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Abstract

The recent success of neural network models has shone light on a rather surprising sta-
tistical phenomenon: statistical models that perfectly fit noisy data can generalize well
to unseen test data. Understanding this phenomenon of benign overfitting has attracted
intense theoretical and empirical study. In this paper, we consider interpolating two-layer
linear neural networks trained with gradient flow on the squared loss and derive bounds on
the excess risk when the covariates satisfy sub-Gaussianity and anti-concentration prop-
erties, and the noise is independent and sub-Gaussian. By leveraging recent results that
characterize the implicit bias of this estimator, our bounds emphasize the role of both
the quality of the initialization as well as the properties of the data covariance matrix in
achieving low excess risk.

Keywords: implicit bias, generalization, benign overfitting, interpolation, neural net-
works, regression

1. Introduction

Understanding benign overfitting—the phenomenon where statistical models predict well
on test data despite perfectly fitting noisy training data (see, e.g., Zhang et al., 2017; Belkin
et al., 2019; Bartlett et al., 2021; Belkin, 2021)—has recently attracted intense attention.
One line of work has focused on understanding this phenomenon in relatively simple models
such as linear regression (Kobak et al., 2020; Hastie et al., 2022; Bartlett et al., 2020;
Muthukumar et al., 2020; Negrea et al., 2020; Chinot and Lerasle, 2020; Wu and Xu, 2020;
Tsigler and Bartlett, 2020; Bunea et al., 2020; Chinot et al., 2020; Koehler et al., 2021)
including with random features (Hastie et al., 2022; Yang et al., 2020; Li et al., 2021),
linear classification (Montanari et al., 2019; Chatterji and Long, 2021; Liang and Sur, 2020;
Muthukumar et al., 2021; Hsu et al., 2021; Deng et al., 2022; Wang and Thrampoulidis,
2021), kernel regression (Liang and Rakhlin, 2020; Mei and Montanari, 2019; Liang et al.,
2020) and simplicial nearest neighbor methods (Belkin et al., 2018).

A complementary line of work (Soudry et al., 2018; Ji and Telgarsky, 2019; Gunasekar
et al., 2017; Nacson et al., 2019; Gunasekar et al., 2018b,a; Yun et al., 2021; Azulay et al.,
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2021) has formalized the argument (Neyshabur et al., 2015) that, even when no explicit
regularization is used in training these models, there is nevertheless implicit regularization
encoded in the choice of the optimization method, loss function and initialization. They
argue that this implicit bias is critical in determining the generalization properties of the
learnt model.

Recently, Azulay et al. (2021) characterized the implicit bias of gradient flow applied to
two-layer linear neural networks with the squared loss. More concretely, the setting is as
follows. Given n data points (x1,1), ..., (Tn,yn) € RP xR, let y := (y1,...,9,)" € R” and
X = (21,...,2,)" € R™P. They studied two-layer linear networks, with m hidden units,
and weights a € R™ and W € R™*P_ that map an input 2 € RP to the scalar

a Wa.

Let # = o' W € RP denote the standard parameterization of the resulting linear map. A
two-layer linear network with parameters {a, W} is said to be balanced if

aal —WWT =0.

Azulay et al. (2021) showed in Proposition 1 that, starting from a balanced initial point
(a(0),W(0)), if the gradient flow converges to a solution that perfectly fits the data, then
the solution can be characterized as follows:

0 € argmin||0|*/? — m, s.t., y=X6. (1)
bERP VIO

In this paper, we study the generalization properties of this solution in the overpa-
rameterized regime, where such interpolation is possible. We prove upper bounds on the
excess risk and show that it depends both on the properties of the eigenstructure of popula-
tion covariance matrix—as in the case of the minimum f-norm interpolant (ordinary least
squares) (Bartlett et al., 2020; Tsigler and Bartlett, 2020)—and also on the quality of the
initialization #(0). In particular, we show that to drive the excess risk to zero, it suffices if
the number of samples is large relative to the trace of the population covariance matrix and
also that the number of “small” eigenvalues is large relative to n. Our bounds also show
that the excess risk can be smaller as a rescaling of 6(0) gets closer to the optimal linear
predictor.

An overview of the techniques that drive our analysis is as follows. We begin by showing
that the predictor 8 can be viewed as a perturbation of the ordinary least squares solution in
the subspace orthogonal to the row span of X. To characterize this perturbation we find that
it is important to derive upper and lower bounds on Tr((XX ")~1). To do this, as done in
past work, we instead bound the trace of the “tail” of the matrix—the submatrix formed by
the many low variance directions—and show that it not only concentrates but also provides
a good approximation for the trace of the inverse of the entire matrix Tr((XX ")~1).

Along the way we derive a new multiplicative high-probability lower bound on the least
singular value of a non-isotropic rectangular random matrix (Lemma 15). We could not
find such a result in the literature. The most closely related work that we know of (see
Rudelson and Vershynin, 2010, and references therein), characterizing the “hard edge” of a
random matrix, has focused on the most difficult case of isotropic square matrices.
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The remainder of the paper is organized as follows. In Section 2 we introduce notation
and definitions. In Section 3 we present our results. We provide a proof of our main result,
Theorem 5, in Section 4 and prove our lower bound in Section 5. We conclude with a
discussion in Section 6.

2. Preliminaries

This section includes notational conventions and a description of the setting.

2.1 Notation

Given a vector v, let ||[v|| denote its Euclidean norm. Given a matrix M, let || M| denote
its Frobenius norm and ||M||o, denote its operator norm. For any j € N, we denote the set
{1,...,7} by [j]. Given a symmetric matrix M € RP*P we let p1(M) > ... > p,(M) denote
its eigenvalues. We let I, denote the identity matrix in p dimensions. Given any vector
v € RP, we let v1.,; € RP denote the vector obtained by zeroing out the last p— j coordinates
of v and let vj;1,, € RP denote the vector obtained by zeroing out the first j coordinates.
Given a symmetric positive semidefinite matrix M € RP*P, let M;.; € RP*P be the matrix
formed by zeroing out the last p — j rows and columns of M, and let Mjiq., € RP*P be
the matrix formed by zeroing out the first j rows and columns. We let ||v|[p := Vo T Mo
denote the matrix norm of v with respect to the matrix M. We use the standard “big Oh
notation” (see, e.g., Cormen et al., 2009). We will use ¢, , ¢1, ... to denote positive absolute
constants, which may take different values in different contexts.

2.2 The setting

Throughout the paper we assume that p > n. Although we assume throughout that the
input dimension p is finite, it is straightforward to extend our results to infinite p.

For random (x,y) € RP x R, let

0" € argminE {(y — xTG)Q}
OcRP

be an arbitrary optimal linear regressor. We assume that x is mean zero and let ¥ := E[z2 ']
denote the covariance matrix of the features. Without loss of generality, we will assume
that the covariance matrix is diagonal and its eigenvalues are arranged in descending order
A1 > Ay > ... > )\, > 0. (Note that such a covariance matrix can always be obtained by
a rotation and permutation, and the estimator (1) is correspondingly transformed.) Recall

that y = (y1,...,%,) ' is the vector of responses and X = (x1,...,x,)" is the data matrix.
Define € = (y; — x{ 0%, ...,y —2,,0%)" = (e1,...,,)" to be the vector of noise.

We make the following assumptions:
(A.1) the samples (z1,41),..., (Zn,yn) and (z,y) are drawn i.i.d.;

(A.2) the features x and responses y are mean-zero;
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(A.3) the features = = $1/2y, where u has components that are independent o2-sub-
Gaussian random variables with o, a positive constant, that is, for all ¢ € RP

E [exp (67u) | < exp (o216]/2)

(A.4) there is an absolute constant ¢ such that, for any unit vector ¢ € S"~! and any
a<belR

iy [(2*1/2)(%% € la, b]} < elb—qf
for all i € [p];

A.5) the difference y — ' 6* is o2-sub-Gaussian, conditionally on z, with o, a positive
Yy Y y )
constant, that is, for all ¢ € R

E, [exp (qﬁ(y - ZCTG*)> ‘ x} < exp (a§¢2/2)
(note that this implies that E[y | z] = 2T 6*);

(A.6) for all x, the conditional variance of y — z'6* is
E, [(y — 2 0%)? | x] =0
where o is a positive constant.

We emphasize that o,,0, and o are absolute constants, independent of all other problem
parameters (n,p and ). All the constants going forward may depend on the value of these
constants.

The assumptions stated above are satisfied in the case where u is generated from a mean-
zero isotropic log-concave distribution with sub-Gaussian, independent entries and the noise
y — x| 6 is independent and sub-Gaussian. We note that Assumptions A.1-A.3, A.5-A.6
are standard in the literature of benign overfitting in linear models (see, e.g., Bartlett et al.,
2020). We make an additional small-ball probability assumption (Assumption A.4) which
allows us to derive a sharper multiplicative lower tail bound for the minimum eigenvalue of
the submatrices of X (Lemma 15).

Given the training samples define the excess risk of an estimate § € RP to be

Risk(0) := E., [(y —2"0)? — (y—a"0")?],

where z,y are independent test samples.

Define the shorthand
0(0)

VGOI

so that the estimator described in equation (1) can be written as the solution to a constrained

convex program given by

0 € argmin [|0]]*? —w'9, s.t., y = X0. (2)
OcRP
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We let UDVT = X be the singular value decomposition of X where U € R™ " and
V € RP*P are unitary matrices and D € R™*P is a rectangular diagonal matrix with its
eigenvalues in descending order. By Lemma 26, we know that the rank of D is n. We let
Dt € RP*™ denote the pseudo-inverse of D. Since D has rank n, the bottom p — n rows of
D' are identically zero.

