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Abstract

In this paper, we study the power iteration algorithm for the asymmetric spiked tensor
model, as introduced in Richard and Montanari (2014). We give necessary and sufficient
conditions for the convergence of the power iteration algorithm. When the power iteration
algorithm converges, for the rank one spiked tensor model, we show the estimators for
the spike strength and linear functionals of the signal are asymptotically Gaussian; for the
multi-rank spiked tensor model, we show the estimators are asymptotically mixtures of
Gaussian. This new phenomenon is different from the spiked matrix model. Using these
asymptotic results of our estimators, we construct valid and efficient confidence intervals
for spike strengths and linear functionals of the signals.
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1. Introduction

High order arrays, or tensors have been actively considered in neuroimaging analysis,
topic modeling, signal processing and recommendation system Frolov and Oseledets (2017);
Comon (2014); Hackbusch (2012); Karatzoglou et al. (2010); Rendle and Schmidt-Thieme
(2010); Zhou et al. (2013); Simony et al. (2016); Cichocki et al. (2015); Sidiropoulos et al.
(2017). Setting the stage, imagine that the signal is in the form of a large symmetric
low-rank k-th order tensor

T
X* =) Bjv*eatr", (1)
j=1

where 7 (7 < n) represents the rank and [3; are the strength of the signals. Such low-rank
tensor components appear in various applications, e.g. community detection Anandku-
mar et al. (2014a); Jing et al. (2020), moments estimation for latent variable models Hsu
and Kakade (2013); Anandkumar et al. (2014b) and hypergraph matching Duchenne et al.
(2011). Suppose that we do not have access to perfect measurements about the entries
of this signal tensor. The observations X = X* + Z are contaminated by a substantial
amount of random noise (reflected by the random tensor Z which has i.i.d. Gaussian entries
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with mean 0 and variance 1/n.). The aim is to perform reliable estimation and inference
on the unseen signal tensor X*. In literature, this is the spiked tensor model, introduced
in Richard and Montanari (2014).

In the special case, when k = 2, the above model reduces to the well-known “spiked
matrix model” Johnstone (2001). In this setting it is known that there is an order 1 critical
signal-to-noise ratio (., such that below [, it is information-theoretical impossible to detect
the spikes, and above ., it is possible to detect the spikes by Principal Component Analysis
(PCA). A body of work has quantified the behavior of PCA in this setting Johnstone
(2001); Baik et al. (2005); Baik and Silverstein (2006); Paul (2007); Benaych-Georges and
Nadakuditi (2012); Bai and Yao (2012); Johnstone and Lu (2009); Birnbaum et al. (2013);
Cai et al. (2013); Ma et al. (2013); Vu et al. (2013); Cai et al. (2015); El Karoui et al. (2008);
Ledoit et al. (2012); Donoho et al. (2018). We refer readers to the review articles Johnstone
and Paul (2018) for more discussion and references to this and related lines of work

Tensor problems are far more than an extension of matrices. Not only the more involved
structures and high-dimensionality, many concepts are not well defined Kolda and Bader
(2009), e.g. eigenvalues and eigenvectors, and most tensor problems are NP-hard Hillar
and Lim (2013). Despite a large body of work tackling the spiked tensor model, there are
several fundamental yet unaddressed challenges that deserve further attention.

Computational Hardness. The same as the spiked matrix model, for spiked tensor
model, there is an order 1 critical signal-to-noise ratio fj (depending on the order k). Below
By, it is information-theoretical impossible to detect the spikes, and above 8}, the maximum
likelihood estimator is a distinguishing statistics Chen et al. (2019, 2018a); Lesieur et al.
(2017); Perry et al. (2020); Jagannath et al. (2018). In the matrix setting the maximum
likelihood estimator is the top eigenvector, which can be computed in polynomial time by,
e.g., power iteration. However, for order k£ > 3 tensor, computing the maximum likelihood
estimator is NP-hard in generic setting. In this setting, it is widely believed that there
is a regime of signal-to-noise ratios for which it is information theoretically possible to
recover the signal but there is no known algorithm to efficiently approximate it. In the
pioneering work Richard and Montanari (2014), the algorithmic aspects of this model have
been studied under the special setting when the rank r = 1 and the signal-to-noise-ratio is
5. They showed that tensor power iteration with random initialization recovers the signal
provided 8 2 nt=1/2 and tensor unfolding recovers the signal provided g 2 n(k/21-1)/2,
Based on heuristic arguments, they predicted that the necessary and sufficient condition
for power iteration to succeed is 8 2 n#=2)/2 " and for tensor unfolding is A3 e nk=2)/4,
Langevin dynamics and gradient descent were studied in Arous et al. (2020), and shown
to recover the signal provided 5 2 nk=2)/2 " Later the sharp threshold S e nE=2/4 wag
achieved using Sum-of-Squares algorithms Hopkins et al. (2015, 2016); Kim et al. (2017) and
sophisticated iteration algorithms Luo et al. (2020); Zhang and Xia (2018); Han et al. (2020).
The necessary part of this threshold still remains open, and its relation with hypergraphic
planted clique problem was discussed in Luo and Zhang (2020a.b).

Statistical inferences. In many applications, it is often the case that the ultimate
goal is not to characterize the Lo or “bulk” behavior (e.g. the mean squared estimation
error) of the signals, but rather to reason about the signals along a few preconceived yet
important directions. In the example of community detecting for hypergraphs, the entries
of the vector v can represent different community memberships. The testing of whether
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any two nodes belong to the same community is reduced to the hypothesis testing problem
of whether the corresponding entries of v are equal. These problems can be formulated as
estimation and inference for linear functionals of a signal, namely, quantities of the form
(a,vj), 1 < j < r with a prescribed vector a. A natural starting point is to plug in an
estimator v; of wj, i.e. the estimator (a,v;). However, most prior works Richard and
Montanari (2014); Hopkins et al. (2015, 2016); Kim et al. (2017); Luo et al. (2020); Zhang
and Xia (2018) on spiked tensor models focuses on the Ly risk analysis, which is often too
coarse to give tight uncertainty bound for the plug-in estimator. To further complicate
matters, there is often a bias issue surrounding the plug-in estimator. Addressing these
issues calls for refined risk analysis of the algorithms.

1.1 Our Contributions

We consider the power iteration algorithm given by the following recursion

X[ul*Y)]

Up = U, Ut

where u € R” with ||uls = 1 is the initial vector, and X [v®*~D] € R” is the vector with
i-th entry given by (X, e; ® v®* 1) The estimators are given by

o=ur, fB=(X,0%". (3)

for some large T'. In the worst case scenario, i.e. with random initialization, power iteration
algorithm underperforms tensor unfolding. However, if extra information about the signals
v; is available, power iteration algorithm with a warm start can be used to obtain a much
better estimator. In fact this approach is commonly used to obtain refined estimators. In
this paper, we study the convergence and statistical inference aspects of the power iteration
algorithm. The main contributions of this paper are summarized below,

Convergence criterion. We give necessary and sufficient conditions for the conver-
gence of the power iteration algorithm in finite time. In the rank one case r = 1, we show
that the power iteration algorithm converges to the true signal v in finite time, provided
|3(u,v)*2| > 1 where u is the initialization vector. In the complementary setting, if
|B(u, v)* 2| < 1, the output of the power iteration algorithm behaves like random Gaus-
sian vectors, and has no correlations with the signal. With random initialization, i.e. u is
a uniformly random vector on the unit sphere, our results assert that the power iteration
algorithm converges in finite time, if and only if 5 2 nt=2)/2 which verifies the prediction
in Richard and Montanari (2014). This is analogous to the PCA of spiked matrix model,
where power iteration recovers the top eigenvalue. However, the multi-rank spiked tensor
model, i.e. 7 > 2, is different from multi-rank spiked matrix. The power iteration algorithm
for multi-rank spiked tensor model is more sensitive to the initialization, i.e. the power
iteration algorithm converges if max; |3; (u,vj>k_2| > 1. In this case, it converges to v;,
with j, = argmax; |8;(u, v;)*2|.

Statistical inference We consider the statistical inference problem for the spiked tensor
model. We develop the limiting distributions of the above power iteration estimators. In
the rank one case, above the threshold |3{u, v)¥~2| > 1, we show that our estimator (a,v)
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(modulo some global sign) admits the following first order approximation

(a,) ~ <1 - 2152> (a,v) 1 <a;,£>’

where at = a — (a,v)v, and £ = Z[v®* V)], is an n-dim vector, with each entry i.i.d.
N(0,1/n) Gaussian random variables. For multi-rank spiked tensor model, the output of
power iteration algorithm depends on the angle between the initialization « and the signals
vj. We consider the case that the initialization w is a uniformly random vector on the unit
sphere. For such initialization, very interestingly, our estimator (a,v) is asymptotically a
mixture of Gaussian, with modes at (a,v;) and mixture weights depending on the signal
strength 3;. Using these asymptotic results of our estimators, we construct valid and effi-
cient confidence intervals for the linear functionals (a,v;). In a concurrent work, Xia et al.
(2020) studied the statistical inference for several low rank tensor models, and asymptotic
distributions were established under some essential conditions on the signal-to-noise ratio.

1.2 Notations:

For a vector v € R™, we denote its i-th coordinate as v(i). We equate k-th order tensors in
®*R™ with vectors of dimension n¥, i.e. T = (Ti,iy.ij )1<iy in, ix<n- FOr any two k-th order
tensors 7,m € ®kR”, we denote their inner product as (7, 1) := 21@-”2,“. ipn Tivigvig Mivig-i, -
A k-th order tensor can act on a (k — 1)-th order tensor, and return a vector: T € ®FR"
and n € @ 1R"

7'[77] € an 7'[77] (7“) = <Tv € ® 77> = Z Tiivig-ig_1 Mirio--ig_1-

1<y, yig—1<n

We denote the Ly norm of a vector v as ||v]. We use < for the equality in law, and

9 for the convergence in law. We denote the index sets [a,b] = {a,a + 1,a + 2,--- ,b}
and [n] = {1,2,3,--- ,n}. We use C to represent large universal constant, and ¢ a small
universal constant, which may be different from line by line. We write that X = O(Y’) or
X <Y, if there exists some universal constant such that |X| < CY . We write X = o(Y),
or X <Y if the ratio |X|/Y — 0 as n goes to infinity. We write X = Y, if there exists a
universal constant such that X > C|Y|. We write X <Y if there exist universal constants
such that ¢Y < |X| < CY. We say an event holds with high probability, if for there exists
¢ > 0, and n large enough, the event holds with probability at least 1 — n—clos™,

An outline of the paper is given as follows. In Section 2.1, we state our main results for
the rank-one spiked tensor model. In particular, with general initialization a distributional
result for the power iteration algorithm is developed. Section 2.2 investigates the general
rank-r spiked tensor model. A similar distributional result is established with general
initialization as in Section 2.1. While with uniformly distributed initialization over the unit
sphere, we obtain a multinoimal distribution which yields a mixture Gaussian. Numerical
simulations are presented in Section 3. All proofs and technical details are deferred to the
appendix.
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2. Main Results
2.1 Rank one spiked tensor model
In this section, we state our main results for the rank-one spiked tensor model (corresponding
tor=11in (1)):
X = v + Z,
where

e X € ®*R" is the k-th order tensor observation.

e Z c ®"R" is a noise tensor. The entries of Z are i.i.d. standard N'(0,1/n) Gaussian
random variables.

e [ € R is the signal size.
e v € R™ is an unknown unit vector to be recovered.

We obtain a distributional result for the power iteration algorithm (2) with general
initialization uw: when |f5| is above certain threshold, u; converges to v, and the error is
asymptotically Gaussian; when |3] is below the same threshold, the algorithm does not
converge.

