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Abstract

We first propose a general step-size framework for the stochastic gradient descent(SGD)
method: bandwidth-based step sizes that are allowed to vary within a banded region. The
framework provides efficient and flexible step size selection in optimization, including cycli-
cal and non-monotonic step sizes (e.g., triangular policy and cosine with restart), for which
theoretical guarantees are rare. We provide state-of-the-art convergence guarantees for
SGD under mild conditions and allow a large constant step size at the beginning of train-
ing. Moreover, we investigate the error bounds of SGD under the bandwidth step size where
the boundary functions are in the same order and different orders, respectively. Finally, we
propose a 1/t up-down policy and design novel non-monotonic step sizes. Numerical exper-
iments demonstrate these bandwidth-based step sizes’ efficiency and significant potential
in training regularized logistic regression and several large-scale neural network tasks.

Keywords: stochastic gradient descent, bandwidth-based step size, non-asymptotic con-
vergence, non-monotonic step size, machine learning

1. Introduction

We consider the following stochastic optimization problem

min f(z) = Beozlf(2:€)) 1)

z€R4

where ¢ is a random variable drawn from an unknown source distribution Z and f(x;§) is the
instantaneous loss function over the variable x € R% . This problem is often encountered
in machine learning and statistics and attracts much attention along with big data and
artificial intelligence. The corresponding empirical risk problem is to minimize f(z) =
LSt f(2;&), where each & (i € {1,2,...,n}) denotes a realization of &.
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The stochastic gradient descent (SGD) algorithm (Robbins and Monro, 1951) is widely
used to solve the machine learning problem (1). The iterates of SGD are given by

Ter1 = 2 — 0(t)ge, (2)

where 7n(t) > 0 is step size and the stochastic gradient g; is an unbiased estimator of its true
gradient V f(x;)(i.e., E[g; | F¢'| = Vf(x¢)). However, its performance is highly dependent
on the choice of step size due to the natural noise from the stochastic gradient. In this
paper, we investigate the performance of the SGD algorithm defined in (2) under a general
class of step size (possibly non-monotonic).

1.1 Theoretical Analysis of SGD Under Various Step Sizes

The asymptotic results of SGD are given in (Chung, 1954; Leen and Orr, 1994; Leen et al.,
1998). Leen and Orr (1994) analyzed the asymptotic properties around the locally optimal
solution z* with n(t) = 1o/t and show that if no > 1/(2Amin) (Amin is the smallest eigenvalue
of V2f(x*)), the error E[||lz; — 2*||*] has order O(1/t), which is an optimal (minimax)
rate (Polyak and Juditsky, 1992; Agarwal et al., 2009; Ghadimi and Lan, 2012).

Recently, the focus has been shifted to studying the non-asymptotic convergence results.
Moulines and Bach (2011) established the convergence rate of SGD for a class of step sizes
n(t) = no/tP for p € (0,1]. For strongly convex and L-smooth functions, SGD exhibits an
optimal error bound O(1/T) (T is the total number of iterations) with n(t) = 7o/t (Moulines
and Bach, 2011; Rakhlin et al., 2012; Nguyen et al., 2019b). However, the results become
complicated if the function is not L-smooth. The best known result on the last iterate
is E[f(zr) — f(z*)] < O(logT/T') with n(t) = 1/(pt) (Shamir and Zhang, 2013), which
is proved to be tight by (Harvey et al., 2019). Many averaging techniques such as suffix
averaging (Rakhlin et al., 2012) and polynomial-decay averaging (Shamir and Zhang, 2013;
Lacoste-Julien et al., 2012) are incorporated into SGD and obtain an optimal O(1/T) rate.
Hazan and Kale (2014) achieved an O(1/T) convergence rate by exponentially decreasing
the step size after a consecutive period which grows exponentially, and adopting a simple
modification where the inner iterations are averaged as an output. Jain et al. (2019) designed
the piece-wise decay step size with the form of O(1/t) per period and obtained an optimal
error bound E[f(z7) — f(z*)] < O(1/T) on the last iterate. But for non-smooth problems,
these papers rely on the uniform boundedness of stochastic gradient (i.e.,E[||g:||*] < G?).
This restricts the trajectory of the iterates to be bounded (see Section 2 for details).

The step decay schedule (constant and then cut) has attracted much interest due to its
excellent performance in training deep neural networks (Ge et al., 2019; Li et al., 2021).
Ge et al. (2019) analyzed a step decay step size which decays exponentially after 7'/ logT
iterations and achieved a near-optimal O(log T'/T) convergence rate for least squares prob-
lems. Li et al. (2021) proposed a continuous step decay schedule and proved a near-optimal
convergence rate under the Polyak-Léjasiewicz condition and smoothness.

To the best of our knowledge, there are many other efficient (possibly non-monotonic)
step sizes preferred in deep learning, e.g., adaptive methods (Duchi et al., 2011; Tieleman
and Hinton, 2012; Zeiler, 2012; Kingma and Ba, 2015; Loizou et al., 2021), Barzilai-Borwein
based (Tan et al., 2016; Yang et al., 2018), line-search based (Keskar and Saon, 2015;

1. We use F; to denote o-algebra of the random information at iteration ¢.
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Vaswani et al., 2019b), cyclical learning rate (step size) (Smith, 2017; Loshchilov and Hutter,
2017; An et al., 2017). Some recent works (Oymak, 2021; Goujaud et al., 2022) show that
the gradient-based algorithms under cyclical step sizes have a faster convergence for a class
of functions whose Hessian spectrum has special structures.

1.2 Motivation

In this paper, we focus on the non-asymptotic convergence of the SGD method in which
the step size {n(t)} varies in a bounded region rather than any fixed schedules. The lower
and upper bounds of the region are defined by two monotonic but non-increasing functions
01(t) and d2(t) w.r.t. the iteration number t. More specifically, we assume there exist two
positive constants m < M such that

mdy(t) < n(t) < Més(t), Vit > 1, (BD)

and ddy(t)/dt < 0 and ddy(t)/dt < 0. Especially, when 61(t) = do(t) = 1/t, we call it
1/t-band. Such an idea is originally motivated by the piece-wise decay and step-decay step
sizes (Hazan and Kale, 2014; Jain et al., 2019; Ge et al., 2019), which is a step function
whose graph consists of some line segments lying within two curves (i.e., their lower and
upper bounds). The diminishing step size n(t) = ny/t, piece-wise decay step size proposed
by Jain et al. (2019), and step-decay step size in Hazan and Kale (2014) can be regarded
as the special cases of 1/t-band.

Dauphin et al. (2014) pointed out that a great obstacle to minimizing deep neural
networks with high possibility arose from saddle points instead of poor local minima. The
proposed non-monotonic scheduling (BD), admitting some intermediate increase in step
size, might help rapidly traverse the saddle points and find flat minima. Smith (2017)
described a type of cyclical learning rate (step size) that varied within a band of minimum
and maximum values and showed the potential benefits of training deep neural networks.
Similarly, An et al. (2017) proposed a sine-wave learning rate framework. Their boundaries
decay exponentially after a few fixed epochs. The policy lets the step size locally vary within
a reasonable band. Although their mechanisms might have a short-term negative effect, it
is beneficial overall.

Another motivation comes from the constant step size, which achieves linear convergence
to the neighborhood of the optimal solution with constant noise (Gower et al., 2019). As
long as the iterates are not diverging, a relatively larger constant step size can achieve a
faster linear convergence at the beginning but finally lead to a higher noise error (also see
Corollary 1 with M = m). One intuition is that we reach the upper bound of the bandwidth
step size in the early stages of training to speed up the convergence and then drop the step
size to touch the lower bound to reduce the noise error. We give a simple example in
Corollary 1 to address how this bandwidth framework can be useful.

We are interested in the class of bandwidth-based step size described in (BD), which
gives us a lot of freedom and a novel insight to design more efficient step sizes in practice.
Although many specific and effective schedules are mentioned in Section 1.1, it is still a very
interesting and challenging topic to analyze the convergence properties of the SGD method
based on such a generic class of step size. Moreover, some popular step sizes, e.g., cyclical
learning rate (Smith, 2017; Loshchilov and Hutter, 2017; An et al., 2017), perform well in
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practice but lack non-asymptotic convergence guarantees. To overcome these limitations,
we explore their connections in theory and practice using the novel bandwidth-based step
size framework (BD).

1.3 Main Contributions

Inspired by the above potential benefits of this bandwidth-based framework, we are the
first to provide uniform convergence guarantees of SGD for strongly convex problems under
different classes of bandwidth step sizes and make the following contributions:

First, we explore a class of step sizes lying in a bandwidth-based region to achieve
state-of-the-art results E[||zr1 — z*|*| or E[f (&72) — f(z*)] < O(1/T) on strongly convex
problems. The main results are briefly summarized in Table 1 and will come in Section 3
afterward. Specifically,

e We extend the typical 1/t stepsize (i.e., n(t) = no/t) to 1/t-band which allows step
size to vary locally in any way and covers some interesting modes e.g., constant and
then cut (Hazan and Kale, 2014), triangular (Smith, 2017), and sine-wave (An et al.,
2017). The convergence results for 1/¢-band are comparable to those of Moulines and
Bach (2011), Shamir and Zhang (2013) and Lacoste-Julien et al. (2012) for O(1/t)
step size. However, throughout the paper, we use a weak growth condition with noise
E[flg:|I?] < AL¢(f(z) — f*) + 202 where Ly > 0 is a constant (Nguyen et al., 2018;
Vaswani et al., 2019a), which is milder than the traditional L-smoothness (Moulines
and Bach, 2011), and the individual function is not needed to be convex.

e We relax the lower bound of 1/t-band, which is on average greater than (or equal
to) O(1/t). We also prove that the lower bound is essential to achieve an O(1/T)
rate if the upper bound is M/t. This covers the piece-wise decay step size proposed
by Jain et al. (2019). A relatively large step size often performs well at the beginning
of training from both theory and practice (Gower et al., 2019). We turn to extend
the upper bound of 1/¢-band and provide theoretical guarantees for the policy which
allows the constant step size in initial iterations (see the last case of Table 1). Our
results demonstrate that there are wide classes of step sizes that can achieve a state-
of-the-art O(1/T') rate beyond the classic 1/t-stepsize.

e In particular, the cyclical step sizes developed in Smith (2017); An et al. (2017);
Loshchilov and Hutter (2017), which lack convergence guarantees, can achieve the op-
timal O(1/T) and near-optimal convergence rates by properly choosing their bound-
aries. We elaborate on the applications of the bandwidth framework for the cyclical
step sizes in Section 3.1.

Second, we provide unified worst-case convergence guarantees for a class of bandwidth
step size that §1(t) = d2(t) = §(¢t). The results are briefly shown in Table 2 and will be
given in Section 4. Especially, in the degenerated case that n(t) = 1/t (p € (0,1]), our
result is comparable to those in the prior literature (Moulines and Bach, 2011), while we

2. Here Zr is a type of averaging of the previous iterations x; from ¢t =1,2,--- | T.
3. We use [C1T?] to denote a positive integer set from 1 to C1T? where C1 > 0 is a constant and p € (0, 1).
This notation is also suited for [T
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01(t) da(t) Theorem
1/t 1/t 1
ST 61(t) > O (In((T +1)/t%)) 1/t 3
1, for t € [C1TP)? 1, for t € [C1T?] A
1/t, for t € [T)\[C1TP] 1/t, for t € [T\[C1T7]

Table 1: The bandwidth step sizes in Section 3 to achieve E[||lzr1 — 2*|*] < O(1/T)

use the weak growth condition on the stochastic gradient instead of L-smoothness for each
individual function. When lim;_,o, §(¢)t = 0, our result is novel. This includes the case
that n(t) = O(1/(tlnt)) that has not been discussed before. In this analysis, we add a
new condition —d§(t)/dt < c18(t)? which clarifies “in the most general case” mentioned
in Nguyen et al. (2019a) and we give a more rigorous proof. Moreover, our analysis can
provide better upper bounds in some cases, such as n(t) = 1/v/t and 1/(tlog(t)) than those
of theorem 10 in Nguyen et al. (2019a).

Conditions E[||zri1 — «*||%] Theorem
im0 t8(t) = 1 O(1/TH*™) +O(1)T) 1
61(t) = da(t) || limy oo td(t) = 0 O(exp(—pum S 8())) -

= 0(t) || limyeotd(t) = 00 | O(3(t)) + O(exp(—pm S 6(t)))
51(t) =1/t

O(log®(T)/T 6
8s(t) = log(t) /1t (log*(T)/T)
7 551(55? _11//; O(1/7%) 7
2 =
61(t) = 1/(tlog(t)) N
5a(t) = 1/t O(1/log(T)+m) 8

Table 2: A brief summary of convergence results in Sections 4 and 5 where p is the strongly
convexity parameter and « € (1/2,1].