Also define

y:=D'U"y, w=V"w and 6:=VTa. (3)
We will use the following definitions of the “effective rank” from Bartlett et al. (2020).

Definition 1 Given a subset S C [p], define s(S) := Y ;cg i, and define the following
ranks of the covariance matriz 3 with eigenvalues A1, ..., \p:

s(.9)

maXx;cg A

5(S)?

r(S) = 72%3 VR

and R(S) :=

-\ and

Further given any j € [p|, with some abuse of notation, define sj := 3,

5. <2

S R

rj = " and R; = > vk
Jj+1 i>5 i

The following lemma (Bartlett et al., 2020, Lemma 5) relates these different effective ranks.
Lemma 2 For any subset S C [p] the ranks defined above satisfy the following:
r(S) < R(S) < r(5)*,

We define the index k£ below. The value of k shall help determine what we consider the
“tail” of the covariance matrix.

Definition 3 For a large enough constant b (that will be fized henceforth), define
k:=min{j >0:r; > bn},
where the minimum of the empty set is defined as oco.
Finally we define v, which is a rescaling of w.

Definition 4 Define

_2yont/t 2y /ont/t 6(0)
Y= 14 W= 1/4 o
35, 35, 16(0)]]
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3. Main results

In this section we present our main result, Theorem 5, which is an excess risk bound for
the estimator . It is proved in Section 4.

Theorem 5 Under Assumptions 1-6, there exist constants cq, . .., c7 such that for any 6 €
(e=V 1 — ¢cre="), if p > cs(n+ k), n > cymax {k, sz} and ||0*]],||w| < c5 then with
probability at least 1 — cgd

Risk(f) < Bias + Variance + =,

where

2e7)|0* — |?sp,
n b

. 2 Sk
Bias < ¢ (H(e* _ w)l:kHEii (;) + 16" — )41 szk+1p> <

Variance < c7log(1/4) <k JZ >
k

- n n? s lo 1/6 k2 ro T log(1/6)
oo [ 2.
k

Note that Bias goes to zero as ¢ — 6*. In the upper bounds on the excess risk for
linear models with a standard (one-layer) parameterization (see Tsigler and Bartlett, 2020,
Theorem 1), the corresponding term scales with the square of the norm of 6* rather than
(0* — ). If one has a “guess” 1) for 6*, then—given knowledge of o, s and n—it is possible
to set the initialization as follows:

o) - 2B [

4 o3n
which ensures that ¢ = 12 Very accurate prior guesses 12 of * are rewarded with a very
small value of the Bias term.

Next, we note that the upper bound on Variance here is identical to the upper bound on
the variance for the minimum #3-norm interpolant (the OLS estimator) (see Bartlett et al.,
2020, Theorem 4). The initialization #(0) (through 1) only affects the conditional bias of
the estimator here, but leaves the conditional variance the same as the OLS solution. This
is because, as we will show below in Lemma 11, 0 can be expressed as a perturbation to
the OLS estimator in the subspace orthogonal to the row span of X. It turns out that the
variance only depends on behavior of 0 in the subspace spanned by the data, where 6 and
the OLS solution are identical.

As mentioned, 6 is a perturbation of the OLS estimator. In particular, it is perturbed
by a*Projx (w), where Projx (w) is the projection of w onto the subspace orthogonal to the
row span of X and a* is a scalar random variable that depends on the data. We shall
demonstrate in Lemma 13 that, under the setting specified by the theorem, a* concentrates

around 2‘:(17}4 The final term in the excess risk bound, =, corresponds to the fluctuation

of a*. We mlght think of #(0) (and hence w) as being constructed from 1 and an estimate
of o*; from this point of view, = accounts for the contribution to the excess risk arising
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from the error in estimating a*. Next we derive sufficient conditions for the excess risk to
go to zero as n,p — oo. Consider the case where A1, ||6*||, ||¢| and log(1/d) are all bounded
by constants. (In the case of |[¢||, this can be achieved by appropriately scaling 6(0).) For
Bias to go to zero it suffices if

Sk
n

For Variance to decrease to zero it suffices if

k n
— =0 d — —=0.
- — an R —

Finally, for = to approach zero it suffices for

050

n
which also implies the condition ** — 0 needed to control the Bias term. (To see that *> — 0
suffices, recall that we have assumed that A\1,log(1/0) and |[¢| are constants. Further, the
quantity in the square brackets of our bound on = is at most a constant, which can be seen
as follows. The definition of r; implies that r; > bn, and Lemma 2 gives R > ri. Finally,
we have assumed that n > cmax{k, sy}.) To summarize, if k, 0, 1’; — 0, the excess risk
of this estimator approaches zero. Some discussion and examples of When this condition is
satisfied are given in (Bartlett et al., 2020; Tsigler and Bartlett, 2020).

To develop intuition, we consider a special case of Theorem 5 defined as follows.

Definition 6 ((k,¢)-spike model) Fore >0 and k € N, a (k,e)-spike model is a setting
where the eigenvalues of ¥ are \y = ... =Xy =1 and \p11 = ... =\, = €.

Instantiating Theorem 5 in the case of the (k, €)-spike model, and removing some dom-
inated terms, yields the following corollary.

Corollary 7 Under Assumptions 1-6, there exist constants c, . . ., cs such that in the (k,€)-
spike model for any § € (e=OV™ 1 — cre= ™) if p > cs(n + k), n > cymax{k,ep} and
10%]], |lw]| < 5 then with probability at least 1 — cgd

Risk(0) < Bias + Variance + =,

where

Bias < ¢ (||(9* — )1 (Z)) +ell (0% — ¥)kt1: p||2> < cgl|0* —¥|? (%D) ;

k
Variance < ¢7log(1/6) (n + Z) :

= <oyl [0+ 2 U0 BT, wasp \/1og1/5}
p n n

Again, in the case where A1, ||¢|| and log(1/d) are bounded by constants, a sufficient condi-
tion for the excess risk to decrease to zero is when %, %, 2 0.

Next we establish a lower bound. It is proved in Sectlon 5.
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Proposition 8 If a(0) and W(0) are chosen randomly, independent of X andy, so that
the distribution of a(0) "W (0) is symmetric about the origin, then

Ea0)w (o). xy[Risk(9)] > E |07 BO*| + 0B [Tr(C)],
where
B := (I — XT(XXT)‘1X> D (I _ XT(XXT)—1X> and
C=(XX")'X=sx"(xx")™

Remark 9 For the distribution of a(0)TW(0) to be symmetric about the origin, it suffices
that a(0) and W(0) are chosen independently, and that either the distribution of a(0) is
symmetric about the origin, or the distribution of W(0) is.

Remark 10 Bartlett et al. (2020) proved that E[Tr(C)] > ¢ (% + P%) for a constant c.

Tsigler and Bartlett (2020) proved a lower bound on E[0*T BO*] under the assumption that
the signs of the components of 0* are chosen uniformly at random. For the case that ¥ = 0,
their lower bound matches the upper bound on Bias from Theorem 5 of this paper under the
assumptions of that theorem. However, there is a gap in the upper and lower bounds when

Y #0.

4. Proof details

The proof of Theorem 5 is built up in parts. First, in Lemma 11 we show that 6 can
be viewed as a random perturbation of the ordinary least squares (OLS) solution in the
subspace orthogonal to the row span of X. In Lemma 12, we show that the excess risk can
be decomposed into two terms, one that can bounded above by Variance and the other that
is upper bounded by Bias + =. The next piece is Lemma 13 which is crucial in helping us
characterize the perturbation to the OLS solution. To do this we first present concentration
inequalities in Section 4.1, then we establish upper and lower bounds on Tr((XX ")~!) in
Section 4.2, and finally prove Lemma 13 in Section 4.3. We finish by combining all of these
elements to prove the theorem in Section 4.4. Throughout this section we assume that the
assumptions made in Theorem 5 are in force.

A note about constants. As mentioned earlier, we will not always provide specific
constants. The constants c1, ¢, . .. in our proofs are independent of the problem parameters,
but they can depend on one another. It will not be hard to verify, however, that the
constraints on their values are satisfiable. When we write “c; is large enough”, this should be
understood to be relative to the constants previously introduced in the proof not including
b, the constant used in the definition of r;. Loosely speaking, b is chosen last: it should be
taken to be large relative to all other constants.

We begin with the following lemma that provides a closed-form formula for 0 as a
perturbation of the ordinary least squares solution.

Lemma 11 The solution 6 can be expressed as follows:

0=0os+a*(I - X" (XX ' X)w,
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where éOLs =X (XXT)_ly is the ordinary least squares solution (minimum fle-norm
interpolant) and

o \/ 8Tt 1l + /5[ 1+ 20015 W
81 '

where w and 'y are defined in (3).

Proof Recall that X = UDV'T is the singular value decomposition of X. Therefore,

0 € argmin [|0]]*? —w'9, st., y= X0

OcRP
0 € argmin ||0]|*? — w0, st., DUy = D'UT X0
OcRP
0 € argmin ||0]>? —w'0, st., y=DUTX0
0cRp
— VT cargmin |[VTOP?2 - V)VTE, st., y=DUTXV(VTH
OcRP

(since the Euclidean norm is rotation invariant and VV'T = I,,)

e fcargmin |0P2—@'0, st., y=DUTXV0.
fcRP

Since the bottom p — n rows of D! are identically zero, the vector y can be written
(¥1,---,¥n,0,...,0)". Since the SVD of X = UDV " we have that

DIUTXVe=DUTUDVTVO=D'D = [I(’; 8] 9.