Theorem 1 Fiz the initialization u € R™ with ||ulls = 1 and (u,v) > 1/y/n. If |B{u, v)*2| >
n® with arbitrarily small € > 0, then for any fived unit vector a € R™, and

e\ 2 logn

with probability 1—O(n=<1e™?) " the power iteration estimator (B,9) = (X [uZF], ur) from
(3) satisfies
1. If k is odd, and 8 > 0, then (B\, v) recovers (f,v) in the following sense,
_ 1 (a,§) — (a,v)(v,§)
(@.5) = (a,ur) = (1- 55 ) o)+ =08
4
vo(loen | (oen® o)l W
B2 /n " 3323/ 34

where & = Z[v®* V)], is an n-dim vector, with each entry i.i.d. N'(0,1/n) Gaussian
random variable. And

B = X[uff] = B+ (& v) -

k/2—1 logn  (logn)®/? 1
B *OQmw1WMWMM+ww>' 2

2. If k is odd, and 3 < 0 then (B, V) recovers (—f3, —v), in the sense of (4) and (5) with
(B,v) replaced by (—f, —v)
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3. If k is even, and 8 > 0, then (B\, v)) recovers (f3,sgn((u,v))v), in the sense of (4)
and (5) with (B,v) replaced by (B, sgn({u,v))v);

4. If k is even, and 8 < 0, then (B\, )) recovers (B, (—1)T sgn((u,v))v), in the sense of
(4) and (5) with (B,v) replaced by (B,(—1)T sgn({u, v))v).

Theorem 2 Fiz the initialization uw € R™ with ||ull2 = 1. If || = n° and |B{u,v)*?| <
n~% with arbitrarily small € > 0, then u; does not converge to v, and u; behaves like a
random Gaussian vector. For

1/1 1
714t (L _toslBl
e\2 (k—2)logn

with probability 1 — O(n=<18™*) it holds

G u :§+O(|B| <logn>k—1>
BTN ND ’

where é is the standard Gaussian vector in R™, the error term is a vector of length bounded

by |B|(log n//n)* 1.

In Theorem 1, we assume that (u,v) = 1/4/n, which is generic and is true for a random
w. Moreover, if the initial vector w is random, then |(u,v)| =< n~'/2. Notably, Theorems
1 and 2 together state that power iteration recovers v if |3 > n(*=2/2 and fails if || <
n(k=2)/2 This gives a rigorous proof of the prediction in Richard and Montanari (2014)
that the necessary and sufficient condition for the convergence is given by |3| 2 nk=2)/2 In
practice, it may be possible to use domain knowledge to choose better initialization points.
For example, in the classical topic modeling applications Anandkumar et al. (2014b), the
unknown vectors v are related to the topic word distributions, and many documents may
be primarily composed of words from just single topic. Therefore, good initialization points
can be derived from these single-topic documents.

The special case for k = 2, i.e. the spiked matrix model, has been intensively studied
since the pioneering work of Johnstone Johnstone (2001). In this setting it is known [30]
that there is an order O(1) critical signal-to-noise ratio, such that below the threshold,
it is information-theoretically impossible to recover v, and above the threshold, the PCA
(partially) recovers the unseen eigenvector v Péché (2006); Abbe et al. (2020); O’Rourke
et al. (2018); Vu (2011); Zhong (2017); Chen et al. (2018b); Zhang et al. (2018); Cheng
et al. (2020). The special case of our results Theorem 1, i.e. the power iteration recovers
the eigenvector v when 8 > nf, recovers some abovementioned results.

As a consequence of Theorem 1, we have the following central limit theorem for our
estimators.

Corollary 3 (Central Limit Theorem) Fix the initialization w € R™ with ||ull2 = 1 and
l(u,v)| 2 1/v/n. If |{w,v)*72| > n® with arbitrarily small € > 0, in Case 1 of Theorem 1,
for any fized unit vector a € R™ obeying

el =o( ). (©)
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and time

1/1 21
r>14 1 (1 2oeldly
€\ 2 logn

the estimators © = ur, and B = X [0%F] satisfies

Vi
Via, (I, —vv")a)

as n tends to infinity. We have similar results for Cases 2, 3, 4, by simply changing (3,v)
in (7) to the corresponding limit.

[(1 = %) - (a v>] 4 A(0,1), (7)

We remark that in Corollary 3, we assume that |(a,v)| = o (8*/y/n), which is generic. For
example, if v is delocalized, and a is supported on finitely many entries, we will have that
l{a,v)| < 1/y/n, and (6) is satisfied.

With the central limit theorem for our estimators in Corollary 3, we can easily write
down the confidence interval for our estimators.

Corollary 4 (Prediction Interval) Given the asymptotic significance level «, and let zo =
®(1 — /2) where ®(-) is the CDF of a standard Gaussian. If |B{w,v)*72| > n® with
arbitrarily small € > 0, in Case 1 of Theorem 1, for any fized unit vector a € R™ obeying

o) =o(52). ®)

and time

1
T>1+1 ,_‘_M ,
€\ 2 logn

let v = up, and B = X[9®%]. The asymptotic confidence interval of (a,v) is given by

a, (I, —vv")a . a,(I,—vv")a
;/\2 ((l, ,E> — Za \/< ) (I _ ) >’ <(1,, ’U> 4 Zo \/< (I _ ) > . (9)
1-1/(267) Vnp Vnp

We have similar results for Cases 2, 3, 4, by simply changing (5,v) in (9) to the corre-
sponding limit.

2.2 General Results: rank-r spiked tensor model

In this section, we state our main results for the general case, the rank-r spiked tensor
model (1):

X = Zﬁjv;?’“ c @R+ Z (10)
j=1

where
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e X € @*R" is the k-th order tensor observation.

e Z ¢ ®"R" is a noise tensor. The entries of Z are i.i.d. standard N'(0,1/n) Gaussian
random variables.

o |51 = |B2| = --- = |B:| are the signal sizes.
e v,vo, - ,v, € R" are unknown orthonormal vectors to be recovered.

In (10), we assumed that the signals vy, ve,- -+ , v, are orthonormal. The orthogonally de-
composable tensor has been widely studied as a benchmark setting for tensor decomposition
in the literature Kolda (2001); Chen and Saad (2009); Robeva (2016); Belkin et al. (2018);
Auddy and Yuan (2020). Before stating our main results, we need to introduce some more
notations and assumptions.

Assumption 5 We assume that the initialization does not distinguish vi,va, - - , vy, Such
that there exists some large constant k > 0

1//<;<‘

forall 1 <i,j <r.

If we take the uniform initialization, i.e. ug = w is a uniformly distributed vector in S"~1.
Then with probability 1 — O(r/y/k) we will have 1/y/kn < [{(u,v;)| < y/k/n for 1 <i<r,
and Assumption 5 holds.

The same as in the rank-1 case, the quantities |3;(u, v;)*~2| play a crucial role in our
power iteration algorithm. We need to make the following technical assumption:

Assumption 6 Let j. = argmax; |f3; (u,vj)*2.

constant k > 0

We assume that there exists some large

(1 - 1/’£)|BJ* <’U,, vj*>k_2| > |Bj<uvvj>k_2’7
foralll1 < j<r and j # js.

It turns out under Assumptions 5 and 6, the power iteration converges to v;,. Moreover,
if we simply take the uniform initialization, i.e. uyp = u is a uniformly distributed vector in
S"=1. Assumption 6 holds for some 1 < j, < 7 with probability 1 — O(1/k).

Theorem 7 Fiz the initialization w € R™ with ||ulla = 1 and |(u,v;)| 2 1/y/n, for1 < j <
r. Let j, = argmax; |B;(u,v;)* 2. Under Assumptions 5 and 6, if |B;, (u,v;, )52 > n®
with arbitrarily small € > 0, then for any fixed unit vector a € R"™, and

1 /1 21 log 1
T>1_|_< N og\m\) o log(v/n|1))
g

2 logn log(k —1) ~’

~

with probability 1 — O(nfc(log”y), the power iteration estimator (8,v) = (X[u%k], ur) from
(3) satisfies
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1. If k is odd, and B, > 0, then (B\, v) recovers (Bj,,v;,) in the following sense,

o\ _ ) <(1,,£> - <a"vj*><vj*a£>
(a,v) = (a,ur) = <1 - 2@2> (a,v;,) + o

L0 logn< logn )k_1+ logn N (logn)3/? N 1
: NaEN BLPVA T [Baf32n3/t T (Bt )
(11)

where & = Z[Ui(kfl)], is an n-dim vector, with each entry i.i.d. N'(0,1/n) Gaussian
random variable. And
/2 -1

B=Xuf =B, + (& v;,) — 7
%

4 Os (logn( logn )k Y logn N (logn)3/? N 1 )

(12)

Vi \+/nlpi] R

2. If k is odd, and Bj+ < 0 then (37 v) recovers (—fj=, —vj+), in the sense of (11) and
(12) with (Bj=,vj) replaced by (—Bj+, —vj*)

3. If k is even, and B > 0, then (B\, v)) recovers (Bj+,sgn({w,vj«))vj), in the sense of
(11) and (12) with (Bj=,vj+) replaced by (B, sgn({w, vj))vj«);

92}

4. If k is even, and B~ < 0, then (ﬁ,@)) recovers (Bj«, (—1
sense of (11) and (12) with (Bj«,vj+) replaced by (5]- ,(—

T sgn((u,vj=))vj+), in the
) Sgn(<u ’Uy ))”y )-

In Theorem 7, we assume that [(u,v;)| 2 1/y/n for 1 < j < r. This is generic and is true for
a random initialization w. Similarly to Theorem 2, if |ﬂ]* (u,v;,)*"2| < n~¢, the iteration
does not converge, and u; behaves like a random Gaussian vector for any fixed time t.

We want to remark that for multi-rank spiked tensor model, the senarios for k = 2,
i.e. the spiked matrix model, and k& > 3 are very different. For the spiked matrix model,
in Theorem 7, we always have that j. = argmax; |B;| = 1, and power iteration algorithm
always converges to the eigenvector corresponding to the largest eigenvalue. However, for
rank k > 3, the power iteration algorithm may converge to any vector v; provided that
the initialization w is sufficiently close to v;. As a consequence of Theorem 7, we have the
following central limit theorem for our estimators.

Corollary 8 Fix the initialization w € R™ with ||ull2 = 1 and [(u,v;)| 2 1//n for 1 < j <
r. We assume |B(u,v;,)* 72| > n® with arbitrarily small ¢ > 0, and Assumptions 5 and 6.
In Case 1 of Theorem 7, for any fixed unit vector a € R™, for any fixed unit vector a € R™
obeying

!

)
1

a1 =o (A1), (13

714 L (L, 2leelAly
e\ 2 logn

and time
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the estimators © = ur, and B = X [u*] satisfy

\/<a (\I/ﬁfj%@T)(w (1 - 231‘2)1<a’?6> - <ay'Uj*> i) ./\/(0, 1). (14)

We have similar results for Cases 2, 3, 4, by simply changing (5;,,v;,) in (14) to the
corresponding limit.

