,, denotes the fixed point of Ily, T with u being 1, and 7 being 7,,.)

= szwmw (w) — Wn, prap o H + Hwn,uw,ﬂwn
< ﬁn”w — Wn, g, Tw |+ Cs
< 577”1”” + (1 + 577)03-

Since 3, < 1, we define

1
W, = {w e RE | [|luw] < +ﬁ”03}.
1- 34,

It is easy to verify that
we W, — z"(w) € Ws.

The Brouwer fixed point theorem then asserts that z"(w) adopts at least one fixed point in
Wy, which completes the proof. [ |

B.7 Proof of Lemma 9
Proof Recall

Aw = XTDfn,Mw,ﬂ'w (ryPﬂ'w - I)X?

n
fn,,uzwgﬂ'w = Z’YJ(PT;Z,)JDMMZ
7=0

According to Lemma 9 of Zhang et al. (2021b), the invariant distribution d, is Lipschitz
continuous w.r.t. p in Ay under Assumption 5.2. Consequently, Assumption 6.1 implies
that D, is Lipschitz continuous in w. It is then easy to see f, ;,, ., is Lipschitz continuous
in w, using the fact that the product of two bounded Lipschitz continuous functions is still
Lipschitz continuous. The Lipschitz continuity of A,, then follows easily, so does that of b,,.
|
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B.8 Proof of Theorem 10

Proof Let o = (St—n, @t—n, - - -, St,a¢, St+1). Define
dw(s,a,s") =r(s,a)+~ Z Tw(d|sN (s, a') Tw — x(s,a) Tw,

t

Tw\Ak|Sk .
H(w, o) 27 H Mo (@xls) i(St—j, at—j) | Ow(St, ar, Se1)x(5¢, ).

kerjr Mo (0k15E)

Note here oy is just a placeholder for defining the function g. Let Oy = (S;—p, At—n, ..., St, At, St+1)
be a sequence of random variables generated by Algorithm 3. Then the update of w in Al-
gorithm 3 can be expressed as

Wiyl = Wy + OétH(wt, Oy).

We now prove Theorem 10 by verifying Assumptions A.12 - A.15 thus invoking Corollary
15. Assumption A.12 is identical to Assumption 4.4.

Assumption A.13 is verified by the sampling procedure Aiy1 ~ fiy, (+|St+1) in Algo-
rithm 3 and Assumption 5.2. Similar to the proof of Theorem 4, it is easy to compute that
the h(w) of Assumption A.13 in our setting is

h(w) = Ayw + by.

For Assumption A.14, the Lipschitz continuity of the transition kernel is fulfilled by
Assumption 6.1. By Assumption 5.2, there exists a constant Cy > 0 such that p,(als) >
Co > 0 holds for any w, a,s. Then it is easy to see H(w, o;) is Lipschitz continuous on any
compact set Q C R,

We now verify Assumption A.15. For any w, € W, let

.1
U(w) = Sllw —w.*

Then Assumption A.15 (i) - (iii) trivially holds. To verify Assumption A.15 (iv), let @ =
w — wyx. We have

(20 )
=(w — wy, h(w) — h(wy)) (Using h(w,) = 0)

=(w — Wy, Apw + by — Ayws + Apwy — Ay, W — by,,)
=0 Ay + 0 (Ay — A ws + 0" (by — bu,)

<" Ayt + ||W]|*(C1 L, + Co L) R+ ||00)|*(C3 Ly, + CyLy)

1
:iﬁ)(Aw + Al)w + HUNJHQ(CILM + C2LW>R + Hﬁ)Hz(CSLu + C4L7r)
= —w(M(w) — ((C1L, + CyLz)R + (C3L,, + C4Ly)) I)

