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Abstract

We design stochastic Difference-of-Convex-functions Algorithms (DCA) for solving a class
of structured Difference-of-Convex-functions (DC) problems. As the standard DCA re-
quires the full information of (sub)gradients which could be expensive in large-scale set-
tings, stochastic approaches rely upon stochastic information instead. However, stochas-
tic estimations generate additional variance terms making stochastic algorithms unstable.
Therefore, we integrate some novel variance reduction techniques including SVRG and
SAGA into our design. The almost sure convergence to critical points of the proposed
algorithms is established and the algorithms’ complexities are analyzed. To study the effi-
ciency of our algorithms, we apply them to three important problems in machine learning:
nonnegative principal component analysis, group variable selection in multiclass logistic
regression, and sparse linear regression. Numerical experiments have shown the merits of
our proposed algorithms in comparison with other state-of-the-art stochastic methods for
solving nonconvex large-sum problems.

Keywords: DC programming, DCA, DCA-SVRG, DCA-SAGA, variance reduction tech-
nique

1. Introduction

We are concerned with the following nonconvex optimization problem
(P) min{F(z) =G(x) — H(x) +ri(z) —re(x) : z € R"},

where H := %Zf\il hiy, G,h; : R" — R and r1,7r9 : R — RU {400} are convex, lower
semicontinuous functions while each h; has Lipschitz continuous gradient (with a common
constant L) on the effective domain of 7.

This type of problems is often encountered in many areas, in particular in machine
learning, where G — H represents the data-fitting term (the loss function) while 1 — 73 rep-
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resents the regularization term to encourage some desired properties on the found solutions
(some low dimensional structures such as low-rank or sparsity - for instance) or to model
constraints on x. Moreover, in the era of big data, optimization models are expected to
take into account the large-sum structure in order to capture the high volume nature of
data. Therefore, the loss function often has a (nonconvex) large-sum structure. Here, we
consider a more general structure of the loss function including the large-sum case. More
precisely, we assume the large-sum structure of H but not GG, because that, as will be seen
later, our approach treats impartially whether G is a large-sum function or not. As for the
regularization term, we consider two cases of r9: ry is convex (the regularizer term is a DC
function), and ry is a composite function defined by ro(z) = > " li(pi(z)) with [; : R — R
being convex, decreasing and p; : R” — R being convex. In the second case, 79 is no longer
convex in general. It is well-known that most nonconvex sparsity-promoting regularizers
(usually used to approximate the ¢y norm) have the above composite form of ro (Le Thi
et al., 2015; Ong and Le Thi, 2013), for instance, log-sum penalty (Candes et al., 2008),
smoothly clipped absolute deviate (SCAD) (Fan and Li, 2001), capped ¢; (Zhang, 2010b),
minimax concave penalty (Zhang, 2010a), (nonconcave) piecewise linear function (Le Thi,
2012).

The problem (P) attracts our special attention, thanks to its important role in machine
learning and big data analytics via two prominent features: the (nonconvex) DC structure
of the objective (on both loss and regularizer) and the large-sum structure of H (more
precisely, the very large value of N). In fact, since many newly developed machine learning
models are complicated, nonconvex optimization is indispensable to model them. Here, the
nonconvexity is represented by the DC structure, which covers a large class of nonconvex
optimization problems (Le Thi and Pham Dinh, 2018). Moreover, as mentioned above, the
large-sum structure is one of the most popular forms encountered in practice to model big
data-driven problems. For example, the large-sum structure arises naturally in empirical
risk minimization (ERM) in stochastic programming. That is, for instance, the stochastic
problem

min E(f(z, £)),

zeD

where ¢ is a random variable, can be approximated by the following regularized empirical
risk minimization problem

N
(ERYD) iy 37 75 6) + A0e),

where {£1,&2,... En} is a set of i.i.d. realizations of £, and 2 is the regularization term.
In particular, when Q is a convex function, D is a convex set, and f(-,&;) has L-Lipschitz
gradients for all ¢, the problem (ERM) falls into the spectrum of the problem (P) with
G(z) = (L/2)al?, hilw) = (L/2)]all? — f(2,&), i = 1,2,...,N, and r1(z) = AQ(x) +
xp(x),ra(x) = 0. Many important applications such as LASSO, Principal component anal-
ysis, logistic regression, etc., can be expressed in this form.

Related works and our motivation. The two mentioned features of the problem (P) also
create a huge challenge. On one hand, there are very few efficient and scalable algorithms
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dealing with nonconvex problems, and, on another hand, the large-sum structure is diffi-
cult to be handled by deterministic algorithms. Therefore, an efficient approach could be
using stochastic methods for dealing with the large-sum structure combined with power
algorithms for nonconvex programming. Intuitively, a stochastic algorithm usually em-
ploys some stochastic approximation techniques based on a framework of a deterministic
algorithm. This deterministic frame plays an important role in the overall quality of a
stochastic algorithm and should therefore be highly suited to the problem’s structure. And
the stochastic approximation should be determined in an inexpensive way while having a
small noise.

In the convex setting, the literature on stochastic optimization is vast. In particular, the
problem (ERM) with f(-,&) and Q being convex, D = R™, has been studied intensively.
By the classical idea of Stochastic gradient descent, which is traced back to the seminal
work (Robbins and Monro, 1951), many variants have been developed, to name but a
few, stochastic dual coordinate descent (Shalev-Shwartz and Zhang, 2013), stochastic av-
erage gradient (SAG) (Schmidt et al., 2017), stochastic variance reduced gradient (SVRG)
(Johnson and Zhang, 2013), SAGA (Defazio et al., 2014), StochAstic Recursive grAdient
algoritHm (SARAH) (Nguyen et al., 2017), etc. Some other works considered the (strongly)
convex sum function but relaxed the convexity of each component function f(-,£) (Allen-
Zhu and Yuan, 2016; Shalev-Shwartz, 2016).

Works for nonsmooth, nonconvex large-sum problems remain rare. The (ERM) problem
with L-smooth f(+,€) and (possibly nonsmooth) convex regularizer Q (which is a special
case of (P)) is probably the most common model that has been studied via the proximal-
based approach (J. Reddi et al., 2016; Pham et al., 2020). Among stochastic algorithms
for solving the (ERM), the two algorithms prox-SVRG and prox-SAGA (J. Reddi et al.,
2016) are the most related to our work since they adopt the SVRG and SAGA estimators,
respectively. Another work based on the Majorize-Minimization (MM) method was pro-
posed in (Mairal, 2015) which considered a large-sum of nonconvex functions where each
function admit surrogates with L-smooth error (i.e. the difference between a function and
its surrogates is L-smooth).

For nonsmooth DC large-sum problems, the current body of research is even more limited.
There were some recent works (Le Thi et al., 2017, 2020; Xu et al., 2019b) that developed
stochastic methods based on DCA (DC Algorithm). The first stochastic DCA was pro-
posed in (Le Thi et al., 2017) for a large-sum of (nonconvex) L-smooth functions with DC
regularizer, which was further extended to a more general problem where the L-smooth
assumption is relaxed (Le Thi et al., 2020). In these works, the stochastic DCA has been
developed based on the SAG estimator (Schmidt et al., 2017) that is a variance reduction
estimator. This research direction is promising and should be continued for a very large
class to cover various problems arising in practice.

Another approach was studied in (Xu et al., 2019b) where the data-fitting term is large-sum
DC and the regularizer is nonconvex, nonsmooth whose proximal operator can be efficiently
computed. By using the Moreau envelope (which is a DC function) of the regularizer, the
authors approximated the original problem by a DC program and proposed DCA schemes
for solving it. In general, the proposed algorithms can be regarded as the standard DCA
in which the (large-sum) convex subproblems are solved by stochastic algorithms (e.g.,
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Adagrad (Duchi et al., 2011), SVRG (Johnson and Zhang, 2013)) up to a certain level of
accuracy.

Starting from the above observations, we are motivated to develop new stochastic al-
gorithms based on DCA for solving (P). Also, the virtue of stochastic variance-reduced
gradients given by SVRG and SAGA has been theoretically and practically justified by
many researchers. Hence, combining them with the DCA could be efficient approaches.

In (deterministic) nonconvex optimization, DC programming and DCA were well known to
be powerful tools, as they established a nice philosophy allowing researchers to travel from
the convex world to the land of nonconvexity, where passengers are able to carry with them
useful instruments of convex analysis/programming which have been developed for decades.
The original key idea of DCA relies on the DC structure of the objective function. DCA
consists in iteratively approximating the considered DC program by a sequence of convex
ones. DC programming and DCA, constitute the backbone of nonconvex programming and
global optimization, were introduced in 1985 by Pham Dinh Tao and have been extensively
developed by Le Thi Hoai An and Pham Dinh Tao since 1994, to become now classic and
increasingly popular (see e.g. (Pham Dinh and Le Thi, 1997; Le Thi and Pham Dinh, 2005,
2018)). Their popularity is due to their robustness and efficiency compared to existing
methods, their adaptation to the structures of treated problems and their ability to solve
large-scale real world nonconvex programs (see a comprehensive survey on thirty years of
developments of DC programming and DCA in (Le Thi and Pham Dinh, 2018)). It was
analyzed in (Le Thi and Pham Dinh, 2018) that most algorithms (classical as well as recent
algorithms) in nonconvex programming framework can be seen as versions of DCA with
suitable DC decompositions / DC formulations. DCA has been successfully applied for
solving numerous problems in divers areas, especially in large-scale settings: transport lo-
gistic, finance, data mining and machine learning, computational chemistry, computational
biology, robotics and computer vision, combinatorial optimization, cryptology, inverse prob-
lems and ill-posed problems, etc., see e.g. (Le Thi and Pham Dinh, 2005; Pham Dinh and
Le Thi, 1997, 1998; Le Thi, 2005; Le Thi and Pham Dinh, 2018) and references therein.
Given the well-established strength in deterministic optimization, DCA is an appropriate
frame for designing nonconvex stochastic algorithms.

Paper’s contribution. Aiming to tackle the two above mentioned challenges of (P), namely,
the nonconvexity and the large-sum structure of the objective, we investigate variance
reduction techniques in stochastic algorithms to deal with the large-sume structure, and
develop DCA to solve nonconvex programs, that result in the so-called stochastic DCA. We
propose two stochastic DCA schemes integrated SVRG and SAGA, namely DCA-SVRG
and DCA-SAGA. In our design, we consider two commonly-used sample strategies: sample
with replacement and sample without replacement. Sampling is called with replacement if
one sample selected at random from the population is returned to the population, then the
next sample is selected in the same way; therefore, it allows repetition. Meanwhile, sample
without replacement strategy sequentially samples from the population where each chosen
unit is not placed back in the population. In the literature, algorithms for solving large-sum
problems mainly adopt the former sampling strategy due to its convenient property: each
sample is independent of the others. However, in practice, the latter one is a very natural
strategy to employ and sometimes leads to remarkably better results (which is illustrated
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by our numerical experiments in Section 5). Therefore, we provide the analysis for both
sampling strategies. Our algorithms follow the new trend in the development of DCA:
design novel efficient algorithms based on DCA for nonconvex optimization which improve
standard DCA in some aspects.