In the following we take w to be a random vector uniformly distributed over the unit
sphere. The power iteration algorithm can be easily understood in this setting, thanks to
Theorem 7. More precisely if j, = argmax; |3;(w, v;)* 72| and the initialization w satisfies
Assumptions 5 and 6, then the power iteration estimator (v, 3) recovers (vj,, 3;,). From
the discussions below, for a random vector w uniformly distributed over the unit sphere,
Assumptiosn 5 and 6 holds with probability 1 — O(1/y/k). We can compute explicitly the
probability that index i achieves argmax; |3;{u, 'vj>k_2\:

pi = P(i = argmax;, | 8;(u, UJ>H|>

/ \[_x H/ ()" \f-?f/?dy . (15)

for any 1 <4 < 7. For spiked matrix model, i.e. k = 2, we always have 1 = argmax; | 8;(u, v;)
and p1 = 1,ps = p3 = --- = 0. For spiked tensor models with k& > 3, all those p; are non-
negative and py = pa = p3 = --- > 0. When there exists a large gap between the first signal
and the remaining signals, namely |51]| > M|S2]| for some large constant M > 0, then

s [ (1 o)

/ \/> :1:2/2< 7Mk 2:p2/2> dz
_2 _
o Vo MF3 41

where in the second line we used the lower bound for the error function. In other words,
we can recover the top signal vy with probability 1 — d, provided |81|/|B2] > Co~(k=2)/2,

k—2|
)

Theorem 9 Fiz large k > 0 and recall p; as defined (15). If uw is uniformly distributed
over the unit sphere, and |51| > nk=2)/2% with arbitrarily small € > 0, then for any fized
unit vector a € R", any 1 <i < r, and

1 (1 N 210g|b’1\> N log log(v/n|f1])

T>14 - )
+5 log(k — 1)

2 logn

the power iteration estimator (B,%) = (X [uPF], ur) from (3) satisfies

10
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1. If k is odd, and f3; > 0 then with probability p; + O(1//k), (3, v) recovers (i, v;), in

the sense
(@) = (a,ur) = (1 55 ) (v + (2S00

1 1 A logn)¥? 1
L Os ogn< ogn ) n ogz;n N (021;)34+ .
v \vnlBi| [BrlPvn B33/ B

(16)

where £ = Z[U?(k_l)], is an n-dim vector, with each entry i.i.d. N'(0,1/n) Gaussian
random variable. And

B = X[ul = B+ (& vr) — L =

4 Os (logn( logn )k_1+ logn N (logn)®/? N 1 )

(17)

Vi \v/nlpi] Bulvn (B Endt By

2. If k is odd, and ; < 0 then with probability p; + O(1/\/kK), (B, v) recovers (—B;, —v;);

3. If k is even, and pB; > 0 or B; < 0, then with probability p;/2 + O(1/v/k), (B,'/v\)
recovers (B;, +v;), and with probability p;/2 + O(1/v/k), (8,V) recovers (B;, —v;).

We want to emphasize here that the senario for & = 2, i.e. the spiked matrix model,
and k£ > 3 are very different. For spiked matrix model, i.e. k£ = 2, we always have
that p; = 0,p2 = p3 = -+ = 0. The power iteration algorithm always converges to the
eigenvector corresponding to the largest eigenvalue. We can only recover (31, v1) no matter
how many times we repeat the algorithm. However, for spiked tensor models with k > 3,
all those p; are nonnegative, p1 > p2 = p3 = --- > 0. By repeating the power iteration
algorithm for sufficiently many times, it recovers (f3;, v;) with probability roughly p;.

Similar to the rank one case in Section 2.1, we are also able to establish the asymp-
totic distribution and confidence interval for multi-rank spiked tensor model with uniformly
distributed initialization u.

Corollary 10 Fix k > 3, assume u to be a random vector uniformly distributed over the
unit sphere and |B1] > nk=2)/2%e with arbitrarily small € > 0. In Case 1 of Theorem 9, for
any fized unit vector a € R", and time

1 (1  2log|Bi]\ | loglog(yv/n|Bil)
T>1+-(= :
+ € <2 + logn + log(k —1)

for any 1 < i < r, with probability p; + O(1/\/k), the estimators v = ur and 3 = X[u%k]
satisfy

v [(a,ﬁ) (- Y, m} 4 N(0,1). (18)

V(@ @, — 507 )a) 27
And
N (ﬁi _g-M 25‘ 1) 4 N (0, 1), (19)

11
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We have similar results for Cases 2, 3, 4, by simply changing (B;,v;) above to the corre-
sponding limit.

We want to emphasize the difference between Corollary 3 and Corollary 10. In the rank
one case, the estimators § and (a, v) are asymptotically Gaussian. In the multi-rank spiked
tensor model with k£ > 3, those estimators B and (a,v) are no longer Gaussian. Instead,
they are asymptotically a mixture Gaussian with mixture weights py > p2 > p3 > ---.

Corollary 11 Given the asymptotic significance level o, and let zo, = ®(1 — «/2) where
®(-) is the CDF of a standard Gaussian. Under the conditions in Corollary 10, in Case 1
of Theorem 9, we can find the asymptotic confidence interval of {(a,v;) as

r-yeR) [ N VT

and the asymptotic confidence interval of B; as

~ k/2—1  zy, 5 k/2-1 2z,

B+ ———=———F+, B+——+—F]|.

[ B Vn B Vn
We have similar results for Cases 2, 5, 4, by changing (5;,v;) above to the corresponding
limat.

2.3 Proof Sketch

In this section, we outline the proof of Theorem 1. The detailed proofs are given in Appendix
A. To analyze the power iteration algorithm (2), we construct an auxiliary iteration, yg = u
and yi11 = X[yf@(k*l)]. This gives us a sequence of vectors yo,y1,Y2, -+ ,Ys,--+. 10
analyze yy41, we condition on yg, y1, - , Y, then Lemma 12 implies a decomposition of the
Gaussian tensor Z = Zfiyeq + Zrand given by a deterministic part and a random part. This

can be used to give a decomposition of y;y1

_ k—1
Yi+1 = ﬂ(’l], yt>k 1U + Zﬁxed[y?( )] + Zrand[yl(tg)

=: a1V + bprwipr + ci1&i41,

") (20)

where the first term is the projection in the signal direction and &;y; is a random unit
vector. The relation (20) induces a recursion for the coefficients {a¢,bs, ¢ }. Although
the recursion is complicated, it can be analyzed using Gaussian concentration estimates.
Under the Assumption of Theorem 1 and |3(u, v)*~2| = n, we show that eventually a; will

dominate. More precisely, for
1/1 21
e\ 2 logn

we have
at

B

where ¢ = Z[v®( 1] behaves like a Gaussian vector. The claims of Theorem 1 then follows
from (21).

Yy = a;v + —E& + small error, (21)

12
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3. Numerical Study

In this section, we conduct numerical experiments on synthetic data to demonstrate our
distributional results provided in Sections 2.1 and 2.2. We fix the dimension n = 600 and
rank k = 3.

3.1 Rank one spiked tensor model

We begin with numerical experiments on rank one case. This section is devoted to nu-
merically studying the efficiency of our estimators for the strength of signals and linear
functionals of the signals. We take the signal v a random vector sampled from the unit
sphere in R™, and the vector

1

a = %(en/i’) + €gpn/3 + €n)

For the setting without prior information of the signal, we take the initialization of our
power iteration algorithm w a random vector sampled from the unit sphere in R”, and the

strength of signal 8 = n*=2)/2 &~ 24.495. We plot in Figure 1 our estimators for the strength
of signals after normalization

~ k/2-1

R (22)

and our estimators for the linear functionals of the signals

Vi, <Iﬁﬂafav)a> (1= ) @9 - (@) (23)

as in Corollary 3.

For the setting that there is prior information of the signal, we take the initilization
of our power iteration algorithm w = (v + w)/||v + w2, where v is a random vector
sampled from the unit sphere in R™. We plot our estimators for the strength of signals
after normalization (22) and our estimators for the linear functionals of the signals (23) for
B =5 in Figure 2, and for § = 10 in Figure 3. Although our Theorem 1 and Corollary 3
requires |3{u,v)*~2| > n® > 1, Figures 2 and 3 indicate that our estimators 3 and (a,d)
are asymptotically Gaussian even with small 3, i.e. § = 5,10. Theorem 1 also indicates
that error term in Corollary (3), i.e. the error term in (7), is of order 1/|3|. This matches
with our simulation. In Figures 2 and 3, the the difference between the Gaussian fit of our
empirical density and the density of A/(0,1) decreases as § increases from 5 to 10.

In Figure 4, we test the threshold signal-to-noise ratio for the power iteration algorithm.
Our Theorems 1 and 2 state that for |3(ug,v)*2| > 1 tensor power iteration recovers the
signal v, and fails when |3({ug,v)*~2| < 1. Especially for random initialization, we have
that |(ug,v)| < 1/y/n. Our Theorems state that for |3| > n(*=2)/2 tensor power iteration
recovers the signal v, and fails when |3| <« n*=2/2, Take k = 3. In the left panel of
Figure 4, we test tensor power iteration with random initialization for various dimensions
n € {200, 300, 400, 500,600} and signal strength 8/y/n € (0,2]. In the right panel of Figure
4, we test tensor power iteration with fixed small § = 3 and informative initialization
B(ug, v) € (0,2] for various dimensions n € {200, 300, 400, 500, 600}. The outputs (v, v) are
averaged over 60 independent trials.

13
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Histogram for normalized E and (a, v)

0.5 0.5
— N(0,1) — N(0,1)
0.4 0.4 -
0.3 0.3
0.2 0.2
0.1 0.1-
0.0 0.0
—4 -2 0 2 4 —4 -2 0 2 4

Figure 1: The empirical density of normalized B as in (22) (left panel), and normalized
(a,v) as in (23). The results are reported over 2000 independent trials where the
initialization of our power iteration algorithm w a random vector sampled from
the unit sphere in R™, and the strength of signal 3 = n(k=2)/2 ~ 24.495.

Histogram for normalized ,§ and {a, V), B=5.

0.5 0.5
— N(0,1) — N(0,1)

0.4 - -==- Gaussian fit 0.4 - . Gaussian fit
0.3 0.3

0.2 0.2 1

0.1 0.14

0.0 - 0.0 -

-4 -2 0 2 4 -4

Figure 2: The empirical density of normalized B as in (22) (left panel), and normalized
(a,v) as in (23). The results are reported over 2000 independent trials where the
initialization of our power iteration algorithm w a random vector sampled from
the unit sphere in R™, and the strength of signal 5 = 5.
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Histogram for normalized ,§ and {a, v), 8= 10.

0.5 0.5
— N(0,1) — N(0,1)

0.4 - - == Gaussian fit 0.4 - - == Gaussian fit
0.3 A 0.3 A

0.2 0.2 1

0.1 A 0.14

0.0 - 0.0 -

-4 -2 0 2 4 -4

Figure 3: The empirical density of normalized B as in (22) (left panel), and normalized
(a,v) as in (23). The results are reported over 2000 independent trials where the
initialization of our power iteration algorithm w a random vector sampled from
the unit sphere in R”, and the strength of signal g = 10.

1.0 4 1.0 4
0.8 4 0.8 4
0.6 1 0.6
s s
e e
0.4 4 0.4
—— n=200
0.2 1 —— h=300 0.2 1
—— n=400
—— n=500
0.0 1 — n=600 0.0 1
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
BV Bluo, v)

Figure 4: Output of tensor power iteration with random initialization for various signal
strength 5/v/n € (0,2] (left panel), and tensor power iteration with fixed small
B = 3 and informative initialization 8(ug,v) € (0,2].
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Scatter plot for (normalized) E and (a, v),

0.05 4 4
0.04 31 31
2 5
0.03 1 N N
0.02 1 o{ (- 0
0.01 - —17 -1
2 24
0.00 | ' . N
_0-01 T T _4 T T T _4 T T T
24 26 28 30 -4 -2 0 2 4 -4 -2 0 2

~ ~

Figure 5: Scatter plot of (3, (a,v)) (first panel), the normalized (3, (a,v)) as in (24) for the
cluster corresponding to (81, (a,v1)) (second panel), the normalized (5, (a, D))
as in (25) for the cluster corresponding to (B2, (a,v2)). The contour plot is a
standard 2-dim Gaussian distribution, at 1,2, 3 standard deviation. The results
are reported over 5000 independent trials where the initialization of our power
iteration algorithm w a random vector sampled from the unit sphere in R"™.