< - )‘;nm”w - w*||27
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where the last inequality results from the positive definiteness of the matrix
M(w) — ((CrLy 4+ CoLg) R+ (C3Ly, + CyLr)) 1

under Assumption 6.2. Assumption A.15 (iv) then follows immediately.
With Assumptions A.12 - A.15 fulfilled, (18) follows immediately from Corollary 15. If
there is a w), € W, and w!, # w,, repeating the previous procedure yields

o0
Pr(limw =w |w :w)>1—C a?.
t—o00 t *| 0 - Wtz_; ¢

Using small enough {a;} such that

o0
1-Cw) af >05
t=0

yields
Pr(lim wy = w, | wo :w) —i—Pr(lim wy = wy | wo :w> > 1,
t—o00 t—o00

which is a contraction. Consequently, under the conditions of this theorem, W, contains
only one element. [ ]

B.9 Proof of Theorem 12

Proof Readers familiar with Zou et al. (2019) should find this proof straightforward.
We mainly follow the framework of Zou et al. (2019) except for some additional error
terms introduced by the truncated followon traces. We include the proof here mainly for
completeness. We, however, remark that it is the use of the truncated followon trace and
Lemma 8 that make this straightforwardness possible in our off-policy setting.

Let o = (S¢—n,at—p, - - -, St,at, St+1). For a sequence of weight vectors (zi—p,...,2) in
RE | define

8.(s,a,8") =r(s,a) +~ Z m.(d|sN (s a ) 2 — x(s,a) " 2,
a/
. - j : Tz, (aglsk) | .
9(Zt—ny .oy 28,0¢) = Z’Y H — Z(St—jaat—j) 0z, (¢, ag, S¢11) (8¢, at).

- bz (aklsk)

§=0 k=t—j+1
Note here both o; and z;—p,..., 2 are just placeholders for defining the function g, and
we adopt the convention that Hizz() =1if j <i. Let Oy = (St—n, At—n, ..., St, At, Si+1)
be a sequence of random variables generated by Algorithm 4. Then the update to w in

Algorithm 4 can be expressed as

wir1 = g (wy + agg(wi—p, ..., we, Op)) .
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For the ease of presentation, we define

g(Z,Ot)ig Z7"‘7Z70t)7

(2,
g(z) = EOtNMz [g(z, Ot)]

as shorthand. By o; ~ ., we mean

St—n ~ Qs Gt ~ Pz (-[St—n), St—nt1 ~ P(|St—n;s Qt—n), - -, ar ~ pz(-[8t), st+1 ~ p(-|st, ar).
It can be easily computed that
9(x)=X"Dy, . . (vPr,—DXz+X "Dy, 7
Consider a w, in W,, we have

g(wy) = Ay, wi + by, =0.

For any 7 > 0, we have

lwerr — w.®

<||wi + g(wi—n, ..., w, Of) —w,||* (Ilg is nonexpansive)
=|Jwy — w]|? + 2| g(Wi—n, - - - s we, O)||* + 20 {wy — wa, g(Wy—n, - . ., Wy, O))
=[Jwe — i
+ 7 lg(win, - - wi, Op)||? (28)
+ 20y ((wg — Wi, g(Wi—pyy « o, Wi, Op)) — (Wi—p—r — Wa, G(Wi—n—7))) (29)
erry
+ 204 (We—n—r — Wi, §(Wi—n—7) — G(ws)), (30)

where we adopt the convention that w;_,_, = wg if t — n — 7 < 0. Using Lemmas 17 and
18 to bound (28) and (30) yields

E llwess = wil] SE |fwe - w,l?| +afU2 + 200 [erry] - 20005E 1w — w.|]

Dividing by 2a; in both sides yields
1

1 1
5 E [Hth - w*uﬂ < 5 B [Hwt - w*HQ] + 50U + Elerr] — ayE [Hwt - w*||2] (31)

Using the definition of ay in (19) yields
1
ax(t + DE [me - w*yﬂ < atE [Hwt . w*\ﬂ + 5ol +Eferr].

For some fixed T, let 79 = min {7 : Cor” < ar}. Using the definition of oy in (19), it
can be easily computed that

In (20 (T + 1)Cy)

— 1=0(nT)

o= Ink
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where [-] is the ceiling function. Here we assume 7 is large enough such that

T <T—n.