The convergence of the DCA-SVRG and DCA-SAGA has been studied rigorously. The
almost sure convergence to critical points of the proposed algorithms is established. We
show that, each accumulated point of the sequence generated by DCA-SVRG and DCA-
SAGA is a DC critical point of F' = (G +r1) — (H +r32). Furthermore, if 75 is L-smooth, we
obtain the O(k~1/2) convergence rate with respect to the measure of proximity to criticality,
where k is the number of iterations. As a consequence, to find e-criticality, DCA-SVRG
and DCA-SAGA have the complexity of O(N?/3/e?) and O(N + N3/*/e?) (respectively)
in terms of gradient evaluations. Another important contribution is novel arguments used
in the analysis of DCA-SAGA. We introduce an elegant idea of how to escape the non-
independence (which causes difficulties in the analysis) and give good quantitative links
between E|z! — of||? and E|lz* — 2!71||2, E[jz'~t — 2'72||2, etc., where {al}¥ | are local
auxiliary variables introduced by the SAGA technique, which are used for building variance
reduction terms and are updated progressively. These new arguments are expected to be
useful in analyzing future SAGA-type algorithms.

Furthermore, we give additional convergence analysis to handle the composite structure
of . By introducing new optimization variables, z; = p;(z) with ¢ = 1,m, one can
reformulate this problem as a DC program in form of (P) with respect to a couple of
old and new variables. However, our aim here is to provide a more practical convergence
result where we do not simply treat this couple of variables as a whole. Instead, we still
focus on the main role of the primitive variable x in our convergence results. This special
treatment offers us more flexible results to be employed in practice and avoids an undesirable
situation when straightforwardly applying the original convergence analysis of the proposed
algorithms (discussed in Section 4).

Finally, we conduct numerical experiments to study carefully the proposed algorithms’
behaviors. The real-life problems being considered are the nonnegative principal component
analysis, the group variable selection in multiclass logistic regression, and sparse linear
regression.

Comparison with related works. Comparing with (Le Thi et al., 2017, 2020), we use SVRG
and SAGA estimators in the construction of convex subproblems, while (Le Thi et al.,
2017, 2020) employed the SAG estimator. Intuitively, the SAG is quite “conservative” due
to its averaging feature: at each iteration, it computes the average of b new gradients and
N — b kept gradients (b is the minibatch size and N is the number of functions of the large
sum) to form a stochastic direction used to construct a subproblem. Consequently, if b is
relatively small in comparison with IV, the old information dominates the new information,
which makes this stochastic direction change slowly from iteration to iteration. In the
convex case, numerical experiments in the paper (Defazio et al., 2014) have also shown
some merits of SVRG and SAGA over SAG. Hence, SVRG and SAGA are expected to
continue exhibiting these advantages in the context of DC programming and DCA.

As for (Xu et al., 2019b), our proposed algorithms are quite different: their algorithms
are in fact deterministic DCA in which stochastic convex solvers are used to solve convex
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subproblems, while our algorithms stochastically construct convex subproblems. Moreover,
in their work, the authors employ the SVRG algorithm for solving their subproblem, which
results in the so-named SSDC-SVRG algorithm. Our DCA-SVRG differs from the SSDC-
SVRG by the fact that in the DCA-SVRG, the SVRG estimator is employed as an outer
method to compute stochastic gradients; whereas, the SVRG is used as an inner convex
solver in the SSDC-SVRG.

Regarding the proximal-SVRG and the prox-SAGA in (J. Reddi et al., 2016) for solving
the (ERM) problem where each f(-,&;) is L-smooth and € is convex, which is a special case
of (P): the DCA-SVRG via the option with replacement applies on this particular problem
with G, h;, 71,79 defined above recovers the prox-SVRG. Meanwhile, the DCA-SAGA via
the option with replacement do not correspond to the prox-SAGA, but a closely related
algorithm, where the “stochastic variance-reduced gradient” of prox-SAGA, @prox—s AGA, 1S
drifted by another unbiased variance-reduction term: @DCA-SAGA = ﬁprox—SAGA — drift,
where

N
drift = Jl\-};ag—iZag.

el

Furthermore, in the prox-SAGA step of updating the table of gradients, the authors do not
update directly on I but drawing another independent set of indexes J, that mainly aims
to facilitate their theoretical analysis. This procedure additionally consumes - in the worst
case - b gradients computation, where b is the minibatch size. By contrast, the DCA-SAGA
does not need to use another set J, rather, we update the table of gradients based on [
directly, which omits these additional computations.

2. Background

The optimal value « of the problem (P) is assumed to be finite, i.e., « > —oo, which implies
domr; C domre. Moreover, we assume that domr; C dom 9rs.

The space X := R" is equipped with the canonical inner product (-,-). Its dual space YV’
is identified with X itself. The effective domain of a function f : X — R U {400}, denoted
by dom f, is dom f := {z € X : f(z) < +oo}. It is called proper if dom f # (). We adopt
the convention that +o0o — (+00) = +00.

A function f is called p-convex for some p > 0, if for all z,y € R™, X € [0, 1], one has

O+ (1= Ny) S M @) + (1= N ) = EA1 = Ve gl

The supremum of all p > 0 such that the above inequality holds is called convex modulus
of f, denoted by p(f) or ps. Let x € dom f, a vector z € X is called a subgradient of f at
x if

f(y)—f($)2<2,y—$>, VyeX
The set of all subgradients of f at x is called the subdifferential of f at x, denoted by df(z).
And, f is said to be subdifferentiable at x if 9f(x) # 0. Also, by definition,

domdf ={z € X : 0f(x) # 0}.
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Let f be differentiable on an open set U, and let V' C U. The function f is called L-smooth
(L-Lipschitz derivative) on V' if

IVf(z) =Vl < Lllz—yll, Yo,y e V.

Let T'g(X) denote the convex cone of all lower semicontinuous proper convex functions
on X. The vector space of DC functions is denoted by DC(X) := I'o(X) — I'o(X). The
standard DC program takes the form

(Pac) a:=inf{f(x):=g(x) — h(z) 1z € X}

where g, h € I'g(X). Such a function f is called DC, g — h is DC decomposition while g and
h are DC components of f. It is worth noting that a DC function f has infinitely many DC
decompositions.

A DC program with closed convex constraint x € C can be equivalently written as a stan-
dard DC program by adding the indicator function x¢ to the first component g,

inf{f(z) :== g(x) — h(z) : x € C} = inf{xc(z) + g(x) — h(z) : x € X}.

Without loss of generality, we can assume that g and h are strongly convex since f can be
reformulated as a difference of two strongly convex functions as

p p :
f=(9+20-17) = (h+21-17), with p>0.

A point x* is called a critical point of (Py.) (or f = g — h), iff dg(z*) N Oh(x*) # 0,
or equivalently 0 € dg(x*) — Oh(x*). Critical points are generalized KKT points for DC
programs. They coincide, under technical assumptions, with zero of Clarke subdifferential
(or Clarke’s stationarity) of f (Le Thi and Pham Dinh, 2018; Le Thi et al., 2018). Also
x* is called a strongly critical point of (Py.) (or f = g — h), iff § # Oh(z*) C dg(x*).
This inclusion expresses the d(irectional)- stationarity of z* for f. Finally, note that strong
criticality is a necessary (and sufficient with additional assumptions) condition for local
optimality in DC programming (Le Thi et al., 2018; Le Thi and Pham Dinh, 2018).

In practice, the notion of e-criticality has also been used (Xu et al., 2019b). A point

x* is called an e-critical point of f = g — h if dist(9g(z*), dh(z*)) < €, where dist(A, B)
denotes the distance between two sets A and B.
Philosophy of DCA: DCA is based on local optimality conditions and duality in DC pro-
gramming, which introduces the nice and elegant concept of approximating a DC program
by a sequence of convex ones: at each iteration k, DCA approximates the second DC com-
ponent h by its affine minorization hy(z) = h(zF) + (x — 2*, y*), with y* € Oh(2*), and
then solves the resulting convex subprogram to get z*+1. The standard DCA is formally
described as follows.

Standard DCA.
Initialization: Let 2" € dom Oh and k = 0.
repeat
Step 1: Compute the subgradient y* € Oh(z*).
Step 2: Solve the convex program 2**! € argmin{g(z) — hp(z) : 2 € X}.
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Step 3: k =k + 1.
until Stopping criterion.

Convergences properties of the standard DCA and its complete theoretical foundation in
the DC programming framework can be found in (Le Thi and Pham Dinh, 2005; Pham Dinh
and Le Thi, 1997, 1998). For instance, it is especially worth mentioning that the sequence
{2*} generated by DCA has the following properties:

1. The sequence {(g — h)(z*)} is decreasing.

2. If (g — h)(2**1) = (g — h)(z¥), then z* and 2%+ are critical points of (Py.) and DCA
terminates at k-th iteration.

3. If p(g) + p(h) > 0 then the series > 7o, ||z — 2¥||? converges.

4. If the optimal value a of the problem (Py.) is finite and the sequences {z*} and {y*}
are bounded, then every limit point & of {z*} is a critical point of g — h.

Remark 1 In general, the convergence of the whole sequence {x*} generated by DCA does
not hold. Proving this property is difficult and requires more sophisticated tools. Hence,
there were a very few results about it. The first known positive result has been stated for the
class of DC' programs with subanalytic data, i.e., their DC objective functions and convez
constraints are subanalytic (see (Le Thi et al., 2018)). Its proof has been based on the
famous Lojasiewics inequality.

3. Stochastic DCA with Variance Reduction

Throughout this section, we study the problem (P) with o being a convex function.

3.1 The First Stochastic DCA: DCA-SVRG

In this subsection, we develop the first stochastic DCA, called DCA-SVRG, for solving
the problem (P). The algorithm can be considered as a combination of the deterministic
DCA and the SVRG-style of gradient update. That is, based on the deterministic DCA,
we replace the gradient of H by the “stochastic variance reduced gradient” of H. The
algorithm is epoch-based, where the full gradient of H is computed at the beginning of each
epoch and used as a variance-reduction term inside that epoch.

To construct the stochastic variance reduction gradient of H, we can choose one of two
options of sampling: with or without replacement. If the option is sample with replacement,
at each iteration, a set of indexes Ij, = {i1,12,...,4} is randomly chosen from {1,2,..., N}
where each ¢; is independent of the others. Otherwise, the repetition in I, is not allowed.