Hence, for the constraint to be satisfied, the first n coordinates of 0 are required to be
equal to (y1,...,¥n), and the remaining coordinates of 6 can be anything. That is, the
constraints are satisfied when 6 = (y1,...,¥,,0,...,0)" + ¢, for some ¢ € RP with its first
n coordinates all equal to zero.

To find this optimal vector ¢* we can now proceed to solve the following unconstrained
optimization problem:

s 3/4 L
o* € argmin ([0l + 162) " = D @0y
PERP j=n+1

Since the first term in the objective function above is rotationally invariant, it must be
the case that the minimizer has the form ¢* = a*wy41,, for some a* > 0. That is, it
is positively aligned with the tail of the vector w. (If ¢* was not in the span of w1,
removing the projection of ¢* in the subspace orthogonal to this direction would improve
the norm without affecting the second term, and if ¢* - w41, < 0, then —¢* would be a
better solution than ¢*.) In particular, we have

wn+1;p = O = ¢* - 0
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Otherwise, ¢* = a*Wy41., for the solution o* of the following one-dimensional problem:
. ~ ~ / -
o € argmin ([Guall® + 0 Tnsrspl) " — 0Tl
a>

To simplify notation, let p := ||f1:]|? and ¢ := |@Wnt1:p]|> > 0. The first derivative of the
objective function is as follows:

d
- [(p+(0¢2)3/4 _

B 3Ca
= 2+ ¢
Setting this first derivative equal to zero we get that

3Ca
2(p+Ca?)t/t ‘
3o
2(p+¢a?)/t
1/4

=0
1=0

:)3?0[: (p+¢a?)

81la?
16
< 8lat — 16¢a? — 16p = 0.

= p+ Ca? (because o > 0 at the optimum)

We can view this as a quadratic equation in o?, so

8lp
2 _ 160+ /256¢% + 5184p _ 16¢ (1 +4/1+ 4<2)
162 162 ’
2

but the solution with the negative sign can be ignored since o must be positive. Taking

square roots we get that

8g(1+ 1+%§)
81 '

Again, we drop the negative solution since we know that o > 0 at the optimum. Thus we
find that

a==+

0 = y + Oé*mn+1;p

NPT [ 4 82
8¢ (1+/1+5%) Blln+isl (” 1+4|wn+1:p||4)

o = 81 =\ 81

811 1pl12 + /641514 + 1296 G112
81

B \/ 812 + /64 [r 1 [+ 1296][5 ]2

for

81

10
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Recall that by definition 0= V70,5 =DUTy and @ = VTw and hence

0 =Vy+ Vi1
=VD'U Ty + " Vipi1y
T ! ~
—X <XX ) Y + 0 Vi1
= foLs + a* Viny1y

=foLs +a*V [ Onxn Onxp-m| /7,
O(p—n)xn Ip—n

Recall that the SVD of X is UDV' T, and the last (p —n) columns of D are zero. Thus, the
last (p —n) rows of VT span the null space of X.
Furthermore, (I, — X T (XX 7)71X) represents the projection onto this null space of X.

This can be seen as follows. First, any member u of this null space is mapped to itself (since
Xu = 0). On the other hand, for each row = of X, (I, — X (XX ")"1X)z" =0, as

(L, - XT(xxH'x)xT =o.

Recalling that the last (p — n) rows of VT span the null space of X, we have

v . Onxn On;(p—n) VT _ Ip o XT(XXT)_IX.
(p—m)xn p—n

This wraps up our proof. |

Armed with this formula for # we can now bound the excess risk.

Lemma 12 The excess risk of 6 satisfies
Risk(f) < ¢(0* — o*w) " B(0* — a*w) + clog(1/8)Tr(C)
with probability at least 1 — § over €, where
B = (I - XT(XXT)*lx) 5 <I - XT(XXT)*X) and
C:=XXNHxexT(xx")t

Proof Since ¢ = y — x ' § is conditionally mean-zero given x,

Risk(0) = E., [(y - mTé)Q} —Eqy [(?/ - ;Je*ﬂ
~E,, [< 2 TO* 4o (9 é))z] —E,, {@ _ xTe*)Q]

[T -0)

11
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Using the formula of 0 from Lemma 11, and because y = X0* + € we find that
. N T I al Ty—1 * ok Ty T Ty—1 2
Risk(6) = E, (w (I XT(xXXT) X) 0% — a*w) — 2 X T(XXT) s>
2 2
< 9E, [(:J <I - XT(XXT)—lx) (0" — a*w)) ] +2E, [(xTXT(XXT)_15> ]
=2(0* — a*w) " B(#* — o*w) + 2¢' Ce.

Now by (Bartlett et al., 2020, Lemma 19) we find that 2¢'Ce < o2log(1/6)Tr(C) <
clog(1/0)Tr(C) with probability at least 1 — ¢. This completes the proof. [ |

The following lemma provides upper and lower bounds on the value of a* that are tight
up to the leading constant when p is large relative to n + k and when n is sufficiently large
relative to k and s = >, ) A

Lemma 13 There are constants cy, . . . , ¢5 such that for any & € (e~V™, 1), if p > e1(n+k),
n > comax{k, sk} and ||0*|, ||w| < c3 then with probability at least 1 — c40,

ool B

1/4

Lemma 13 is proved over the next few subsections. As might be expected, for a* to
reliably fall within a small interval, X must be well conditioned in some sense. We begin by
establishing bounds on the singular values of submatrices of X in Sections 4.1, whose proofs
are provided Appendix B. In Section 4.2, we show that the Tr((XX ")~!) is concentrated.
Armed with these bounds, we build up our analysis of o* in stages in Section 4.3.

4.1 Bounds on the extreme singular values of submatrices of X

In this subsection, we will derive bounds on the largest and smallest singular value of a
submatrix of X. Given a subset S of [p], let Xg € R™*I5| be a submatrix of X where only
the columns with indices in S are included.

With this in place, we are now ready to prove our concentration results. We prove this
lemma in Appendix B.1.

Lemma 14 There exists a positive absolute constant ¢ such that, for any subset S C [p]
and any t > 0, with probability at least 1 — 2e~t, for all j € {1,..., min(n,|S|)}

t+n t+n

(XsX&)—s(S ‘ <es(S) [ e 4 4| s

/'L]( S S) S( ) —CS( )<T(S) + R(S))

This lemma provides an additive lower bound on the minimum singular value of subma-

trices of X. Next, we will provide a sharper multiplicative bound on the smallest singular
value of such matrices. Its proof can be found in Appendix B.2.

12
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Lemma 15 There exist absolute positive constants cg,...,cs such that given any subset
S Cp] if, r(S) > con then for allt < c; <1

P |pin(XsXd) <t-s(S)| < (eat)™®.

This sharper multiplicative bound provides a much more refined lower tail probability
estimate for the minimum eigenvalue than the previous additive bound in Lemma 14, espe-
cially when ¢ is close to zero. This is useful in our analysis to control E[Tr(X X T)~!] which
is in turn used to establish Lemma 16 that bounds Tr((X X ")™1).

4.2 Concentration of Tr((XX "))

In this subsection we shall prove the following lemma which shows that Tr((XXT)™!)
concentrates.

Lemma 16 There are positive constants cy,...,cq such that, if p > co(n + k) then with

probability at least 1 — c1e™ 2"
c3n n n  k  _.um
S— W5t -+ +e ™V
Sk Rk Tk n

The proof of Lemma 16 in turn requires some lemmas. To state them, we need some
additional notation and definitions.

Recall that we have assumed without loss of generality that 3 is diagonal. Let A\; >
... > )p be the elements of its diagonal, and define the random vectors

Tr ((XXT)*l) ~ %

Xe;
Z; = L eR™

Vi

These random vectors z; have entries that are independent, o2-sub-Gaussian random vari-
ables (see Bartlett et al., 2020, Lemma 8). Note that we can write the matrix

p
XXT = 2)\1%2;'—
=1

Definition 17 Define the shorthand A := XX, and define

k p
H .= Z )\ZzzzZT and T .= Z )\,zZzZT
i=1 i=k+1

Therefore A= H +T.
To prove Lemma 16 we shall prove the following four results:
e in Lemma 18, we show that Tr(A~!) is close to the Tr(7T~!) with high probability;

e in Lemma 19, we show that E [Tr(A™!)] is well approximated by E [Tr(T~1)];

13
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e in Lemma 20, we show that Tr(71) is close to its expectation with high probability;

e finally, in Lemma 21, we establish upper and lower bounds on E [Tr(A_l)] that match
up to leading constants.

By using these four results and the triangle inequality we shall demonstrate that Tr(A~1!)
is close to n/sj with high probability and prove Lemma 16. Throughout this subsection we
shall assume that the dimension p > ¢o(n + k), for a sufficiently large constant c¢g. Under
this condition, Lemma 26 implies that the tail matrix 7" is full-rank and invertible.

4.2.1 Tr(A=Y) 18 cLOSE TO Tr(T71)

We begin by showing that Tr(A~1!) is close to Tr(7~!) with high probability.