Third, we also discuss the cases of the lower and upper bounds being in different orders
(i.e., 01(t) # 02(t)), listed in Table 2, and the main results are given in Section 5. The
theoretical results explore the connections between the band and its boundaries and broaden
the boundaries of the step size for analyzing the convergence behaviors of SGD.

Finally, we propose a 1/t up-down policy and design four non-monotonic step sizes
including 1/t Fix-period, 1/t Grow-period, 1/t Grow-Exp, and 1/t Fix-Exp. The proposed
bandwidth step size, e.g., 1/t Fix-period and 1/t Grow-period, have potential benefits due
to the larger enclosed area of their graph compared to their baseline (see Remark 6).
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o We test regularized logistic regression and some nonconvex problems (e.g., deep neural
networks, VGG-16 (Simonyan and Zisserman, 2015) and ResNet-18 (He et al., 2016))
on the real data sets (MNIST, CIFAR-10, and CIFAR-100). Numerical experiments
demonstrate the efficiency of these bandwidth step sizes compared to their baselines:
n(t) = no/t and exponential decaying step size (Hazan and Kale, 2014), respectively.

e We implement the bandwidth-based step sizes with other default algorithms in deep
learning, e.g., averaged SGD (Polyak and Juditsky, 1992), SGD with momentum
(Polyak, 1964; Sutskever et al., 2013) and Adam (Kingma and Ba, 2015). The results
show that the proposed 1/t up-down policy and these step sizes also work for averaged
SGD and momentum acceleration. Moreover, we compare the proposed step size
strategies to other popular step sizes, such as triangular policy (Smith, 2017) and
cosine annealing (Loshchilov and Hutter, 2017). A great potential is shown when the
step size satisfies the bandwidth, especially for nonconvex optimization.

Organization: in Section 2, we present some necessary definitions and lemmas used in the
downstream analysis. In Section 3, we investigate the conditions for the bandwidth-based
step size of SGD to achieve the O(1/T") convergence rate. Section 4 discusses the scenario
where the ending points of the bandwidth step size are in the same order, which covers most
cases we met. Section 5 considers the situation where the bands have different lower and
upper boundaries. In Section 6, we perform numerical experiments based on bandwidth for
the proposed step sizes. Then we make a conclusion in Section 7.

Notation. Let z* be the unique minimizer of f, that is * = argmin,cga f(z). We use F;
to denote o-algebra of the random information at ¢-th iteration. In default, the expectation

is taken with respect to the source distribution =, that is E[-] = Eg[:] := E¢oz[]. Other
notations include: |[|-||:= ||-||5; [n] = {1,2,...,n}; [n]\[n1] = {n1 + 1,01 +2,...,n} for any
ny<néeN.

2. Preliminaries

This part will give some definitions and basic lemmas used in the later sections.

Assumption 1 (u-strongly convex) The objective function f(-) : R — R is p-strongly
convex if there exists a constant pu > 0 such that

Fl@) = (@) 2 (V(@)x— &)+ 5 o — 2], 3)
for all z,% € R,

Note that f(x;&) for each £ is not guaranteed convex even when we assume that f(z)
is u-strongly convex.

Assumption 2 (Unbiased gradient estimator) For any input vector z, the stochastic gra-
dient oracle returns a vector g € R? such that E[g] = Vf(x).

Next, we assume the stochastic gradient g; of the SGD formula in (2) satisfies the
following assumption, which is a direct consequence of expected smoothness (Gower et al.,
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2020) if the noise E[||V f(z*;€)||*)] for each £ € = is finite. When o = 0, the inequality (4)
is known as the weak growth condition (Vaswani et al., 2019a). We may also call it a weak
growth condition with noise.

Assumption 3 There exists a constant Ly > 0 such that

Elllg|’] < 4Ly(f(2) = f(a")) + 20>, (4)

The definition of expected smoothness in Gower et al. (2020) is about the individual
functions w.r.t a distribution. Here we make the assumption on the stochastic gradient g,
which is usually computed by some mini-batch strategies on the individual functions.

Uniformly bounded gradient. The assumption of uniformly bounded gradient (i.e.,
E[[|g:]|*] < G? for some fixed G > 0) is used in some recent papers (Shamir and Zhang, 2013;
Rakhlin et al., 2012; Hazan and Kale, 2014; Jain et al., 2019). However, this is clearly false
if f is strongly convex, which has been pointed out by Nguyen et al. (2018); Leblond et al.
(2018). If f is p-strongly convex and ]E[||gt||2] < G?, by Jensen inequality in expectation
that |[E[X]||* < E[||X]|*], we have

1 e — 2*|* < 2u(f (20) = f(2*) < [V F@)l* = [Elgl® < Elllg:ll] < G-

In this case, f(z;) — f(z*) and ||z, — 2*||* should be bounded on the whole space R%
However, this leads to a contradiction when ||x; — *|| is sufficiently large. Thus we assume
the stochastic gradient of SGD satisfies Assumption 3 (Gower et al., 2020; Nguyen et al.,
2018) rather than uniformly bounded.

L-smooth property vs expected smoothness. Suppose that f is p-strongly convex.
By (5), the L-smooth property used in Moulines and Bach (2011)

2

IV5(@:6) = VIO < 1o oI < 22 (f(@) = 1) 5)
implies expected smoothness with Ly = L%/ (assume E[||V f(z*; €)|?] is a finite constant),
but the opposite does not hold (see Nguyen et al. (2019a)). Moreover, if f is convex and
L-smooth, the expected smoothness assumption can be satisfied with L; = 2L, but the
opposite is not true. Indeed, example 2.2 of Gower et al. (2019) shows that Assumption 3
holds even when f(z;&) or f is not convex.

Lemma 1 Suppose that f is p-strongly convex then
(Vi(),a —a") > f() = fz*) + 5 lle = "I, for = € R. (6)
All proofs of the lemmas in this section are provided in Appendix A.
Lemma 2 Suppose that the objective function f satisfies Assumption 1. Considering the

SGD method defined by (2) where the stochastic gradient g; satisfies Assumptions 2 and 3,
we have E[||zi11 — z*||* | Fi] is at most

(L= pn(t) e —a*||* + 20(t)%0® + (4L (1) — 20(8))[f (1) — f(a")]. (7)
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Besides, let ng := sup{t € N* :n(t) > 1/(2Ly)} and fp, = max {f(ze) — f(z*)}. If no

is a finite constant and is independent of T (the budget of the iteration t), then for t > ny,
we have El||xiy1 — 2*||%] is at most

exp (uZn(D) A%+ 2023 (1) exp (uZn(U)> : (8)
=1 =1

u>l

where AS = |lzy — a*||* + exp(%% and Xno = max {4Ln(t)* —2n(t)}.

In Lemma 2, we propose a unified analysis framework for the SGD algorithm under
strong convexity and weak growth condition with noise which is milder than L-smooth used
in Moulines and Bach (2011). Different from Gower et al. (2019); Nguyen et al. (2019a),
in Lemma 2, we do not require the step size to be equal to or smaller than 1/(2Ly) for
all iterations but allow it to be larger than 1/(2L¢) at the initial and finite ng iterations.
Therefore, such a framework is more flexible in dealing with general situations. For in-
stance, 7)(t) = 1/(ut) is larger than 1/(2Ly) in the first few iterations. We will address the
motivation of introducing ng in Remark 1.

Remark 1 (Justification of ng) In the strongly convex case, the optimal rate O(1/T) of
SGD can be achieved when the step size n(t) = 1/(ut) (Moulines and Bach, 2011; Shamir
and Zhang, 2015). However, this step size may not satisfy n(t) < 1/(2Ly) at the first few
iterations ng = 2Ly /p > 1. To avoid this potential conflict, Lemma 2 allows the step size to
be larger than 1/(2Ly) at the first ng iterations and assumes that ng is a finite constant and
independent onT". The restriction on ng can be easily guaranteed by the commonly used step
sizes. For example, the polynomial diminishing step size n(t) = no/t? (p € (0,1]), which
finally decreases to zero, obviously satisfies the restriction of ng when ng = [(QnoLf)l/p]
with sufficient large T > ng.

Remark 2 For simplicity, let

T
I = exp (—uZn(D) Ay (9a)

=1

T T
7 =20 n(l)® exp (—uZn(M) : (9b)
=1

u>l

From Lemma 2, lett =T, we have

Elllers1 —2*|*] < Tp + T (10)

Based on (10), the upper bound of E[||zy1 — x*||%] is divided into two parts Tk and T.
Once the summation Zszl n(l) is evaluated, Tk can be easily estimated by (9a). There-
fore, the challenge of the following analysis for different bandwidth step sizes falls on the

evaluation of FQT.
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As shown by Lemma 2, the error bound of E[||z74; — z*||?] is determined by two error
terms FlT and F%. Clearly, the optimization error F% will decay faster for some larger step
sizes whose graph encloses larger area (i.e., Zle n(t)). In the bandwidth-based step size
scenario, this implies that the upper bound M ds(t) is faster than the lower bound md; (¢) in
reducing the optimization error FlT. However, this does not indicate that the upper bound
n(t) = Md2(t) always performs better than the lower bound 7n(t) = mdi(t), especially when
the noise error term F% leads the bound of (10). We give a specific example of the bandwidth
constant step size (0(t) = 1) to show its advantages over the constant step size n(t) = n > 0.

Corollary 1 (A motivating ezample of the bandwidth-based step size) Under the conditions
of Lemma 2, we consider the step size n(t) = M for t € [1,T/2) and n(t) = m for t €
[T/2,T) where 0 < m < M < 1/(2Ly), then for T > 1, we have E[|zry1 — 2*||?] is at most

m+ M)T N 20°m M—-m mT
exp <_,u(2)> |z — z*|* + p +202T exp <—M2> .

Let M = m = n, and then the above corollary recovers the result for constant step size,
which linearly converges to the neighborhood of the solution with a constant noise (see
theorem 3.1 of (Gower et al., 2019)). As we can see, a relatively large constant step size
(n = M) is faster in reducing the optimization error but gives rise to a large noise error
202M/u. The example provided in Corollary 1 gives us the first intuition that we can
choose the upper bound 7(t) = M at the beginning to achieve the faster convergence but
finally reduce the noise error I'2. by hitting the lower bound 7(t) = m.

3. Non-Asymptotic Analysis of SGD for An Optimal Convergence Rate

In this section, we will first analyze the non-asymptotic convergence rate of the classical
SGD algorithm where the step size 7(t) satisfies the following conditions

(A) there exists a constant m > 0 such that n(t) > %,
(B) there exists a constant M > m such that n(t) < %

This is a special case of (BD) with 1 (t) = da2(t) = 1/t. The step size under these conditions
is more general and possibly non-monotonic compared with the common choice n(t) =
1o/ (a+1t) (Rakhlin et al., 2012; Moulines and Bach, 2011; Shamir and Zhang, 2013; Lacoste-
Julien et al., 2012; Bottou et al., 2018; Gower et al., 2019).

The natural questions arising are the convergence of SGD and, if the convergence holds,
the corresponding convergence rate (e.g., O(1/T) rate). It is easy to see that SGD converges
under (A) and (B) since they satisfy the well-known conditions (1) Y72, n(t) = oo and
(2') 3292, n(t)? < oo given by Robbins and Monro (1951). The remaining question is which
cases can ensure that SGD obtains the optimal O(1/T") convergence rate under condition
(BD). Here the optimal rate under (BD) means the state-of-the-art O(1/T') convergence
rate, not the best results achieved w.r.t. bandwidth (BD). All proofs in this section are
given in Appendix B.
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Theorem 1 Let Assumptions 1, 2, and 3 hold. We consider the step size n(t) satisfy the
conditions (A) and (B) for alll1 <t < T and let no :=sup{t € N* : n(t) > 1/(2Lys)}. After
at most T' > ng iterates, we have

( Al 2 2
ng M<o . 1.
i + O (5w ifm <

0

E[| *112] < Sng + 0O (M?g? . oL else if m = L
rry —2]7] < T+1 T+1 W’

A9 2 2
__Tmng M=o 1
O (@) ( T ) elsem > .

\

where A has the same definition as Lemma 2.

First, we would like to clarify what this finite constant ng in Theorem 1 is. Under
conditions (A) and (B), to make sure that n(t) < 1/(2Ly) after ng iterations, we let ng >
2M L +1. We might as well set ng = 2M Ly +1 which is a finite constant and then choose a
sufficiently large budget T' > ng. Especially, if m > 1/u, then ng = 2M Ly +1 > 2Ly /p+ 1.

Theorem 1 provides the unified worst-case convergence guarantees for all step sizes
belonging to 1/t-band. It reveals the variation of the convergence rates with the coefficient
m of the lower bound 6;(¢). When m > 1/u, an optimal O(1/T) convergence rate of SGD
under strong convexity is obtained, which is comparable to that of Moulines and Bach
(2011). Still, the weak growth condition on the gradient is milder than L-smooth used in
Moulines and Bach (2011), and each individual function is not necessarily to be convex.
Note that m = 1/p is a special case that achieves a near-optimal O(In(7")/T") convergence
rate. Besides, if m < 1/pu, it greatly slows down the convergence of SGD with the rate
O(1/T#™). Thus the value of m is critical. The similar behaviors have been also observed
in Leen and Orr (1994); Nemirovski et al. (2009); Moulines and Bach (2011) for n(t) = no/t.