On the other hand, since a critical point z* of F = (G + r1) — (H + r2) satisfies
dist(O(G + 1) (x*),0(H 4+ r2)(2*)) = 0, we define the measure of proximity to criticality as
follows

B . . k+1 k+1
di = k:O,l,...,K—Hll,ljgo,l,...,M—l Edist(0(H + r2)(2}{7), 0(G + ri) (7).
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Algorithm 1 DCA-SVRG
Initialization: #° € domry, inner-loop length M, minibatch size b, k = 0, option (either
with replacement or without replacement).
repeat
Compute the full gradient 7F = Ef\il Vhi(Z*) and set z;
for j=0: M —1do
if option is with replacement then
Randomly choose with replacement the set I, of b elements of [N].
else
Randomly choose without replacement the set I of b elements of [N].

end if
Compute the “stochastic variance reduced gradient” t?“ by

= . Z Vhi(zht) Z Vhi(

1€y ZEIb

k+1 _ ~k

Compute yj Ve ory(z k“) and let z’€+1 = thrl +y k“
Solve the convex problem xfill € arg mln{G( )+ rl( ) — <z;?+1’ x):x € R"}.
end for
Set zFt+! = xﬁjl, and k =k + 1.
until Stopping criterion.

For brevity, we denote 78 = {xf 2%, ... 2%, |} and g* = {y&, oF, ... vk, |} for all
k € N*. Let 73]’-CJrl be the sigma algebra defined as
k - k k k+1 - k k k
73]-Jrl :a(xl, . l’k :L‘OH $1+1,... H,y ,...,y yoﬂ,ylﬂ,...,yjﬂ)

With the suitable selection of the minibatch size b and the inner-loop length M, we derive
the following convergence results.

Theorem 2 If the minibatch size b and the inner-loop length M satisfy
M < L pGr £ pH + pry

Vb T dve -1 L ’

then

1. The sequence {F(Z*)} converges almost surely.

k k
2. 3000 ihe Bl — 2 < oo

3. Suppose the sequence {yf} is bounded almost surely, then every limit point of {:cf} 18
a critical point of F' = (G +r1) — (H + r2) almost surely.
4. If ry has Lipschitz continuous gradient over domry, then dg = O(1/vK). Moreover,
by choosing b= |N?/3|, M = |u\/b], where
1 PG+ry + pg + Pro

M:4\/e—1 L ’
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the complexity in terms of the number of gradient evaluations to obtain e-criticality
i expectation is (’)(N2/3/62); Meanwhile, the complexity in terms of the number of
convex subproblems being solved is O(1/€?).

We will prove Theorem 2 simultaneously for both options with replacement and without
replacement since the proofs for two options are essentially overlap. In the following proof,
we will highlight parts that need to be analyzed differently for each option. Before giving
the proof for Theorem 2, we first introduce the following lemma for the option of sample
without replacement.

Lemma 3 For the option of sample without replacement, the following inequality holds

E(Htk+l o VH($k+l)|’2’Pk+l) L2 1 — b_il Hljﬂ_l ~ch2 < £2||xk+l _ jk||2
J J J b N —1 = p " :

The proof of this lemma is given in the appendix.

Proof [Proof of Theorem 2| 1. Since H is py-convex and by the definition of x;“jrrll,

H(z k—l—l) > H(z k—i—l) +(VH(z k—i—l) oEL wl;+1> + Pj| Rl $§+1||27

j+1 » i+l J+1
k+1 k+1 k+1 | k+1 k+1 P k+1 k+12
ro(a§ ) > a2 + (y T Ayl — 2T + ’"QH 2yt — a2

It follows from the definition of xf_tll that

k k k k k PG+ k k
(G+r) @) = (G+r) @l + (et — i) + B —

These inequalities imply

k k k k k k Py k k
P(aft]) < Ff™) + (il -}t g+ = VH@ ) = Sl — b7,

where p = py + pry, + pG+r, - Let v > 0 that will be determined later. By applying Schwartz
inequality and AM-GM inequality,

1
k k k k k k
F(2ff) < F(af™) + %Htj—i_l VH (2|2 - =) iy — 2

By taking conditional expectation with respect to PJI?H,

pP—7

R(F(eIPE) < Fab™) — £ Tm(alt — o2 P
1

o Bl - VH ) PP,

10
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If option is sample with replacement, the set I, consists of independent indexes, we therefore
evaluate H:E(Ht;‘?Jrl - VH(:U§+1)||2|77J’»“+1) as follows,
E+1 E+1y)12)pk-+1
E(||t; ™ — VH ()17 P )
2

=Ky, ZWL k1) Zw ) + VH(#") — VH (a5 )

’LEIb ’LEIb

2 .
- lEi <va(m§“) — Vhi(3") + VH(E") — VH(xf“)H ) , where i "% [N]

LQ
< E IVhi(af ) = Vhi(@)|? < 7\\@“?“ -z (1)
Together with Lemma 3, the following inequality holds for two options
L2
E([[t5*! = VH(|P|PiH) < 7H$§”+1 -z (2)
Therefore,

L2
E(F( k+1)‘73k+1) <F( k+1)_|_

k 7k P k k k
zii 2b +1 _ ||2 _ 7E(H +1 _ '+1||2|,Pj +1).

[E Tj1

k—i—l) k+1 kHZ

Consider the sequence of Lyapunov functions Vk'H = F(x + ¢jl|@; , where
{c;} are non-negative numbers determined later (the idea of such sequence of Lyapunov
functions is adopted from (J. Reddi et al., 2016)). We have
k41 pk+1 k+1 k+1 _ =k 2| pk+1
E(VEL [P = E(F (a7 ) + einll2fl — 2P

k k
< E(F( ?ill) +¢j+1(1 ‘f’B)H%ill _%‘HHQ

+cjp1(1+ 1/5)||:17§Jr1 - :Ek||2|73jl-€+1), where 3 > 0

L? 1
k+1 ktl _ zky2
< Pk + (g o (14 5) ) labt = )
+ (cra(1+8) - 250 Bl — 5 P ®)
To obtain ij+1 in the right-hand side of (3), we choose the sequence {¢;} in such a way cys =

M—j
0 and ¢; = % +cjy1 (1 + ) if j < M. These relations yield ¢; = 5257 <<1 + l) — 1> .
Next, to achieve the descent property on the Lyapunov sequence, i.e. (Vk+1|73jk+1) <

J+1
ij'H, we want ¢;11(1+ ) + % < & 2 ¥j=0,M — 1, or equivalently,

BL? 1\ M 1Y

which is further equivalent to

M—1
(1+5)6L2 ((H;) —1>+ggz. (4)

11
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By choosing = M —1, and noticing that (1 + ﬁ) <eand (1+8)8 < (1+8)* = M?,
(4) holds if the following stronger inequality holds
M?L?
2by

(e—1)+

o2

<

LS

(5)

Now by choosing v = % Vbe_l to optimize the LHS of (5), the inequality (5) becomes
% < ﬁ. Consequently, if the minibatch size b and the inner-loop length M satisfy this
inequality, together with (3) we get

P
E(VL P < Vit = SE(l25 — 25 PP, (6)

Note that {ij+1} is an adapted process with respect to the filtration {Pf“}, and ij'H >
F (m?“) > a, Yk, j. It follows from supermartingale convergence theorem (Bertsekas et al.,

2003) that there exists a random variable V*° such that the sequence {ijﬂ} converges to

V> almost surely. As a consequence, the sequence {F(Z*)} converges to V> almost surely
since VT = F(xEth) = F(3F).

2. From (6), we obtain pIE||xf:[11 ]?+1||2+E(V]’$r11) < E(V’Hl) From this inequality and

the fact that E(Vy}) = E(F(2°)) = F(3") < +o0, by induction, one obtains ]E(ijﬂ) < 400,
for all k, j. By telescoping with j and k,

oo M-—1
B Bl —ab P < E(V) - o < +oc. (7)
k=0 j=0

3. From the evaluation (2), we obtain
2 L*(M -1
EHtéﬁ-l —VH(acfH)H < ( ; ) (IEHa:’f“ A2 4 Bl 2L )

which implies

i E Ht’?+1 - VH(x’?+1)H2 < +00. (8)
k=0 j=0

Let S = <t§?+1 - VH(J:]‘-’H) — 0). It follows from (8) that P(S1) = 1. On the other hand,

let So = <a:§“j:11 k“ — 0), it follows from (7) that P(S2) = 1. Furthermore, P(S3) = 1,
where S3 = (y§€ is bounded).

Now, consider an event in S; N Se N S3 which gives rise to a realization {xf} (here, {xf }
is a sequence of real numbers rather than a sequence of random variables). Let x* be a
limit point of {a;? }. Note that the sequence {m? } generated by the algorithm is expressed
explicitly in the following order

1 1 1 1 .2 2 2 2 _— .3 .3
x(]vxlv-'wfol)xM:x0>$17”'755M717xM:x07x17-"

12
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We observe that a subsequence of {af;“} has the following form {a;:((ll)) ten, where u : N — N*
and v : N — {0,1,..., M — 1} satisfy the following relation: for every i < ¢ in N, either
u(i) < u(t) or u() = u(t) and v(i) < v(t). Since x* is a limit point of {1:;‘3}, there exists

a subsequence {:c o(l) } converging to x* as | — oo, which implies x ((ll)) b z*. As a
consequence, tv((l)) — VH(x*). By passing to a subsequence if necessary, we assume that

y:((ll)) converges to y*. Since yg((ll)) € Oro <:):Z((ll))), we obtain y* € Ory(z*) thanks to the

closedness of the graph of the subdifferential operator.

By the definition of $Z((§))+1’ we obtain z:((ll)) € 0(G+mr) (xz((ll))ﬂ) Since the graph of the
subdifferential operator is closed, by letting | — oo we derive VH (z*) +y* € (G +r1)(z*),
hence z* is a critical point of F' = (G +r1) — (H + r2).