3.2 Rank-r spiked tensor model

In this section, we conduct numerical experiments to demonstrate our distributional results
for the multi-rank spiked tensor model. We consider the simplest case that there are two
spikes with signals v, vo, such that they are uniformly sampled from the unit sphere in R"
and orthogonal to each other (vy,v2) = 0, and the vector

1
a=——=(e,/3+€9,/3+¢€,).
\/g( /3 2n/3 )

We test the setting that there is no prior information of the signal. We take the strength
of signals 81 = 1.2 x n*=2/2 x 29.394 and Sy = nk=2)/2 x~ 24.495 and the initialization of
our power iteration algorithm w a random vector sampled from the unit sphere in R". We
scatter plot in Figure 6 our estimator B for the strength of signals, and our estimator (a, v)
for the linear functionals of the signals over 5000 independent trials. As seen in the first panel
of Figure 6, our estimators (B, (a,v)) form two clusters, centered around (S, {(a,v1)) =
(29.394,0.000) and (f2, (@, v2)) ~ (24.495,0.039). In the second and third panels, we zoom

in, and scatter plot for the cluster corresponding to (531, (a,v1)) =~ (29.394,0.000)

>, k/2-1 NG { IR I VR ]

TP e e ) @Y e @)
and scatter plot for the cluster corresponding to (52, (a,v2)) =~ (24.495,0.039)

- k2-1 Vnp [ R T ]

B+ 5 B, T, —5o0a) (1 2Bz) (a,v) — (a,v2)| . (25)
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Histogram for normalized E and (a, V).

0.5 0.5
— N(0,1) — N(0,1)
= = Gaussian fit == Gaussian fit
0.4
0.3 A
0.2+
0.1+
0.0 -
4 -4 -2 0 2 4
0.5 0.5
- N(0,1) - N(0,1)
= = Gaussian fit == Gaussian fit
0.4 A 0.4+
0.3 A 0.3 A
0.2 A 0.2+
0.1 1 0.1+
0.0 T T T 0.0 T T T
-4 -2 0 2 4 -4 -2 0 2 4

o~

Figure 6: The empirical density of the normalized (3, (a,v)) as in (24) for the cluster cor-
responding to (f1, (a,v1)) (second panel), the normalized (5, (a,v)) as in (25)
for the cluster corresponding to (f2, (@, v2)). The results are reported over 5000
independent trials where the initialization of our power iteration algorithm u a
random vector sampled from the unit sphere in R".

As predicted by our Theorem 9, both clusters are asymptotically Gaussian, and the nor-
malized estimators matches pretty well with the contour plot of standard 2-dim Gaussian
distribution, at 1,2, 3 standard deviation.

We plot in Figure 6 our estimators for the strength of signals and the linear functionals
of the signals after normalization, for the first cluster (24), and for the second cluster (25).

In Table (1), for each n € {50,100, 200,400,600} and k = 3, we take the strength of
signals 81 = 10n*=2/2 and By = 12 x n*=2/2_ Over 1500 independent trials for power
iteration with random initialization for each n, we estimate the percentage p; of estimators
converging to (1, and the percentage ps of estimators converging to 2. Our theoretical

17
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n =250 | n=100 | n=200 | n=400 | n =600
D1 0.421 0.421 0.439 0.446 0.445
D2 0.579 0.579 0.561 0.554 0.555
signal 3 0.932 0.956 0.948 0.961 0.957
linear form (a,v;) | 0.965 0.929 0.959 0.945 0.952
signal (2 0.944 0.944 0.946 0.953 0.949
linear form (a,wvs) | 0.950 0.950 0.937 0.949 0.941

Table 1: Estimated pj,p2 over 1500 independent trials for dimension n €
{50,100, 200,400,600} (top two rows), and numerical coverage rates for
our 95% confidence intervals over 1500 independent trials for dimension
n € {50,100, 200, 400,600} (last four rows).

values are

p1 = P([B1{u,v1)| > |B2(u, v2)|) ~ 0.44,
p2 = P(|01(u, v1)| < |B2(u, v2)]) =~ 0.56.

We also examine the numerical coverage rates for our 95% confidence intervals over 1500
independent trials.
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Appendix A. Proof of main theorems
A.1 Proof of Theorems 1 and 2
The following lemma on the conditioning of Gaussian tensors will be repeatedly use in the

remaining of this section.

Lemma 12 Let Z € @R" be a random Gaussian tensor. The entries of Z are i.i.d.
standard N'(0,1/n) Gaussian random variables. Fiz T1,Ts,--- , 7 € @* 'R" orthonormal
(k — 1)-th order tensors, i.e. (T, T;) = dij, and vectors §1,&2,---,& € R". Then the
distribution of Z[1| conditioned on Z[1s] = &s for 1 < s <t is

T — Z(TS,T>T5] ,

s=1

t

Z[r) L3 (r e+ Z

s=1

where Z is an independent copy of Z.

Proof [Proof of Lemma 12| For any (k — 1)-th order tensor T, viewed as a vector in R™" ",

we can decompose it as the projection on the span of 7, 7»,--- , 7 and the orthogonal part
¢ ¢
T = Z<TS, T)Ts + (7’ — Z<T5, T>TS> . (26)
s=1 s=1

Using the above decomposition and Z|[7s] = €5, we can write Z[7] as

t

ZIr) 23 () + Z

s=1

T — Z(Ts, T>’7’S] , (27)

s=1

and the first sum and the second term on the righthand side of (27) are independent. The
claim (26) follows. [ |

Proof [Proof of Theorem 1] We define an auxiliary iteration, yp = v and
k—1
v = X[y ") (28)

Then with y;, our original power iteration (2) is given by u; = y;/||yel|2-
Let € = Z[v®(k_1)] € R™. Then the entries of £ are given by

&(i) = Zw®* (i) = (Z,e; @ v®* D) = > Ziiyigin 0(11)0(i2) -+ v(ig-1)-

11,42, ,ik_1€[1,n]

From the expression, £(7) is a linear combination of Gaussian random variables, itself is also
a Gaussian. Moreover, these entries £(i) are i.i.d. Gaussian variables with mean zero and
variance 1/n:

EONEEDY E[zfm..ik_l]v(m%(m)z...wk,m:%.

1,82, ik —1€[1,n]
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We can compute y; iteratively: y; is given by

y1 = X[yd " V] = By, v)f o + 2T Y. (29)

For the last term on the righthand side of (29), we can decompose y(? *=1) a5 a projection

on v®# =1 and its orthogonal part:

w7 = (o, ) oD 1 (g, )20,

where 1y € @ *~DR” and (v®*=1 7y) = 0, (19, 70) = 1. Thanks to Lemma 12, conditioning
on & = Z[v®*-1] ¢ = Z[ry] has the same law as Z[7p], where Z is an independent copy
of Z. Since (19, 79) = 1, & is a Gaussian vector with each entry A(0,1/n). With those
notations we can rewrite the expression (29) of y; as

y1 = Blyo, o) o + (yo, )" 1€ + /1 — (o, v)2 g (30)
In the following we show that:

Claim 13 We can compute y1,Y2,Ys, - ,Y¢ inductively. The Gram-Schmidt orthonor-

malization procedure gives an orthogonal base of v®(k_1),y8§(k71),y?(k71), e ,ygffl) as:

®(k—1)

v yT0, T1y w0 5 Tt—1- (31)

Let £g1 = Z[1s] for 0 < s <t — 1. Conditioning on & = Z[w®* V] and €41 = Z[7s] for
0<s<t—2, &= Z[r_1] is an independent Gaussian vector, with each entry N'(0,1/n).
Then y; is in the following form

Yt = v + bowy + &y, biwy = b + b€ + -+ br—18i—1, (32)
where ||wl|2 = 1.

Proof [Proof of Claim 13| The Claim 13 for t = 1 follows from (30). In the following,
assuming Claim 13 holds for ¢, we prove it for ¢ + 1.

Let v®*k—1) ,T0, T1, - , Tt be an orthogonal base for p®(k-1) , y?(k_l) , yi@(k_l), cee yfg)(k_l),
obtained by the Gram-Schmidt orthonormalization procedure. More precisely, given those
tensors U®(k*1),7'0, T, ,Tt—1, we denote

®(k—1 _ ®(k—1
b(H—l)O - <yt ( )7U®(k l)>7 Ct+1 = <yt ( )7Tt>ﬂ
®(k—1

b(t+l)(s+l) = <yt ( )7TS>7 O0<s<t—1
then b(t+1)0v®(k_1) +0(141)170 T bg4+1)2T1 + - - bs1)¢Te—1 is the projection of y?(kfl) on the
span of v®k-1), yg@(k_l), y?(k_l), e ,yf@_(f_l). With those notations, we can write yt®(k_1)
as

(k-1 _
Yy (k=1 — b(t+1)0’0®(k Dy b(t+1)17'0 + b(t+1)27'1 + e b(t-‘,—l)tthl + Ct4+1Tt, (33)
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Using (32) and (33), we notice that
(3o 4" ) = Blar + by, v) + & v) o,
and the iteration (28) implies that
Yer1 = Blag + be(wi, v) + (€, 0)* v + beprwis + e Z[T, (34)
where

brirwegr = Z[bs1ov® T + byyimo + biernem + - beg1ye o)
= b(1+1)0€ + b+1)1€1 + b1)2€2 + - b41)ee-

Since 7y is orthogonal to v®* =Y 7y 7, -, 7_1, Lemma 12 implies that conditioning on
€= Z[v®F D and €,41 = Z[1,] for 0 < s <t—1, &1 = Z[7] is an independent Gaussian
vector, with each entry AN(0,1/n). The above discussion gives us that

Yirl = Q10 + b wigr + e, e = Blag + be(wy, v) + ¢y (&, v)F (35)
In this way, for any ¢t > 0, y, is given in the form (32). [ |

In the following, We study the case that (u,v) > 0. The case (u,v) < 0 can be proven in
exactly the same way, by simply changing (3, v) with ((—1)*3, —v). We prove by induction

Claim 14 For any fized time t, with probability at least 1 — O(e_c(logN)Q) the following
holds: for any s < t,
|as| Z [B([bso] + [bsi] 4 - - 4 [bs(s—1)]);

las] 2 nf max{1(k > 3)[ca/ BV, o/ VTl e

and

€11, 1€sll2 = 1+ O(logn/v/n),  [(v,€)], Ka, &)l [{@, &), (37)

Proof [Proof of Claim 14| From (30), y1 = (u, v)* 1o+ (u, v)* 1€+ /1 — (u, v)2¢=-Dg;.
We have a1 = B{u,v)* 1, byg = (u,v)* 1, byw; = (u,v)* 1€ and ¢; = \/1 — {(u, v)2(k=1),
Since & is a Gaussian vector with each entry mean zero and variance 1/n, the concentration
for chi-square distribution implies that

1€ll2 =

S €(i)? = 1+ O(logn/v/n)
=1

with probability 1 — e“°8™*  We can directly check that |ai| = |Bbiol, |37 *ay| =
|B(w, )" 2| mDIE=2) 2 gD/ 72) > ey, and [vaar| = |B{u, v)*?]|yn(u,v)| 2
nf > nf|ey|. Moreover, conditioning on Z[v®* 1] = ¢, Lemma 12 implies that & = Z |7
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is an independent Gaussian random vector with each entry N (O 1/n). By the standard
concentration inequality, it holds that with probability 1—e1°&™)? ||& || = 1+O(logn//n),
|{a,&1)| and the projection of &; on the span of {v, £} is bounded by logn/y/n. So far we
have proved that (36) and (37) for ¢ = 1.