Lemma 18 There exist positive constants cg,...,cs such that, for all 8 < ¢y < 1, with
probability at least 1 — 2exp(—ri/B%) — (c18)2",

csk
Bsy

[ Tr(A™) = Te(T7h)| <

Proof Recall that A = XX T = Y0 Niziz/ +3°7 | Niziz] = H+T. Let ug, ..., up € R”
be an orthonormal basis for the row span of H, and let uy,...,u, be an extension to a basis
for R™. Write U = [uy, ..., u,] = [E; F], where E is n x k. Thus

Te(a™) € 1 (vTaw)

= Tr <:UTAU} _1>

—Tr < :UT(H + T)U} 1)

- -1

- Tr< UTHU+UTTU] )

ETHE ETHF 17!
o ([(Ee B o]
. T -1
@Tr(KE HE 0)+UTTU] )

0 0

ET -

:Tr([(O)H(E 0)+UTTU} )

14
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where (i) follows since U is a unitary matrix, (i7) follows since the columns of F' are outside
the span of H. Continuing, we apply the Sherman-Morrison-Woodbury identity to get that

Tr(A™h)

— T ([UTTU]1>
T ([UTTU]—I (EOT) [HT +(E 0) {UTTU}_1 (]%Tﬂ (E 0) [UTTU}_1>

=T (1)
—Tr (UTT—lU (]%T> [HT +(E o)U'T'U <E§>]_l (E 0) UTT—1U>

O (1) - Tr <UTT1EET '+ EETTEET | - EETT1U>

—~

—1
— T (7)) - Tr (T—lEET i+ EETTEET | EETT_1> , (5)
where (i) follows since (E;0)U" = (E;0)(E;F)" = EET. Now
—1
0<Tr (TlEET [HT + EETT*EET} EETT1>
-1
<Tr <T—1EET (EETT—lEET) EETT_1>
t t
— Ty <T—1EET (EET) T (EET) EETT—1> , (6)
where the second inequality holds because
H' >0
—1 —1
- (EETT—lEET) - (HT +EETT—1EET) =0
-1 —1
— T 1EET ((EETT—lEET) . (HT n EETT—lEET) > EETT'+0
—1 —1
— T 1EET (EETT_IEET> EETT'>T1EET ((HT n EETT—IEET> ) EETT!
along with the fact that, for any symmetric positive semi-definite matrices ¢ and .S such

that @ = S, for all 4, 4;(Q) > p;(S) > 0.
Thus combining equations (5) and (6) we get that

ITr(A™Y) = Tr (T71)] <

i i
Tr (TlEET (EET) T (EET> EETT1>

15
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The rank of T'EET (EET) T (EET)' EETT is at most k, so

I Tr(AY) = Tr (T7Y)] < & HTlEET (J_@ET)T T (EET)T EETT!

< KT S IEET(BET) 2T o
ki (T)
pn(T)?

Next by invoking Lemma 14, for any ¢ > 2n, with probability at least 1 — 2e~*
t+n t+n
T) < 1 1/
Ml()_sk[+c< - + Rk >]
t t
< 14+3c| —+4/—5
_Sk[ * c<7“k:+ Rk)]
t t
<dsp |1 —+4/5 |-
_csk[ +<rk+ Rk-)]

Recall that r; > bn by the definition of the index k£ in Definition 3. Given a § < ¢y < 1,
where cq is small enough, set t = min {ry, Ry} /8% = ri/3? (since r;, < Ry by Lemma 2) to
get that

<

isenfe (o)

with probability at least 1 — 2exp(—7%/5%). Next, note that p — &k > Dok N/ Ak =Tk >
bn. Therefore, by Lemma 15, for any 8 < ¢g < 1,

P pn(T) < Bsi] < (c18)2 7.

Combining the last two inequalities we find that, for any 5 < ¢y < 1

1 1
I3 1+ (@ + E) < 3
/’Ln(T)z Sk ﬂ2 o 64516

with probability at least 1 — 2 exp(—ry/8?) — (c18)>"*. Combined with inequality (7) this
completes our proof. |

4.2.2 E[Tr(A™1)] 1s cLose To E [Tr(T1)]
Next, we show that E [Tr(A™1)] is close to E [Tr(T1)].
Lemma 19 There exists a positive constant cg such that

IE [Tr(A™H] —E [Tr(T7)]] < cok
Sk

16
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Proof Given any g define
ck ck
Bhsy B eyt

w =

By Lemma 18 for any w > clk , where c; is a large enough constant
2 [ AN
P HTr(A_l) — Tr(T_l)‘ > w] < 2exp 0’7’2/ 2l o | + < >
k WS}
Thus
[E[Te(A™H)] — E[Tx(T1)]]|
<E[|Tr(4™") - Tr(T Y]
/ [|Tr(A™Y) = Tx(T™ )’ > w] dw
HTr -1 - Tr(T—1)| > w] dw —l—/ . P HTr(A—l) — Tr(T—l)’ > w] dw
0 &
Clk o0 3/2 >\k > C//k C2Ik
<— +/ 2 exp —c'rk/ a.an S/ dw—i—/ < ) dw. (8)
Sk ek k e1k \ wsyg
Sk Sk
:;‘ :5*
First we control # as follows:
o A
h= / L 2exp ( C’Tz/2 Tﬁ) dw
517
1
= 4dexp (—c3rg) Calk & 3 (since [exp(—y/z) = —2e VZ(y/z + 1) +¢)
(c’r3/2 A’““)
EV Tk
4k care + 1 .
= — [exp (—carg) 3Tk 3 } (since s = TEAp41)
Sk (drg)
C4k
< —. 9
< )
Next we control & as follows
C2'T‘k C2'T‘k C2'7"k
o0 //k 1 //k 1 o0 1 —1
L5 e () LG
ek \ WSy Sk ak \w
Sk Sk
S\ T 1 Sk et
()" e )
Sk -~z = 1 Clk‘
k 4 1\ Tt
_osh (g 1
(<c>4 —— )
< csk (10)
Sk

17
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where the last inequality follows because the constant ¢; large enough and because 1 > bn
for a large enough constant b. Combining inequalities (8), (9) and (10) we conclude that

|E [Tr(A™Y)] —E [Tx(T™ ]|<8k ot S

wrapping up the proof. |

4.2.3 Tr(T~!) CONCENTRATES AROUND ITS MEAN

Finally, we shall show that Tr(7!) is close to its expectation E [Tr(71)] with high prob-
ability.

Lemma 20 There exists a positive constant cg such that with probability at least 1 — 2e™",

T (7Y — B [Te(TY)]| < Cs: [\/JZJr Zj .

Proof We use a symmetrization argument:

> [t <

n

Te(T~1) —E [Tr(T ]| =

—_

i

=1

1i(T) T[mlT)H

where in the equation above the matrices T' and 7T’ are independent and identically dis-
tributed. Thus

n

. -1\ -1 , L_ 1 ’ 1 — 1
[Te(T™) B [T(T)]| < ; o [M(T) Mi(T/)” : ;ET [“l(T) w(T') }
- |,Ufz(Tl) - MZ(T)‘
=2 Er )

By Lemma 14, with probability at least 1 — 2e~", for all i € [n],

s [1—01 (:CJF ]gk>:|§lli(T)§Sk [1+c1(”+\/RTk>] (12)

We will assume that the event described above, which controls the singular values of T', oc-
curs going forward. (This determines the success probability in the statement of the lemma.)
The game plan now is to evaluate the expectation with respect to 77 in equation (11) by

18
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integrating tail bounds. Since (12) holds,

’Mi —Mi(T,)|
= max{pi(T) — wi(T"), wi(T") — wi(T)}

< max {s, [1+c ( 7))

)
(3R] o (52
bl V] b 2]

t t
§C38k< jkn+\/ ;n)7 (13)

with probability 1 — 2e~.
Next, by Lemma 15, we know that for all § < ¢4 < 1

P [pn(T") < Bsi] < (c58)"™. (14)

Combining equations (13) and (14), and because condition (12) holds, we get that

o (T = ()] s (G + /)
P|3ien] : M/Ji(T);:(T’) Eﬁsk [1—01 (%Jr le)]

Now since r; > bn for a large enough constant b by the definition of k, and since Ry > 7y
by Lemma 2, we can simplify the denominator in the equation above to get that

<2t 4 (c5B) 7k,

t+n t+n
i(T) — (T “ +
pl3icp s @ =m@l (5 + %) oo

pi(T)pi(T7) -~ Bsk,

t 4 (05/8)66.7% .

Setting t = n/f yields

n(B+1) n(8+1)
(T — (T C7< B T\ B8R
Pl3iepm 1D —mT)l,
pi(T) i (T") Bsk

> < 2P (e5B) 0T

Now since 8 < ¢4 < 1, we find that

e @ (T es [ n
P|3ie[n] wi(T) i (T7) 2 Sk {527%’ ﬂg/Q\/RikH
< 2B 4 (e5B)% T (15)

19
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For every 3 define

_ noo_vn_
" ma"{m’ ﬁ3/2¢37} |

Inverting the map from f to w yields

o ()" oz =2 ()

sk \ Rin (16)
8l otherwise.
WT'E Sk
Let wg be such that 5(wg) = ¢4, and define
w_ :=min{wp,w;} and w;i :=max{wp,w;}.
Applying inequality (15) we have that, for all w € (w_,w/]
i(T) — (T
P{Hiew - lT) () zw]
i (1) pa(T7)
2/3 Clo\/ﬁ )Cll"f’k
<2exp (o (wny/Res) )+ (e : 17
= 2€xp ( Co |Wn kSk > (w\/R—ksk (17)

and for w > w4, we have

P [E! i€n] : (T = pia(T7)] > w] < 2exp <—612 (wnrksk)1/2> + (013n>014"”k . (18)

i (T) i (T7) WISk
Thus
o - ]
- ety 2] o
[
« [Py 2o o
o [
=M
Lol o
—%

Let us perform each of these two integrals # and & separately.