4. We first evaluate Edist(VH (z¥1) + Vro(2¥Th) 0(G + 1)(z%T1)).  Since zf“ €

j+1 Jj+1 J+1
J(G + rl)(aﬁfill), we obtain

Edist(VH (z¥) + Vro(ab), 0(G + r) (2 ))

Jj+1 Jj+1
< E|[VH(E) = 657 + B[ Vra(ebi]) - Vra(ah )
< E|[VH(E) - VH @)+ EIVH(E) = 67| + B[ Vry(abt]) - Vra(ah )
1
< (L+ Lyp)Ellabt] — 2t + (B! - VH(E)?)
L ~ 1
< (L Lo Bt - af )+ 2 (Bl - 247) (9)

Furthermore, we have

o = 34 =l — af
<S(M—j+M=—j—1+...+M—1)x
(Gt = ab P o b = )
Therefore,
M-1

1 M—-1 7 % 7 1 2
k ~ 2 k
(Bl —aP)” < (Z ) (Z Bkt —wﬁ%l!“’)

j=1 7j=1 r=1 r=1
M-1 j 2 fM-1 2
< Z(M_,r,) Z M EHwarl k+1H2
j=1 r=1 j=1 r=1
1
1 /M—1 2
M—-1)MQ2M —1)\2
_ <( ) 6( )) ( E||{L‘k+1 k+1||2> . (10)
r=1

13
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It follows from (9) and (

10) that
K—1M-1 K—-1M-1
DY Edist(VH(25H) + Vra(ab ), 0(G + r) (@) < (L4 Ly,) Y > Bl — 24|
k=0 j=0

k=0 j5=0

1K1 5
L (M—l)M(QM—1>2 bl k12
+ E E Z, — T,
\/B < 6 - || IH

0 r=1

1 -1 M-1
L M—-1)MQ2M —1)\?2
<VE( (4Lt (< JM( >> Z S Ellabtl - 22
\/5 6 k=0 j=0
As a consequence, the iteration convergence rate is given by dx =

=O0(1/VK).
Now we derive the complexity to find e-criticality as follows. After K iterations, the
. . k1 k= 07 JK—1
output z, is chosen uniformly from {777} 20" "1,

it holds, for some C' > 0,

KM -Edist(VH(zq) + Vra(za),

(G +r1)(za))

<(M - 1)]\g(2M - 1)>§> o

<VK ((L+ Ly, )VM +

&\h

Let’s choose M = |;u+/b|, where

= 1 pGyr, +pH + Pry

4+/e — 1 L

one gets

KM -Edist(VH(z,) + Vra(za), (G +71)(24)) < CVEK ((L + Ly, )VM +

2\/5M3/2>
<COVEK <(L + Ly, )VM + L:m) <CVME <L + Ly, + LM)

Therefore,

E dist(VH (24) + Vra(@), (G + 11)(za)) = O ( ! >

VKM
By choosing b = | N?/3|, the algorithm needs K = O( = N1 —~173) outer iterations to attain an
e-DC critical point. The total number of gradient evaluations is then

N2/3
K (N +2bM) < K(N +2N?3uNY3) = KN(1 +2u) = O ( = )

On the other hand, there are KM convex subproblems to be solved, leading to the com-
plexity of O(1/€?) in terms of the number of convex subproblems

14
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Remark 4 About the constraint between b and M, % < 4\/;71% :

i. If the DC decomposition admits a large number 7, we have great flexibility to choose
b and M.

i. If the DC problem has a very small value of £, we can adjust the DC decomposition
to increase £. Indeed, to this end, we add %[ - ||* (v > 0) to both DC components, F =
(G4+ri+3-11?) — (H+ra+ 2| -|?). With this new DC decomposition (G = G, H =
H,ri=r1+ 3|37 =ra+ 3| - |2), the larger value is obtained since

p_pt+2y
L L
Nevertheless, one should be careful when using the above technique since adding a strongly
convex term to both DC' components also yields an increase in the “gap” between the second
DC component and its linear minorant, which potentially leads to bad approrimations.

— 400 as vy — +oo.

3.2 The Second Stochastic DCA: DCA-SAGA

In this subsection, we propose another stochastic DCA called DCA-SAGA (algorithm 2).
Just as DCA-SVRG, the new scheme is a combination of the deterministic DCA and the
SAGA-style of stochastic gradient update. That is, the gradient of H in the deterministic
DCA is replaced by the stochastic gradient given by SAGA.

Algorithm 2 DCA-SAGA

Initialization: z° € domr, set a? = 20,Vi = 1, N,t = 0, option (either with replace-
ment or without replacement).
Compute the full gradient 10 = & SN Vhi(a?).
repeat
if option is with replacement then
Randomly choose with replacement the set I; of b elements of [N].
else
Randomly choose without replacement the set I; of b elements of [N].
end if
Compute the “stochastic variance reduced gradient” v?,

1 1
t (ot t_ = (ot
=g E Vhi(z") + 1" — 5 E Vhi(a;).

i€l s

Compute y' € Oray(xt), and let 2t = vt + ¢/t
Solve the convex program z'*! € argmin{G(z) + r1(z) — (2!, 2) : * € R"}.
ot ifjel

Oz;- , otherwise

Update the “full gradient” vt = vt — % >ier, Vhi(af) + % > el Vhi(alth).
Update t =t + 1.
until Stopping criterion.

Update a§.+1 = {

We denote dr = miny—q 1, 7—1 Edist(9(H + r2)(z'™1),0(G + r1)(z!T1)). For brevity,

we denote &' = {at,ab,... ,oﬁv},Vt € N. We denote the sequence of increasing sigma

15
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algebra {P;} as Py = o(20, 2, ... 2,0yt ..yt al al, ... al). The convergence results

of DCA-SAGA is described as follows.

PH+Pro+PG+r

Theorem 5 If the minibatch size b satisfies NVbJQVH’ < 2 for the option of
sample with replacement or ¥ b];H'l < pHerTiszJ’” for the option of sample without re-

placement, then
1. Y2 Ellattt — 2t < oo
N
2. 320 i Ellat - of]? < co.
3. The sequence {F(z')} converges almost surely.

4. Suppose the sequence {y'} is bounded almost surely. Then, every limit point of {x'}
is a critical point of F = (G +r1) — (H 4 r2) almost surely.

5. If ro has Lipschitz continuous gradient over domry, then dp = O(1/\/T). Further-
more, by choosing

b= ﬂ]\ﬁ/‘l where p= PH +p7‘2 +/0G+r1
,\/ﬁ b 4L b

the complexity in terms of number of gradient evaluations to obtain e-criticality in
expectation is O(N + N3/4/62),' Meanwhile, the complexity in terms of number of
convex subproblems solved is O(1/€2).

Proof [Proof of Theorem 5|

Firstly, we will prove the above properties for the option of sample with replacement.
Then, the proof for the option of sample without replacement is sketched, where the main
different arguments are highlighted.

Consider the option of sample with replacement.
1. Since H is pg-convex, ry is pp,-convex, and by the definition of z/*1,

H(l,tJrl) > H(xt) + <VH($t)’xt+1 . xt> i P7HH$1;+1 . xtHg
TQ(IH-I) > TQ(xt) + <yt,xt+1 . xt> + %thﬂ . xt||27
(G+r1)(@™) < (G +rm)(ah) + (4 2 —at) - pG2iII:vt+1 —a'|%.
Combining these inequalities,
F($t+1) < Fat) + <$t+1 — ot ot — VH(Y) - ngt—H _ l,tH2’ (11)

where p = pg + pr, + pG+r,- By taking conditional expectation with respect to P,

Er, (F(e'*) < F(a) + By, (@' =o' ,of = VH(") - LEp 2" - o',

16
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which implies

1 —
Br () < Pa) + 5Bl = VH@ P = BBy o =t (12)

where v > 0 that will be determined later to gain some advantages.
We now evaluate Ey, |[v! — VH (z?)||? as follows,

Z Vhi(zt) + vt — % > " Vhi(ef) — VH(a")

2
Eft”vt 7VH( ||2 Elt

ZE]t i€l
1 uni
= 2Ei || Vhi(a') = Vhi(ad) +v' — VH(z")||* where i ®'{1,2,..., N}
1 t t\|12 L2 t t)2 L2 al t t)2
< SEi|[Vhi(a") = Vhi(a))|* < FEilla’ — of* = 75> lla = of®. (13)
=1

Therefore,

Ej, (F(2'h) < F(at) — 2Ry 2t — 2|2 +

ill?
. .

2vbN P

We define the sequence of Lyapunov functions V! = F(a!) + ¢ Zfi Lt = ad)?

sequence {c;} will be determined later. For all 5 > 0,

, where the

N
E, (V) =Ey, (F(wt“) e )l - a§+1\2>

=1

N N
<Ky, <F(wt+1) (B4 2™ — 2P + e (1+1/8) > |la’ - a§+1\|2>

i=1 =1

<E, (F(act) n (NCtH(ﬁ 1) = 25Tttt - ot

Zuz — oI+ (14 1/8) S Ilat — ad?

2 N
’Yb Zg[t

= F(a") + (N%w +1) - p;”) Epfla*" - 2|

N

L? )
' <W Fenl 1/@) g l* = ag* = e <1 + 5) bE;||zt — ol

= Pla) o+ (Ve (3 + 1) = 257 ) Balat*1 = o'

L2 1 1 1 t)2
eyt (13) (- 5)) S -

17



LeE THI, Luu, LE, AND PHAM DINH

Similar to the proof of DCA-SVRG, we set ¢; = %+Ct+1 (1 + %) (1 - %), or equivalently,

2 . .
Ct+1 = (Ct - szN) (B-&-l/@))J(VN—b)' We obtain by recursion that

_ Lzﬁ BN t L26
o <CO_ 2vb<ﬁb+b—N>> <(6+1)(N—b)) BB b—N)

From the above recursion, if we choose the initial value ¢y = WE*NV we will get
co=c1=cy=...=c¢ =... Next, we choose § such that b +b— N >0< (> NT_b (%)

to make the sequence {c;} nonnegative. With this choice, we obtain Ej, (Vi*!) < VI +
(th+1(ﬂ +1) - %) EItHCBt—H — xtH2‘

In order to obtain the “decreasing property” of the sequence {V'}, we want the term
Negp1 (B + 1) — 557 to be negative. More specifically, we want Ncg1(8+1) 4+ 5 < 4, or
equivalently,

L*8 g
NO+ D @mro—n) T2

(14)

»b\b

Now by choosing v > 0 to make the LHS(14) as small as possible (AM-GM inequality),
v=1L b(ﬁ(z?:bl Ny» we need \/W < £, or equivalently
P

N(B+1)B
b(Bb+b— N) A (15)

From (%), we choose = N/b. The inequality (15) becomes

NvN P
b2 E (16)

Consequently, if b satisfies (16), we obtain E;, (V!*1) < V! — £E;, |l2'*1 — 2*||. Since ¢; > 0,
we obtain V! > F(2') > a > —oco. By applying supermartingale convergence theorem,
we obtain: there exits V> such that V! — V> as. Next, we have fE|z'T1 — 2f||? <
E(V?) — E(ViT!). By induction based on this inequality, we obtain E(V?) is finite forall ¢.
By telescoping the above inequality, we derive & Y2 E[lz"™ — 2![|2 <E(V?) — a < +o0.
il

2. We now evaluate the term E||z'—a!||?. Thisis a key for us to establish the convergence

to critical points. By the definition, we can Write a =zt~ 1{Z€1t 1} + aﬁ_l “Ligr, 1y
Similarly, we can track back one further step ol = z!~ 1{26& T x!2? Ll nn_oy T+
t—2

a; " lger inf_s)-
By doing so repeatedly,

t _ t—3 _ _
Q; =z'” 1{l€1t 1} + '™ 1{i61t_1ﬂft—2} + ’ 1{i61t—1ﬂft—2ﬂft—3}

+...+ a’ 1{1‘61}710[}72““[71}'

18
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It is worth noting that {i € L_1},{i € LeiN Lo}, {i € L.aNL_oNL3},....{i €
I;_ 1N Ii_g---NI} form a partition of the sample space 2, and we obtain

v lon {ie 1}
272 on {Z € I_t—l N It_g}
Oég =< z73 on {Z € jt,1 N jt,Q N It,3}

\xo on {7, € I_t—l N I_t_g <N I_l}

Therefore,

E|la’ — al|? = /Q ot — al|2dP

_/ Hwt —:Ut_ledIP’—i—/ ) ”:Ut _ .%'t_2”2dP
{i€li1} {i€l;—1NI—2}

+/ th—xt_?’szIP’Jr...—i—/ Izt — 202dP.  (17)
{ieli_1Nli_oNl_3} {ieli_1Nl—o-NT}

Our main aim is to prove Y 2, El|z* — af||? < +o0.
Here we have several remarks playing as guiding light in our proof:

e We already proved Y ;o0 E|lztT! — 2%||? < +oo, therefore, we will find links between
Ella* — af| and EJls* — 21 |2, Ellat=! — 2|2, ..

e Our main challenge when dealing with the RHS of (17) is that it is very hard to
compute explicitly those integrals since, for instance, ||z! — z'~1||? and {i € I;_1} are
not independent.

e We know that if a random variable X is independent to the set of events B, then we
have the property [ XdP = E(X)P(B). We will therefore evaluate in such a way that
after our evaluations, by grouping integrals with the common function integrated, the
combined region is independent to that function. For example, after some evaluations,
we obtain something of the form

XdP + Xd]P’—i—...—i—/ XdIP’:/ XdP,
Al Ao Am A1UASU...UA,

where A1, As, ..., Ay, are pair-wise disjoint. Here our aim is to have AjUAsU. .. UA,,
being independent to X, so we can use the mentioned property.