We then give a specific example of 1/t-band to show its theoretical potential benefits
compared to the typical step size n(t) = no/t.

Corollary 2 (A special example of 1/t-band) Under the same conditions as Theorem 1, we
consider the step size n(t) = M/t for t € [1,T/2) and n(t) = m/t fort € [T/2,T] where
1/p<m < M, then

12
_ < T
E[l|zr41 — 2*||7] < oum=M)TuM = ym —1 T

A%O 202m? 1 M? m? 202
uM —1  pum—1) T2rm=1

Let m = M = no, we then recover the convergence O (A9 JTHm0) + o232 /T for n(t) =
no/t (Moulines and Bach, 2011). In the noise-less setting (62 = 0), the upper bound
n(t) = M/t is fastest among the 1/¢t-band in converging to the solution with an O(1/T*M)
rate. However, it is incorrect in the noise setting where the noise error term (w.r.t. o2)
finally dominates the convergence. In turn, a larger M results in a larger constant factor
M? of the noise error. For m > 1/u, the constant factor with respect to o2 in Corollary 2
is smaller than the constant 2M2/(uM — 1) achieved by the upper bound M/t i.e.,

202m?2 ( M? m2 > 202 2M?2 52

im—1 \ M =1 gm—1) 271 = =1

10
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This example in Corollary 2 makes a compromise that the step-size first reaches the upper
bound M/t which can accelerate the convergence at the beginning, and then moves to the
lower bound m/t to reduce the noise error.

Theorem 2 Let Assumptions 1, 2, and 3 hold. We consider the step size n(t) to satisfy
the conditions (A) and (B) for all1 <t <T. Let ny :=sup{t € NT :n(t) >1/(4Ls)} and
froy, = maxi<i<pn, {f(xe) — f(2¥)}. If m > 1/p, for T > ny, we have that E[f(27) — f(x*)]
1s bounded by

(11)

+

o Agl fra n M?o? n M?0?> InT
T(T—Fto) T(T+t0) mT m T(T+t0)

T * (|12
where Tp = %ﬁom,to eN, 5 = w, Agl = % + 402 M? + N1 Xny fr, -

Moreover, we derive the error bound for 1/t-band on the functions values of order
O(1/T + In(T)/T?), which is comparable to those of Rakhlin et al. (2012); Lacoste-Julien
et al. (2012); Shamir and Zhang (2013) using similar averaging techniques (see Remark
3) for 1/t-stepsize. However, we use the much-relaxed growth condition (Assumption 3)
instead of the uniform boundedness of stochastic gradient which is troublesome when the
iterates are not restricted to be bounded (Rakhlin et al., 2012; Lacoste-Julien et al., 2012;
Shamir and Zhang, 2013; Hazan and Kale, 2014). From (11), we know that the noise error
(related to 0?) depends on M?/m. Compared to Theorem 1 (when m > 1/u), we find that
if M ~ m, the averaging technique reduces the dependence of M from quadratic to linear.

Remark 3 (Other averaging techniques) In (11), for anyT > 0, let & = ZtT:1 a(t)xy,
where o(t) = (t +t9)/S1, we have

alt)  t+to
at+1) t+tg+1°

If tg = 1, the weight scheme in (11) is exactly the same as Lacoste-Julien et al. (2012). For
different tog > 1, T produces a generalized weighted average iterate, different from those
in Lacoste-Julien et al. (2012) and Shamir and Zhang (2013). We can see that for fized
0 <t < T, the ratio between the weights a(t)/a(t + 1) = t/(t +n) (Shamir and Zhang,
2015) is smaller than (t +to)/(t +to+ 1) if n > 1 and to > 1. This means that the weight
of (11) from t to t — 1 decays slower than that in Shamir and Zhang (2013). Moreover, if
alt) = (t+to)*/ >, (t + to)* for some k € N, we have

alt)  (t+to)*

at+1)  (t+to+ 1)k

This form is actually equivalent to that of Shamir and Zhang (2013), and the integer k
corresponds to 1. These averaging techniques are also related to the tool of factorial powers
proposed in Defazio and Gower (2021).

We further relax the lower or upper bound of 7n(t) and figure out in which cases the
state-of-the-art O(1/T) convergence rate can also be obtained. To better understand how
the lower or upper bound affects the convergence rate, we only change one of them at one

11
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time. In general, if we fix the upper bound d2(t), the lower bound of 7(t) can be extended to
(A1) (see Theorem 3). Moreover, in Remark 4, we reveal that the condition (A;) is essential
to reach the optimal O(1/T') convergence rate.

Theorem 3 Suppose that Assumptions 1, 2, and § hold. We consider the step size n(t)
satisfy the following conditions

(A1) there exists a constant C > 0 such that for all t* € {1,2,--- T}, we have

XT: n(t) > Cln <Tt+1> : (12)

t=t*
(B) there exists a constant M > 0 such that n(t) < % foralll <t <T.

Let ng :=sup {t € NT :n(t) > 1/(2L;)}. If C > 1/p, for t > ng, we have E[||zp11 — z*||]
s al most

¢ +0O <O‘2]\42 . 1> .
(T + 1)WC) pC—1 T+1
The theorem shows that if the upper bound d5(t) is of order 1/¢, the lower bound of
n(t) can be extended to be of order 1/t on average to obtain an O(1/T) rate. Note that
condition (A;) does not require 7(t) to be larger than C/t for all 1 < ¢ < T. For example,
if n(t) is larger than m/t for ¢t € [1,aT] where a € (0,1) and satisfies condition (B), we still
can derive an O(1/T) bound for SGD under this step size.
Compared to the step size from Jain et al. (2019). The following piece-wise

decay step size which is modified by Jain et al. (2019) for strongly convex problems (see (4)
of Jain et al. (2019))

] )
n(t):Wﬁ, for T, <t <Typ1, ;=T —[T-27"],

satisfies (A1) and (B). From Theorem 3, we are able to achieve an O(1/T) rate measured
by E[||z741 — z*||?], which is slightly weaker than that of Jain et al. (2019) measured by
functions values on the final iterate (E[f(z7) — f*] < O(1/T)). Jain et al. (2019) assumes
that the objective function is Lipschitz continuous (||V f(x)|| is bounded) and the stochastic
gradient is bounded (a.s.). However, our assumption of the gradient is much weaker. As
we know, the 1/t-stepsize only achieves E[f(xr) — f*] < O(logT/T) for non-smooth prob-
lems (Shamir and Zhang, 2013). Thus, the piece-wise example, in turn, indicates that the
bandwidth-based framework can be useful and has the potential to design a step size that
is better than the typical n(t) = 19/t step size. It is interesting to know whether we can
achieve E[f(xz7) — f*] < O(1/T) as Jain et al. (2019) under the general conditions (A) and
(B1). But to keep our focus, we will not give the analysis here and leave it to the future.

Remark 4 To analyze the convergence rate of SGD, the key step is to estimate F?F defined
by (9b). If n(t) has an upper bound M/t for all 1 <t < T, we have

T T T 1 T
7 =207 n(t)exp <—uZn(U)> <20°MPY 5 exp (—uZn(@) :
t=1

u>t t=1 u>t

12
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Considering the partial summation of t% exp (f,u Zg>t n(u)) from t* to T, for all 1 < t* <
T, we have

ET: exp(uZn ) ZT: exp(uz )

t:t* u>t t= t* u=t*

In order to achieve the convergence rate such that E||zry1 — z*||*] < O(1/T), we have to

require that
L1 d 1
2772
20°M g 2 exXp <—u E n(u)) S(’)(T).

t=t* u=t*

Then

202M26Xp< Muzt* ><—;>go<;):g*n( )>i1 <;‘C—1>+0(1).

Thus we see that condition (A1) in Theorem 3 is essential to achieve the optimal O(1/T)
convergence rate under condition (B).

A relatively large step size, as long as the iterate is stable, is often preferred in practice,
especially at the initial training (Huang et al., 2017; Loshchilov and Hutter, 2017). The
upper bound of p is always smaller than 1 for m > 1/ and r € (1/2,1), so the value of
p is reasonable. A few attempts have been made by Gower et al. (2019); Allen-Zhu (2018)
to allow the constant step sizes at the earlier training. In the following theorem, the step
size 7(t) is allowed to vary within a constant band whose lower and upper bounds consist
of two positive constants in the early C1T? (p € (0,1)) iterations. After C;TP iterations,
the step size turns to the second stage within a 1/¢-band. For simplicity, we assume that
C1T? is an integer.

Theorem 4 We assume that Assumptions 1, 2, and 3 hold. If the step size n(t) satisfies
the following conditions: there are some constants p € (0,1), C; > 0, 0 < m; < Mjy,
0 < mo < My such that

(Ag) n(t) > my fort € [CYT?] and n(t) > ™2 for t € [T]\[C1T?);
(B2) n(t) < My fort e [CiTP] and n(t) < % for t € [T]\[C1T7].

Letng :=sup{t € N" :n(t) > 1/(2Ls)}. If k = (pma)(1—p) > 1 and ng is a finite constant
and is independent of T, then for T > ng, E[||lzpy1 — x*||%] is at most

AY M?202 M252
70 1 2
© (T“ﬂ?)) o (MmlT“> O <T+ 1) '

Let k = (um2)(1—p) > 1, i.e., my > 1/(u(1—p)) for p € (0, 1), we can achieve a unified
O(1/T) convergence rate for a class of step-size that satisfies conditions (Ag) and (Ba).
Suppose that the constant ng comes earlier than the turning point (i.e., ng < C1TP?), to
ensure that n(t) < 1/(2Ly) after ng iterates, we require that the total number of iterations
T is sufficient large such that My /(C1T?) < 1/(2Ly), i.e., C1TP > 2MyLy > 2Ly /(pu(1—p)).

13
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We might as well let ng < 2MyL¢. By properly choosing the step size such that 7(t) <
1/(2Ly) for t € [ng, C1TP], then the constant ng is well-defined.

When the iteration budget T is very large, for example, T > (4K/C1)"/? where K =
Ly/p, we can see that C1TP > 4K, our result allows more iterations where the step size
can be a constant at the early stage of training, which extends the existing result of Gower
et al. (2019) only equipped with a constant step size at the initial 4K steps. Note that
Allen-Zhu (2018) proposes an algorithm SGD*¢(a.k.a. SGD after SGD), in which the step
size n(t) = 1/(2L) for the initial |7T/2] iterates, where L is the parameter of smoothness.
However, the output of each inner loop is an average of all inner iterates, which is different
from the SGD algorithm discussed in this paper. Thus we will not give a further comparison.

3.1 Guarantees for Cyclical Step Sizes

The last part of this section will address the applications of the bandwidth framework to
provide guarantees for the cyclical step sizes. We focus on the cyclical step size, which
repeats the same pattern (e.g., constant, triangular, cosine, sine-wave) at each cycle i > 1,
given the budget of iteration 7" > 1 and the length of each cycle T;:

n;inin S 77(’5) S nfnax (13)

where t € [1 + Zé;}ﬂ>2;:l Ty, >, T =T and each T; > 1.
Hazan and Kale (2014) proposed the piece-wise decay step size within the i-th run

_ i1
2

where >, T; =T, Tp > 1, and (1) = 1. The step size drops half per cycle, but the period
T; of each cycle doubles. Clearly, it satisfies the conditions (A) and (B) with m = Tyng/2
and M = Tono. So we can obtain an O(1/T) convergence rate for (14) (see Theorems 1
and 2) which is comparable to Hazan and Kale (2014) but under milder condition (we use
expected smooth rather than uniformly bounded gradient in (Hazan and Kale, 2014)). We
address one result derived from Theorem 1 below.

’f](t) =1 3 te [ﬂ,n+l)a E+1 = 2E> (14)

Corollary 3 Let kg > 1 be the stage number of (14) where ng = Ty(2%0 —1). To ensure that
n(t) < 1/(2Ly) after ng iterations and m = noTy/2 > 1/p, we set ko = 1+1logy(4L¢/(1T0)).
Under the same setting as Theorem 1, for the SGD algorithm with step size (14), after
T > ng iterations, we have E[|zri1 — 2*||*] < O(1/T).

In addition, for any step size (e.g., locally varied like triangle, cosine, and sine-wave)
which belong to this class of bandwidth schedule (i.e., lower and upper bounds are based on
(14)), the optimal rate can be guaranteed immediately by properly choosing the parameters.