Telescoping (31) for t =0,...,T with 7 = 7y yields

a\TE [HwT - w*\ﬂ

T-1 1 T-1
< §atUg2 + Z Elerr]
t=0 t=0
T-1 1 1 T0+n T-1
= Z - - U’y Z Elerr] + Z Elerr]
g
t=0 2205(t +1) t=0 t=n+10+1
g
§4— InT+ (n+ 71+ 1)4RU, + Z Elerry],
QA t=n+19+1
where the last inequality results from
T—1
1
T <InT
<t

44



TRUNCATED EMPHATIC TEMPORAL DIFFERENCE METHODS

and the first part of Lemma 19. Using the second part of Lemma 19 with 7 = 7y to bound
the last term of (32) yields

T-1
Elerr]
t=n+19+1
T-1 t—1 t—2 k
< Cs > a+Cs Y. > aj+CiCor™ !
t=n+7o+1 j=t—n—19 k=t—n—7g j=t—n—19
1 T-1 t—1 1 t—2 k 1
=— C, —+C —— + C7Cor™
Jor 5 2 gt 2 ) GG
=n+7o+1 j=t—m—19 k=t—m—79 j=t—n—T19
T-1 t—2
1 t k+1
< Csh———+Cs . In BLEE NS
204,\ t—n—19 t—n—"1
t=n+1o+1 k=t—n—g
1 T-1
<

t
(05 + C@-(n + 7'0)) In ti =+ 0700/'{70_1)

—nNn—"1

_QQA t=n-+70+1 non "
T—1

1 t Cy 1 )

_ Cs + Cg(n+19)) In +
2o (G5 Gl ) t—n—1 20kT+1
T—1

1 t 07
<—(C5+C 1
_2a,\( 5+ 6(n—|—7'0))n H t—n*To—i_QCVA“

t=n+7o+1

1 (T—1)--(T—1—n—1) Cr
<—(C5+ C |
_200\( 5+ Cs(n +79)) In (n+m) 1 20\ K

1 Cr
<—(C5+C InT :
_2%( 5+ Cs(n +70))(n+ 70) InT + Yk

Plugging the above inequality back into (32) yields

E [llwr - w.?]
U2 T 4RU,(n+m+1) 1 nT  C
g g L Cs + C — !
_40@\ T * Q) T * 2a§\( 5+ Co(n +70))(n + 70) T + 20&/@T

In®T
o(47)

If there is also a w), € W, repeating the above procedure yields

EUWT_mW}:oCﬁ?).

45




ZHANG AND WHITESON

Consequently,

37
T

oo = = E [ = ] < E [Juor — ][] + E[Juor — s} = O

Letting T' approaches infinity yields w, = wl, i.e., W, contains only one element under the
condition of this theorem, which completes the proof. |

Lemma 17 (Bound of (28)) There exists a constant Uy such that
lg(wt—n, ..., w, O[> < U;

Proof Due to the projection IIg, we have ||w|| < R holds for all ¢t. By the definition of g,
it is easy to compute that

||g(wtfn7 <o, W, Ot)” < (n + 1)pzmximax(rmax + (1 + V)Rxmax)l‘mam
Ug

where ipmqy = MaxXs q (8, a), 'maz = MaXgq |78, a)|, Tmae = maxs 4 [|2(s,a)l|,

(s, a)

Pmax = sup :
HEA N, TEAR, 5,0 M(S’ a)

Assumption 5.2 and the extreme value theorem ensures that p,,q. < 00. |

Lemma 18 (Bound of (30))
<wt—n—T - w*ag(wt—n—r) - g(w*» < —Oé)\HU)t - w*”2
Proof Let @ = wy_,,_r — wy, we have

<wtfn77' — Wk, g(wtfnfT) - g(w*»
:<1D’ Awt_n_fwt—n—'r + bwt_n_T - Aw*w* - bw*>

:<12), Awt nerWt—n—7 — Aw* Wt_p—r + Aw* Wt—n—1 — Aw* Wy + bwtfnﬂ— - bw*>

=" Aw, ® + D(Aw, = Aw )Wz + D (buy_, , — buw,)
<" Ay, + ||| *(C1 Ly + CoLy)R + ||| *(C3 Ly 4 CuLy)
< — " (M(wy) — ((C1Ly + CoLr)R+ (C3L,, + CyLy)) I) W
< = Apnl0]®

< — aylla)?.
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Lemma 19 (Bound of (29)) Let
erry = (Wp — Wiy, G(W—py -« ., Wi, O)) — (Wi—p—r — Wi, G(Wi—p—1)).
Then for any t and T,
llerr|| < 4RU,.