With these meta-ideas kept in mind, we are back to the proof. We denote {¢;} the
sequence as €; = %2 The sequence {¢;} plays a crucial role in our proof. Moreover, we

1 ,
denote A =377 ¢ = > 72 5 < +oo. We define another sequence {6;} as 6; = %, which
i
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implies "2, 0; = 1. We will evaluate E||z! — al||?, (t > 2) based on (17) as follows. Cauchy-
Schwartz inequality implies

1
/ ||.'13't . xt72”2dP S/ th o l,tleQd]P)
{ieft_lﬂlt_g} 91 {iETt_lﬂIt_Q}
1
+ / thfl o $t72H2dP,
1- 91 {ieit_lﬂft_g}

1
/ ot —atSjPap < o [ 2t — 2|
{Z'Eftflmftfgﬁ[tfg} 91 {’L'Ejtflﬁftfgﬁftfg}
vy ot~ — ot=2|2P
92 {iejtflﬂftfgﬂftfg}

1

- ||$t—2 _ ﬂj‘t_3||2d]P),
1—61—062 /{i61t1ﬂft2ﬂft3}

_|_

1
/ o - a?Pap < - la* — o PP
{ieli—1n..nI} 61 {ieli_1n..nI1}

1
+ — Ha?tfl —xt*2|]2d}P’+...

02 {ieft_m..nfl}

1

4+ — 2% — zt||?dP

et—l {ieft_lﬁ...ﬂf_l}

1 / 1042

; o — 20| dP.

1-— 01 - 92 T e T et—l {ieft_lﬂ...ﬁf_l}

By adding (17) and these inequalities, then grouping integrals sharing common the function

integrated, namely ||z® — 2!71||%, |22 — 2712, ..., [|2! — 2°||?, and noticing

{’L S jt,1 N Itfz} U {Z € jt,1 N ft,Q N It,3} .U {’L € ft,1 n.. fl} = {’L € ftfl},
{i € Iitfl N jt,Q N Itfg} u...u {Z S jt,1 n.. jl} = {Z S jt,1 N ft,Q},

we get
1
Ble' —alP < [ fat—otPapa g [ et -t
’iGIt,l} 91 {iejtfl}
1 1
4 / ||$t—1 _ Qj‘t_2||2d]?+ / ||5L‘t_1 o l‘t_QHQd]P)
1- 01 {iEftflﬂIt,Q} 92 {iéftflﬁjtfg}
1
S / |22 — 2||2dP
1-— 01 — ... et_Q {ieftilmmmll}
1
v Jo? — o1 |%dp
Or—1 Jyiel,1n..ni)
1 / 1042
+ " — 27| "dP.
[ — R PP
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: 1 1 1 1 1 1 1
By observing that 1 < g, SO o T S G T S 6o W
have

1 1
Ellz" — of||* < / l* — 2~ 2dP + / 2t~ — 2t 2P
b Jo 02 {iejt 1}

1
+...+/ |22 — 2! ||?dP 4 — / |2t — 20)|2dP.
074‘*1 {iejtflﬂ...ﬂfg} Ht {iEjtflﬁ...ﬁjl}

By the independence of each pair ||z/=! — 2!72||? and {i € L_1},..., [|[#? — 2!||? and {i €
It 1M. ﬂfz} ||£L' 0”2 and {ZGIt 1M. ﬂ]l}

1 1 L=
Ella’ — ofl? < Z-Bla’ — o'+ S-Ella’~! — o' 2PR({i € L)) +

1 - _ 1 . _
+ —E”x 2PP{ie L1 n...NL})+ H—EHxl —2PP{ie_in...N1})
t

1 N—-1\°
:—E t_ =12 L Rt — 22
o 2" — 2" " + 5 |2 x| ) T

1 N -1\ 4 N — 1)\
B YTV RS NP e ol YT R T (e e .
t o |z° — 2] < N > + o [ N

b . . .
For short, let us denote A\ = (%) < 1. The inequality can be written as follows

t )\t—k
Bl —af|? <3 R
k=1 """
Therefore,
o) o] t
Y Ellzt —af)? < ZZ &
t=1 t=1 k=1

o0 o0
=ZZ kR g2 = ZEHx T Z

= = Okt Or—k+1

iE”wk kl‘ZHHA(Z )ZEHm P

g Et+1
:A<Z t+1)2 )ZEHJZ P2 < oo,
t=0

since the power series u(z) = > 52, (t + 1)2A has the convergence radius 1

3. As a consequence of properties 1,2 above, we derive that {F(z!)} converges to V>
almost surely.

4. If follows from (13) and property 2 that E (352, [[v* — VH(2*)||?) < +o00. Let

S = (vk — VH (") = 0,25 — ¥ =0, {y*) is bounded) :
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It is evident that P(S) = 1. We consider a fixed event in S to obtain a realization {x*}. Let
z* be a limit point of {z*}, there exists a subsequence {z*} such that 2* — z*, implying
e+l — 2. Since H is L-smooth, we obtain VH (z'*) — VH(z*), which implies, v'* —
VH(x*). Since {y'*} is bounded, by passing to a subsequence if necessary, we assume that
y'* — y*, therefore, y* € Ora(z*). On the other hand, we have z'* € 9(G + r1)(z'**1). By
the closedness of the graph subdifferential operator, we obtain VH (z*)+y* € 0(G+r1)(x*).
Therefore, z* is a critical point of F' = (G + 1) — (H + r2).
5. Since 2t € (G + ) (xT1),

dist (VH (2"T) + Vra(z'),0(G + r1) (2"11)) < |[VH(2") + V(211 — o' — ¢
<|VH(@@™) = VH(@@")| + [|[VH(2") = o' + [[Vra(a™T) = V(2|
< (L + L)l = 2| + [ VH (2") = o']].

Therefore,

E dist (VH (2'1) + Vra(2'*1), 0(G + 1) (2'1))

N

< (L + L )Ella™ — 2| + (B[ VH (") — ')

N

1

< (L + Liy) (B[l = 2"]%)2 + <ZEH$ §H2>

Summing these inequalities for t =0 to 7' — 1,

W

T-1
Z E dist(VH (z') + Vro ('), 0(G + 1) (1))
t=0
1
- 1 ; T-1/N 2
< (L + Lyy) Z (B[l —at|?) Y Ellzt —of|?
=0 VBN t=0 \i=1
1 1
T-1 3 T-1 N 2
<@LV (Talett o)+ LT (33 e - o)
t=0 t=0 =1
LvT
< (L4 L,)VTC + \/\/;C < (2L + L,,) CVT, for some C' > 0.

It follows that the iteration convergence rate is dp = O(1/v/T).
If the output z, is chosen randomly from {z}]_;,

E dist(V H (2a) + Vra(2a), (G + 11)(2a)) = O (&) .

Therefore, to get e-criticality, the algorithm needs 7' = O(1/¢2) iterations. From the condi-
tion for b, if we choose

b— ﬂ]\ﬁ/‘* where 1 — PH + Pry + PG+r
\//j ) 4L )]
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one obtains the complexity of O(N+N3/4/€?) in terms of the number of gradient evaluations
and the complexity of O(1/€?) in terms of the number of convex subproblems.

Sketched proof for the option of sample without replacement.
1. By following the arguments of the proof above, we obtain the inequality (12). Then,
we have the following lemma whose proof is similar to the proof of Lemma 3.

Lemma 6 The following inequality holds,
L? b—1\
t e (1271 Z t_ o2,

Similar to the arguments above, by introducing the Lyapunov sequence V! = F(a!) +
2

ct Zfil |2t — af||? with ¢; = 2%(]551%:?\)4%), where 8 = N/b, and + is determined by the

AM-GM inequality as above, we want

N\/NQ—b2< p
YN -1 ~— AL

(18)

Consequently, if (18) holds and we obtain that {V*} converges almost surely

NVN+1 < P
¥ T AL
and > 70 Eljztt — 2f? < oo
2. The arguments above can be employed with the following notice: P({i € I;_1}) =
1—-b/N,P({i € L,_1NL_5}) = (1-0b/N)? etc.
3, 4, 5. These properties are established similar to the option of sample with replacement.
|

Remark 7 «. We can apply the same technique discussed in Remark 4 to improve the
number £ of the problem if necessary.

ii. The analysis giving links between E||lzt — ol||? and Y52, El|zt — 2?2 is quite novel
in the literature, which is expected to be helpful in analyzing SAGA-type algorithms. The
analysis provides an elegant idea of how to escape the “non-independence” of the function
and the region of an integral.

Remark 8 Some comparisons with related algorithms:

i. From the convergence of the standard DCA (Pham Dinh and Le Thi, 1997), one can
verify that to find an e-criticality, under the L-smooth assumption of H and 1o, it requires
O(1/€?) iterations. As a result, the standard DCA has the complexity of O(N/e?) in terms of
gradient evaluations and O(1/€2) in terms of the number of convex subproblems. While the
proposed DCA-SVRG and DCA-SAGA enjoy the same complexity as the standard DCA in
terms of the number of convex subproblems, they significantly outperform the standard DCA
in terms of gradient evaluations, DCA-SVRG: O(N?/?/e?), DCA-SAGA: O(N + N3/*/e?).