The exponentially decaying step size is popular and defaulted in some deep learning
libraries (e.g., PyTorch and TensorFlow), that is

n(t) = noal/Tol, (15)

where a € (0,1) is a constant which is independent of 7" and Tj accounts for how many
iterations have been performed since the last run. For simplicity, we let « = 1/2. Here we
consider the period Ty be fixed and the same per cycle, and make the following discussions:

14
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e Ty =1, or a constant (independent of T'). Its non-asymptotic convergence can not be
guaranteed because Y ;°, 7(t) = +oo is not satisfied.

o Iy = [T, r € (0,1). When ko = [t/To] = |rlogy(T)], the partial summation

(ko+1)Ti T (ko+1)Ti
S I ()2 exp(— 1 S 1y, 1)) > exp(—2p0) S T ()2 = O(1/17).
From Lemma 2, it hardly obtains the non-asymptotic O(1/T") convergence rate.

o Ty = |T/logyT'|. Let kg = |t/To] = |logy T — logylogy(T)]. In this case we have
(ko+1)T¢ (ko+1)T¢
> °k+OTO 2 n(t)? exp(—u T n(w) = exp(—2um) O OkﬁTo *n(t)? = O(logy T/T).
We can see that the best result will not exceed O(log, T'/T) from Lemma 2. This rate
has been demonstrated by Ge et al. (2019) for the least squares problems.

e Ty = |T/k|, where k € NT is a constant( independent of T'). In this case, the final
step size is 27% > 1/T. It is impossible to achieve the non-asymptotic O(1/T) rate.

Therefore, we can conclude that SGD hardly achieves the ideal O(1/T) convergence rate
under (15) for strongly convex problems if the period Tj of each cycle is fixed and the same.

A sine-wave learning rate was proposed (An et al., 2017) where the step size decays
exponentially (the continuous form of (15)) and local oscillations within a range of val-
ues. This cyclical step size can be treated within the bandwidth framework (BD) based on
(15). Unfortunately, from the discussion on exponential decaying step size (15), the non-
asymptotically state-of-the-art O(1/T") convergence rate can not be guaranteed in theory.
Nevertheless, if the boundary functions 61 (¢) and d2(t) are taken as (14), that is, the bound-
ary functions drop by half and the length of the cycle increases after each cycle. It results
in the sine-wave learning rate achieving the optimal O(1/T) convergence rate. Moreover, if
the sine-wave policy or their boundaries is chosen as the following corollary, our previous
analysis can guarantee the optimal O(1/T") convergence rate.

Corollary 4 For any cyclical step size whose lower and upper bounds satisfy, for example,
(A) and (B) of Theorem 1 and its variants, e.g., (A1) and (B), and (A2) and (Bs), we have
E[||zri1 — 2*||?] < O(1/T) under some proper conditions.

The triangular policy was proposed by Smith (2017) where the original idea is to linearly
increase and then decrease the step size within a band. In the simulations, the author fixes
the lower bound 7 . of the band as a constant and adopts the decaying schedule (15) as the
upper bound 7%, .. The previous theorems can not be used anymore due to the fixed lower
bound. According to the similarity of cyclical step sizes per cycle, we can apply Lemma 2 to
show the convergence of this class of step size with extra carefulness. The formal description
of the result is addressed below.

Corollary 5 Consider the cyclical step size defined by (13) (see Figure 1) where the length
of each cycle T; = Ty > 1 is fized, number of cycle N = [T /Ty, the lower bound nyin = m >
0 is fized as a small constant and the upper bound 0}, decays with cycle i. At each cycle
i, let S; and QQ; denote the enclosed area of the cyclical step size with its lower bound Nmin,
and the enclosed area between the upper bound 0!, and lower bound Nmin, respectively. We

assume that S;/Q; > 1 (i € [N]) where ¢ € (0,1] is a constant. Under the same conditions
of Lemma 2, let ng :=sup {t € Nt :n(t) > 1/(2Ly)}, then for T > ny, we have

N N N
El|lzri1 —2*)%] < exp (-m/) > Qi MmT> AD+20°T) > (1iax)” exp <—M > Wi+ mTo)) :

i=1 i=1 >4
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Figure 1: The visualization of two popular cyclical step-sizes

In particular, we consider the two decaying patterns for upper bound ni,,.:

(1) 0} ax = M/27Y where t € [1+ (i —1)Tp,iTp) (1 <i < N). Especially, if N = [log, T1,
we have E||zpy 1 — 2*||?] < (’)(%).

(2) ni. = M/(iTy) for alli € [N]. Then E[||lzps1 —2*[|}] < O ((%)“MU” + %) .

This corollary establishes a unified analysis framework for the cyclical step size whose
lower bound is fixed, and the upper bound is decreasing. The proof is given in Appendix B.
To be more intuitive about the step-sizes of Corollary 5, we depict two popular cyclical
schemes: triangular and cosine step-sizes in Figure 1. In each cycle, an example of the
two enclosed areas S;, Q; can be found in the shaded area. The assumption on S;/Q; >
(i € [N]) is easily satisfied by triangular step size (Smith, 2017) with ¢ = 1/2 and cosine step
size (Loshchilov and Hutter, 2017) with ¢ = 1/2. For the triangular step size (Smith, 2017),
we can achieve a near-optimal (up to log, T') rate based on the exponential decaying upper
bound (see Case (1) of Corollary 5). This rate matches the result of the step-decay step size
achieved by Ge et al. (2015) for strongly convex least squares problems. Furthermore, if we
select the piece-wise 1/i as the upper bound (see Case (2) from Corollary 5), an O(1/T)
rate can be achieved with triangular step size (Smith, 2017) under proper conditions: for
instance when Ty < T is a constant and M > 1/(u) or Ty = O(1/T") for r € (0,1)
and M > 1/((1 — r)urp)). We notice that the cosine with restart policy proposed by
(Loshchilov and Hutter, 2017) only considers the fixed upper and lower bounds. But the
authors mentioned that it is interesting to study cosine step size with decaying upper or
lower bounds. The analysis above can provide convergence guarantees for the cosine step
size with restart if the upper and lower bounds are under proper conditions.

4. Convergence Analysis Under the Same Boundary Order

In this section, we will investigate the convergence rate of the SGD algorithm where the
bandwidth-based step size (BD) has the same boundary order, i.e., §1(t) = d2(t).
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The well-known convergence conditions on step size for standard SGD were proposed
by Robbins and Monro (1951)

o0

(1) Y n(t) = +oo; (2) Y n(t)* < +oo. (H1)

Obviously, the polynomial decaying step size n(t) = O(1/t?) for p € (3,1] satisfies (H1).
However, (H1) does not hold for n(t) = O(1/t?) with 0 < p < 1/2 which has been proven
to converge (Leen et al., 1998; Ljung, 1977; Moulines and Bach, 2011). Moreover, one
interesting thing is that the step size under (H1) is possibly non-monotonic. For example,
the step size may oscillate between two boundaries n(t) = 1/t and n(t) = 1/v/.

Ljung (1977) proposed the following convergence conditions (H2) for the recursive
stochastic algorithms

(1) D221 n(t) = +oc; (2)) -2 n(t)P < +oo, for some p > 0;

(H2)
(3") n(-) is a decreasing sequence; (4") limy o sup[1/n(t) — 1/n(t — 1)] < co.

Compared to (H1), (H2) seems cover more generic cases, e.g., n(t) = no/tP for all p € (0, 1].
However, there are some cases which satisfy (H1) but are not admitted by (H2), for example
n(t) = 1/(tlog(t + 1)). Moreover, the step size n(t) of (H2) is assumed to be decreasing,
which is not essential for (H1).

Recently, Nguyen et al. (2019a) extended (H1) and (H2) to the following cases (H3)

/ - . / . X / dﬁ(t)
W) Yonlt) = hoss @) Imoa@ =0 @) R <o )

As we can see, the common choices 7(t) = 1/tP for p € (0,1] and 1/(t1n(t)) all satisfy (H3).
In addition, n(t) = 1/In(¢), which decays slower than any polynomial decaying step sizes,
satisfies the above conditions. The authors proved the convergence of SGD and derived
a uniform formula to describe the convergence rates for the step sizes satisfying (H3) (see
theorem 9 and 10 in Nguyen et al. (2019a)).

In the rest of this section, we focus on the sequence of step size {n(¢)} that satisfies

mé(t) < n(t) < Ma (1), (BD-S)

where m < M are two positive constants and the boundary function () satisfies (H3).
The main theorem is presented as follows, covering most of the abovementioned cases. The
proofs in this section are provided in Appendix C.

Theorem 5 Suppose Assumptions 1, 2, and 3 hold. The step size sequence {n(t)} satisfies
condition (BD-S) and the boundary function §(t) is differentiable and satisfies (H3). Let
no :=sup {t € Nt :n(t) > 1/(2Ly)} and we assume that ngy is a constant which is indepen-
dent of T. Fort > ny,

1. if limy_,o0 t8(2) = 0, we have that B[||z.y1 — x*||?] is at most

204 _ 2 t+1
A?m + e o) (e tl) 2¢ exp <—um/ (5(u)du> ,
exp <—um Loy 5(u)du> u=1

where € and t. are constants appeared in the proof, o = 202 M? exp(umd(1)).
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2. Iflimy_0o to(t) = 1, the results of Theorem 1 can be applied.

3. If limy_oo t6(t) = +o0 and there exist constants ¢ < 4= and Ty € N such that
—%(tt) < 10(t)? for all t > Tay, then E[||z1 — *||] is at most

1)2T i
Lé(t +1)+ [ AY + e29( )t M exp (—,um/ 5(u)du> ,
pm =1 exp (—,um L2 (5(u)du) u=1

where €9 is the same as the first case.

Corresponding to the limit of §(¢)¢, we discuss three interesting cases in Theorem 5.
As we know, the result is new when lim;_,o, t5(t) = 0. It covers the cases in which the
step size drops faster than 1/t, e.g., 6(t) = 1/(tIn(¢t)). In the third case, to make the
proof precise, we add a condition that —dd(t)/dt < c16(t)? (V¢ > Tyr) for some ¢; and Thy
(details are provided in Remark 5). The common choices, e.g., §(t) = 1/tP for all p € (0, 1]
and 0(t) = 1/1n(t), all satisfy the condition. Especially, for n(t) = no/t? with p € (0,1),
we can achieve an O(1/tP) convergence rate, which is comparable to that of Moulines and
Bach (2011); however, we use the weak growth condition with noise which is milder than
L-smooth, and we do not assume the convexity (a.s.) of each individual function (Moulines
and Bach, 2011). More cases such as §(t) = In(t+ 1)/t for all p € (0, 1] can also be included
in the discussions. It is worthwhile to mention that when ¢ is continuous, (4’) of (H2) can
be reformulated as

n(t—1) - nt)] _ ~a
[ WO =1) ] lim sup 5 < Fo0.

t—o0 17(15)
This exactly implies that there exists a constant c¢; > 0 such that —dn(t)/dt < cin(t)? for
sufficiently large ¢. In the third case of Theorem 5, the scalar ¢; is supposed to be smaller
than pum/2. The following lemma reveals that as long as such ¢; > 0 exists, there must be
a constant ¢; > 0 such that ¢; < pm/2.

Jim sup[1/n(t) — 1/5(t — 1)] = Jim sup

—00

Lemma 3 We suppose that limy_,oo t0(t) = +oo. If there exist constants ¢; > 0 and
Ty € NT such that — ( ) < c16(t ) for all t > Tyy, there must be such a constant ¢y that
satisfies ¢; < Fg.

Remark 5 Theorem 5 shows the convergence rate of SGD where the bandwidth-based step
size satisfies (BD-S). We emphasize that

1. In the proof of the third case, an important step is to use integral fl 1 P(l)dl to evaluate

the summation 3";_, P(l) where P(1) is the product of §(1)? and exp(—um fu u)du).

Even though (1) is decreasing and exp(—pum ft—H w)du) is increasing, there can be

many possibilities for their product. Nguyen et al. (2019(1) considered three cases for
the product that, e.g., decreases and then increases, keeps on increasing or decreas-
ing (see the proof of theorem 9 in Nguyen et al. (2019a)). However, as we know the
product of §(1)? and exp(—pm ft+ d(u)du) increases and then decreases in Ge et al.
(2019). In Theorem 5, we add a condztz’on —dé(t)/dt < e10(t)? to describe “most
general cases” mentioned in Nguyen et al. (2019a) and make the proof more rigorous.
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2. Theorem 5 reveals the convergence rate of SGD, which is totally determined by 6(t+1)
t+1 . .

or exp(—pm [, 7} 6(u)du). Our result provides better upper bounds in many cases

compared to that of Nguyen et al. (2019a). For example, when n(t) = 1/(tIn(t)),

theorem 10 of Nguyen et al. (2019a) no longer gives an upper bound but Theorem 5

shows that it is bounded by exp(—um qu: S(u)du). In the case that n(t) = 1/\/t, the

first term of the upper bound in theorem 10 (Nguyen et al., 2019a) is actually larger
than n(t 4+ 1), which is worse than the result of Theorem 5.