20
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First,
[
- [ty 2]
< /: [Qexp (—cQ (wn@sk)2/3> + (%)Clw} dw  (by inequality (17))
e[ o) ()

Now, for ¢ := cg (n\/Rksk)Q/?’, we have that

2/oo exp <—09 (wn\/]?ksk> 2/3> dw
=2 /OO exp (—Cw2/3> dw

3w!/? exp(—ng/s) 3T (1 —erf (ﬂwl_/?’))
B ¢ * 2(3/2
(since [exp(—z%3) =3 (\/Eerf(zl/i%) _ 26—22/321/3) +e)

< 301/3 exp(—sz/‘g) N 3exp(—§w3/3)

= ¢ 2¢2w!/3
cexp (o (/Fis)*?) 1 (20)
_ w!+
(/B3 (ny/Ricsi) " !

Continuing our work of bounding #, we have that

/OO ( c10v/1 )CH'T’“ do — (Qoﬁ)cn'W /°° (1)6“” dw

_ \wvVRgsg V Rpsk wo \W
ClO\/ﬁ C11°Tk 1 1 ci1rg—1
= X _— JR—
(\/Rksk) e — 1 <W—>
C11°TEk 1 c11TE—1
< ci6 ( 010\/ﬁ> <> ) (21)

v RkSk wW—

where the last inequality follows since r; > bn for a large enough constant b. By combining
inequalities (20) and (21) we get the following bound on the integral é:

& <Tw_ <w]

15 €xXp (—09 (nmsk)Q/g wg/?)) /s 1
I
(nm3k)2/3 ¢ (n\/ Rksk) 2/3 wl_/?,

C11°Tk 1 c11mp—1
+ Iw- < wrles (f}%i) (w) : (22)
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Let us now bound &

b [Tr[BE Dl ],

o L (™)
oo 1/2 cizn \ ME - .
< / 2 exp (—012 (wnrgsg) ) + | —— dw (applying inequality (18)).
wy WISk

For (" := c1 (nrsy)?, we have

2/ exp (—012 (wnrksk)1/2> dw

+

=2 /OO exp (—C/w1/2> dw

_ 4exp(—C \/‘?2)@ \/@—i_ 1) (since fexp(—\/g) = _26_ﬁ(ﬁ+ 1) + C)

C17 €Xp <—C12 (nrk‘skw+)1/2) [012 (nrk‘skar)l/Q + 1}

23
nrrSg ( )

We continue to bound the other integral in & as follows

0 C14°Tk C14°Tk c14TE—1
c13n c13n 1
/ ( > ) dw < c13 <3 > <> ; (24)
wy \WI'kSk TSk W4

where the bound follows by mirroring the logic used to arrive at inequality (21) above.
Therefore, combining inequalities (23) and (24) we get that

C17 €Xp (_612 (”TkSkWJr)I/z) [612 (nrespw) Y2 + 1}
<

nrrSg

C14°Tk 1 ciarg—1
+ ci3 (013n> <> . (25)
TSk Wy

Having controlled both # and & in (22) and (25) respectively, by using the decomposition
n (19) we find that

Eqp [|M¢(T/) - Ni(T)|]

i (T) i (T7)
o <y BeP O VRS TER) ( I
< wg + jw- < w; w_ "+
(TL\/Rksk)Q/g (n /Rksk)2/3 wi/3
ClO\/ﬁ c11-rk< 1 >Cll'7"k1

+ Tw_ < wr —

o <wden (GRE0) (i

C17 €Xp (—012 (nrkskw+)1/2> [012 (nrkskw+)1/2 + 1}
+ nresg

C14°Tk 1 c1amp—1
+ c18 <613n> <> . (26)
TESk W4
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We now consider two cases.
Case 1: (wg < wy). In this case, using the fact that S(wp) = ¢4 and the formula for
in equation (16) we get that

Cg\/ﬁ B Clgﬁ

(_UO = =
3/2 ’
AP Rpsy YV Rksk
and that
. cs\/ 1T
w— = min{wy,w,} =wy = ,7\F,
02/2 vV Rksk
Cng
wy = max{w,wr } = wr = —5 .
Rinsy
Also note that in this case since,
csy/n sty cary
wo = 3/2 <R2 =w, = Rp<—=
¢y "V Rysy, kTSk
cgn
and so wy > Zrpor”

Thus, substituting the above values of wy, w_ in inequality (26), and, because the RHS
of this inequality is a decreasing function in w4 (since the function z +— exp(—=z)(z + 1) is
a decreasing function for all positive z), replacing w, with the above lower bound, we find
that

Er |

i (T") — Mi(T)\]

pi(T) i (T7)

ci9v/n ¢ exp(—coin) L0 exp(—ca1n)
B vV Rksk. \/TLRkSk n3/2\/ Rksk.

3/2\ €11 Tk .
c16¢8y/n 01004/ N o2 exp(—cagn) N C18C8T <clgc?1>cl4 "k

02/2 /Rksk Cg TSk Cirksk Cs
2 cigv/n 0 exp(—cain) L 20 exp(—ca1n) ci6csy/n 22 exp(—ca3n) , C1scsn
~ VRS VnRsk n3/2\/Rk8k 62/2 /Risk TSk CZTkSk
024\/ﬁ " Co5N
VRS TrSE
where (i) follows since ¢4 is small enough. This combined with inequalities (11) and (12)
proves the lemma in this case.

Case 2: (wg > w;). In this case, using the fact that S(wg) = ¢4 and the formula for g
in equation (16) we get that

+

—~

IN

cgn
Wwo = 5 ——
CiTkSk
and that
w_ = min{wp,w,} = wr,
csn

wy = max{wo,ws } = wo = 5——.

C47’k8k
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Now by applying inequality (26) we get that
Er |:|Ni(T/) _Ni(T)|:| < cgn n o6 €xp(—carn) n CogM <Clgci>c14-rk

=5
pi(T)pi(T7) CiT RSk TSk TRSE \ C8
(A cgn Cog exp(—carn CogM _ CogM
< 28 26 €Xp(—ca7 )+ 287 _ €29 ’
C4Tk3k TLSEk TESE TESE

where (i) follows since ¢4 is small enough. Again, combining this inequality with inequali-
ties (11) and (12) proves the lemma in this second case. |

4.2.4 BounDs ON E [Tr(A™1)]

To characterize Tr (Afl) in terms of relevant problem parameters we will need to establish
upper and lower bounds that are tight up to the leading constant on its expectation.

Lemma 21 There are positive constants cy and c1 such that
n

E[Tr(4™Y)] - e

7+£+E+e—61\/ﬁ .
R, r n

Sk

con[ n

Proof By Lemma 19 we know that

E[Tx(T)] - kg [Tr(A™Y)] <E[Tx(T)] + ok (27)
Sk Sk
Thus, we shall instead upper and lower bound E [Tr(T_l)].

The lower bound: By definition

n

1
2@

=1

E[Te(T7")] =E (by the AM-HM inequality). (28)

=" L i1 ()

By Bernstein’s inequality (see Theorem 31) we know that with probability at least 1 —2e7¢,
1 o 1
- Z pa(T) = ~Tr(T)
=1
_! Z NiTr(ziz] )
n 1 1~

1>k

1
= RN Al

1>k

i>k

<Z)\ + comax ¢ tAgy1, tZ)\z
1>k
] (since s, =D ik Aj)

= Sk [1 + co max

< s, [1+02max{
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since r > /Ry by Lemma 2. Setting t = \/n implies that

1 — n
— (T < 1+2 P —
n;M( )3k|: + 02”Rk

with probability at least 1 — 2e~V™. Thus by inequality (28)

1 — n
E[Tv(T7Y)] > n P [ wi(T) < sp [1 +2¢04/ 5
Sk (14—2621/%) n; Ry,

1—2e Ve

>

n
Sk | 1+ 2c2, /le
Combined with the lower bound in inequality (27) we find that

E[Tr(A™h] > - L2V | ek

k| 1420 /4| S

i [ 4 9evi
n ) 262 gk + 2e n C]_k

> = _ak
Sk 1+2621/le n
[ k
ZE 1—cp <1ln++e_‘/ﬁ>] (since Ry > 11, > bn).
Sk | Rk n

This proves the desired lower bound.

The upper bound: To obtain the upper bound we shall bound

(29)

(30)
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We will upper bound the expected value of 1/u,(T) again by integrating tail bounds. We
have

. [untT)] - /oOOP {uniT) - w] o

—&
1 1
+ / o P [,un(T) < ] dw
1 w
Sk {I—C3(nrzn+\/7g;:’)]
—.&
& 1
# [ Plmm <] @ (32)
1
o v
=:¢
where
e (3 is the constant ¢ from Lemma 14,
e c, is smaller than the constant ¢} in Lemma 15, and
e 7 is small enough such that it satisfies ¢4 <1 —c3 ("fk" + "R—T>

Below we will set n to scale linearly with n, thus, this condition will be satisfied since

Ry > rp, > bn for a large enough value of b.
The first term & is positive because 7 scales linearly with n and Ry > ri > bn for

suitably large b, and so it can be bounded as follows:

&< ! (33)

s [1mes (2 2)

Next, consider the term #. Here we will use the additive concentration inequality
(Lemma 14). By Lemma 14 we know that with probability at most 2e™*

[ t+n t+n
T < 1-—
fin( )_Sk_ C3< o + 4/ R ﬂ
[ t t
<sp|1l—cs < tn +4/ + n)} (since 1, < Ry by Lemma 2)
L Tk Tk

t t
< sg 1—203max{ +n, +nH (34)
Tk Tk
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Also, the integral term & is positive, because c4 is chosen to be small enough, 7 scales
linearly with n, and Ry > ri > bn for suitably large b. Thus,

+n| dw

1 (1 — L) (1 — L>2
< 2/64% . WSk WSk

exp | —rE min
203

.
Sk [l 651/"1‘5’”

(applying inequality (34), and by setting 1/w equal to the RHS of (34) and solving for ¢)

1 1 2
—CeTL <1 — ) ] dw,
WS}

< 26"/C4Sk exp [
1
Sk |:17c5« / n,ri_;n]

where the last inequality follows since w > 1/sj, and therefore the term in the round bracket
is always smaller than 1. Thus, we get that

e 1\?