Ift —n — 7 > 0, there exist positive constants Cs, Cg, independent of t, such that

t—1 t—2 k
E [67’7}] < C’5 Z % + C@' Z Z a; + 0700,%7'_1'
j=t—n—7 k=t—n—1 j=t—n—7
Proof Ift —n—7 <0,
lerre|l < [lwe — wo | lg(wi—n, - ., we, O) | + [we—n—r — we|[|G(wr—n—r)|| < 4RU.

When t — n — 7 > 0, similar to Zou et al. (2019), we define an auxiliary Markov chain

{St,fxt} as

S”fl}:--- —  Sine = Sine = Simra e
{ ty 41t t—n—1+2 , t—m—743 t—n—7+4 5
Hwy Hwy Hwy gy 7
S Ay = Sy S Si S Sim %)
<{ ty t} , t—n—71+42 t—n—7+4+3 t—n—7+4
Hwy luwt—n—T-l»l Nwt—n—7+2

i.e., the new chain is the same as the chain generated by Algorithm 4 (i.e., the chain (S, A;))
before S;_,,_;12, after which the new chain is generated by following a fixed behavior policy
Huw,_,_, instead of the changing behavior policies fiw, ,, .. 15w, 405 --- as the original
chain. Let

O~t = (gt—na At—na ) gtv Ata gt+1)7
we have

ErTt :<wt — Wk, g('UJt,n, ey, W, Ot)> - <wt7n77' — Wk, g(wt,n,7->
=(wy — W, g (Wi, - - -, W, Of) — g(wy, Oy))
+ <wt - w*,g(wt, Ot)> - <wt—n—7 - w*’g(wt—n—ﬂ Ot)>

+ <wt—n—T — Wk, g(wt—n—77 Ot) - g(wt—n—77 Ot)>

+ <wt7n77' — Wy, g(W—p—r, Ot) - g(wtfnf‘r)>-
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Using Lemmas 20, 21, 22, and 24 to bound (33), (34), (35), and (36) yields

t—1 -1
Elerr]) <2nRLy, »  aj+ (2RLy+U)Uy Y o
j=t—n J=t—n—1
t—2 k

+2RIAILU; DY Y oy +2RUCor™

k=t—n—1 j=t—n—7

t—1
< (2nRLy+ (2RLg+ U)Uy) > ay

Eg j=t—n—1
t—2 k
+2RIAILU; Y ) a;+2RU,Cor™ !
S~ k=t—n—7 j=t-—n—r '
CG C7
|
Lemma 20 (Bound of (33)) There exists a positive constant Ly such that
t—1
(Wi — Wy, g(Wi—p, - . ., Wi, Of) — g(wy, Of)) < 2nRL, Z Q.
j=t—nm
Proof First, for any ¢’ > t, we have
t'—1
lwe = will < Uy Y @
j=t
by using triangle inequalities with w¢y1, weya, ..., wy_1 and Lemma 17. It is then easy to
show that g(wi—p, ..., wy, Oy) is Lipschitz in its first argument:
19(Wt—n, Wt—nt1, We—nt2, - - s Wty Or) — g(Wty We—pg 1, We—n+2, - - -, We, O )|
t—1
n+1)(L,+ L) ppaz(T + 2Zpmax R)
S ( )( 7 7r) ma,;;( max max ) max Hwtfn _ th S LgUg Z Oéj,
Honin , j=t—n
L.‘J

where fimin = infs g p1y(als). By the extreme value theorem, Assumption 5.2 implies that
tmin > 0. Similarly, g is also Lipschitz continuous in its second argument:

t—1
| g(we, We—ng1, We—n2 - - -, Wi, Op) — g(we, W, Wi—ny2, .., we, Of)|| < LU, Z a;.
j=t—n-+1
Repeating this procedure for the third to n-th argument (w;_yy2,...,w;—1) and putting
them together with the triangle inequality yields
t—1
lg(wi—n, . .., wi, Op) = g(wy, O)|| < nLgly > ay.
j=t—m
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Consequently,

t—1
(W — Wy, g(Wi—n, . . ., wi, Op) — g(we, Or)) < 2nRL,U, Z a;.