. (Xu et al., 2019b) considered the following large-sum problem

1 X 1
min F(z) = G(z) - H(z) +r(2) = & > gilw) - N > hyi(x) +r(x),
i=1 Jj=1
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where g;, hj are convex and the regularizer r is conver. The authors also analyze the case
that r is nonconvex (not necessary to be DC) where the proximal mapping can be efficiently
computed. For simplicity, we only discuss the case that r is convex (note that their com-
plexity for the case of nonconvex r is obviously worse than the convex case). When each h;
is L-smooth, the best gradient complexity to find (nearly) e-criticality is given in (Xu et al.,
2019, Corollary 9), which is O((N + N)/e?). Of course, this complezity takes into account
the cost of solving each large-sum convex subproblem by the SVRG. To compare with our
algorithms, we need to cast this complexity into the number of gradient evaluations of H
and the number of convex subproblems being solved. To obtain a (nearly) e-critical point,
they need O(1/€%) stages in total (Xu et al., 2019b, Lemma 8 and Corollary 9). Each stage
consumes a full gradient of H and requires solving inezxactly a conver subproblem, resulting
in the complezity of O(N/e?) in terms of gradient evaluations and O(1/€%) in terms of the
number of convex subproblems. Our algorithms enjoy better gradient complexity, while the
complexity in terms of convex subproblems is somewhat incomparable since their algorithmic
design also takes into account the inexactness of solving each such problem, while we do not
quantify this issue here.

4. Additional Convergence Analysis for The Composite Structure of r,

In this section, we consider ro(z) = >, li(pi(x)) where [; : R — R is convex and decreas-
ing, p; : R — R is convex and hence continuous, for ¢ = 1, m. The optimization problem
(P) becomes

=1

N m
Q) @ =min {F(x) — ) - % 3 hite) +ra(e) - Zli(pi(a:))} |

By denoting Q = {(z,2) € R" x R™ : p;(z) < z;,Vi = 1, m}, we can solve the following
problem instead

N m
(Q) a=min {go(x,z) =G(z) — %th(x) +ri(z) + xa(z,2) — le(zl)} ,

i=1 =1

since if (x*,2*) is the optimal solution of (Q'), * is the optimal solution of (Q). We
observe that the problem (Q') with respect to the optimization variables (x,z) takes the
form of (P). Therefore, we can apply the proposed DCA-SVRG and DCA-SAGA to (Q').
However, the convergence analysis of DCA-SVRG and DCA-SAGA should be modified for
this case since x and z do not play the same role. We see that, due to the newly introduced
optimization variable z, the modulus of convexity of G and H with respect to (z,z) is 0,
which is undesirable. By Remark 4, we can add the convex term %|(z, z)[|? to both DC
components. However, this technique has its own risk of resulting in bad approximations.
Therefore, we still want to use the modulus of strong convexity of G and H with respect to
x only in our analysis, which requires us to adapt the convergence analysis of DCA-SVRG
and DCA-SAGA to this case. For convenience of presentation, we give DCA-SVRG scheme
applied to (Q') and state the convergence results with its sketched proof. For DCA-SAGA
applied to (Q'), we only present convergence results.
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The DCA-SVRG scheme applied to (Q') is given in Algorithm 3, where we denote
r3(z) = 325ty li(zi)-

Algorithm 3 DCA-SVRG applied to (Q’)

Initialization: #° € domry, inner-loop length M, minibatch size b, k = 0, option (either
with replacement or without replacement).

repeat
Compute the full gradient v = L ]\L Vhi(#F) and set azftt = gk, A1 =
N Zui=1 0 0
E+1 _k+1 k-+1 - k+1 k-+1
(zOJlr ,zOJQr ,.. zo';I) with zO;C :pr(x0+ ).

for j =0: M —1do
if option is with replacement then
Randomly choose with replacement the set I; of b elements of [N].
else
Randomly choose without replacement the set I; of b elements of [N].
end if
Compute the “stochastic variance reduced gradient” t?“ by

t;ﬁ-l th’ k+1 ZVh

ZEIb ZEIb

Compute ka € or3( ;“H).

Solve the convex problem

(@, 24 = argmin{G(z) + 1 (2) + xa(z, 2) — (5T 2) — (FT, 2)}

end for
Set zFt+! = xﬁjl, and k =k + 1.
until Stopping criterion.

Henceforth, we still denote pg, pg+r, the modulus of strong convexity of H and G + 71
and L the Lipschitz constant of Vh; with respect to x only. We derive the following
convergence results.

Theorem 9 If the minibatch size b and the inner-loop length M satisfy

<

1 PG+ri + PH
4v/e — 1 L ’

SIE

then
1. The sequence {F(z*)} converges almost surely.
k+1 k+1
2. >0 OE EH%L - ijr 12 < +oo.
3. Suppose the sequence {yf} is bounded almost surely, let x* be a limit point of {xf},
then (z*,2*) is a critical point of F = (G 4+ r1 + xq) — (H + r3) almost surely, where

= (p1(a*), p2(z"), ..., pm (@)
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Proof [Proof of Theorem 9| 1, 2. The convex subproblem can be solved as follows

azk_tll = argmin {G(m) +r(x) — thrl nyjlpr } (19)
zﬁrllm = pr(xﬁrll), Vr =1,m. (20)

It follows from (19) that tf“ €o (G +7r =y 1yfj1pr) (z ?ill), which implies

k k k k k k k
Gt + (b)) <Gla “Hw<*ﬂ+@“7;%wﬁ5

k k: 1 k+1 PG+ k+1 k+1
yﬁl pr(@i ™) = pp(afit])) — =l — 5P (21)

From the convexity of H and rs, we obtain

k k k k k PH | k k
H(@hth) = H(af ) + (VH(E), ab ] - ob ) + Bhjabt — b2, (22)
k k k k
ra(2f) = (2t + (it 2 2. (23)

From (21), (22) and (23),
k k k k k PG+r T PH | k k
F(aif) <P + (5 = VH@), 21 — o)) - %Hﬂ?jﬁ — a2,

. k41 k41 k41 k41 k+1 k41
by noting that cp(xjil,zjil) :F(a:jjr'l),Lp(mj+ , ]+ )= F(xj+ ).

Here, by considering the Lyapunov sequence V]k+1 =F (x?“) + cj||33§+1 — ¥||? similar
to the proof of Theorem 2, we arrive at the conclusion 1 and 2.

3. Let S = <t§+1 - VH(x?'H) — O,xfill k+1 — 0, {y }is bounded) . We see that

P(S) =1 and let {xk} be a realization with respect to a fixed event in S. Let z* be a limit
point of {mk} there exists a subsequent x ((ll)) — z*, which further implies x ((l)) b x*.
From (20) and the continuity of p,, we obtain zz((ll)) — (p1(x*),...,pm(z*))". Without loss
of generality, we assume that yZ((ll)) — y*, which yields y* € drs((p1(z*),...,pm(2*))T). On

the other hand, b VH (z*). It follows from

v(l)
u(l) () u(l)
Loy €0 <G +r1 - Zyv(,),rpr> (o)1)

r=1
that VH (z*) € 9(G + 11 — Y-, yipr)(z*). Therefore,
(VZ (x)) € 8(G(x) +r1(z) + xalz 2) (" 2,

which implies 9(G(x) + r1(z) + xa(x, 2))(z*, 2*) NO(H (z) + r3(2))(z*, z*) # 0. [ |

Similarly, we have the following convergence results when applying DCA-SAGA to min-
imize the function ¢(z, z).
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Theorem 10 If the minibatch size b satisfies N”bév“’ < pH—Z—f;”l for the option of sample

with replacement or va];[H < pH+4ch+r1 for the option of sample without replacement, then

1. Y20 Ellattt — 2t < oo

N
2. 320 2imr Ella’ = of|? < co.
3. The sequence {F(x')} converges almost surely.

4. Suppose the sequence {y'} is bounded almost surely, let * be a limit point of {x'},
then (x*, 2*) is a critical point of F = (G + 11 + xq) — (H +r3) almost surely, where
Z* = (pl(x*),pQ(fL'*), LIRS 7pm(x*))—r

5. Applications to Nonnegative Principal Component Analysis, Group
Variables Selection in Multi-class Logistic Regression, and Sparse
Linear Regression

In this section, to study our proposed algorithms’ practical behaviors, we apply DCA-SVRG
and DCA-SAGA to three important problems in machine learning: nonnegative principal
component analysis, group variables selection in multi-class logistic regression, and sparse
linear regression.

All numerical experiments in this section are performed on a Processor Intel(R) core(TM)
i7-8700, CPU @ 3.20GHz, RAM 16 GB.

5.1 Nonnegative Principal Component Analysis

Principal component analysis is arguably one of the most successful tools for dimensionality
reduction. Throughout its history, PCA has numerous success stories in a large spectrum
of applied sciences, including neuroscience, medicine, psychology, material science, scien-
tometry, astronomy, geography, and social sciences.

We perform numerical experiments on a special structure of PCA called Non-negative
component analysis (NN-PCA). The term “non-negative” indicates that we restrict the
search domain to be the non-negative part of the whole search space. This restriction
implicitly assumes that we know some additional information on a solution of PCA: the
solution belongs to the non-negative orthant. This additional information offers some the-
oretical advantages as discussed in (Montanari and Richard, 2015). The NN-PCA has the
following form

I 2
W ‘ 24
”‘THIgiI;ZO 2N 4 <£17, Zz> , ( )

where {2}, is the given data set.

5.1.1 DCA-SVRG AND DCA-SAGA APPLIED TO (24)

We apply DCA-SVRG and DCA-SAGA to (24) with the following DC decomposition
G(z) = §||x||2, hi(z) = ngHQ + %(x,zi)2,r1(x) = xs(x),re(x) = 0, where S = {z €
R": 2 > 0,|z| <1}, and p > 0. In our experiments, we fix p = 1.
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With this setting, we implement two versions of DCA-SAGA and two versions of DCA-
SVRG, namely, DCA-SAGA-vl (sample with replacement) and DCA-SAGA-v2 (sample
without replacement), DCA-SVRG-v1 (sample with replacement) and DCA-SVRG-v2 (sam-
ple without replacement), respectively.

5.1.2 NUMERICAL EXPERIMENTS

Data sets. We use standard machine learning data sets in LIBSVM !, namely, a9a (32561 x
123), aloi (108000 128), cifar10 (50000%x3072), SensIT Vehicle (78823x100), connect-4
(67557 x 126), letter (15000 x 16), mnist (60000 x 780), protein (17766 x 357), shuttle
(43500 9), YearPredictionMSD (463715x90). Each sample of these data sets is normalized
as ||z = 1.

Comparative algorithms. We implement stochastic DCA (denoted by SDCA) (Le Thi et al.,
2020). For a more in-depth comparison, we further implement prox-SGD and prox-SAGA
(J. Reddi et al., 2016), prox-SARAH (Pham et al., 2020), prox-SpiderBoost (Wang et al.,
2019). Here we do not compare with the prox-SVRG since - as discussed earlier - the
DCA-SVRG-v1 applied to the above setting recovers a version of the prox-SVRG.

For proximal-type algorithms (prox-SGD, prox-SAGA, prox-SARAH, prox-SpiderBoost),
the convex regularizer is set to be yg(x), while each L-smooth component of the large sum
is set as f;(z) = —3(z,2)? (fi is I-smooth).