3. The step size n(t) in Theorem 5 can be non-monotonic, rather than monotonic (Ljung,
1977; Nguyen et al., 2019a) or given in monotonic forms (e.g., no/T or no/tP for
p € (0,1]) in most of the literature analyzing the convergence rate of SGD (Rakhlin
et al., 2012; Moulines and Bach, 2011; Shamir and Zhang, 2013; Lacoste-Julien et al.,
2012; Bottou et al., 2018; Gower et al., 2019; Jain et al., 2019).

5. Convergence Analysis Based on the Different Boundary Orders

This section will present the convergence rate of SGD where the lower bound function ¢; ()
and the upper bound function d2(¢) are in different orders. From Section 4, if the lower and
upper bounds of the step size 7(t) are in the same order, their convergence rate is consistent
with their boundaries. In the following part, we want to find out the convergence behaviors
of SGD when the boundaries of the step size are in different orders.

First, we are interested in the case d2(t) = In(t + 1)/(¢t + 1) which decays slower than
the lower bound §1(¢) = 1/(¢t + 1).

Theorem 6 Suppose that Assumptions 1, 2, and 3 hold. Let the step size sequence {n(t)}
satisfy that

m Min(t+1)
— <) —2 t>1
fr1 S0 s gzl
for 0 <m < M. Let ng :=sup{t € NT :n(t) >1/(2Ls)}. For T > ng, we have
( A?L M2 21 3T . 1
O T+% + %4-; if m = nk
%12 A 2452 .
AR M2 12T 1
O\ Tyt + 142 ) elsem > .
\

The theorem reveals that when m > 1/u, SGD can achieve an O(In*(T)/T) bound,
which is nearly optimal. The proofs in this section are given in Appendix D.

As we know, (H1) is sufficient for the convergence of SGD, but the convergence rate
under (H1) is unknown yet. If we keep the lower bound ¢;(¢) = 1/t and continue to extend
the upper bound d2(t), what kinds of results will we get? The following result answers this
interesting question.

Theorem 7 We assume that Assumptions 1, 2, and 3 hold. If step size n(t) satisfies that
M
Tt < (16)
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for € (1/2,1]. Let ng :=sup {t € Nt :n(t) > 1/(2Ly)}. Fort > ng, we have

A% M20_21 T ) B '

E(] |17 < e + O (@) if pm = 2a — 1;
IT+1 — T < A0 o

O<(T+1)?”m) +O((T+1)m> else pm # 2a — 1.

In Theorem 7, the upper bound d2(¢) in (16) is extended to 1/t* for a € (1/2,1]. It
is straightforward to see that (H1) holds for the step size n(t) that satisfies (16). The
corresponding convergence rate is O(1/(T + 1)2*~1) which is relied on o when pm > 1.
Obviously, this result is worse than those achieved at its lower and upper bounds. Unfortu-
nately, we cannot improve Theorem 7. On the other direction, we reduce the lower bound
01(t) to 1/((t+1)In(t + 1)), which decreases faster than the case d;(¢t) = 1/t in Theorem 7.

Theorem 8 Suppose that Assumptions 1, 2, and 3 hold. Let the step size n(t) satisfy

m M
GrDmiEr]) = )< i 20 (17)

(t+ 1)
for a € (1/2,1]. Then for sufficiently large T, we have

Eflors — 2| < O (W) -

Theorem 8 shows that the convergence rate of SGD where the step size satisfies (17) is
consistent with the result achieved at the lower bound 7n(t) = m/((t + 1) In(t + 1)).

6. Numerical Experiments

In this section, we propose several non-monotonic step sizes within 1/¢-band to show the
effectiveness compared to their baselines, e.g., (t) = 1o/t (called 1/t-stepsize) and expo-
nentially decaying step size. The typical 1/t stepsize decays very fast at the beginning, so
we update all step sizes after one epoch? shown as Algorithm 1 (called Epoch-SGD).

Algorithm 1 Epoch-SGD

1: Imitialization: initial point xy = :L'%, # inner loop m/, # outer loop N
2: for t=1:N do
3:  Update the step size n(t)

4 for i=1:m do

5: Choose a subset €; C [n] randomly, where [Q;| = b
6: Compute ¢! = %Zleﬂi Vf(zt &)

7 ziq =z —n(t)g]

8 end for

9: I‘i—‘rl = xﬁn/+1

10: end for

N

11: Return z*,
m +1

4. One epoch means to traverse all sample data once.
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6.1 1/t-band Step Sizes

We formulate some non-monotonic step sizes 7(t) which belongs to a banded region [ny/t, sno /1]
(named 1/t-band), where s > 1. The boundary function 7(t) = 1o/t is called 1/t-stepsize.
Let t; (i = 1,2,---,1 < t; < tg < t3 < ---) be the nodes where the step size might be
non-monotonic or non-differentiable. For ¢ € [t;, t;+1), let

A

t — =
n(t) Bit+1

(18)

where A;, B; are constants such that n(t;) = sno/ti and n(t;iy1) = no/tiv1. In reality, other
forms of n(t) exist, e.g., linear decay and concave decay. In the paper, we are interested in
the case that n(t) has the form of (18). We consider the two cases: (1) t;11 — ; is fixed
and the same. We call this 1/t Fix-period band; (2) ;11 — t; grows exponentially. We
call this 1/t Grow-period band. For an intuitive explanation, we plot the two cases and
their boundaries 1/t-stepsize (s = 3) in Figure 2(a).

\ === 1/t-stepsize N -=-=-- Upper boundary
Y ---- 3/t-stepsize 10 ==+ Upper boundary(ll)
\

i
o

-4~ 1/t Fix-period band H --=- Lower boundary
H -4~ Grow-Exp

-+~ 1/t Grow-Exp

\
\ .
100 4 - 1/t Grow-period band

logn(t)
logn(t)

Figure 2: Different kinds of 1/¢-band step sizes

More general, the step size varies between the minimum 7 = {1% .} seny and maximum
Nmax = {Mhax }ien» and locally has the form that

Bit+1

n(t)

€ [nfninu nfnax]v te [ti’ ti+1]' (19)

Especially, we consider n . > 77:;1117 which is called 1/t up-down policy. For 1/t Fix-
period band and 1/t Grow-period band, the baseline of the step size is Nmin = 10/t. Based
on the known exponentially decaying step size with a growing period (called Grow-Exp)

n(t) = ni =no/2%t € [ti, tiv1), Ty = tiv1 — t; = Tp2', (20)

which has been studied by Hazan and Kale (2014). Let ntsn = M in (20) and we define
A 97712;31 where the up-down ratio 6 > 1 (called 1/t Grow-Exp). If 0 is too large,
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a sudden increase in step size might lead to a negative effect. Therefore, we restrict the
ratio 6 € (1, 1.5]. The Grow-Exp step size, 1/t Grow-Exp step size, and their boundaries are
plotted in Figure 2(b) where Ty = 5 and # = 1.5. Regardless of Grow-Exp or 1/t Grow-Exp,
we can easily find that they all belong to 1/t-band.

We then include the comments on the proposed bandwidth step sizes to show how these
step sizes also guide from our theory.

Remark 6 (Theoretical benefits from bandwidth) From Figure 2(a), we see that the
area enclosed by 1/t Fized-period band and x-azis is larger than that of its lower boundary.
According to Lemma 2, based on 1/t Fized-period band, we can achieve a lower error bound
for Tk than that of the boundary n(t) = no/t. Thus 1/t Fized-period band could be faster
than 1/t-stepsize (n(t) = no/t) at the initial iterations when T}y dominates the error bound
of B[||zpy1 — x*||*]. At the end of each cycle, the step sizes hit the lower bound, which
finally reduces the noise error. We have the similar conclusions for 1/t Grow-period band
and 1/t Grow-Ezxp.

Next, some numerical experiments are performed to demonstrate the efficiency of the
proposed non-monotonic step sizes. All experiments are implemented in python 3.7.0 on
a single node of LSSC-IV?®, which is a high-performance computing cluster maintained at
the State Key Laboratory of Scientific and Engineering Computing, Chinese Academy of
Sciences. The operating system of LSSC-IV is Red Hat Enterprise Linux Server 7.3.

6.2 Parameters Tuning

This subsection discusses how to choose the parameters when designing the step sizes.

The initial step size g is chosen from {0.1,0.5, 1,5, 10,15} for the Epoch-SGD algorithm
on all step size schedules. Generally speaking, for the 1/t-band, we do not know exactly the
coefficients m and M for the lower and upper boundaries. In the experiments, the coefficient
m is tuned properly using a similar approach as the initial step size 7y. Instead of finding
the coefficient M of the upper bound, we tune the bandwidth s = M/m € {2,3,4,5} for 1/t
Fix-period band and 1/t Grow-period band. The distance of the adjacent nodes ¢;(i € NT)
depends on a budget of the outer loop N. In our experiments we set ¢;1.1 —t; = 30, t1 = 30
for 1/t Fix-period band and ¢;41 = 2t;, t; = 30 for 1/t Grow-period. From Figure 2(a), we
can see that 1/t Fix-period , 1/t Grow-period and 1/t-stepsize coincide in the first cycle
and 1/t Fix-period also coincides with 1/t Grow-period in the second cycle.

The Grow-Exp step size drops by half, and the period of each cycle is doubled. The
initial period Tj is chosen from {1,2,3,5,10,20}. For 1/t Grow-Exp, we tune the up-down
ratio 6 € {1.1,1.2,1.3,1.4,1.5} and the length of Tj is the same as Grow-Exp.

In Section 3, to achieve the optimal rate, np must be larger than 1/u where u is the
strongly-convex parameter. One may doubt the initial step size 1y selected above is too
small compared to the scalar 1/u = 1/A (e.g., in the following logistic regression problems
A = 10~%). However, this is not the case. In the experiments, we modify the step size in
every epoch instead of every iteration. Let fy be the number of iterations of each epoch,
i.e., 1o = n/b where n is the data size, and b is the mini-batch size. In the first epoch
(t € [1,n/b]), the step size is a constant, which can be covered by Theorem 4. After the first

5. http://lsec.cc.ac.cn/chinese/lsec/LSSC-IVintroduction.pdf.

22


http://lsec.cc.ac.cn/chinese/lsec/LSSC-IVintroduction.pdf.

BANDWIDTH-BASED STEP SIZE

epoch (t > tg), we then can compute 19 = 1(ty) = ma/to, i.e., the scalar of lower bound
ma/t in Theorem 4 will be my = gy € 0 {0.1,0.5,1,5,10,15}. After one epoch or a few
epochs, the scalar mg of the lower bound is competitive to 1/A.

6.3 Regularized Logistic Regression

First, we empirically test the above step sizes on the regularized logistic regression problems,
which is strongly convex for regularization parameter A > 0

F) = =3It 4 exp(bi {as, 2)) + el
=1

where {a;,b;}! | is a training sample set with a; € R? and b; € {—1,+1}. We use the two
binary classification data sets w8a (n = 49749,d = 300) and rcvl.binary (n = 20242,d =
47236) from LIBSVMS, where the 0.75 partition of the data is used for training, and the
remaining is for testing. The regularizer parameter A = 10™*, batch size b = 128, the outer
loop N = 120 and the inner loop m' = n/128.

We plot the average results of 5 runs on w8a in Figure 3. For the x-axis, we always
use the number of epochs calculated. The y-axis is the value of the loss function on the
training data set (left) and the accuracy (the percent of correctly classified data sets) on the
testing data set (right). For 1/t-stepsize, the best initial step size g = 5, and we apply the
same initial step size for the other step sizes. Other important parameters are set as s = 3,
Ty = 2, and 0 = 1.2. From Figure 3, we can see that the exponentially decaying step size
(Grow-Exp) performs better than 1/t¢-stepsize on training loss and accuracy. Our proposed
1/t Fix-period and 1/t Grow-period both achieve good performance than 1/t¢-stepsize. In
addition, 1/t Grow-Exp gets higher accuracy than Grow-Exp.

0.16 Results on w8a % Results on w8a

—-— 1/t-stepsize

—*— 1/t Fix-period band
0.175 4 —e— 1/t Grow-period band
--- Grow-Exp

--- 1/t Grow-Exp 89.6 1

o
h
)
1=}

0.1651 %

Training loss
Accuracy
o<
o
N

=}
N
o
i<}

0.155

0.15

0 20 40 60 80 100 0 20 40 60 80 100
Epochs Epochs

Figure 3: Results for regularized logistic regression

In Figure 4, we report the average results of 5 runs on rcvl.binary. The best-tuned
initial step size ng is 10 for 1/t-stepsize, and we use the same initial step size for other
step size schedules. The value of 0 is 1.3 for 1/t Grow-Exp, and other parameters are the
same as w8a. We achieve a similar performance as Figure 3. From Figures 3 and 4, the

6. https://www.csie.ntu.edu.tw/cjlin/libsvmtools/datasets/
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Figure 4: Results for regularized logistic regression

Grow-Exp step sizes significantly improve the performance of Epoch-SGD over 1/t-stepsize.
This implies that the relatively large step size at the initial iterations possibly makes the
algorithm drop rapidly. We also observe that the proposed 1/t Grow-Exp step size, based
on the 1/t up-down policy, yields better performance compared to the Grow-Exp step size.