j=t—m
[ |
Lemma 21 (Bound of (34))
t—1
<wt - w*,g(wt, Ot)> - <wt—n—7' — Wy, g(wt—n—ﬁ Ot)) S (2RLg + Ug)Ug Z aj
j=t—m—r
Proof
(wy — Wy, g(wy, Or)) — (Wi—n—r — Wi, g(Wt—n—7, Op))
:<wt — Wk, g('lUt, Ot) - g(wtfnfﬂ Ot)> - <wtfn77' — Wi, g(wtfnfﬁ Ot)>
+ (w — wy, g(W—n—7, Ot))
=(wy — Wy, g(we, O) — g(Wi—n—7r, O1)) + (Wt — Wi—p—r, g(Wt—n—7, O¢))
§2RLgHwt — Wip—rl|| + Ug”wt — Wi—p—r||
t—1
<QRLy+U)U; > o
j=t—m—T1
[ |

Lemma 22 (Bound of (35))

t—2 k
E [<wt—n—'r - w*,g(wt—n—ﬂ Ot) - g(wt—n—ﬂ Ot)>} < 2R|A|LMU5 Z Z Qg

k=t—n—71 j=t—nm—71

Proof Let ¥y, r = (wo, w1, ..., Wi—pn—r,50, A0y -+, St—n—r+1, At—n—r+1). We have

E [<wt_n_7 — Wy, J(Wt—p—7, Ot) — g(W—p—r, Ot)>}

=E [E K’wt—n—r — Wy, g(Wt—p—r, Ot) — g(Wi—r—r, Ot)> | Et—n—TH

(Law of total expectation)

=K |:<wtfnf‘r — wy, E g(wtfnfﬁ Ot) - g(wtfnf‘r» Ot) | Etfnfr:| >}
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(Conditional independence)

|

<E {Hwt—n—’r - w*H

’E [Q(wt—n—n Ot) — 9(Wt—n—r, Ot) \ Et—n—’r:|

<2RE [HE [Q(wtfn—r, O¢) — g(Wi—n—r, Ot) \ Ef*””} H

t—2 k
ARIAILU; Y Y o

k=t—n—7 j=t—n—T1

where the last inequality comes from Lemma 23. |

Lemma 23

t—2

k
EIPIX D SR i

k=t—n—1 j=t—n—1

HE |:g(wt—n—7'7 Ot) - g(wt—n—77 Ot) ’ Et—n—T}

Proof In the proof of this lemma, all expectations (E) and probabilities (Pr) are conditioned
on X;_p,_r. We suppress this condition in the presentation for improving readability. Given
t,n,T,¥_p—r, for any time step j such that ¢t —n —74+1 < j < t, we use W; C RE to
denote the set of all possible values of w;. It is easy to see that W; is always a finite set
depending on t,n, 7, ¥¢_,_,. This allows us to use summation instead of integral to further
improve readability. We have

HE [g(wt—n—7'7 Ot) - g(W—n—r, Ot)] H

Z (Pr (Ot = ot) —Pr(Oy = ot)> g(Wi—p—r,0t)

O¢

(Conditional independence of O; and O, given Sion—r)

<U, Z ‘Pr(ét = 0t> —Pr(O; = ot)‘ .

In the rest of this proof we bound . To start,

Pr(ét = Ot) —Pr(O = o)

Pr(Ot = Ot)

= g Pr(wt—l =21, At = ag, St+1 = St+1, St—n = St—ns---, St = St)
zt—1EW_1

(Law of total probability)

St—n=5St—n S —
t—m=St—n
= g Pr (At =at,S+1 = St11 | 5Zs, ) Pr (wtfl =21 | g ) Pr(Si—n = st—n,-.., St

—2 t=5t
w
21 t—1=2t—1
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(Chain rule of joint distribution)

St—n=5t—n

=tz (aelse)p(sigalse, ar) Pr (wt_1 = zt-1 ) Pr(Si—n = st—n, ..., St = st).