Ezperiment setups and results. We study the evolution process of the objective with respect
to the computational resource used. This resource is measured by the number of stochastic
first-order oracle calls (SFO). That is, every time we access one stochastic gradient (the
gradient of one summand) of the large sum, one SFO call is counted. We set the fixed
budget of SFO calls to be 15N. However, we allow all algorithms to use some extra SFO
calls to complete their last iteration.

We observe that each function z +— (z,z)? is 1-smooth. Based on theoretical con-
vergence results, we choose hyperparameters for the algorithms as follows. The minibatch
size b is chosen as LNgj, LN%J, [QEN%], [2/ NV N + 1] for DCA-SVRG-v1l, DCA-SVRG-
v2, DCA-SAGA-vl, DCA-SAGA-v2, respectively. We set the inner loop length M for
DCA-SVRG-v1 and DCA-SVRG-v2 to be | ; \/ii\/gj On the other hand, we use a neu-
tral minibatch size of 10%N which usually yields good results (Le Thi et al., 2020) for the
SDCA. For the prox-SGD, n = 1/(2L) (Ghadimi et al., 2016) and we choose a neutral mini-
batch size of 500. For the prox-SAGA, we set n = 1/(5L) and the minibatch size b = LN%J
(J. Reddi et al., 2016). The hyperparamters of prox-SARAH are chosen as follows (Pham
et al., 2020, Theorem 8): the minibatch size b = |y/n|, the inner loop length M = | N/b],
the step size i and the averaging parameter ~:

2vVwM 1 3(N —b)

where w =

T oM +1 T LV 20(N — 1)

Lastly, for the prox-SpiderBoost, we choose = 1/(2L) and the inner loop length and the
mini-batch size M = b = [V/N| (Wang et al., 2019, Theorem 1).

1. The data sets can be downloaded from https://www.csie.ntu.edu.tw/~cjlin/libsvm/.
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We report the suboptimality of the objective, f(x) — f(Z), where Z is the “optimal”
solution found by running the deterministic DCA 500 iterations (which means that this
deterministic DCA uses 500N SFO calls) 10 times with different initial points. The fi-
nal optimal value f(Z) is the smallest value found by the deterministic DCA and all the
competitive algorithms in this experiment. To enhance the visibility, we plot this subop-
timality in the logarithmic scale of base 10. Figure 1 shows the results over 10 random
runs of all comparative algorithms. The bold lines represent the mean curves, while the
shaded regions illustrate the mean absolute deviation (MAD). Note that, in the normal
scale, one might plot z +£ MAD(z); Meanwhile, in the log scale, a reasonable way is to plot
logo(z) £ (1/1n(10)) MAD(z)/z ~ log;o(z) £ 0.434 MAD(z)/x (see, e.g., (Stuve, 2004)).

Comments. We observe from Figure 1 that two versions of DCA-SVRG and the prox-
SARAH, prox-SpiderBoost perform very well and usually take the lead, where the sub-
optimality is around 107! in most of the cases. It is followed by the sample without
replacement version of DCA-SAGA (DCA-SAGA-v2) who obtains a good suboptimality
(usually less than 1071° ). While the performance of DCA-SVRG-v1 and DCA-SVRG-v2
are almost identical, DCA-SAGA-v1 is much worse than DCA-SAGA-v2, indicating that
sample strategies are of decisive importance on the performance of DCA-SAGA. In this
experiment, the prox-SAGA also obtains good results with suboptimality less than 1075 in
most data sets. The SDCA performs a little bit worse than the prox-SAGA, meanwhile,
the prox-SGD fluctuates around 10~° and can not further decrease the suboptimality.

5.2 Group Variables Selection in Multi-class Logistic Regression

Logistic regression is undoubtedly one of the most successful tools for classification. Logistic
regression has a wide range of applications including cancer detection (Kim et al., 2008),
social sciences (King and Zeng, 2001), medical (Bagley et al., 2001), etc. On the other hand,
for high-dimensional data, feature selection is usually employed in order to select relevant
features and encourage weights corresponding to irrelevant features to go to 0.

Let {(zj,v:) : ¢ = 1,2,..., N} be a training set with feature vectors z; and the labels
yi € {1,2,...,Q} where @ is the number of classes. Let W be the d x @ matrix with
columns W. 1, W.o,...,W. g and b = (b1, ba,...,bg). The conditional probability of class y
given the observation X = z can be modeled by

exp (by + W)
S exp (b + W)

p(Y =ylX =z) =

To find (W, b), one minimizes the following negative log-likelihood function over the whole
training set

N
E(W7 b) = % Zg(xza Yi, W7 b)
i=1

where (x;,y;, W,b) = —logp(Y = v;|X = z;). On the other hand, to select relevant
features, one employs the following ¢, o-norm of W

Willgo=Hs€{1,2,....d} - [ W,

Q#O}L
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Figure 1: The suboptimality of all algorithms over 10 data sets
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which leads to the following optimization problem

N
. 1
min {N;m,yz,mb) - Auwuq,o}- (25)

In practice, the discontinuous ¢, o-norm is usually approximated by continuous functions.
In this paper, we approximate {40 by the following nonconvex functions, which have been
proven to be efficient in several problems including individual variable selection in SVM
(Bradley and Mangasarian, 1998), sparse optimal scoring problem (Le Thi and Phan, 2016),
sparse covariance matrix estimation problem (Phan et al., 2017),

exp

Exponential: 7S%P(s) =1 — exp(—as),

Capped — ¢ : 1574 (s) = min{1, as}.

The corresponding approximation problem of (25) takes the form

N d

. 1

min {3 iy, Wb + A na (W5l ¢ (26)
’ i=1 j=1

5.2.1 DCA-SVRG anD DCA-SAGA APPLIED TO (26)

It is worth noting that an L-smooth function ¢ admits the following DC decomposition
Y i
ol2) = 2zl = (Fllzl* - o)) (27)

whenever v > L. We can show that ¢(x;,y;, W,b) is %\/@(H@HQ + 1)-smooth, so the

DC decomposition (27) can be used. On the other hand, 7, is concave and increasing.
Therefore, the problem (26) takes the form of (Q) with

g gl
GW,b) = S [|[(W, D)%, hi(W,b) = LA b)|1* = (i, yi, W, ),

ri(W,0) = 0,1;(s) = —Ana(s), pi(W,b) = ||W;.||q, Vi =1,d,

where vy > %\/Q(max.:m lzs]|? + 1). We can apply DCA-SVRG and DCA-SAGA to

1
solve (26). In general, the convex subproblem of DCA-SVRG and DCA-SAGA requires the
computing of the proximal operator of r|| - ||, with ¢ € {1,2}, where the proximal operator
of a function f is defined by

pros(o) = angamin { 5o =l + 7).

It is worth noting that, these proximal operators can be computed explicitly as follows

(1 _ ! )x if (|22 > 7,
ProX, |||, (z) = (EP
0

otherwise

prox,i.|, (z) = max(|z| —r,0) o sign(z).

32



STOCHASTIC DCA WITH VARIANCE REDUCTION AND APPLICATIONS IN MACHINE LEARNING

Therefore, the corresponding DCA-SVRG and DCA-SAGA schemes applied to (26) is ex-
plicit, i.e., no convex solver is needed for solving convex subproblems.

In this experiment, we found that DCA-SAGA with replacement performs poorly and
is not numerically stable. Hence, we only study the behaviors of three algorithms: DCA-
SAGA without replacement, DCA-SVRG-v1 (with replacement), DCA-SVRG-v2 (without
replacement).

5.2.2 NUMERICAL EXPERIMENTS

Data sets. We use standard machine learning data sets obtained from LIBSVM for multi-
class classification, namely, connect-4 (67557 x 126, 3 classes), dna (2000 x 180, 3 classes),
letter (15000 x 16, 26 classes), SensIT Vehicle (78823 x 100, 3 classes), Sensorless
(58509 x 48, 11 classes), shuttle (43500 x 9, 7 classes). All data sets are normalized by
MinMaxScaler to scale all features into the range [0, 1].

Comparative algorithms. The DCA and the SDCA are chosen as comparative algorithms
in this experiment.

Ezxperiment setups and results. We set the budget of SFO calls to be 20IN. Throughout this
experiment, regularization parameter A and the number « that controls the tightness of
the {40 approximation are fixed as 1 and 0.5, respectively. As mentioned, it can be shown
that each function ¢(z;,y;, W,b) is L-smooth, where L = %\/@(maxi:m l|lz;]|2 + 1). In
order to guarantee the convexity of two DC components, we need to set v > L. In our
experiment, we fix v = 2L.

By the convergence analysis above and the numerical experiments in (Le Thi et al.,
2020), we choose hyperparameters for algorithms as follows. The minibatch size b is chosen

as {2\/N\/N+ 1] J[NE], [ N3], [10%N| for DCA-SAGA, DCA-SVRG-v1, DCA-SVRG-
v2, SDCA, respectively. The inner loop length M of DCA-SVRG-v1 and DCA-SVRG-v2 is

set to be LN%\/BJ

Four Figures 2, 3, 4, and 5 report the mean curves of the objective (averaged over 10
runs) and the mean absolute deviation of five algorithms. To enhance visibility, the MAD
is scaled up by a factor of 20.

Comments. It can be observed that, in all cases, DCA-SAGA is the best algorithm in
both solutions’ quality and convergence rate criteria. It is followed by the two versions of
DCA-SVRG to be the second-best, where the performances of these two versions are almost
identical. These patterns occur consistently over all tested cases. Again, in this experiment,
the sample strategies are of paramount importance in the performance of DCA-SAGA:
while sample with replacement makes DCA-SAGA numerically unstable, sample without
replacement makes DCA-SAGA the best algorithms among all competitors. We see that
the SDCA is the worst algorithm in this experiment where it decreases the objective value
in a quite slow rate, which partially demonstrates the conservative nature of the averaging
feature in its design. The performance of the standard DCA is relatively similar to the
SDCA. The gain of DCA-SAGA over the SDCA varies from 0.71% up to 60.15% and the
gain of DCA-SVRG-v1 over the SDCA ranges from 0.56% to 54.73%.
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5.3 Sparse Linear Regression

Sparse linear regression is a linear regression model that aims to eliminate redundant, noisy,
and irrelevant features. Given a data set {(x;,v;)}\,, sparse linear regression tries to fit
(B,x;) ~ y; with a sparse solution 5 in order to select right features, especially in the
high-dimensional regime. Formally, the optimization problem associated with sparse linear
regression is given by

N

min o 3 (= (8.2 + M8l 23)
where A > 0 is a parameter that makes a trade-off between the data-fitting term and the
sparsity-encouraging term.