6.4 Deep Neural Network and Residual Neural Network

In this subsection, we conduct experiments on some standard data sets, e.g., MNIST and
CIFAR-100.

First of all, we test on a fully-connected 3-layer (784-500-300-10) neural network to train
MNIST’, consisting of a training set of 60000 images with 28x28 pixels and a testing set
of 10000 images in 10 classes. The batch size b = 128, the outer loop N = 120 and the
inner loop m' = n/128. For the 1/t-stepsize, the best 1y is achieved at 1y = 0.5 based
on its accuracy. For the 1/t Fix-period band and 1/t Grow-period band, 79 is the same
as that of the 1/t-stepsize. We choose s = 3, that is n(t) € [no/t,3n0/t]. For Grow-Exp,
the parameters are set as g = 0.5,7p = 10. For 1/t Grow-Exp, we set 6 = 1.3, and other
parameters are the same as Grow-Exp. The average results of 5 runs are given in Figure 5.
It is easy to see that the Grow-Exp type step size achieves better performance compared
to 1/t-stepsize, 1/t Fix-period band, and 1/t Grow-period band. Besides, our proposed 1/t
Grow-Exp achieves lower training loss than Grow-Exp.

Next, we implement the above five step sizes on ResNet-18 (He et al., 2016) with
CIFAR-100%. The CIFAR-100 data set consists of 60000 32x32 color images in 100 classes,
50000 images for training, and the remaining 10000 images for testing. For 1/t-stepsize,
we set n(t) = no/(1 + ¢/10), where 1y € {0.1,0.5,1,5,10,15}. The best performance of
1/t-stepsize is achieved at ny = 1. In this case, the bandwidth s = 3. Other important
parameters are the same as the experiment in DNNs. For Grow-Exp, 179 = 0.5 and Ty = 10.
For 1/t Grow-Exp, ng = 0.5, Tp = 10 and 6 = 1.3.

7. http://deeplearning.net/data/mnist/
8. https://www.cs.toronto.edu/~kriz/cifar.html
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Figure 5: Results on deep neural networks (DNNs)

We repeat the training process 5 times, and the average results (the left is the testing
loss function, and the right is the accuracy of the testing data set) are presented in Figure 6.
In this case, we see that the sudden increase of the 1/t Fix-period band and 1/t Grow-period
band may lead to a short-term negative effect but overall helps these step-sizes outperform
the 1/t-stepsize at the long-term training. Especially the 1/t Grow-period band performs
better than the 1/t Fix-period band. The frequently going up and down makes the 1/¢
Fix-period band less stable than the 1/¢ Grow-period band. This may be the main reason
for this phenomenon.
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Figure 6: Results on ResNet-18

Another observation from Figure 6 is that the Grow-Exp step size does not work well as
Section 6.3. This may be because a growing number of epochs in Grow-Exp might reduce
its generalization at the final stage of each cycle. Nevertheless, we find that 1/t Grow-Exp
yields better performance than Grow-Exp. Indeed, the 1/t-stepsize scheme may not be the
best baseline for solving nonconvex problems. We take it as an example and empirically
demonstrate that the step size based on bandwidth is potential and often helps in practice.
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6.5 Additional Experiments on Other Algorithms and Step Sizes

For further investigation, more experiments are carried out to compare different step sizes on
Epoch-SGD and other default algorithms in deep learning, including SGD with momentum
(called Momentum for short), averaged SGD (called ASGD) (Polyak and Juditsky, 1992)
and Adam (Kingma and Ba, 2015). We use two popular data sets: CIFAR-10° and CIFAR-
100 for image classifications. The CNN architectures VGG-16 (Simonyan and Zisserman,
2015) and ResNet-18 (He et al., 2016) are adopted for training CIFAR-10 and CIFAR-100,
respectively.

In addition to the step sizes tested in the above subsections, we implement the popular
exponentially decaying step size with a fixed period Tp (called Fix-Exp), which has been
discussed in Section 3.1:

n(t) = ni = no/10°,t € [Ti, Tis1), Tip1 — Ti = To,i € N, (21)

Let nt . =mn; for i € N and we define 0!, = 6n'-1 where # € (1,1.5]. Based on (21), we

min

propose the following step size (called 1/t Fix-Exp):
A

= Bit 1 € [nfnin’nrinax]v te [E,EJA), T:i+1 - Tl = TO' (22)

n(t)

This is similar to 1/t Grow-Exp, but the number of epochs per cycle is fixed and is the same.
Besides, we also implement the two cyclical step sizes: triangular policy (Smith, 2017) and
cosine annealing (Loshchilov and Hutter, 2017).

Firstly, we test on VGG-16 for training CIFAR-10. The baseline initial step size is set
as g = 1 for SGD and ASGD, ny = 0.1 for Momentum, and 7y = 0.001 for Adam. For
Momentum, 8 = 0.9. In Adam, (51,52) = (0.9,0.99) is used. The best-tuned value of
weight decay is 10™* for SGD and ASGD, 5 x 10~* for Momentum and 107> for Adam.
The common parameters N = 120 and b = 128 for all algorithms. We perform the above
algorithms with Fix-Exp (Tp = 30) and 1/t Fix-Exp (Tp = 30,0 = 1.3). The average
results of five runs are presented in Figure 7. We find that 1/t Fix-Exp overall shows better
performance than Fix-Exp on SGD, Momentum, and ASGD. However, the results of Adam
based on Fix-Exp and 1/t Fix-Exp almost coincide, which implies that the up-down policy
may not work well for Adam.

Besides, we test Momentum with the following step sizes: (1) 1/t-stepsize (n(t) =
no/(1+1t/5)); (2) 1/t Fix-period band (¢;+1 —t; = 30, s = 3); (3) Fix-Exp (Tp = 30); (4) 1/t
Fix-Exp (Ty = 30,6 = 1.3); (5) triangular policy based on (21), called “Triangular” (rise
and fall ratio is 1.5); (6) cosine annealing, called “Cosine” (we use the last iterations as the
initial point of restart cycle). All step sizes are best tuned with 1y = 0.1, and the period
of each cycle is 30 for triangular policy and cosine annealing. The average results of 5 runs
are shown in Figure 8. We observe that 1/t Fix-Exp shows its advantages over 1/t-stepsize,
1/t Fix-period band, Fix-Exp, and triangular policy after 80 epochs, and the final results
are comparable to cosine annealing.

Next, we implement the above algorithms with Fix-Exp and 1/t Fix-Exp on ResNet-18
for training CIFAR-100. We report the average results of five runs in Figure 9. The budget

9. http://www.cs.toronto.edu/~kriz/cifar.html

26


http://www.cs.toronto.edu/~kriz/cifar.html

BANDWIDTH-BASED STEP SIZE

Results on CIFAR-10 Results on CIFAR-10

—=: SGD + Fix-Exp - Momentum + Fix-Exp

i \ —e— SGD + 1/t Fix-Exp Momentum + 1/t Fix-Exp
I ASGD + Fix-Exp --- Adam-+ Fix-Exp

ASGD + 1/t Fix-Exp  —e— Adam + 1/t Fix-Exp

Accuracy

Training loss

120 0 20 40 60 80 100 120
Epochs Epochs

Figure 7: Results on VGG-16 for CIFAR-10
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Figure 8: Results of different step sizes for CIFAR-10

of the outer iteration N = 240 and the period of each cycle Ty = 60. The other parameters
are chosen the same as the experiments on CIFAR-10. Similarly, we can conclude that the
up-down policy in 1/t Fix-Exp leads to improvements after the second cycle over Fix-Exp
on SGD, ASGD, and Momentum, respectively. We also observe that the up-down policy
does not work for Adam but at least does not make Adam worse.

In Figure 10, we report the average results of five runs on the above step sizes for
Momentum. The period for 1/t Fix-period band is t;+; —t; = 60. For Fix-Exp,1/t Fix-Exp,
triangular policy (the ratio of rising and fall is 2), cosine annealing, the period per cycle
Ty = 60 and other parameters are the same as those of CIFAR-10. As the figures show,
1/t Fix-Exp can reach lower testing loss and higher accuracy than the other step sizes after
about 150 epochs.

7. Conclusion

We have proposed a bandwidth-based framework for SGD that allows the step size to vary
in a banded region and be non-monotonic. Our purpose is not to focus on one specific step
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Figure 9: Results on ResNet-18 for CIFAR-100
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Figure 10: Results of different step sizes on CIFAR-100

size but to provide a uniform convergence framework for many non-monotonic step sizes
within one class. We have investigated the conditions where the SGD method achieves an
O(1/T) convergence rate and have extended its boundaries at the initial iterations, which
could be useful in practical applications. Moreover, we have discussed three situations
covering most general cases and provided explicit error bounds. In some cases, such as
n(t) = no/(tIn(t)) and n9/+/t, we have achieved better upper bounds than theorem 10
of Nguyen et al. (2019a). The bandwidth-based step size with different lower and upper
bounds orders often gets worse convergence rates than its boundaries. The convergence
rate for some existing step sizes such as exponentially decaying step size (Hazan and Kale,
2014), cyclical policy (Smith, 2017), sine-wave annealing (An et al., 2017) and cosine with
restart (Loshchilov and Hutter, 2017) can be revealed by our analysis if their boundaries
satisfy the conditions discussed in this paper.

The bandwidth-based framework gives us a lot of freedom when designing the step
size with additional advantages. We have proposed four non-monotonic step sizes based on
1/t-stepsize and exponentially decaying step size. The numerical results empirically demon-
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strate their efficiency and potential for solving convex and nonconvex problems, especially
for nonconvex problems (e.g., deep neural networks, and convolutional neural networks).
Besides, we found that the bandwidth-based step size works for averaged SGD and momen-
tum. It is worthwhile to explore SGD and its variants (e.g., momentum) with bandwidth-
based step size on nonconvex optimization in the future. We believe that the bandwidth
scheme can inspire possibilities for designing more effective step sizes for nonconvex opti-
mization. Besides, in the current experiments, the faction 7 = M/m is tuned in a heuristic
way. It will be interesting to portray the relationship or find the exact values for the lower
and upper bounds in the future.

The proposed schedule leads to a new prospect based on step size, which might help
avoid the saddle points. As we can see, a great effort has been made to avoid saddle points
by incorporating the noise into the search direction per iteration (Ge et al., 2015; Jin et al.,
2017; Du et al., 2017). Whether incorporating the noise or intermediate increasing to step
size would help avoid the saddle points and bad local minimizers will be an exciting subject
for future research.
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Appendix A. Proofs of the Results in Section 2

Proof (of Lemma 1) Due to the p-strongly convex property of the objective function f(z)
for z € R? and Vf(2*) =0, let x = 2 and & = z* in (3), we have

f(@) = f(@®) +{V[(z"),x —a7) + % |l — ||

> f(a") + 5 llz — | =
Besides, letting x = z* and £ = z in (3) gives
@) 2 J(@) +(Vi(@).a” ) + & o =7
Re-arranging the above inequality, we have
(Vf(x),x —2%) > f(z) —f(fv*)+g|!ﬂf—x*|!2- (24)
as required. |
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Proof (of Lemma 2) Considering the SGD algorithm defined by (2), we have
El|zer1 — *|* | ] = Ella: — n(t)g: — =*||* | 7]
= E[|a; — «*||*|F) = E[2n(t) (g1, w1 — =) | Fi) + n()*Ell|g:[|* [ F:] (25)
= [t — 2*|* = 20(t) (V f (21), 2 — %) + n(6)*E [ g:|” | 7],

where the last equality uses the fact that the stochastic gradient g; is an unbiased estimation
of Vf(x;) at z;. Assumption 3 holds that there exists a constant Ly > 0 such that

Elllgll? | 7] < ALy (f(ze) — %) + 20°. (26)

Since f is p-strongly convex, by Lemma 1, the inequality (24) holds. Let x = x4 in (24),
together with (26), then (25) can be evaluated by

Ellesr —a*|* | F] < (1 - pn(t )) e — 2*|*
+2n(t)%0% + (ALpn(t)* — 20(t))[f (ze) — f(z")].