&< 26"/ exp | —cgry (1 — ) dw.
1 WSk
k[l s /n+77

Now we set 7 = crn, for a large enough constant ¢y, and perform a change of variables,
redefining 1 — Tik — @, to get

1

‘</1 ¢4 exp( cﬁrkw)dw

/(c7+1)n 1 — w
2exp (—cgn 1=ca
< 2exp(—csn) p(—cs /
- /(c7+1
Tk

2exp (—cgn) 1 1

1
Sk 1—cs /(07:;c n Cq

S') g exp (—csn)’ (35)
Sk

—~
S

where (i) holds because r; > bn for a large value of b.
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Finally, we turn our attention to the term 4. By using Lemma 15 we know that

e 1
o[ p [unm < } e
_1 w
C4Sk
o0 Cl11Tk
</ (Clo) dw
- 1 WSk
C4Sk
1 C12
= cametenme ) AT S g &

where the last inequality follows since r > bn and because ¢4 is chosen to be small enough.
By combining inequalities (32), (33), (35) and (36) we conclude that

. LtntT)]

1 cgexp (—cgn c

< Lo p (—csn) Pt

i a(me g o e

1 cg exp (—cgn) c12 .

< + (since n = c7n)

Sk [1 —c13 (% + Rikﬂ Sk TkSk

n n

1 Ry Ty 1
=— |14+cus + exp(—cgn) + —

Sk 1— c13 ( le + %) Tk

—_

< — |1+ 4 2 4 exp(—csn)
= s C15 R exXp(—cCsn )

where the last inequality follows since Ry > 1 > bn with b being large enough. Hence by

inequality (31)
-1 n n n
< _
E[Tr(T1)] < ” [1 + 15 <’/Rk + o + exp( csn)ﬂ

< [1 + 15 (, [ exp(—CS\/ﬁ)ﬂ ,
Sk R, mp

which combined with inequality (27) completes our proof. |

4.2.5 PROOF OF LEMMA 16

As mentioned previously, by using the previous four lemmas we will now show that the
trace of A~! is close to n/s;, with high probability. Recall the statement of the lemma from
above.

Lemma 16 There are positive constants co,...,cq such that, if p > co(n + k) then with
probability at least 1 — c1e™ 2"

Tr ((XXT)_1> LY P
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Proof Recall that by definition A = XX . By an application of the triangle inequality,

Tr(A™!) — % < |Te(A™Y) = To(T )| + |E [Te(A™Y)] — E [Te(T ]|
+[Te(T™) =B [Te(TH] | + [E [Tr(A™h)] — % . (37)
By Lemma 18 we know that
Toa ) = Tr(r ) < 2 (3%)

with probability at least
1 —2exp(—ceri) — (c7)®™ > 1 — cgexp(—ciorg) > 1 — cgexp(—ciin),

where the last two inequalities follow since rp > bn for some large enough value of b. Next,
by Lemma 19 we know that

IE[Tr(A™Y)] — E [Te(TH)]| < Cgf (39)

By Lemma 20 we get that with probability at least 1 — 2e™",

T (7Y — B [Te(TY)]| < Ci” [\/RT,CJF :}j . (40)

Finally, by Lemma 21 we know that
C14M n k —c15v/M
< = — 15 41
s [, [ - i + + +e ] (41)

Combining the (37)-(41) establishes our claim. [ |

E [Tr(A™Y)] - o

4.3 Proof of Lemma 13

Armed with Lemmas 14, 15 and 16, we are ready to prove Lemma 13 and establish upper
and lower bounds on «*. This proof is further divided into a series of lemmas.

We prove bounds on o* in terms of ||y|| and ||w]|| in Lemma 22. We in turn bound ||y]||
in terms of ||0*| and ||DTUT¢| in Lemma 23. Next, in Lemma 24 we show that, with high
probability, | DU Te|| is close to o?Tr ((XX ")~1). Recall that, in Section 4.2, we showed
that Tr (XX )™!) concentrates around n/sy.

The next lemma provides an upper and lower bound on «o*.

Lemma 22 The scaling factor o satisfies the following

2901 ~ 250 T e T

3 - 7 3 illyl> ~ 9llyll
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Proof Recall the definition of o* from above

o = \/ 81512 + /64 D11 + 1296151
81 '

Note that ||wWp41:p| > 0. This immediately leads to the lower bound. For the upper bound

note that ||wy11,| < |@]| = ||V w| = ||w]|, since V is a unitary matrix. |

The following lemma provides high probability upper and lower bounds on the norm of

y.

Lemma 23 The squared norm of y satisfies the following

* * 2
ptuTe (1- 21N <52 < potoTee (14 A2 Y
ioTey) <IWIE< DT <

Proof Recall that UDV " is the SVD of X, ¥ = DU Ty and that y = X60* + &. Therefore
y=DU"(X6*+e)=D'U(UDV'6*+¢)=D'DV'9*+ DU "¢

_ {0 In ]VT0*+DTUT5.
(

p—n)Xn

Define #* := VT6* and so

Thus,

1n

912 = %4117 + 1DTUTe)? + 2 (eTUDTT) (87,,)
Now since 0 < 0. < 05|l = |[VTo|| = ||6*]] we get that
1:in

2> ||D'Ue|)? - 2|DTU Te||||0*|| = |DTU Te|? (1 — —————

and also that

I¥11* < IDTUel|® + 2| DTU T e]ll[67] + [16*1°

2 o\
= (|DfUT 9*) = |DfUTe|? (1 4+ —~2— ) ,

which establishes our claim. [ |

The next result upper and lower bounds ||DU Te||? with high probability.

Lemma 24 For any t > 0, with probability at least 1 — 2e~*

n

t 1

T 112 2 Ty—1

|IDTU | — o Tr((XX ) )‘gcmax XX tE e al
K =1 NZ
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Proof Let uq,...,uy, be the columns of U. The matrix U is unitary so each column u; has
unit norm. So

n T \2 n T2
DTUT(:‘ 2 _ (uz E) _ (Ul E)
and
IDTUTel? | X] = Eftw eI X] _ Dz = T ((xxT)).

i=1 Dy i=1 "

Since the components are € are independent, ay -sub-Gaussian random variables, with vari-
ance o2, by invoking the Hanson-Wright inequality (see Rudelson and Vershynin, 2013,
Theorem 1) we infer that

IDTUTe|? — o2 Tr((X X T)~ ’ - ‘ T (UDTTDTUT) e azTr((XXT)_l)‘
t = 1
< 0102 max{ ————,, |t- - =
s
= cmax W Z; MZQ XXT
with probability at least 1 — 2e~!, completing the proof. |

With these lemmas in place we are now ready to prove Lemma 13. We restate it here.

Lemma 13 There are constants cy, . .., cs such that for any é € (e_co\/ﬁ, 1), ifp > c1(n+k),
n > comax{k, si} and ||0*|, ||w| < c3 then with probability at least 1 — c40,

2fn1/4 1<C5[\/7++\/> \/W ]

1/4

Proof Using Lemma 16, with probability at least 1 — cge™"",

T(xx 1) - L <%0 [ I e—cg\/ﬁ] . (42)
n

Sk Sk

Next, by Lemma 14, with probability at least 1 — 2e~V?", for all i € [n]

ui(XXT)ZSk 1—610 n+\/ﬁ+ n_’_\/ﬁ

Ry,
n n .
> Sk [1 — 11 < + )] (since Ry > 1 by Lemma 2)
Tk Tk
> c128k (since r > bn).
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This, combined with Lemma 24, tells us that for any § € (e~“V”, 1) with probability at
least 1 — ¢130

log(2
IDUTe? - P TH((XXT) ) < xamas {log@/a), nlog| /6)}
Sk Sk

nlog(2/9) '

Sk

Combining this with inequality (42) and recalling that o2 is a constant, we infer that, with
probability at least 1 — c3d,

2
IDTUTel2 — 10| < 250 1 / + — eV 4 10g(2/5) + k]
Sk n
< CigN / /log 2/5 ] (43)
< c””, (44)
Sk

where the last inequality follows since Ry > ri > bn, n > cok and since ¢ > e—covn,

We shall assume that condition (43) holds going forward. (This determines the success
probability in the statement of the lemma.) Now since r; > bn and n > co max{k, s;} for
a large enough constants b and ¢y, by invoking Lemma 23, we find that

2
712 < IDtw el (14 Aol
: DU

e ol
IDU el (M oirTee DT e

2

.
~

§% 1+c16<\/>+ \/log2/(5 )]

y < <H9*H23k HMW))
(2 14 c16 ( 1:’; +— 4y = log 2/5 ) ( +c19ﬁ> (45)
< %” (46)

where (i) follows by applying inequalities (43) and (44), and also because o2 is a constant.

The second inequality (¢7) follows since ||#*|| < c3 and because n > casi. Also, by Lemma 23,
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we get that
- 2(|6~]|
2> piyTel2 (1 - 2711
512 > DU Te] wwwu
log(2/0)
>0 1—016( \ o8 / >] (1—021\/%> (47)
Sk n
> 02271, (48)
Sk

where the last two inequalities follow by repeating the logic from the previous equation
block.
Now recall that, by Lemma 22,

2912 . 220302 | )L At 2w
<a* < - —.
3 3 8tlyll> — llyll

(49)

Using the lower bound in the equation above combining with inequality (47) we find that

B (L BT )] (o )

and since n > cysy for a large enough constant co,

- 1>ﬁ4¢++¢ st ] .