Zt—1

t=S5¢t
Further,

Pr (Ot = ot)
=, . (at|st)p(sir1lse, ar) Pr (St_n = St_p,... ,S't = st)

(Definition of the auxiliary chain)

~ ~ S, —n=S8t—n
=Hwe__, (@t]5¢)P(St41]5¢, ar) Pr (St—n = St—n,---, 0t = St) Z Pl"<wt—1 = z-1 | ' S:-;sz )
Zt—1

Consequently,
Z ‘Pr(Ot = Ot) — Pr(ét = Ot) ’
ot
St—n=5St—n
< Z Pr (wt_l = Zt—-1 ‘ St;st )X

St—mn;--,St,At,2¢—1

,uzt_l(at|5t) PI‘(St,n, ey St = St) — th_n_T (at|st) PI‘ (S’tfn = St—my ey S’t = St) ‘

St—n=5St—n
< Z Pr (wt,l = Zt-1 | S s, )X

St—mns--5St,At,2t—1

(‘uztl(aﬂst) PI‘(Stfn, e St = St) — My s (at|st) PI"(Stfn = Sty St = St)‘—l-

‘th_n_T(aﬂSt) Pr(Si—n,..., S = s¢) — th_n_T(&t|8t) Pr (Stfn = St—ny--- ,St = St) D

St_n=5St_n
< 5 Pr<wt_1 =21 | tS---st )><
t=St

St—ms---5St,At,2¢—1
(‘ILLZtl(at’St) — My s (at‘st)‘ Pr(St_n = St—my.-- 7St = St)+

Mgy~ (at]st))Pr(St_n, cey S =8) — Pr(gt_n =Si_p,..., S = st> ’) (37)

Since z;_1 € W;_1, we have

t—2
iz (ar]s) = o, (a]8)] < Lyllzt-1 — wion—r | < LUy >

Jj=t—n—1
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Plugging the above inequality back to (37) yields

Z ‘PI‘(Ot = Ot) —Pr (Ot = Ot>‘
Ot
< X mrunsan T

St—ms--5St,At,2t—1
t—2

(PI‘(Stn = St—mye--y St == St)Lng Z O[j-f-
j=t—n—1
Hwi—p—r (at\st)‘Pr(St_n, ey St = St) — Pr(gt_n = St—my---y St = St> ‘)

t—2
=ALU, > o+ Y

j=t—n—r1 St—myeesSt

PI‘(St_n, e ,St == St) - Pr(gt_n = St—my -y gt == St> ’

Recursively using the above inequality n 4 1 times yields

S ‘Pr(@t - ot) — Pr(O; = ot)’ (38)

t—2 t—nm—2
<|A|L,U, Z aj+ -+ Z aj | + Z ‘Pr(St,n = S4_p) — Pr(St,n = st,n)
j=t—m—T1 j=t—m—1 St—n

We now bound the last term in the above equation. We have

Pr(St—n = St—n)
= Z Pr(St—n—l =5,5-n= St—n)

= ZPr(St—n—l = 5) Pr(st—n = St—n’St—n—l = S)

= ZPT(Stfnfl = 5) PI“(St,n = St—n, At—n—1 = a|5t7n71 = 5)

s,a

= Z Pr(St—n—l = S)Ewtfnfz [Pr(St—n = St—n, At—n—l = a|St—n—1 =S, wt—n—Q)]

= Pr(Si-n-1= 8)Eu,_,_s [Hwr_n_2(al8)p(st-nls, a)]

s,a

Similarly,

Pr (5’t_n = st_n> = ZPr (5’t_n_1 = s) ty,, - (a]$)p(si—nls, a).

s,a
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Consequently,

Z Pr(Si—n = st—n) — Pr(gt_n = st_n)