In the following, we assume that (36) holds for ¢, and prove it for ¢ + 1. We recall from
(32) and (35) that

arp1 = Blay + bylwe, v) + e (€, v)* Y, bywy = b€ + b€y + -+ buy—1€i-1 (38)

By our induction hypothesis, we have that

|be(wy, v)| S [bio (€, v)| + b1 (€1, )| + - - + |byu—1) (&—1,0)| S (logn/v/n)lad/|B],  (39)

and

lce(§ev)| < (logn/v/n)lee] < (logn)lar|/n®. (40)

It follows from plugging (39) and (40) into (38), we get

ari1 = B(as + O(lognjas|/nf))Ft = (1 + O(logn/na))ﬁaf_l. (41)
We recall from (33), the coefficients b(;1)0, bt1)1, "+, b(¢+1)e are determined from the
projection of y®( Y on DEICanVRE T IR A
k—1 _
yl ) = b 100 " + b1 70 + D12t + - b1y Ti—1 + G T
We also recall that v®*=1 7. 7, , 7, are obtained from v®*~1), yg@(k_l), y?(k_l), e ,yt@i(f_l)
by the Gram-Schmidt orthonormalization procedure. So we have that the span of vec-
tors (viewed as vectors) v®*=) 1 - 11 is the same as the span of the tensors
v®(k_1),y8§(k71), yi@(kfl), e yfi(ffl), which is contained in the span of {v, wy, yo, - - - , g1 }©* 1),
Moreover from the relation (32), one can see that the span of {v,w,yo, - ,yi—1} is the

same as the span of {v,&,&1,---,&_1}. It follows that

\/b t+10 T b2t+1 + b%t+1) -+ b(t+1)

= IPrO]s o),y vy (400 + biawe + o) 403

< HPI“Ojspan{v’whyO,... Y1801 (av + bywy + tht)®(k_l) |2
. ke 42
< HPrOJSpan{v,wt,yo,m ,ytfl}(atv + btwt + CtEt)HQ ! ( )

. k—
= [Jatv + bywy + ¢t Projspangv e g1 013 (&) l2 !

lognle k=1 _
s(mtmbm : 't‘) <l < Jacnl/I18],

NG

where in the last line we used our induction hypothesis that HPl"Ojspan{v,g,gl,w ,gt,l}(ft) l2 <

logn/+/n.
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Finally we estimate c¢;+1. We recall from (33), the coefficient ¢;41 is the remainder of

yf@(k D after projecting on v®*=D oo 1. It is bounded by the remainder of
y?(kf ) after projecting on v®*—1)

k— _ _ _ _ _
leer] < [lyf " — al o@Dy = [[(arw + brwy + &) 2R — @b Lp®ED),,

The difference (a,v + byw, + ctEt)@)(k_l) — afflv@)(k_l) is a sum of terms in the following
form,

MAIMN K- QNg-1, (43)

where vectors 1, m2, - -+, Mp—1 € {awv, bywi+ci&: }, and at least one of them is byw;+c¢,&. We
notice that by our induction hypothesis, |\biw; + ci&ell2 S |bel||well2 + |ee||€ell2 S 0] + |cel-
For the Lo norm of (43), each copy of a;v contributes a; and each copy of byw; + ¢&
contributes a factor |b¢| + |ct|. We conclude that

k-1

leera] < [l(aw + bawy + ¢6)* D — af TP ED 1y N (b F fe)” (44)
r=1

Combining the above estimate with (41) that |asy1| =< |B||a:/*!, we divide both sides of
(44) by |Bllar|*,

|Ct41] <|bt| |Ct|> ( \Ct>r

S +— (45)
|asta] ™ [B] ; jadl  lae ) 18] 2 Z 16l laa
where we used our induction hypothesis that |a;| = |3||bs|. There are three cases:

1. If \ct\/]at\ > 1, then

k— k—1
|Ct+1’ Z ( ’Ct|> < 1 <|Ct|) .
|ar1] ™ 1Bl lal 181\ fau|

If £ = 2, then our assumption |8(u,v)*=2| = |B| > n®, implies that |c;11|/|arr1] <
(lee]/|ae])/ns. If k > 2, by our induction hypothesis |¢;|/|as| < BY/*=2) /ne. This
implies (|c¢|/]a¢|)¥72/|8] < 1/nf, and we still get that |ci1]/|ari1| < (lcel/|as])/ne.

2. 1t 1/|8| < |etl/lae) < 1, then
|Ct+1|

k
< Z< ‘Ct’> 51(|Ct|>51(|0t|>,
|at41] =\ Bl |atl 18]\ |al ne \ |a

where we used that || > |8(u, v) 72| > n®.

/\

3. Finally for |c|/|a] < 1/]5], we will have

;2% ||Z|\) < ()

23
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|Ct+1|
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N
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Huana, Huang, YANG, CHENG

In all these cases if |c|/]az| < min{y/n, 1(k > 3)|8|Y*=2Y/n, we have |ci1|/|asi1] <
min{/n, 1(k > 3)|3|"/*=2)} /n°. This finishes the proof of the induction (36).

For (37), since 7 is orthogonal to k=D 7 - 11, Lemma 12 implies that con-
ditioning on & = Z[v®* Y] and &1 = Z[rs] for 0 < s < t — 1, &1 = Z[r] is an
independent Gaussian vector, with each entry A/(0,1/n). By the standard concentration
inequality, it holds that with probability 1—e¢1°8™)° [I&,,1[|s = 1+O(logn/v/n), |{a, &41)]
and the projection of &1 on the span of {v,&,&;, -, &} is bounded by logn/y/n. This
finishes the proof of the induction (37). |

Next, using (36) and (37) in Claim 14 as input, we prove that for

1 /1 2logl|p|

t>14 - (= 2081 46
* € <2 * logn (46)

with probability 1 — ec(os ")? we have
Yyt = atv + b€ + b &y + -+ bu—1&-1 + ey, (47)

such that
W log n|a| < (log n)Y/2|ay| < 9

bo = %+0 ( |ﬂ|%) k| € AR el S Jal/. (a9

Let 2; = |c;/as| < |B|Y/*=2), then (45) implies
k—1 .
1 1
T S — —Fx ),
T Z (Iﬁl >

from the discussion after (45), we have that either xy11 <

< 1/B%, or w441 < x4/nf. Since
z1 = |e1/a1| < n'/?7¢, we conclude that it holds

~

1/1 2log|A
= <1/p? > - (= .
=l S 1/6% whent > 7 (5 + 2128 (49)

To derive the upper bound of by, bss, - - ,bt(t_l), we use (42).

b%t+1)0 + b%t—i—l)l + b%t+1)2 +eot b%t—&-l)t

. k—
< Jlasv + brw; + eiProjspungu 6,0 1y (€015
N bl (50)
logn logn
N
= <at +0 (!at|(|bt|+|ct\) Jn (!bt!+10t| \/ﬁ> >> ,
where we used our induction (37) that [(§,v)|, (&1, )], -, [(& v)| < logn/y/n and the
projection ||[Projgp.n{v, &, &1, ,&—1}(&)l2 < logn/y/n. Moreover, the first term b1y
is the projection of y?(k_l) on v®k—1)
_ logn(|b| + |c k1
bie+1)0 = (arv + bwy + cibp,v)F T = (at +0 ( & (|\;|ﬁ | t|))> ) (51)
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where we used (37) that [(&,v)|, (&1, v)], - ,|(&,v)| < logn/y/n. Now we can take dif-
ference of (50) and (51), and use that |b| < |a¢|/|B| from (36) and |¢;| S |a¢|/|B| from
(49),

_ _1 logn 2(k—1) logn
b —akl—i-O(akl ) V2o 05 e 0y Sa .
(t+1)0 t |atl ENG (t+1)1 (t+1)2 (t+1)t t EING
(52)
From (38) and (41), we have that
at1 = Bb41)0 < Baj ' (53)

Using the above relation, we can simplify (52) as

ap41 log n|ag 1] (logn)*/2|ay41|
b+1y0 = 5 +0 <W> o bl (b2l byl < N

This finishes the proof of (48).
With the expression (48), we can process to prove our main results (4) and (5). Thanks
to (37), for ¢ satisfies (46), we have that with probability at least 1 — O(e—c(logN)?)

1 2(v,§) logn  (logn)*? 1
||yt\\§—a§<1+ﬁ2+ 5 +O<ﬁ2\/7%+|mg/gn3/4+m . (54)

By rearranging it we get

1 1 € 1 1 321
Ylyell2 = 1 (1 T2 <vﬁ )40 (ﬂ(;%/% + |(BT§/Z’313/4 + 5‘*)) : (55)

We can take the inner product (a,y;) using (47) and (48), and multiply (55)

(@, us) = <chjt2> _ sen(ar) ((1 . 2;) v 4 (0:E) <§,v><v,s>>

(56)
logn, (logm)” _|{a.v)
o <62\/%+ ERC )

where we used (37) that with high probability [(a,&)|, [(a,&s)| for 1 < s < ¢ are bounded

5 |
by logn/+/n. This finishes the proof of (4). For § in (5), we have

Xt = X X ) i), 5

HytHIS a ||ytHI§ ||thzc

Thanks to (49), (35) and (37), for ¢ satisfies (46), with probability at least 1—O(e=c(los N)*),
we have

Yir1 = G410 + b 1yo€ + by1)1&1 + -+ b e + 1€
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where |ciy1| S Jad|" /B2,

arr1 = Blar + bio(§, v) + b (€1, v) + -+ + by—1) (-1, v) + Ct<€tav>)k_1
_ gt (1 Lew ( logn,(logn)*/* > > o (58)

B 52\/ﬁ \,6’|3/2n3/4

and

_ logn _, (logn)/?
b(t+1)0 = af 1 <1 +0 <W>> ) |b(t+1)1|a |b(t+1)2| +ooet ’b(t+1)t| S af 1W~

From the discussion above, combining with (47) and (48) with straightforward computation,
we have

1 kE+1 1 1 3/2
o) = Bk (1 Ly G ( L |<ﬁT§/§gg/4>> R

By plugging (55) and (59) into (57), we get

/2 —1 1 loen)32 1
X [uf*] = sgn(ar)* <ﬁ + (€, v) — /ﬁ > +0 (!B()\%/nﬁ + ,;O§/721713/4 4 |5!3>

Since by our assumption, in Case 1 we have that 8 > 0. Thanks to (58) ay+1 = Baffl(l +
o(1)), especially a;y1 and a; are of the same sign. In the case (u,v) > 0, we have a; =
Bu,v) 1 > 0. We conclude that a; > 0. Therefore sgn(X [u¥]) = sgn(a;)* = +, and it
follows that

k/2 —1 logn  (logn)3/? 1
Xuf]=f+ (&) - =5—+0 (Iﬁx/ﬁ + gt IBI3>

This finishes the proof of (5). The Cases 2, 3, 4 follow by simply changing (5, v) in the
righthand side of (4) and (5) to the corresponding limit. |

Proof [Proof of Theorem 2|

We use the same notations as in the proof of Theorem 1. If |3] > n® and |B(u, v)* 2| <
n~¢, then we first prove by induction that for any fixed time ¢, with probability at least
1 — O(e~“eN)*) the following holds: for any s < t,

Ibsol, (Bl [bsgs—1y| S max{|es|/|B|*D/F=2) (log )| /12, (60)
les| = npY gy,
and
s [1€sll2 =1+ 0O(1 )
€11 1€l = 1+ Oftogn/ V) o
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From (30), a1 = B{u,v)* 1, by = (u,v)* 1 and ¢; = \/1 — (u,v)2*-D., Since || > n°
and |8(u, v)*2| < n~¢, we have that |(u,v)| < n2/*=2) « 1 and therefore |¢;| < 1. We
can check that |3/ *=2g| = |B(u, v)F2|(E=D/k=2) < p=¢ < n=¢|¢;| and |byg| = |a1/B| S
n=¢|ey/BED/+=2)| " Moreover, conditioning on Z[v®* 1] = ¢, Lemma 12 implies that
& = Z[m] is an independent Gaussian random vector with each entry N(0, 1 /n). By
the standard concentration inequality, it holds that with probability 1 — c(logn)? , €12 =
1+ O(logn/+/n), and the projection of & on the span of {v, £} is bounded by log n/\/n.
So far we have proved (60) and (61) for ¢t = 1.