Let ng := sup{t € NT :n(t) > 1/(2Ly)}. For t > ng, we have 4Lsn(t)* — 2n(t) < 0.
Then the inequality (27) can be

(27)

Elllzisr —a** | Fi] < (1= pn(0)) [l — a*|* + 20(t)* 0. (28)

— 2 _ _ * :
Let xpn, = max. {4Ln(t)? — 2n(t)} and fn, max {f(z¢) — f(z*)}. Because ng is

supposed to be a constant which is independent of T', the sequence {f(x;) — f(z*)}}2, is
bounded by a constant f,,. For 1 <t < ng, we have

Elllwisr —a*|* | F] < (1= pn(0)) e — 2*|* + 20(6)°0% + Xng fro- (29)

For t > ng, taking expectations again and applying the recursion of (28) and (29) from 1
to t, we have

Ellzer1 — ]

t nog t
< [1a = @) |2y — 2*|? +202277 2H (1= pn(w)) + Xno fro »_ [T (1 = pm(u))
=1

u>l =1 u>l
< exp (—uZn(D) AD, + 207 Zn(l)ZeXp (—uZn(@) , (30)
=1 =1 u>l
0 _ p*|? 4 moXngfrg : :
where Ay = [z —2*||" + exp(*uzofzolon 0k The last inequality of (30) uses the fact that

14 2 < exp(z) for all z € R. Note that the coefficient 1 — un(l) of E[||lz; — z*||*] may be
negative for the previous finite terms 1 <[ < ¢, so the recursive process starting from ¢t = 1
is not appropriate. However, because exp(—un/(l)) is always positive, we might as well relax
the upper bound of E[||z.+1 — z*||*] as (30).

|
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Appendix B. Proofs of the Results in Section 3

Proof (of Theorem 1) In this case, the sequence of step size 7(t) satisfies that

M
O<%§n(t)§7,for1§t§T.
It is known that .
1
In(t+1) < ; 7 <) +1 (31a)
and .
t+1 1 t
/ du < - < / d—u, for any { > 1. (31b)
u=l U —I u u=l—-1 U
Then we have . .
Sy =Y ? > mln(t+ 1) (32a)
=1 =1
and
t o t o
> — = —_— — > — —
> nu) > - > - > —>m(In(t+1) —In(l) - 1). (32b)
u>l u>l u=1 u=1
Let ng :=sup{t € NT :n(t) > 1/(2Ly)}. In this case, when ¢t > 2M Ly, we have
M 1
) < — < —. 33
n(t) < 4 < oL, (33)

Thus, ng < 2M Ly which is independent of T'.
From Lemma 2, we know that for T > ng, E[||z741 — z*||?] can be estimated as

Ellers — 2| < TF + 1%, (34)
where
T T T
T} = exp <—u > n(l)> A%, TF:=20"> n(l)>exp (—u > n(u)> :
=1 =1 u>l
Applying (32a) into I‘%F, we can achieve that
A
(T + 1)um

Now, we proceed to obtain the upper bound for I'%. Using the upper bound of 7(¢) and
(32b) gives

T T
7 =20° Zn(l)Qexp <—MZ77(U)>

u>l

I} <exp(—pmIn(T + 1)) AY = (35)

< 20* 277 exp(—pum(In(T + 1) — In(l) — 1))

202 M? exp(um) 1 202 M? exp(um) L qum
< =TT ng exp(umIn(l)) < =7 2

31



WANG AND YUAN

Ifm= % then

In(T) +1

I'2 < 202M?exp(1) - T+1

However, when m # ;%’ we have that

l T+1
d o= i < / (m=2)d] 41, (36)

then
202 M? exp(um) (T + )™ 1 + ym — 2
(i — 1) e

Iz <

Substituting the upper bounds of FlT and I‘g into (34), we get the desired result.
|

t)y <M
Thus

t) } and
froy = lgix {f(z¢) — f(z*)}. Because n; is a constant, the sequence {f(ze) — fla*)} 2

can be bounded by f,,, which is a constant. For ¢ > ny, 4Ln(t)? — 2n(t) < —n(t), then the
inequality (27) in Lemma 2 will be

Proof (of Theorem 2) Let n; := sup {t e Nt :n(t) > ﬁ} In this case, 2*

which implies that 6;(t) = d2(t) = 1/t. When t > 4M Ly, we have n(t) < 1/(4Lf
we know ny < 4M Ly, which is independent of T'. Let x,,, =  max {4L m(t)? —2n(
fx

n(
)-

Elllzi1 — 2" | F]
< (1 - un(®)) llae — 2" + 20(t)%0> + (ALn(t)? — 20(0) [ (x) — f(*)]
< (1= un(®)) lae — a* | + 2n(t)202 — n(O[f () — F(a°)] (37)

Shifting [f(z;) — f(2*)] to the left side and E[[|zy41 — 2*||* | F4] to the right side, we obtain
n(O[f (x0) = f@)] < (1= pn(0)) oy = 2*|* = El|lzir1 — 2*(* | 7] + 20(t)°0”

Applying the lower bound of 7(t) into the left side and then dividing the above inequality
by md1(t)61(t + to) (to € N) gives

flag) = fl=") _ 1 ( 1 o ) 2 — 2% E[||lz141 — 2%
oit+t)) —m | \a(t)d(t+to) a(t+t)) " 61(t)d1(t + to)
2n(t)%0?
mél(t)él(t—i—tg)'
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Summing the above inequality for ¢ from n; to T, we get that
Y DD
(B,
Zt:l 51 (t+to)
ni * T _ *
< 1 : ZE[f(lft)—f($)]+ Z E[f(%) f(iﬁ)]
D=1 50Ty \i=1 01t +to) t=n1+1 01t +to)

! 3 1 pm oo Ellzi — |
= m 2 {<5l(t)51(t+to) - 51(t+t0)>E[”mt_w I"T- 81.(4)61(t + to) }

t+t0) t=n1+1

E

2 2

1 1
+ Z — Z (38)
Y 61(151 a1 ( t + to) Et 13 51 t+ a1(t)d(t + o)’

+to t=1 t+t0)t ni1+1

where the first inequality follows from the well-known Jensen inequality if f is convex. If
um satisfies the following condition:

L1 alttt+1)
Tt +1) 01(t)ou(t +to)

wm (Vt > ny), (39)
by simple calculations, we can show that the coefficient of E[||z; — z*||*] (¢ > n1) is non-
positive. Taking the form 0;(t) = 1/¢, if wm > 1, the condition (39) will hold. Then let
Zt 1(t+t0)xt and S] =

T = Zt 1 (t +to), applying the inequality (38), we get
. N ny+to+1 " 1+t9)(n1 +to) f
EIf (er) — £@)] < PE0ED 0 1 ) Bl 40— o) 4 (0 T
m51 2Sl
202 M2~ Lt + o)

- (40)

mSl t2

t=ni1+1

By Lemma 2, for 1 <t < nj, we have that

Efl w1 —2*|* | Fi] < (1= pn(®)) lloe — 2 + 20()%0° + X, o (41)

Applying the recursion of (41) for ¢ from 1 to n; and taking expectation again gives

Elln,+1 — 2"

exp (—u > n(t)> 21 — 2*|* + 207> " n(1)* exp (‘M > 77(“)>
t=1 =1 u>l

+ Xnu fu Y exp <—u > n(U))
=1

u>l

IN

ni
. 1
< exp (—pmIn(ny + 1)) a1 — 2*||* + 20°M> D 7 X fuy
=1
w1 — 2|

2 2
= 7(1114_1)!“% +40°M +n1men1'
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Incorporating the above bound of E[||z,, +1 — 2*||*] into (40), we can obtain that

(ni4+to+1)(n1+1—pm) |||z —z*|?
mS (ng + 1)#m
(1 -l-to)(nl +t0)fn1 202 M2

+ 29, + ) (T —ny1 + toIn(T/n1))

1 U
= g (1A% + Gy + 20" M (T — o In(T/na) |

E [f (‘@T) - f(l'*)} S + 4U2M2 + annlfn1]

. Sy (t+to)ze T(T+to)(to+1) A0 [l —a* |2
where rr = 7515717 Sl = 3 Anl = W

(n1+to+1)(n1+1—pm) and ve = (1 + o) (n1 + to).

+ 402M2 + anannu v =

Proof (of Theorem 3) In this case, we assume that 7n(¢) satisfies conditions (A;) and
(B). Similar to Theorem 1, let ng :=sup {t € N* : n(t) > 1/(2Ls)}. We know ng < 2M Ly,
which is independent of T'. Then for T" > ng, the conclusion of Lemma 2 is true.

Let t* =1 in (A;), we have

T
> ) = Cln(T + 1),

t=1

then I'%. defined by (9a) can be evaluated as follows

T
1
1 B o . L 0
't = exp ( I lg_l 77(l)> A, < ( 1)) Ag,- (42)

Recalling the definition of I'Z in (9b), we have

T T T T
1
I'2 = 202 g n(t)? exp (—,u E n(u)) < 202 M? E 2 exXP (—,u g n(u))
t=1 u>t t=1 u>t
T T

1 T+1 (t+1)2 (t+1)kC-2)

272 - _ L — 952\f2 .
<20°M tgl 12 " eXP ( nC'ln < )) 20°M tgl 2 (T + )00

272 S (t+ 1))

where the first inequality uses condition (B), the second inequality follows from condition
(Ap) for t +1 = t*, and the third inequality is derived from (¢ + 1)2/t?> < 4 for all ¢ > 1.

No matter whether uC' > 2 or not, we have Zthl tnC=2) < ftT:Jlrl tC=2)dt + 1. When
C> %, then T'Z" can be estimated by

I < 8°M? (T+2)WCV 4 uC -2 _8o°M2exp(l) 1 N 8o2 M? ‘
~ (uC —1) (T + 1)HO) - (uC-1) TH+1 (T+1)wO)

(43)
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Combining (42) and (43) together, we have

Ell|z741 — 2*|%] =TT +T%

AV 8o2M?exp(1) 1 802 M?
< 0 + . +
— (T + 1)) (WC—-1)  T+1 (T+1)kO)

AY + 8% M? n 802 M? exp(1) 1
— (T +1)w0O) (uC —1) T+1

Proof (of Theorem 4) In this case, we assume that

my < n(t) < My, for t € [C1TP] and
ma

2 < (e) < B2 for t € [T\ ChT7),

where p € (0,1). Then we have

C{TP
myC1TP < 3 n(t) < MiCyT?, (44a)
t=1
T
ma[In(T + 1) = In(C1TP) — 1] < Y n(t) < My[In(T) — In(C1TP)], (44b)
C1TP+1
where (44b) follows from inequalities (31b) and (32b). Let ng := sup {t € Nt : n(¢t) > 1/(2Ly)}.
In this case, we assume that ng is a constant that is independent of T'. Thus the results of
Lemma 2 hold.
Recalling the definition of I'Y in (9a) and applying (44a) and (44b), we have

T
I = exp (—u > n(t)> AL,
t=1

<exp (—p (mi1C1TP + ma(In(T' + 1) — In(C1T?) — 1))) A?m

exp(puma) Ay - exp(uma) Ay
— T(pma(1-p)) eXp(MmlclTp) — T(um2(1-p)) (MmlclTp + 1)
0
< exp(umsz) Ang (45)

um1Ch " T(uma(1—p)+p)’

where the last inequality dues to the fact that exp(z) > 1+ z for x € R. After that, we
estimate I'], divided into two parts as follows.

T T
T3 =20 n(l)”exp(—pu > _n(u))
t=1

u>t
C1TP T T T
<20 | Y n)Pexp(—p Y n(w)+ > nl)’exp(—p > n(u))
t=1 u>t t=C1TP+1 u>t
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Let
C1TP T T T
O1= Y nl)?exp(—pd n(u), O2= > n)?exp(—u Y n(u).  (46)
t=1 u>t t=C1TP+1 u>t

Then we have
T7 < 262(0; + ©,).

To get the upper bound of T}, we will separately estimate ©; and ©. Let us evaluate O
first.

C1TP C1TP T
01= Y 1 eXp< uZn ) < M7 ) exp <—uZn(U)>

t=1 u>t t=1 u>t

exp(umait)
< M? ex —
1 Z exp (umi C1T7) ’ qu>;TP
1

L exp(umait)
1
<M12€Xp — E n(u) g

C
< M7 exp(pma) (C1TP)Wm2) - o exp(pmat)dt
- (T + 1)(um2) exp(umC1TP)
M exp(pms) (CLT?)0™2)  exp(puma (C1TP + 1)) — exp(um1) _ MF exp(pums)C{"™™
- (T + 1)(um2) pmy exp(umyC1TP) = pmTkm2)(1-p) ’

where the fourth inequality follows from (44b). Next, we bound O3 as follows.