St—n

= Z Pr(Si—n-1=9)Eu, , [th_n_z(a|5)] —Pr (S't—n—l = s) T (a|s)‘

<3 |Pr(Stonet = ) Bui s s (@l9)] = Pr(Seenos = ) B [t (al9)] | +

Z Pr (5},”,1 = 5>Ewt_n_2 [Nwt—n—z (a|s)] —Pr (5},”,1 = 5) T (a|5)‘

S Pr(Sint =) [Bucs [ -a(als)] = .. (als)]
< Z ‘Pr(St,n,l =s)— Pr(gt,n,l = s) ‘ +

Z Pr (S’t_n_l = 3) max B s [Hwin_s(als)] = tw,__, (a]s)]

s,a
Since
‘Ewt7n72 [/’Lwtfn72 (a‘s)] — Hwy_p_ (a‘s)‘
= ‘Ewt7n72 [/’Lwtfn72 (a‘s) - lu”wtfnfr<a‘s):| ‘
SEwt7n72 H/”Lwtfn72 (CL’S) ~ Hwypr (a’3)|]
t—m—3
SUgLM Z Qy,
j=t—m—r

we have

Z ‘Pr(St_n =s)— Pr(gt_n = s)‘

t—nm—3

§Z ‘Pr(St,n,l =3) — Pr(gt,n,1 = S)‘ + |A|UyLy, Z ;.

j=t—m—1
Applying the above inequality recursively yields

t—n—3 t—n—r
3 ‘Pr(st,n =) = Pr(Si = s)‘ < |A|U,L, ( S et Y aj> (39)

j=t—n—71 j=t—mn—71

as

Pr(Si—pn—ri2=38) =Pr (S’t,n,ﬂrg = s)
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by the construction of the auxiliary chain. Plugging (39) back to (38) yields

t—2

k
Z ‘Pr <O~t = ot) — Pr(O; = o1)| <|A|LLU Z Z a;,

k=t—n—1 j=t—n—7

which completes the proof. |

Lemma 24 (Bound of (36))

E [(wen-r = e g(Wi-n—r, Or) = §(twin—r) )| < 2RU,Cor™!
Proof
E :<wt7n77 — Wy, g(Wi—n—r, O) — §(wtfn77)>}
=E [E [(wrn—r = w0, g(wr-n7,00) = §wn-7) ) | Stonr ]|
—E | (wt-n—r = 04, |g(Wi—n—r,00) = §Wt-n—7) | Tion—r| )|

0~ 5] |

‘. In the rest of the proof, all ex-

<E Hwt—n—T - w*H

SQRHE [g(wt*nfﬂﬂ O1) — g(wi—n—r) | Zt7n77:|

We now bound HE [g(wt_n_T, Ot) — g(Wi—n—r) | Et_n_T}

pectations (E) and probabilities (Pr) are conditioned on ¥;_,,_,. We suppress the condition
in the presentation for improving readability. Let Oy = (Si—p, At—n, ..., St, A¢, St41) be a
sequence of random variables such that

gt—n ~ duwt—n—‘r ) At—n ~ ,u’wtfnf-,—("‘gt—n)a ceey At ~ ,U/wt,n,.,.('lgt), gt-i—l ~ p(|St> At)
Then

E [9<wt—n—ﬂ Ot) o Q(U)t—n—T)} H

=||E |:g(’wt—n77'a O1) = g(we—n—r, Ot)] H

= Z <Pr (Ot = ot) — Pr(@t = Ot)> 9(Wi—n—r,01)

Ot

<Ugy
O¢

=U, Z
Ot

o (ag|se)p(ser]se, ar)

=U, Z Pr(S’t,n = st,n) — Pr(gt,n = st,n)

St—n

Pr(0i = or) = Pr(01 = o)

Pr(Si-n = s1-n) = Pr(St-n = s1-0)

Hwe 7 (Gt—n\st—n)p(st—nﬂ \St—m at—n)

<U,Cok™ ' (Lemma 11 and the construction of the auxiliary chain)
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which completes the proof. |

Appendix C. Complementary Plots
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Figure 7: Truncated Emphatic TD and ETD(0, ) in the prediction setting.
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