In the following, assuming the statements (60) and (61) hold for ¢, we prove them for
t+ 1. From (38), using (38) and (39), we have

(avia] = | Blar + brlw, v) + er(gr,v) |

log n(|bo| + [bi1] + - - + bye—ny])  Tognle\ "
<161 (Jal + e )

log n|cy k-1 et log n|cy k=1
5 |ﬁ| |at| + \/ﬁ 5 |ﬁ| n€|5|1/(k*2) + \/ﬁ

he1 1 logn\ ! ey |1
< 1Blled] = T S A
BB T G
where in the third line we used our induction hypothesis that [bso|+[bs1 |+ - -+ [byp—1)| S leel,
and 17 > |B]|{u, v)[*7* 2 |8] /272,

For b(t+1)07 b(t—&-l)l’ ce 7b(t+1)t7 from (42) we have
log njee \ 7!
\/bt+10+bt+11+b(t+1) +- +b(t+1t~ |a¢| + [be| + —
< I+ lognle\ ! < et N log njeg \*7! (63)
~ |at \/ﬁ ~ nalﬁ\l/(’“_z) \/ﬁ

k 1 logn\ ™!
S leef*! + :
ne B2 "

Finally we estimate c¢;41. We recall from (33), the coefficient c¢;y; is the remainder of
y,?(k_l) after projecting on v®* =Y 75 7, ---  7_1. We have the following lower bound for
Ct+1

B=1)12 — (b0 + Uiyt + Oz + 0+ Vg

2Wk—1 _ 1 logn 2(k=1) (64)
> Jlagw + bawy + ciel3" ) — O (\Ct\Q(k Y (newl/(k—z) + Jn ) '

For the first term on the righthand side of (64), using our induction hypothesis (60) and
(61) that |a¢| < |ct|, we have

|Ct+1|2 = [[(a¢v + bywy + &)

lawv + bewy + ci&i|l3 = af + b7 + || &ull3 + 2aibi (v, wy) + 2aiei (v, &) + 2bicy(wy, &)
B logn 1 9 (65)
= (140 (% + ) )
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We get the following lower for ¢;41 by plugging (65) into (64), and rearranging

logn 1 k1
P (1 40 ( e n2€62/("3—2)>) 4| (66)
The claim that b1yl [bar1y1ls -+ s [bar1)yel S max{|era|/[8| %/ E=2) (logn)¥ ey | /nk=D/2}

follows from combining (63) and (66). The claim that |c;, 1| > nBY *=2)|a;, | follows from
combining (62) and (66).

For (61), since 7 is orthogonal to v®( ,T0, T1,"** , Tt—1, Lemma 12 implies that con-
ditioning on & = Z[v®* V] and €11 = Z[rs] for 0 < s <t —1, &1 = Z[m] is an
independent Gaussian vector, with each entry A(0,1/n). By the standard concentration
inequality, it holds that with probability 1 — e1°8™* "||&, 1|2 = 1 + O(logn//n), and the
projection of &4 on the span of {v,&, &1, ,&} is bounded by logn/+/n. This finishes
the proof of the induction (61).

Next, using (36) and (37) as input, we prove that for

1/1 log | A
t214+- (- —2 ),
+ € (2 (k—2)logn (67)

k—1)

we have
Yt = v + b€ + b1 + - + by—)&e—1 + i, (68)
such that
ol ol - 5 el (282 (69)
N

Let z; = |a;/c|, then (60) implies that z; < 1/(n|8]/(*~2)). By taking the ratio of
(62) and (66), we get

logn ol
s 101 (5 ) (70)

there are two cases,
1. if logn//n < zp < 1/(nf|B)Y/F=2)), then
i1 S 1Bl = (18] ¢ Pk < w /s

2. If zy < logn/v/n, then |z 1| < |B|(logn//n)*1.

Since 1 = |a1/c1| < 1/(nf|B8]"/F=2)), we conclude that

ze = |ar/ci] S |B|(logn/v/n)*™,  when ¢ > é (; - %) : (71)
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In this regime, (63) implies that

_ logn k=1
b ,|b ,|b oo, |b < Ck1<|at|+ >
1bc+1)05 104115 10@E41)2] b1yl S 18l ERENG
< w_1 [logn k1 < logn k1
< 18]]ed] NG S lev|B] W )

where we used (66) in the last inequality. This finishes the proof of (69). Using (69), we

can compute ug,
k-1
Yt & logn
up = = +Op | |8 ( ) ;
lyell 1€l ( Vn

where the error term is a vector of length bounded by |3|(logn/y/n)*~1. This finishes the
proof of Theorem 1.

A.2 Proof of Corollarys 3 and 4

Proof [Proof of Corollary 3| According to the definition of &€ in (4) of Theorem 1, i.e.
¢ = Z[v®*Y] is an n-dim vector, with each entry i.i.d. N(0,1/n) Gaussian random
variable. We see that

(&,v) SN (0,1/n).

Especially with high probability we will have that |[(€,v)| < logn/y/n. Then we conclude
from (5), with high probability it holds

B:ﬁ+o<;+l‘)ﬁ£>. (72)

With the bound (112), we can replace (a, v)/(23?) on the righthand side of (4) by (a, v>/(2§2),
(a,v) (a,v)

which gives an error
1 logn ))
—| =0 [{a,v)| | = + .
s~ 5| = (teo (g + 3

Combining the above discussion together, we can rewrite (4) as

; I (.8 ~ ()8 (loan  (ogm)* |a,u)]
@5 (1= 35 o) = 28208 10 (ﬁ% MR )

with high probability.
Again thanks to the definition of € in (4) of Theorem 1, i.e. £ = Z['v®(k_1)], is an n-dim
vector, with each entry i.i.d. N (0,1/n) Gaussian random variable, we see that

(a,§) — {(a,v)(v,§) = (a - (a,v)v,§),
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is a Gaussian random variable, with mean zero and variance

Ella  (a.v)v.6)% = o~ (@.vjol = a1, ~voT)a) = W a1, - 557)a).
This together with (112), (113) as well as our assumption (6)
Vs (1 ! )" a,B) — (a,v)| S N(0,1). (74)

Via, (I, —voNa) | 25

Under the same assumption, we have similar results for Cases 2, 3, 4, by simply changing
(B,v) in the righthand side of (4) and (5) to the corresponding expression. |

Proof [Proof of Corollary 4] Given the significance level «, the asymptotic confidence in-
tervals in Corollary 4 can be calculated from Corollary 3 by bounding the absolute values
of the left hand sides of (7) at z,. [ |

A.3 Proof of Theorem 7

Proof [Proof of Theorem 7| We define an auxiliary iteration, yo = u and
k—1
yirr = X[y, V). (75)

Then we have that w; = y;/||y:l|2.
For index .7 = (jlvj?)' o 7jk—1) € [[1’7.}]14:—1‘ Let Ej = Z['Ujl & Vj, ®-Q® ,vjkfl]' Its
entries

§;(i) = > Ziiyin-i_y Vg1 (11) 05 (i2) - -~ v, (ip—1),
i1,02, ig—1€[1,n]

are linear combination of Gaussian random variables, which is also Gaussian. These entries
are i.i.d. Gaussian variables with mean zero and variance 1/n,

. . . . 1
E[€-7 (1)2] = Z E[Z’iz’iliQ"'ik—l]vjl (Zl)zvjz (22)2 T vjk—1(lk*1)2 = E
11,02, ,ik—1€[1,n]
We can compute y; iteratively:
T
®(k—1 - ®(k—1
y1= X[y ") =7 By, vp) oy + Zly ) (76)
j=1
For the last term on the righthand side of (76), we can decompose y? *=1) 45 a projection
on vj, ®vj, -+ @vj,_, for j € [1,r]¥71, and its orthogonal part:
k—1 r (k=1)
®(k—1
yo Y = S 1 wo v, @vs @ @v5, + 1= | D (yo,v5)? 0,
j s=1 j=1
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where the sum is over j € [1,7]*"!, 7y € ®"R" and |7l = 1. Let & = Z[m]. By
our construction v;, ® v, ® -+ @ v;,_, for any j € [1,7]*"! and 7 are othorgonal to
each other. Thanks to Lemma 12, conditioning on &; = Z[v;, ® vj, ® --- ® v;,_,] for
index j = (j1,j2,- - »jx—1) € [1,7]*"1, & = Z[7p] has the same law as Z[r], where Z
is an independent copy of Z. Since (19, 79) = 1, & is a Gaussian vector with each entry
N(0,1/n). With those notations we can rewrite y; as

) (h=1)

r k—1
y1 =Y Bilyo,v) o+ > [[wo,vi)&+ [ 1— | D (w0, v5)? & (77)
j=1

j s=1 j=1
In the following we show that:

Claim 15 We can compute yo,ys, - , Yyt inductively. The Gram-Schmidt orthonormal-
ization procedure gives an orthogonal base of vj, ® v, ® --- @wv;, , for g € [1,7]*' and

y &1 y?(kfl) y@(fﬂ)

0 , , JY as:

{vj, ®vj @ - @Vj b ar-1, T, T, Te-1 (78)

Let & = Zvj, @ vj, @ -~ @wj, ] for j = (j1,J2,- -, k1) € [1,7]*7", and €51 = Z[7]
for 0 < s <t—1. Conditioning on §; = Z[vj, @vj, ®---®@vj, | for 3 = (j1,J2, -, jr—1) €
[1,r]FY and €1 = Z[1s) for 0 < s <t —2, & = Z[1_1] is an independent Gaussian
vector, with each entry N'(0,1/n). Then y; is in the following form

Yr = a1y + bwy + &y, (79)
where

atV; = a1 v1 + apvr + -+ apvy, baw = Z bij&; +bu&r + -+ by—1&—1, (80)
J

and [[vi|a, [lv2l2, -+ [[orlle, lwe]l2 = 1.

Proof [Proof of Claim 15| The Claim 15 for t = 1 follows from (77). In the following,
assuming Claim 15 holds for ¢, we prove it for ¢ + 1.

Conditioning on §; = Zlv;, ® vj, ® -+ ® vj, ] for index j = (j1,J2, -+, jr-1) €
[1,7]*! and Z[7s] = €41 for 0 < s < t — 2, Lemma 12 implies that & = Z[m,_1] has
the same law as Z [T¢—1], where Z is an independent copy of Z. Since 7,_; is orthogonal
to v, ® v, ® -+ ®vj,_, for index j = (j1,2,* ,Jk—1) € [1,7]* and Z[r] = &1 for
0<s<t—2, & is an independent Gaussian random vector with each entry N'(0,1/n).