1/4

Now for the upper bound, since ||w|| < ¢3, by using (48) we have that ||w||?/||y| < 1/20,
since n > 98k, where ¢ is large enough. Thus, by (49),

20157 |1/2
o < B (sl
1

2\/on!/* /1 (2/9) /
< \FT; 1+026< gl / ) (1—1-027 Sk)
n
and so
[n [sk /log 2/5
2fn1/4 — 1< [ +7+ ]
1/4
This combined with (50) completes the proof. |
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4.4 Proof of Theorem 5

Let us first restate the theorem.

Theorem 5 Under Assumptions 1-6, there exist constants cg, ..., cy such that for any § €
(e=cVn 1 —cre="), if p > es(n+ k), n > cymax{k,s,} and 0%, |w|| < ¢5 then with
probability at least 1 — cgd

Risk(f) < Bias + Variance + =,

where

207)|6* — |*si
n )

. * Sk
Bias < cr (116~ vl (2) 410" -~ ol ) <

k
Variance < ¢7log(1/0) < JZ )
k

- n n? s log(1/6) = k2 ro T log(1/4)
<ottt [f 2 00 B, f sl
k

Proof By Lemma 12, we know that
Risk(f) < cg(0* — o*w) T B(0* — a*w) + ¢ log(1/6)Tr(C)
with probability at least 1 — §, where the matrices
B= (I - XT(XXT)_IX) 5 (1 . XT(XXT)—lx) and
C=XXNH)Xex"(xx"!

Recall that ¢ = 2‘/3%#. Thus, with the same probability
Sk

Risk(0) < ¢s (0% — ¢ — (a*w — )" B(0* — ¢ — (a*w — 1)) + g log(1/8)Tr(C)
= cg)|0" — ¢ — (@*w — )|} + cslog(1/8)Tr(C)
< 2cs)|6* — || B + 2csl|o0*w — || B + cslog(1/6)Tr(C)
= 2cg (0" — )| B(0* — ) + cglog(1/0)Tr(C) + 2¢s|| Blloplla*w — ¢||2.  (51)

~
“Bias” “Variance” “«=»

We shall bound each of the three terms in the inequality above to establish the theorem.
Recall the definition of the matrix 7' = 3., )\jzjij from Definition 17 above. Define

S :={j:j >k}, and let Xg € R"*IS be the submatrix formed by the last p — k columns
of X € R™*P, It can be verified that T = XSXST. By Lemma 14, with probability at least
1 —2e™>1— cyd, (since § > e~0VP)

T) S C10 Z)\J and Hn(T) Z C11 Z )‘j'

J>k j>k
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Therefore, the condition number of the matrix 7' is a constant with the same probability.
Assuming this bound on the condition number holds we shall bound the first two terms in
(51).

Bound on the bias and variance: Since the condition number of 7" is at most a constant,
by invoking (Tsigler and Bartlett, 2020, Theorem 1) we get that with probability at least
1— 0125

gias < cr (10"~ 0hally (2) 10 - whesnalis,,, ) (52)

and

Variance < ¢7log(1/0) <k ; > (53)
k

We simplify our upper bound on Bias by noting that under our choice of k as follows:

cr (H(H* — )1 ksz 1 (%) + (6~ )k+1p”2k+1p)

_072[(1<k)( —ah)? )\+]I(z>k) i(e;—m)?}

:qi X (0 — ;) [(z<k) §§2+H(z>k)]
i=1 i

:céj Ni(07 = i)? ((kfv [ﬂ(z‘gk) <1+A12(‘j’;) >+]I(z>k) <1+>\% (;)2)]
i=1 n ) )

)?
(2)° :
SC7Z i(0F T/Jz)(%)gw[]l(z<k)(l+b2)+]lz>k <1+/\2< ))]

p %)2 2
§C7; (07 d%) (5;5()2_'_)\22 ]I(Z<k)(1+b2 +]17,>,1€ 1+ k-‘rl %
. 2 (i)2 2
§C7§>\i(9:—wz) (%)g+>\§ []I(z<k:)(1+b +1(i > k) (1 )]
R VI ¢l )
§c7;)\i(0i—¢i)W[H(zﬁk)(l—l—b + 1> k) (1+ )}
¢ * 2 (Si)2
Scmgki(ﬁz ¥5) (%)§+A$,
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where (i) follows since by definition k£ = min{j > 0 : r; > bn} and so for i < k, s,/\; <
si/Ai = i < bn. Inequality (i) follows since 7 > bn. Continuing we get that

er (16" = onally ()" 416" = Dsralty,, )

z ()
S LM O
- (3 L Vi
<c13 (%)2 16* — | tmax (816)2\;)\2 (by Holder’s inequality)
< (1) 10— it gy k- - Bl o

Bound on = (the estimation error of a*): By Lemma 13 with probability at least 1 — ¢146

NG 2fn1/4 ﬁ [s . [los( 2/5 ]
asl/A |~ 1/4
Sk

and therefore,

lorw — || < crgl|¢]

log(2/6 k
[m n /Sk+1/0g</>+]
R, 1 n n n

log(1/6 k
[no m fse [log(1/d) K
R, 1 n n

To control the operator norm of B, we first observe that

I1B]lop = (1 - XT(XXT)_lX) 5 (I - XT(XXT)_lX)

< |y (since § <1 —¢re™2™).

(55)

op

_ (J_XT(XXT)—lx) <2 - X;X> (I—XT(XXT)_1X>

op
2 XX
< I-xT(xx"H x| |z-
op n op
.
- g XX
n op

Thus, by invoking (Koltchinskii and Lounici, 2017, Theorem 9) we get that with probability

at least 1 — ¢
| Bllop < c18A1 max \/E o log(1/4) log(1/4)
or = n’'n’ n  n
log(1
< c18A1 max {\/f7 %’ Og(n/é)} ’ (56)
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where the second inequality follows since § > e~V
Combining inequalities (55) and (56) we get that with probability at least 1 — ¢190

T lo 1 5
28] B opl| 0w — ¢||2<cmuwu2max{\/ R Bl / }

[n_'_n_i_sk log(2/0) +k‘2]'

R, 1 n n n? (57)

Combining inequalities (52), (53), (54) and (57) along with a union bound completes the
proof. |

5. Proof of Proposition 8

Recall the statement of the proposition.

Proposition 25 If a(0) and W(0) are chosen randomly, independent of X and 'y, so that
the distribution of a(0) W (0) is symmetric about the origin, then

Ea0)w (o), xy[Risk(0)] = E |07 BO*| + 0?E[Tr(C)],
where

B = (I - XT(XXT)_1X> > (I - XT(XXT)_IX) and
C:=XXxNHxexT(xx")!

Proof In the proof of Lemma 12, we showed that, for all X,y, we have
. 2
Risk(d) = E, [(J <I - XT(XXT)*X) (0% — a*w) — a:TXT(XXT)’le) ] .
Expanding the quadratic yields

Risk(é):E$[<xT <1—XT(XXT) ) )2] [(xTXT(XXT)_1€)2]
+ 28, [ (27 (1- XT(xXT) 1X>9*><TXT (xXT)e)]

—QIEIK (I XT(XXT)~ X)( ))(TXT(XXT) )]

Since the distribution of w is symmetric about the origin, and independent of X and y,
and since, for fixed X and y, o* is determined as a function of w, after conditioning on X
and y, the distribution of o*w is symmetric about the origin, and therefore has zero mean.
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This, along with the fact that Ele] = 0, gives

E[Risk()] = E [(J (I - XT(XXT)_lX) (0" — a*w)>2] +E, [(:UTXT(XXT)_lsf]
— E[(0* — a*w)  B(f — a*w)*] + E [(:JXT(XXT)—le) 1

> E[0*T Bo*| + E [(:cTXT(XXT)ls)Q]

> E[0*" B6*] + o°E [Tr(C)] ,

completing the proof. [ ]

6. Discussion

Despite the fact that parameterizing a linear model using a balanced, two-layer linear net-
work has been shown in previous work to have a substantial effect on the inductive bias of
gradient descent (Azulay et al., 2021), it remains compatible with benign overfitting, and
the initial weights also encode a potentially useful bias.

While Proposition 8 limits the prospects for improving our upper bounds, there still
appears to be a gap between our upper and lower bounds.

Moving beyond the case where the initialization is balanced would be an interesting
next step. We briefly note that, for the initial parameters to be balanced, it is necessary for
the weight matrix in the first layer W € R™*P to have rank one. In the case where there is
a single neuron (m = 1), Theorem 2 by (Azulay et al., 2021) characterizes the implicit bias
of the final solution learnt by gradient flow on the squared loss. The techniques developed
in this paper might perhaps be useful in bounding the excess risk of this solution.

Yet another interesting open question concerns characterizing the implicit bias of gra-
dient flow with the squared loss in the case where a linear model is parameterized using
a deeper representation than two layers, building on existing research (Gunasekar et al.,
2017, 2018b; Arora et al., 2019; Woodworth et al., 2020; Gissin et al., 2020; Razin and
Cohen, 2020; Yun et al., 2021; Azulay et al., 2021; Jagadeesan et al., 2021). It would also
be interesting to prove corresponding excess risk bounds for such solutions, and to study
the effect of depth on the generalization properties of the resulting models.
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Appendix A. The design matrix has full rank (and more)

Lemma 26 Under Assumption 4, for any eigenvector v of X, and any sample size n, the
projection of the rows of X onto the subspace of RP orthogonal to v has rank n.