To make the problem tractable, the discontinuous ¢y-norm is usually approximated by
a continuous one. In this section, we focus on the Capped-¢; that is used to approximate
the fp-norm to give rise to the following approximation problem

N m
min F(8 i\rz:: — (B, ;) 2+)\Zmin(1,a|ﬂj|). (29)

E o

5.3.1 DCA-SVRG anND DCA-SAGA APPLIED TO (29)

Firstly, each function 3 — 3(y; — (8, z;))? is ||2;]|*-smooth, so it admits the DC decompo-
sition (27). On the other hand, the Capped-¢; function is DC with the DC decomposition
min(1,a|8]) = §(8) — h(B), where §(8) = 1+a|A|, and h(3) = max(1,a|3|). Therefore, the
problem (29) falls into our framework with the following setting

1
mm:%meM®:ﬁWW—4@mf+M@m»
r1(8) = Aal|Bl,r2(8 —AZﬁmlmw>

where v > max,_i l|z;]|2. When applying DCA-SAGA and DCA-SVRG to this setting,
the subproblem is nothing but the proximal operator of £1, which has a closed-form solution.

On the other hand, similar to the phenomenon happened in the previous experiment on
Group Variables Selection in Multi-class Logistic Regression, we have found that DCA-
SAGA with replacement performs poorly and numerically unstable in this experiment.

Hence, we only consider the following three algorithms: DCA-SAGA without replacement,
DCA-SVRG-v1, and DCA-SVRG-v2.

5.3.2 NUMERICAL EXPERIMENTS

Data sets. We use regression data sets, namely, cadata (20640 x 8), YearPredictionMSD
(463715%x90) from LIBSVM, and SGEMM GPU kernel performance data set, sgemm_product
(241600 x 14) (Nugteren and Codreanu, 2015). Each data set is standardized to have mean
(1) of 0 and standard deviation (o) of 1.
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(a) cadata (b) sgemm_product (¢) YearPredictionMSD

Figure 6: The performance of seven algorithms on the sparse linear regression problem

Comparative algorithms. We compare our proposed algorithms with the standard DCA,
the SDCA, the stochastic stagewise DC (SSDC) proposed in (Xu et al., 2019b), and the
mini-batch stochastic proximal gradient (MB-SPG) (Xu et al., 2019a).

Experiment setups and results. The budget of SFO calls is set to be 30N. The regularization
parameter A\ and the parameter o of the Capped-£; are both set to be 1 throughout this
experiment. To guarantee the convexity of DC components, we choose v = max,_17 ||@i .

On the other hand, the minibatch size b is chosen as LN%J, LN%j, [2v/2V/ NN + 1],
|10%N | for DCA-SVRG-v1l, DCA-SVRG-v2, DCA-SAGA, and SDCA, respectively. For
two versions of DCA-SVRG, we set M = [ \/(la_flx/lsj About the SSDC, the nonconvex
regularizer Capped-/; is replaced by the Moreau envelope r, (Xu et al., 2019b, Sect. 4).
Moreover, the proximal operator of the Capped-¢; can be efficiently computed (see, e.g.,
(Gong et al., 2013)), which allows the SSDC to work. The parameter p controlling the
Moreau envelope is required to match the (square) order of the final error € (Xu et al.,
2019b, Theorem 10c), so it is set to be a relatively small number, 1 = 107%. Note that,
since the convex subproblem has a closed-form solution and the first DC component is not
given as a large sum, no stochastic convex solver is required for the SSDC in this case. On
the other hand, as remarked in (Xu et al., 2019a), the use of the Moreau envelope could be
a bad idea as it introduces the approximation error while slowing down the convergence.
Therefore, we further implement the mini-batch stochastic proximal gradient (MB-SPG)
(Xu et al., 2019a) that uses directly the proximal operator of the Capped-¢;. The minibatch
size of MB-SPG is of order O(1/¢?) where € is the expected final error, so it is proper to set
the minibatch size at |[10%N |. The constant ¢ (see (Xu et al., 2019a)) is in (0,0.5), so we
set it at 0.25 which is a neutral number between the two extremes; Meanwhile, as discussed
earlier, the Lipschitz smoothness parameter can be chosen as max,_ix [EES

We report the mean curve and the mean absolute deviation (over 10 runs) of the objec-
tive value of five comparative algorithms in Figure 6, where the mean absolute deviation is
scaled up by a factor of 20 for visibility.

Comments. It is observed that, once again, DCA-SAGA is the best algorithm over all
tested cases where it decreases the objective value in a fast rate to obtain good solutions.
Meanwhile, the performances of DCA-SVRG-v1 and DCA-SVRG-v2 are almost identical
and are the second best on sgemm_product and YearPredictionMSD data sets. On the other
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hand, the MB-SPG is the second best on the cadata data set and pushes the DCA-SVRGs to
the third place in this case. The gain of DCA-SAGA over DCA-SVRG-v1 are 5.22%, 0.24%,
and 0.56% on cadata, sgemm product, and YearPredictionMSD, respectively. On the other
hand, the graphs of DCA and SDCA are also almost the same on all three data sets. The
gain of DCA-SVRG-v1 over SDCA on cadata, sgemm product, and YearPredictionMSD
are 2.11%, 11.45%, and 0.98%, respectively. Finally, in this experiment, while sample
with replacement makes DCA-SAGA numerically unstable, sample without replacement
consistently makes DCA-SAGA the best algorithm over all considered tested cases. Lastly,
the performance of the SSDC is relatively bad in this experiment. Although it still manages
to decrease the objective function, this decrease is not enough to be visible in the decreasing
magnitude of other comparative algorithms. This can be attributed to the slow convergence
caused by the use of the Moreau envelope.

6. Conclusion

In this paper, we have proposed two stochastic DCA schemes integrated variance reduction
techniques called DCA-SVRG and DCA-SAGA for solving a wide class of nonconvex DC
problems including the large-sum case, where both the data-fitting term and the regular-
ization term are given as (nonsmooth) DC functions. The DC structure has been tackled
by the DCA framework while the large-sum structure has been handled by the unbiased
SVRG, SAGA estimators. The advantages of DC programming and DCA in this work are
multiple. DC programming and DCA provide a general look at the considered problems
and advise how to flexibly exploit the structural information of these problems. Together,
they form a flexible deterministic frame on which stochastic techniques are built to handle
the stochastically challenging part of the problems. Our proposed algorithms inherit the
virtues as well as the unavoidable limitations of the stochastic estimators used. The DCA-
SVRG is an epoch-based algorithm whose advantage is the storage requirement: to build
the stochastic variance reduction term, it only needs to keep in the memory one gradient
vector. Intuitively, a weakness of this algorithm is that the pivot point Z* is not updated
inside its corresponding epoch. Consequently, when the points x?“ in an epoch progresses
far away from its pivot ¥, Vhi(x?f’ﬂ) and Vh;(#*) (i is a random index) are no longer
highly correlated, which undermines the effect of the variance reduction term. In contrast,
DCA-SAGA can partially address this issue thanks to the progressive update of the variance
reduction term through iterations. However, DCA-SAGA has its own limitation that is the
storage burden: it needs to store a table of gradients in the memory. Although in some
particular problems, one can manage to keep a vector of scalars only, this issue does not
go away in general and is the bottleneck of the entire algorithm. We have observed that
there is a biased estimator called SARAH (Nguyen et al., 2017) potential to address both
limitations of SVRG and SAGA: it progressively updates the variance reduction term inside
each epoch and does not need to store a table of gradients. This observation motivates our
future works on the combination of DCA and SARAH.

Furthermore, for each proposed algorithm, in the step of choosing a subset of the large
sum we have investigated both sampling strategies, namely, sampling with/without replace-
ment. Sampling with replacement enjoys the independence of chosen items, facilitating sim-
pler convergence analysis. However, the latter strategy is a common practice and it avoids
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some low-probability bad events that happen in sampling with replacement (high repeti-
tion that leads to bad approximations). In our numerical experiments on three problems,
the results of DCA-SAGA with two options are very different from each other: sampling
without replacement makes DCA-SAGA more stable and makes it the best algorithm in
two studied problems. Meanwhile, the performance of DCA-SVRG with the two strategies
are almost identical.

From the theoretical perspective, we establish the almost sure convergence of the pro-
posed algorithms to DC critical points. Some new techniques and ideas introduced in
the analysis of DCA-SAGA are expected to be useful in the analysis of future SAGA-
type algorithms. Furthermore, for the class of problem (P) where ry in the regularizer
r(z) = ri(x) — ro(z) has a composite form, we provide additional convergence analysis to
facilitate practical choice of parameters. By exploiting the special composite structure of
ro, we reformulate this problem as a DC program. We then give new relations between the
proposed algorithms’ parameters (minibatch size, inner-loop length) and the problems’ pa-
rameters (strong convexity, Lipschitz smoothness, data set size) that guarantees the almost
sure convergence property to DC critical points of the reformulated problem. The main
advantage of the additional analysis is that it allows more relaxing convergence conditions
than the ones obtained from straightforwardly applying the entire old convergence analysis
to the reformulated problem.

Overall, in three experiments, the proposed algorithms seem to outperform several state-
of-the-art stochastic methods for large-sum nonconvex problems. These experiments also
intensively justify the merits of the SAGA and SVRG estimators inside the proposed algo-
rithms and illustrate the limitation of the SAG estimator used in SDCA.

Appendix

Proof [Proof of Lemma 3| We have,

2

E Zw ht1) ZVh )+ VH(&*) — VH ()| [Pt
ZEIb ZGIb

ZVh k1) Zw ) + VH (&) — VH(5 ™)

ZEIb ZEIb

= Z P(I, = 1)

IC[N],|I|=b

ZwL k1) waL ) + VH (&) - VH(5 ™)

zEI el

I
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where the probability P(I, = I) = 1/C%. For a fixed I, we compute

2
Zw 7 Zw )+ VH(i*) — VH(z5)
ze] zEI
1 . 8
= 23 2 IVhi(a; ™) = Vhi(E") + VH(3") - VH( )
il
1
t35 Y (Vhi(ay™) = Vhi(a*) + VH(E") - VH(§ ),
EARNIS
Vhy(a§th) = Vhy(i*) + VH(E") = VH (™) = (R1+R2)

Ri =) |[Vhi(a}™) = Vhi(3")|]* + b|VH(&*) — VH ()|
+21?;H(92' ") = VH(, Y (Vhi(af ™) = Vhi(@)),
Ry = A}|IVH(3") ~ VH(x ’?“;ﬁ;
+(VH(E") = VHEY), Y (Vhi(ahh) = Vhi(@h) + Vi (25T) — Vi (29)))
+ Y (Vh(ahth vzzgf)fvm(xfﬂ) — Vh(i")).
z;élzlel

Therefore,

R :b% Z HVhi(x;?—H) - Vhi(jk)HQ + %(VH(@ ) — VH(x k+1) Z (Vhi(z k+1) th(:%k)»

i€l el

+HVH(SZ"“)—VH(:rf“)IIQJrl2 > (Vhi(a§t) = Vhi(E°), Vg (25T — Vi (3*)).
il el

On the other hand, we have the following computations

N
S D VRS = Vhi(EN)|1? = O D IVRi(ET) = Vha(E9))1%,
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Therefore,
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