Let {v;, ® vj, ® -+ ® 'Ujkil}je[[lm]]kfl,’r(),’rl, --+,7; be an orthogonal base for v;, ®
vj, ®- - ®@vj,_, for j € [1,7r]*1 and y?(k_1)7 y?““‘”y . ’yt@’(k_l), obtained by the Gram-

Schmidt orthonormalization procedure. More precisely, given those tensors {v;, ® v;, ®
@ Yie[ k-1 T0s T1, 00 5 Te—1, We denote

k—1 . .. . -1
( )7,Uj1®vj2®'“®,vjk71>7 J:(jlv.]Qa"' 7]k—1)eﬂlyrﬂk y
®R(k—1)
t

by = (Y
(t+1)3 <yt (81)
(k—1) ’ Tt>

busnys = WPV my), 1<s<t, ap=(y
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and Zj b(t41)jVj1 ®Vj, @+ @05, +b141)170 + b(t41)2T1 + - bs41)¢Te—1 is the projection

k—1 k—1 k—1 k—1
of y(tg)( ) on the span of {v;, ® vj, ® -+ ® 'Ujkil}jellljr]]kfl,y(()g)( ),y?( ), - 73/1(;8—(1 ),
Then we can write yt®(k_l) in terms of the base (78)

k—1
y?( )= Z b(14+1)jVj1 @ Vj, @ -+ @ V5, +buy1)170 + bugn2Ti + - b1y Te—1 + CL417e
j
The recursion (75) implies that
™
Yerr = Y Bylay + bi(we, v;) + e, v)* vj + bprwes + e Z[7) (82)

Jj=1
where

bir1wir1 = Z[Z bt+1)jV1 @ Vjy @ - @V, + bry1)170 + bey1)2Tt + - beg1yeTe—1]

3
= Z bii+1)5&5 + be+1)1€1 + b1)2€2 + - b41)ie-
J
(83)
Since 7 is orthogonal to {vj, ® vj, ® -+ @ Vj,_, }jep rJs-1,T0s T1, * , Tt—1, Lemma 12

implies that conditioning on §; = Z[v;, ® vj, ® --- ® v;,_,| for 3 = (j1,J2, - ,jk—1) €
[1,7]*! and €,41 = Z[1s] for 0 < s <t — 1, &1 = Z[1] is an independent Gaussian
vector, with each entry AN(0,1/n). The above discussion gives us that

_ _ 2 2 2
Yi+1 = @1V + bepiwin + 141, Q1 = \/a(t+1)1 + a2 T T Ay,

and
aq+1); = Bjlag; + be{we, vj) + el v 1< < (84)

We recall that by our Assumption 5, that

1//<a<‘

for all 1 <i,j < r. If j, = argmax; 8;(u, v;)*~2 it is necessary that $3;, > B1, where the
implicit constant depends on k.

In the following, we study the case that (uw,v;,) > 0. The case (u,v;,) < 0 can be
proven in exactly the same way, by simply changing (8, v;,) with (—=1)*B, —wvj, ). We prove
by induction
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Claim 16 For any fized time t, with probability at least 1 — O(e*"’(logny) the following
holds: for any s < t,

’asj*| = ‘G/Sj‘a las| Z |51 Z ’bsj‘ + [bs1] + -+ + ’bs(s—l)‘)v

(85)
as| 2 n max{1(k > Mcs/ﬁl”k 7, les/v/nl},
and for § = (j1,j2, -+ jk—1) € [1,r]*!
16511, 1€s]l2 = 14+ O(logn/v/n),  [(v,&;)|, (@, &;)], [{a, &)| S logn/v/n.
IPrOfSpantonone ey} s oo oo o) ()2 S To /i (%)
Proof [Proof of Claim 16| From (77), we have
] (h—1)
Z/B] Yo, v;) o+ H (Yo, v )& + | 1= | D (w0, v;)? &
j s=1 j=1
= Z arjvj + Y biié; + i,
Jj=1 J
where a1; = Bj<u,vj)k*1 for1 <j<r by = H];;ll<u,vjs> for any index j = (1,72, , jk—1)
and ¢ =4/1 — (Z;:1<u, vj>2) k_l). Since &; are independent Gaussian vectors with each

entry mean zero and variance 1/n, the concentration for chi-square distribution implies that
&5ll2 = 1+ O(log n/+/n) with probability 1 — eclosm)® Since j, = argmax; | B (u, v;)* 2|,
combining with our Assumption 5, it gives that |aq;,| > |a1;]|/k. As a consequence, we also
have that |a1| = \/a}; + a2y + - -+ + @}, =< |a1;,|. Again using our Assumption 5

k—1

Dbl S | D )] S w7t S laig /85, S laal /61
i i=1

J=1

We can check that 817 * 2a;| = |8 Vay; | = (8. (u, v, )F 2D/ (-2) > ne > pey ),
and |y/oa| = [ymay,| = |8, (w,0;)F 2\ /alw,v5,)] 2 n° > nlei]. Moreover, condi-
tioning on §; = Z[v;, ® v, ® --- @ wj,_,] for j = (j1,72, -+, Jk—1) € [1,7]*!, Lemma
12 implies that & = Z][r] is an independent Gaussian random vector with each en-
try N(0,1 /n) By the standard concentration inequality, it holds that with probability
1 — ecogm)® g1y = 1+ O(logn//n), |(a,&)| and the projection of & on the span of
{'vl,'vg, e ,'vr, {&}jep g1} is bounded by logn/y/n. So far we have proved that (36)
and (37) hold for ¢t = 1.

In the following, we assume that (85) and (86) hold for ¢, and prove it for ¢ + 1. We
recall from (80) and (84) that

aq+1); = Bjlag; + bi{we, vj) + (o))t by = thjfj + b+ + by—1&1.

(87)
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By our induction hypothesis, we have

e < 3 165, 03) 4 b €] + -+ ey, )] S (ogn/vilarl /|1,
’ (58)

and

lce(€e,v5)| < (logn/v/n)|e| < (logn)|ar| /n®. (89)
It follows from plugging (88) and (89) into (87), we get

a1y = Bjlag + be(we,v;) + €, v))) 1 = Bjay; + Olog nlar| /nf))* < Bjlar*,
and especially
ai1)j. = Bi. (azj. + O(lognlay.|/n*))* = (1 + O(logn/n%))Bj.ap; "
Therefore, we conclude that
|ac+15.| = |Bj.afy, | < 1Bay 1, (90)

and

lagsnyl S Bilad* ™ < Bila, "1 S lasay, .

We recall from (81), Zj b(141)jVj1 @V, @ - QU5 +b(p41)1ToHb41)2T1+ - Dpp1 ) Te—1 18

the projection of y®(k U on the span of {v;, ®v;,®- - -®Qvj,_, }je[[l et y(?(k 1), y?(kfl), e ,yfi(ffl).

We also recall that {v;, ® vj, ® -~ ® vj,_, }iciJ5-1,T0, T, , Tt—1 are obtained from

{vj, ®vj, ® - @ vj_ biep et ,ygg(k*l),y?(k*l), B ,y®(k Y by the Gram-Schmidt or-

thonormalization procedure. So we have that the span of vectors {v;, ® vj, ® -+ ®
Vju_y fje[ir]F—1>T0s Tt , Tt—1 is the same as the span of the tensors {vj, ® vj, @ -+ ®
'vjkil}je[[lﬂ]kfl,ygp(k_l),y?(k_l), e ,yf@_(f_l), which is contained in the span of the ten-
sors {v1,va, -, U, Wi, Yo, -, Yr—1}2F . Moreover from the relation (79) and (80),

one can see that the span of {vy,ve, -, vy, Wy, Yo, -+ ,Yi—1} is the same as the span of
{vi,v2,- s vr & tjepapr-1, 615+ s &e—1 ) It follows that

[be1] S \/Z b(t+1)a (t+1)1 T b(t+1)2 ot b%t+1)

o . (k-1
= ||PrOJSpan{{vj1 ®'Uj2®'“®vjk_1}je[[l,r]]k_l’TO’T17"' 77-t_1}(at’Ut + bt'UJt + Ct{t) ( )||2

: ®(k—1
IPTOjSpanvg s, vy e .0, o1}k (@ + bywy + &) (k=) o1)

<
: k—1
< ||Pr0JSpan{v,wt,yo,--- ,yt_l}(a’tvt + btwt + Ctﬁt)”g
. k—1
= vt + b+ POy 601y €)1

log nley

k—1
< (lal+ i+ 22 St < o,
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where in the first line we used (83), and in the last line of (91) we used our induction
hypothesis that HPI‘OjSpan{’vhvz,'“,’Ur,{gj}je[[l’r]]kf1,517“‘7£t—1}(£t)||2 Slogn/y/n.

Finally we estimate c¢;+1. We recall from (81), the coefficient ¢;41 is the remainder of

®(k_1) after projecting on {v;, ® vj, ®- - ®'Ujk_1}je[[17r]]k—1,7'07 T1,- -+ ,Ti—1. It is bounded

®(k=1)

by the remainder of y; after projecting on {v;, ®vj, ® -+ ® ’Ujkil}je[[l’r]]kfl,

- (k—1)
) afl®

k—1 _ (k—1)
leeia] < g o2 FI N, = (avr + brwy + &) 2ED — gF PR

2-

k—1) _ aicflv?(kfl)

The difference (a;v; + bywy + ctEt)®( is a sum of terms in the following

form,

MAIN K- QNg_1, (92)

where n1,m2, -+, Mk—1 € {awvy, byw; + &}, and at least one of them is bywy + ¢;&. We
notice that by our induction hypothesis, ||biw; + ci&ell2 S [bel||well2 + |ee||€ell2 S 0] + |etl-
For the Lo norm of (92), each copy of a;v; contributes a; and each copy of byw; + &
contributes a factor |by| + |¢;|. We conclude that

k—
o] < [[(aror + bpwy + i) *F 7Y — af Lo Y Z Jael (bl + )™ (93)
Combining with (90) that |a;y 1| < |B1]|as|*~!, we divide both sides of (93) by |B1||as|**,

] _ 1 o <|bt |ct\>’”<11(1 \ctr)’“
1 2= Vel *laat) S 7801 2 B0 T Tl (84

|at+1

B

HM

There are three cases:

1. If |¢t|/]at| > 1, then

el o 72 ( ‘Ct‘) < 1 <\Ct\>k_1_
|azsa] B =\ Bl ae ) ™ 1B \ el
If £ = 2, then |cip1]/|atr1] S (Je]/|ae])/n®. If k& > 2, by our induction hypothe-

sis |e|/|ad] < ﬁi/(k_m/na. Especially, (|cg]/|ac))*72/|81] < 1/nf. We still get that
lceval/lasia] S (eel /laz])/n.

2. 1 1/|81] < |etl/]ae| < 1, then

-1
(Y (e Ly,
Bl adl Bl \lae] ) ™ n= \ad]

3. Finally for |¢|/|a:] < 1/|51], we will have

k—1
’Ct+1|§1z<1 +Ct!>"51<1>< 12'
lagra]| ~ 1B 2= \IBLl  ael 1B1] \ |B1] |81

35
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In all these cases we have |ciq1|/]as1] < min{y/n, 1(k > 3)|81|Y/*~2)}/ne. This finishes
the proof of the induction (85).

For (86), since 7 is orthogonal to {vj, ® vj, ® -+ ® Vj,_, biep r—1,T0s T, Te—1,
Lemma 12 implies that conditioning on §; = Zv;, ® v, ® --- ® vj,_,] for index j =
(1, J2, 5 k—1) € [1,7]* 1 and €11 = Z[1s) for 0 < s <t —1, &1 = Z[7] is an indepen-

dent Gaussian vector, with each entry N (0 1/n). By the standard concentration inequality,
it holds that with probability 1 — e1°8™) ||&,.1|ls = 1 + O(logn/\/n), |(a, &+1)| and the
projection of &1 on the span of {'vl,'vg, v A& Hiepp-1s €10, &1} is bounded by
logn/y/n. This finishes the proof of the induction (86). [ |

Next, using (85) and (86) as input, we prove that for

1 /1  2log|pi] log log(y/n[B1])
t>214+ - = 95
- € (2 - logn * log(k —1) (95)
we have
Z ag;vj + Z bij€j + b€+ -+ br—18&t-1 + iy, (96)
7=1
such that
logn 1 )k_l .
aj| S Ta 1 Atj, |, *y
ool 5 (B2 2) a0
_ag, log n|ay| logn L .
Ot(jujur i) = Bj. o <|51|2\/ﬁ bl S W’%‘*" Jr = (s Gyt 305
(log n)"/?|a,| 2
bex s [bezls - [bee—1)| S W7 et < lael/Bi
(97)

Let Ty = |ct/at‘ < n—6‘ﬁ|1/(l€—2)7 and Ty = ma’xj#j*(/B;/(kimatj)/(5;9‘/(k72)atj*)- For
t = 1, our Assumption 6 implies that

6]1/(7C 2) (8;(u, ,vj>k72)(k71)/(k72)

<
< (1= 1/m)Bj. (0, F2)EDE=D < (1 1/m) 31 Dy

Thus we have that r; < (1 — 1/k). We recall from (87)

B/ D ag (5 M7 o+ bewn, v) + Ct<€t’”j>)>

k—1
_ (5]1/k_2(% Lo (at|logn(1/\lfil\ +xt)>) 7
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where we used (85) and (86). Thus it follows that

-1

( BY% 2 (ag; + O (Jag| log n(1/|31] + 2)/ /) )’“
Ferl = MAX | =47
323: \ B2 (@, + O (Jau|log n(1/|8] + 1) /)

. < + O (log n(1/|] +xtwﬁ>>’“
= 1+ 0 (logn(1/|Bi] + 20)/v/n)

(98)

For x4, (94) implies

N

1
Tip1 S W

= (v )

from the discussion after (94), we have that either z;1 < 1/|81|%, or 2441 < 2¢/nf. Since
= |e1/ay| <nt/?7¢, and r; < (1 — 1/k) we conclude from (98) and (99) that

xe = |eJar) S1/B3, e < (logn/(|Bi]v/n))F L, (100)

||M

when

t>

1 }+210g!51| +10g10g(\/ﬁ\51\)
e\ 2 log n log(k —1)

To derive the upper bound of b1, bia, - - -, by(;—1), we use (91).