Proof Assume without loss of generality that ¥ is diagonal and v = (1,0,0,...,0). Let
x1,..., 2, denote the rows of X, and let 2}, ..., z/, be obtained from z1, ..., x, by replacing
each of their first components with 0, thereby projecting them onto the subspace orthogonal
to v. It suffices to prove that, almost surely, 2/, ...,z are linearly independent.

We will prove this by induction. The base case, there n = 1, is straightforward. When
n > 1, by the inductive hypothesis, «, ..., 2], _; are linearly independent. Since p > n, As-
sumption 4 implies that the span of #,..., 2/ _; has probability 0, so that, almost surely,
x}, is not a member this span, completing the proof. |

Appendix B. Concentration inequalities

For an excellent reference of sub-Gaussian and sub-exponential concentration inequalities
we refer the reader to Vershynin (2018). We begin by defining sub-Gaussian and sub-
exponential random variables.

Definition 27 A random wvariable ¢ is sub-Gaussian if
1lly, == inf {t > 0: E[exp(¢?/t*)] < 2}
is bounded. Further, ||¢||y, s defined to be its sub-Gaussian norm.
Definition 28 A random variable ¢ is said to be sub-exponential if
6]l := inf { >0 : E[exp(|¢|/t) < 2]}
is bounded. Further, ||¢||y, is defined to be its sub-exponential norm.

Next we state a few well-known facts about sub-Gaussian and sub-exponential random
variables.

Lemma 29 (Vershynin 2018, Lemma 2.7.6) If a random variable ¢ is sub-Gaussian
then ¢* is sub-exponential with ||¢?|y, = Hqﬁ\@2

Lemma 30 (Vershynin 2018, Lemma 2.7.10) If a random variable ¢ is sub-exponential
then ¢ — E[¢] is sub-exponential with ||¢ — E[p]|ly, < c||@|ly, for some positive constant c.

We state Bernstein’s inequality (see, e.g., Vershynin, 2018, Theorem 2.8.1), a concentration
inequality for a sum of independent sub-exponential random variables.

Theorem 31 For independent mean-zero sub-exponential random variables ¢1, ..., om, for

every n > 0, we have
U U
>n| <2exp | —cmin , 7
o illeall?, " maxil|dilly,

‘ i bi
=1

where ¢ is a positive absolute constant.

P
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Let us continue by defining an e-net with respect to the Euclidean distance.

Definition 32 Let S CRP. A subset K is called an e-net of S if every point in S is within
Euclidean distance € of some point in K.

The following lemma bounds the size of a 1/4-net of unit vectors in RP.

Lemma 33 Let S be the set of all unit vectors in RP. Then there exists a 1/4-net of S of
size 9P.

Proof Follows immediately by invoking (Vershynin, 2018, Corollary 4.2.13) withe =1/4. B

B.1 Proof of Lemma 14

Let ¥ = 1 Aieie; T Dbe the spectral decomposition of the covariance matrix. Define the

random vectors
X €;

Vi

These random vectors z; have entries that are independent, o2-sub-Gaussian random vari-
ables (see Bartlett et al., 2020, Lemma 8). Note that we can write the matrix

e R™.

Zi =

T T
XSXS = Z)\izizi .
ic€S

Further, its expected value is as follows:
[XSXS] Y AE [zz ] Y E [Xez TXT} =1,Y N\ = Ls(9).
€S €S i€eS

With this in place, we are now ready to prove our concentration results.

Lemma 14 There exists a positive absolute constant ¢ such that, for any subset S C [p]
and any t > 0, with probability at least 1 — 2e~t, for all j € {1,...,min(n,|S|)}

p(XsX3) = ()] < es(8) (”” “”)

r(8) T\ RS

Proof We shall prove this bound in the case where the set S = [p]. The bound for any
other subset S shall follow by exactly the same logic. First, note that by a standard e-net
argument (see, e.g, Bartlett et al., 2020, Lemma 25) to bound the operator norm we can
use the following inequality:

p
HXXT I, Z N

=1

< 2 max
vj 6/\/;r

, (58)

v (XXT I, ZA)W

=1

op
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where N1 is a 1/4-net of the unit sphere with respect to the Euclidean norm of size at most

4
9. (We know that such a net exists by Lemma 33.) Consider an arbitrary unit vector
v € S*"1. Then

n (XXT . Zp: )\i> v = zp:)\i ((Z,TU)Q - 1) . (59)
=1 =1

By Lemmas 29 and 30 we know that the random variables \;((z, v)? — 1) are ¢; \;o2-sub-
exponential, for some positive constant c;.Therefore we can use Bernstein’s inequality (see
Theorem 31) to upper bound the sum in equation (59) to get that, with probability at least
1—2e7?,

p

Z)‘i ((ZZTU)2 - 1)

=1

< cpomax { Ait, (60)

Next by a union bound over all the elements of the cover A1 we find that, with probability
4
at least 1 — 2e~¢, for all v € N1,
4

p

Z)‘i ((ZZTU)2 — 1)

i=1

P
< cpo2max { A (t +nlog(9)), | (t +nlog(9)) Z )\?
j=1

Hence, by using inequality (58) we get that with probability at least 1 — 2e™¢

P
< czoimax { A (t+nlog(9)), | (t 4+ nlog(9)) Z )\?

p
HXXT I, Z \;
op Jj=1

i=1

<cgoz [ Mi(t+n)+

Recalling that o, is assumed to be a positive constant, this implies that the greatest and

least eigenvalues of X X T are within c; ()\1(75 +n)+ \/(t +n) ?:1 )\?) of °P_| A\;, which

in turn implies

completing the proof. |
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B.2 Proof of Lemma 15

We begin by proving an auxiliary lemma that relates the minimum singular value of a
matrix to its approximation over an e-net under the assumption that its operator norm is

bounded. Recall that Xg € R?*I51,

Lemma 34 Let N; be an e-net of the unit sphere in R™ with respect to the Euclidean norm.
For any a,b >0, if

inf || Xz <a—eb and [Xgllop<b
zeS§n—1

then inf.en. | Xd 2| < a.

Proof Let ¢ be a function that maps any unit vector z to its nearest neighbor (with respect
to the Euclidean norm) in the net NV:. Therefore, if || X{ ||, < b then

inf [|Xdzll= inf [|Xg(z—¢(2)+ X3¢
z€S™ zES™

inf [|X$¢(2)] - inf [X&(z—<(2))]
z€eSn 2€Sn

. f XT _ s f XT —_
I = 1K G =l

. T T
inf X2 = X op_inf Iz = ¢(2)]

AV | A

Y

inf || XJd 2| — eb.
zleI.l/\/EH s 2l

Further if inf,cgn-1]|Xd 2|| < a — ¢b then, due to the inequality above, inf,en. || Xd 2| < a
which completes the proof. |

With this lemma in place let us prove our result.

Lemma 15 There exist absolute positive constants cg,...,c3 such that given any subset
S C [p] if, r(S) > con then for allt < c; <1

P | (X5 X&) <t-5(8)| < (cat)3 ™.

Proof To reduce notational burden in the proof we shall present a proof in the case where
the S = [p], and therefore Xg¢ = X. For any other subset S the proof shall proceed in
exactly the same manner.

In the proof we shall prove bounds on the smallest singular value of X, suyin(X). This
immediately leads to a bound on (XX ") = s2. (X).

Recall that spin(X) = smin(X ). So we will instead prove a bound on the smallest
singular value of X T to simplify our calculations. For some parameter h > ¢4 > 1 that will
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be set in the sequel, decompose the probability into

Now we will control each of these probabilities separately. First, let us control the second
probability

P [HXHO,, > h\/)\lp] —P [szfl/?zlﬂuop > h\/)\lp]
<P[IXZ7 oy > hy) < e, (62)

by invoking Proposition 2.4 by Rudelson and Vershynin (2009).
To control the first probability in inequality (61) we need the following definition. Given
a random vector £ € RP define the Lévy concentration function

L(&t) := sup P[|§ —w] <.

weERP

Let ¢ € S* ! be a fixed unit vector. By Assumption 4 we know that for any a < b € R:
P [(2—1/2)(%)@- e [a, b]} <clb—al. (63)
Using this fact we find that for any i € [p]:

LOE"Y2XT¢); 12t) = sup P [\(2*1/2XT¢),~ | < 24
weR

=sup P [(E_l/zXTqb)i € [w—2t,w+ 2t]} < 4cst.
weR

Next by invoking Theorem 1.5 in Rudelson and Vershynin (2015) we infer that

L XTe;2t
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This implies that

IXTol <2t Z)\ <supP IXT¢—w| < 2t

=1

=L XTo;2t

ZA

(ct) c'ro, (64)
This establishes a small-ball probability (anti-concentration) for a fixed unit vector ¢. We

will now proceed by using an e-net argument. For some ¢ € (0 2t\/ Z ) let Nz be an

e-net of the unit vectors in R™ with respect to the Euclidean norm of size at most (g + 1)
(such a net exists, see, e.g., Corollary 4.2.13 in Vershynin (2018)). By a union bound over
the elements of the net

P | min || X 6| < 2t 65
Qgg}\rflall ol < (65)

Next by Lemma 34 we know that

=P inf || X7z <2t
zeS§n—1

<P |min|X 2| <2t
ZGNS

, 2 "
< (et)emo - <5 + 1> :

P .
Setting € = % 23\:1;/\1 = % %0 we get that

{||X|yop<m/>\1 } ctcm.(ih p+1> .
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Finally set h = % %0 to obtain the bound

P |smin(XT) <t

where (i) follows since 19 > con for a large enough constant ¢y and because ¢ < ¢; for a
small enough constant c;. |
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