2
Z bein)g + Vs T Oinyz + o+ By
(k-1
Hatvt + brw + CfPrOJSpan{vhvm RIS L] SRS I I S PR I3 1}(&)”2 ) (101)

N
_ <Q?+O (\at! (1be] + |ee]) lczgf (\bt\ + ‘Ct‘k\)?’n) >) ’

@(k—1)

where we used (86). The first term b(,1); is the projection of y, on vj, AV, - -QVj,_,,

k—1 -
log n(|b| + |c
bii+1); = H<at'vt + byw; + ci&p, vj,) = H <atys < g O\;% | t|))> ) (102)

s=1 s=1
and

k-1 k
[{(atvy + brwy + &y, 'Ujs>|2>

s=1

(103)

Xt - (
logn

k—1
= | d? a c c logn')*
—<t+0<| ]+ ) 2+ <|bt|+|t\f>>) ,
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where we used (37) that [(§5,v;)], [(&1,v5)], -, [(&v5)| S logn/y/n. Now we can take
difference of (101) and (103), and use that |b;| < |a¢|/|B1] from (85) and |ei| < |ag|/|B1|?
from (100),

2(k—1) logn
Brent + By + oo+ By S 1B]v/n (104)
Using (102) and (100), we get that
logn . . )
b(t+1) _at] <1+O<\/ﬁ|ﬁl|>)7 J*:(]*aj*v"‘aj*)
logn k1 (105)
b | < ——ag,|"" E
| (t+1)g’ S \/ﬁ|61||atj*‘ , JFT
From (87), (90) and (100), we have that
logn
s = b = i (10 (G5 )
(106)

logn )k_l S,
s < (2251 aanril, ..
’ (t+1)]’ ~ <\/ﬁ|51| ’ (t—&-l)]*‘ JF ]
Using the above relation, we can simplify (104) and (105) as

D ) (1og )" /2]
| (t+1)1H (t+1)2’a"'| (t+1)t| N W

and

A(t41)js logn
s =5, (140 () )

logn

|b(t+1)j| ~ f’ﬁ ’2| (t+1 ]*| ] #J*
This finishes the proof of (97).

With the expression (97), we can process to prove our main results (11) and (12). Thanks
o (86) and (96), for ¢ satisfies (95), we have that with probability at least 1 — O(e—c(os™)?)

1 2(v;,, &) logn [ logn \*' logn (logn)3/? 1

s=aj, |1+ + 22240 + + + =
e = ( 7z h v \valal) e s
(107)

where j. = (jx, ju, -, Jx). By rearranging it we get

1 2(vj,,&;.) logn< logn )k_l logn  (logn)®/? 1

1 - — — o2l (281 —

/llyellz = i < 252 . o\ \Valal) T Bva g B
(108)
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We can take the inner product (a,y;), and multiply (108)

) (Y s () — () ()
<G,,’U,t>— ||yt||2 = Sg ( t]*) ((1 >< ) ]*>+ ﬁ )

logn < logn )k_l logn (log n)3/? 1
FO0p | = (=) + + +— .
P(ﬁ NGOk BV |Bind T B

where we used (37) that with high probability |(a,&;)|, |(a,&s)| for 1 < s <t are bounded
by logn/+/n. This finishes the proof of (11). For § in (12), we have that

Rk _ X[y?k] _ <yt,X[?J§§(k_1)]> _ (Yt Yit1)
Xlu"] = = = - = =L (109)
yells llyells lyells

Thanks to (100), (106) and (86), for ¢ satisfies (95), with probability at least 1 —
O(e_c(log")z), we can write the first term on the righthand side of (57), we have

Yi+1 = Z a(141)jV5 + Z bi+1)5&5 + b+1)181 + - + bugnye&e + 141,
J J

where |ci1| < |a*71/ 52,

B logn
a(t+1)j* = /Bj*b(t+1)j* = ﬂ]*af]*l <1 + O <\/ﬁ|ﬁ1|>> ’
logn

k-1
a1yl S <\/ﬁ’ﬂ1’> syl T # I

a(e11)). logn
s = G52 (10 () ).

logn .,
b1yl S W\a(tﬂ)j*’a J # Jxs

and

k1 (logn)!/?
b1l 1b@rny2] + -+ [bpgnyel S ay W.

From the discussion above, combining with (96) and (97) with straightforward computation,
we have

L (k+1){&.,v5) L0 <logn < logn )k_l N logn  (logn)3/? )) |

) = B;.af; 1+ —5+ +
(Yt Y1) = Bj.agj, < 5]2* B;. vn \V/nlpi] B2yn | B [3/2n3/
(110)
By plugging (108) and (110) into (109), we get
k/2—-1
X[uf) = snloby) (5. + (€00 - 5
VES

1 1 L) log n)3/2 1
L0 ogn< ogn > N ogn_ (0%2)34+ i
Vv \VnlBi| Bl B 2034 By
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Since by our assumption, in Case 1 we have that ;= > 0. Thanks to (106) a;+1;, =
Baffj:l(l + o(1)), especially a;41;, and a;, are of the same sign. In the case (u,v;,) > 0,
we have ai;. = B{u,v;,)*"' > 0. We conclude that a;j, > 0. Therefore sgn(X [u{*]) =
sgn(ay;,)¥ = +, and it follows that

k/2—1
X = B, + (&.,05,) — >

+O<logn< logn >k1+ logn N (logn)3/? N 1 >

Vv \V/n|B| Bilvn B[ V2n3/4 B

This finishes the proof of (12). The Cases 2, 3, 4, by simply changing (3;,,v;,) in the
righthand side of (11) and (12) to the corresponding limit.
|

A.4 Proof of Theorem 9

Proof [Proof of Theorem 9] We first prove (15). If w is uniformly distributed over the unit
sphere, then it has the same law as n/||n||2, where n is an n-dim standard Gaussian vector,
with each entry A(0,1). With this notation

k— k— k—
18w, w3)" 2] = 18 (m,w3)" 21/ Imll5 ™, (111)
and we can rewrite P(i = argmax; |3;(u, v;)*72)) as
kuD.

P(i = argmax; |8, (u, v;)* %) = P(i = argmax; |8;(n, v;)

Since vy, v9,- -, v, are orthonormal vectors, (vi,m), (ve,n), -, (v,,n) are independent
standard Gaussian random variables. Then we have

pi = P(i = argmax; | 8;(n, v;)"?|) = B(18:/ 8| * 2 (m,03)| > |(m,vg)], for all i # ¢)

(w-\>ﬁ
') 9 L Y 9
-/ \fwe—:ﬂ/? I/ \/;e_yZ/zdy ar.

£

This gives (15). Using the fact we can rewrite u as 1/||n||2, we have that with probability

1—0(1/y/x),
L/vrn < |(u,0)] < Ve,

for all 1 < i < r. Thus Assumption (5) holds, and especially,
maix B (,0;) %) > (B (w, 01)* 72| > |B1(1/Vin)* 2| 2 0.

Theorem 9 then follows directly from Theorem 7. [ |
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A.5 Proof of Corollaries 8, 10 and 11

Proof [Proof of Corollary 8] According to the definition of £ in (11) of Theorem 7, i.e.

£ = Z[Ui(k_l)], is an n-dim vector, with each entry i.i.d. N(0,1/n) Gaussian random

variable. We see that

(& v) L N(0,1/n).

Especially with high probability we will have that |(€,v)| < logn/y/n. Then we conclude
from (12), with high probability it holds

B=35.+0 <é+k\)§;>. (112)

With the bound (112), we can replace (a,v)/(23%) on the righthand side of (11) by

<a,v>/(2§2), which gives an error
1 logn
—0(ltaw)l (7 + )
1B5.1* 1B 1Pvn
Combining the above discussion together, we can rewrite (11) as

o (1) oy (@8 (@08
9= (1-5z) @0 5.

logn < logn )k_l logn (logn)®/? 1
+Op | /= (2] + + + :
P(ﬁ VilBi] Bil2y/n T [Bif3Pn3t T By
(113)

(a,v) (a,v)

267 22

with high probability, where we used that |3;,| 2 |51].
Again thanks to the definition of £ in (11) of Theorem 1, i.e. & = Z[v®* V], is an
n-dim vector, with each entry i.i.d. A(0,1/n) Gaussian random variable, we see that

<a7£> - <avvj*><'vj*7£> = <a - <a7'vj*>vj*75>7

is a Gaussian random variable, with mean zero and variance

1 1
EKG - <a’vj*>vj*’£>2] = EHG' - <a" 'U]*>’U]*||% = E<a7 (In - ,v]*v‘]—l;)a>

1+o(1) = =T
= - (a, (I, — vj*vj*)a>.

This together with (112), (113) as well as our assumption (13)

Via (iY?T%EGT)a> (1'_ QEQ)_1<aaﬁ>‘—<a>vp) iié/\/'(O,l). (114)

Under the same assumption, we have similar results for Cases 2, 3, 4, by simply changing
(Bj.,vj,) in the righthand side of (4) and (5) to the corresponding expression. [ |
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Proof [Proof of Corollary 10| For k > 3 and |81| > n(*~2/2%¢| the assumption 13 holds

trivially. The claim (18) follows from (14). For (19), we recall that in (17), & = Z[U?(kfl)],
is an n-dim vector, with each entry i.i.d. N'(0,1/n) Gaussian random variable. We see that

d

<£7’Ui> - N(Ov 1/”) :

Especially with high probability we will have that (€, v)| < logn/y/n. Then we conclude
from (17), with high probability it holds

~ 1 logn
5=ﬁi+0<+ ) 115

Bi Vn (115)
With the bound (115), we can replace (k/2 —1)/8; on the righthand side of (17) by (k/2 —

1)/ B , which gives an error

’k/Q—l_k/Z—l‘

_ L logn
‘O(w * mlwﬁ)’

where we used that |3;| 2 |51]. Combining the above discussion together, we can rewrite
(17) as

~

Bi I5]

Bi 234— k/%—l - <£7Ui>+O]P’<

10gn< logn )k_l N logn (logn)3/? N 1
v \v/n|f] Bilvn (B[ M2n3/4 (B2 )
(116)

Since (&, v;) L N (0,1/n), and the error term in (116) is much smaller than 1/y/n. We
conclude from (116)

ﬁz(ﬁi Sy WB_ 1> 4 N(0,1).

This finishes the proof of (19).
|

Proof [Proof of Corollary 11] Given the significance level «, the asymptotic confidence in-
tervals in Corollary 11 can be calculated from Corollary 10 by bounding the absolute values
of the left hand sides of (18) and (19) at z,. |
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