Oy = ZT: eXp<uZ?7 ><M§ ZT: tl exp(umzz)

t=C1TP+1 u>t t=C1TP+1 u>t

T 1 2
< M3 Z <t> exp (—pmo(In(T'+1) —In(t +1) — 1))
t=C1TP+1

2 T 2 T+1
< Miexplma) g~ (07 My expluma) / T a2 gy

= (T + 1)(Hm2) T 2 = (T + 1)(um2) =y TP
M2 exp(ums) ' (T + 1)wm2=1) _ (¢ TP)(Bm2—1)
- (T —+ 1)(/“712) pmeo — 1

MEesplums) 1
(umg —1) T +1’

where the fourth inequality follows from the fact that no matter whether ums > 2 or not,
we always have ZthclTp 1 "/(‘;77;2) < thlTp t(“mQ_Q)dt The last inequality holds since

= (upm2)(1 —p) > 1 and p € (0,1), we have pmg > (=] ) > 1. Thus

202 M? exp(umg)C’f“mZ) 202 M2 exp(pums) 1
pmaT" (uma — 1) T+1

I'T =20%(0; + 0,) < (47)
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Hence, combining (45) and (47), we obtain the desired result. |

Proof (of Corollary 5) In this case, we consider a class of cyclical step size defined by
(13) where the period Tj is fixed and the number of cycle N = T'/Ty. The lower bound
Miyin = Tmin = M is a fixed constant, and the upper bound 7}, is a decaying function with
cycle 7. Let S; denote the enclosed area of the cyclical step size with its lower bound nyin
and ); be the area between the upper bound and lower bound each cycle. We assume that
Si/Qi > 1 (i € [N]) where ¢ € (0,1] is a constant. This assumption is easily satisfied by,
for example, the triangular step size (Smith, 2017) with ¢» = 1/2 and the cosine decaying
step size (Loshchilov and Hutter, 2017) with ¢» = 1/2. Under the same setting as Lemma
2, we have

N N
Ellzr1 — "% < exp <_MZSi - umT> AD +20°T) Y (1inax)” €xp (—u > S+ mTo))
=1

=1 >

N N N
< exp (—m/f > Qi umT> A, +20%T0 Y (M) exp (—u > (WQi + mTo)> :

=1 =1 >

If the upper bound 7!, = M/2""1 then we have Q; = To(M/2"~! —m) and Zf\;l Q; =
2MTo(1 — 1/2V) — mT. Let N = [log, T'], then Ty = T/N. As we know, to ensure that
Nmin = M < 1l .y for all ¢, the lower bound m is ought to sufficiently small that m < 2M/T.

N N N
Ellzr1 —2*|%] < exp (-mﬁZQi - MmT> Af +20°T) > (iax)” exp (—M > (WQi + mTo))

=1 =1 1>
< Ago
~ exp (2upM(T — 1)/ log, T))

N
2772 —2i
M=T| 2
o OZ exp( log, T 1-—271

=1

pap MT 27+ — 2—N)>

A° N 2 pMT ,__,
< no 9 2M2T 2721 o H 277/4’1 _ 27N
~ exp 2uyM(T —1)/log, T) +eo 0 ; P log, T ( )
(a) AY log, T
< nQo 2 . 4
2 s 0 (5 “8)

where (a) follows the fact that the individual term of the sum is at most O((log? T/T?)
when ¢ = max {0, |logy (4/“/1M . @)J }
Next we consider the decaying pattern of n% . is based on 1/t, that is nl,.. = % for

i € [N]. To make sure that i, = m < i, for all i, we need m < M/T. Similar to the
above case for the exponential decaying upper bound, we have

N
. 1 ,
E[lzr41 — 27|°] < exp (—ppM In N) A) +20°M> > a7, P (—ppM(In N — Ini))
=1

Al 202 M2 L My AD 202M?2 [ [N MY
< <t s —— +1
= NuMy Ty NuMy £ - i2 = NeMy o TuNeMy o\ [ 32
1=
AD) o 20°M% (NRMY-L g
< 1
- NeMy Ty NeMy < uMyp —1 )
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(49)

The proof is complete. u

Appendix C. Proofs of the Results in Section 4
Proof (of Theorem 5) In this case, we assume that 7(t) satisfies the following condition:
md(t) < n(t) < M(t),
where 6() satisfies (H3). Since %(tt) <0, it follows that
t t+1

Zé(u) 2/ d(u)du, (50a)

u=1 u=1

Z 5(u / t_“ 5(u)du. (50b)

Let ng := sup{t € N* : n(t) > 1/(2Ls)}. We assume that ng is a constant. Thus the
conclusion of Lemma 2 holds. Now we invoke (8) and incorporate the lower and upper
bounds of 7(t) into (8), then apply (50a) and (50b), consequently, for ¢ > ng, we have

E[l|ze — 2]

<exp (—um Z (5(t)> A) + 20" M? Z 5(1)% exp (—,u,m Z 6(u)>
=1 =1

u>l
<exp (—,umZé(t)) Ago + 202 M Zé(l)Qexp (—,um (Z d(u) — 5(l)))
=1 u=l

exp | —um i Wdu 0 o2 2 §(1)* exp(umé (1))

< p(u [mé( )d>A +2 Ml1eX (Mmft+1 du)
AO t 5(1)2

< + 202 M? exp(umd(1)) : (51)

exp (um ftH du) e ; exp (um ftH du)

We consider the following three cases.

1. limy, o 0(¢)t = 0, that is for all € > 0, there exists an integer constant ¢, > 0 such that
d(t)t < e for all t > t.. To attain such a convergence rate, firstly, we want to prove
that for all ¢ > ¢, there exists a € (0, %} such that the following inequality holds

exp <,um /tj&(l)dl> < (52)
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Otherwise, there exists t; > t. such that for all ay € (0, %] such that

t1
exp (,um/ 5(l)dl> >t
te

t1
pwm o(D)dl > aq In(ty). (53)
te

Thus, we have

We know that the integral of 6(¢) from t. to ¢; can be rewritten as

t t 1
st = [ o(0) -1+ Jd.

te te

Since 0(t)t < € for t > t¢, then ft L 3dl < eln(tl). This is contradictory with
(53) for small € < 0‘1 . Thus for all t > te, the 1nequahty (52) holds for a constant

o € (0,1]. Then

li;5(l)2 exp <—,um /: 5(u)du>

te—1

= ; 5(1)% exp <—,um L:l 6(u)du> dl + ié(l)z exp (—,um /:Jrl (5(u)du)

te =l
S5 () exp (um S, 5(u)du)
oxp (um JEs( dz)
> ()2 +1)”

exp (um le o(1 dl)
[5(1)2(75E -1)+ 262] exp <—Mm /lt 5(l)dl>

§(1)%(te — 1) +2¢2 b1
exp <—,um flt:él 5(l)dl> o (—um =1 5(l)dl> ,

t+1

< 6(1)%exp <—um 5(u)du> (te—1) +

u=te—1

t+1

< §(1)2(t — 1) exp (—,um /u 5(u)du) 4

=te—1

t+1

IN

where the third inequality follows from the fact that Zis(%)Q(l +1)* < 2¢2. Thus, in
this case, for t > ng, E[||z¢1 — 2*||%] is at most

_ p t+1
<A20 + 202 M? exp(umd(1)) 5(11)) (,i f 51);_ 2dl ) ( ,um/ du>
EXP{=H Ji=1

In this case, it is easy to show there exist m and M such that 7 < n(t) < % Hence
the theorem follows from Theorem 1.
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3. limy_,00 6(t)t = 400, that is for any M; > 0, there exists a constant Ty € Nt such
that for all t > Ty, 6(t)t > M.

We suppose that there exists a constant ¢; < #5* such that for all ¢ > Ty

—dfg) < c16(t)2. (54)

Let P(I) := 6(1)% exp (—um i 5(u)du) for 1 <1 <t, then

u=l

0 2500 exp (< [ sytu) + ) exp (—pm [ syt

e exp< im / s ) [ dfi(ll) + um 5(z>5(z>]. (55)

Let Q(1) := 2%(;) + umd(1)o(1). By (55), we know that the sign of d};l(l) is determined
by the sign of Q(I). If ¢; < &, from (54), we have Q(I) > 0, then the sequence of
P(l) is increasing when [ > Tj,.

If P(u) is increasing for u € [I,t], then

¢ t+1
S P(u) < / P(u)du. (56)
u=l u=l
Otherwise, if P(u) is decreasing for u € [l,¢], then
¢ t
> P(u) < P(I)+ / P(u)du. (57)
u=l u=l
By (56), we have
TZ\I t T]\{ t+1
Z ZP + Y. P)<> P +/ P(l)dl. (58)
=1 1=Tp+1 =1 =T

By integration by parts, fltj% P(l)dl can be written as
t+1 t+1 t+1
,um/ Ddl = um/ 2 exp (—um/ 5(u)du) dl
Ty Tn u=l

5t + 1) — 6(Tr) exp (—,um / N 5(u)du> _ /li: d‘;(ll) exp (—um /u jlé(u)du> dl
<0(t+1) —d(Thr) exp ( wm /Hl )du> +a /ZHI 5(1)% exp (um /:H 5(u)du) dl,

T =Twm =l

where the above inequality holds because (54) satisfies. When ¢; < pm, rearranging
the above inequality, we have

t+1

/lt+1 50 exp (_Mm /u31 5(u)du) i< O(t+1) — 0(Tnr) exp < pm [, L 6 )du) |

oy (pm —c1)
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Hence,
%5 exp ( /u:rl (5(u)du> dl < ITEM;P(Z) + /l::u P(l)dl
= %6 exp < /u]:l 5(u)du> + /l:;; 5(1)% exp <,um /;:1 5(u)du> dl
5(1)2Tor , Ot 1) = 8(Tar) exp(—pum Jur,, 0(w)du)
exp (,um ftH )du) (pm — c1)

0
_ oy O ‘7@751@1)
B — t+1
(pm — 1) exp (,umf )du)
2 t+1
< O+ 1) + o) TM exp (—um/ 5(u)du) .
du) u

(pm — c1) exp ( um fTM 5(u -1

Finally, incorporating the above inequality into (51), we can show that B[z, — 2*||*]

is bounded by
12T t+1
A?Lo + e20(1 )T M exp (—,um/ 5(u)du> ,
exp(—pm [, 6(u)du) u=1

where g9 = 202 M? exp(umd(1)).

e
(um —c1)

S(t+1)+

Proof (of Lemma 3) Suppose that there exists a constant ¢; > 0 such that

dd(t)

_7_ 15()

Let 6(t) = ad(t) for a > 0. Of course, for the new function §(¢), there must be a constant
¢1 > 0 such that

Then we have

TTat - Y
Thus,
do(t) 2
— < ac16(t)”.
2 < atrith
Let 0 < a < , we have aé; < " which shows that there must be a constant ¢; = aé¢; <
pm

2
|
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Appendix D. Proofs of the Results in Section 5

Proof (of Theorem 6) We assume that 7(t) satisfies the following condition

Mn(t+1)

V1<t<T.
t+1

<) <
t—i—l_n -

Let ng :=sup {t € N* : n(t) > 1/(2L¢)}. For t > (2L ;M)?, we have
n ! f

n(t) < Min(t+1) _ MViFT _ 1
t+1 t+1 2Ly

(59)

Then ng must exist and is a constant that is independent of T. Thus the inequality (8) of
Lemma 2 holds, then we get

Elat+1 — o]

<exp (—u > n(l)> AD 420" (1) exp (—u > 77(“))
=1 =1

u>l
t t o2 i
1 In“(l+1) 1
< B L 0 2 2 S —
<o (om ) o (3
A0 ~In?(l+1) exp(pmin(i+ 1))
< no 272 .
S exp(um(n(t+2) —n2)) 2 M explium) ; (I+1)*  exp(umln(t+2))
(1im) A0 22 L In?

< 2B, 207 M7 exp(pm) 3 In"(l + i)(z + 1)(Em)

(t + 2)(um) (t + 2)(/””) = (l + 1)

o(um) A 2072 42 1?2
§ 0, 202M?Zexp(um) [In(2) +/ M.(l)(#m)dl , (60)

(t + 2)(mm) (t + 2)(em) 2 = 1

where the third inequality follows from (32a) and (32b), and the last inequality is obtained
from (58). If um = 1, we have

D)y gy = ) gy 0(E42)
. 12 N 3 3

=2
Otherwise, if pm # 1, integrating by parts we get
t+2 7,2
/ M 1em) g
= 2
(t+2* VIt +2) -2 w2 2™ | (4 2)Em ) — (2)em Y]
(pm — 1) (pm — 1) (pm —1)3

From the above inequality, we can see that if um < 1, such an integral can be bounded by
a scalar

<

t42 12 2(km) 2km)1ng  2km=1)1p29 24 92In2+1n22
/ D) m) gy < n_ S B srcmer s
= ! (I —pm)? (1 — pm) (1 —pm) (1 —pm)
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While pym > 1, then

2 1n?(]) In?(t + 2) 2 2(1m) I 2
. Z(Mm)dl < + t+2 (pm—1) S
L, "F <m0 " Gum e ¢ (am — 12

Thus, collecting the results obtained above, let ¢ = T', we can get the result as desired.

|
Proof (of Theorem 7) In this case, 1n(t) satisfies that
<) < M
¢ =M= qa
for a € (1/2,1]. Let ng :=sup {t € N* : n(t) > 1/(2L;)}. For t > (2L;M)1/%) we have
M 1
() < & <5 (61)
i

Then ng must exist and is a constant that is independent of 7. Thus, in this case, the
inequality (8) of Lemma 2 holds. From (8) in Lemma 2, we have

t t
Ellze — o] <exp< uZn )A20+2022n(l)2exp(—uZ?M))

u>l

t
< exp (—/,Lmz ;) A?LO + 20 2]\/[22 exp <—/JJTLZ i)

u>l
< A[T)Lo n 20‘2M2 eXp ,um Zl(“m 2a)
~ (t+1)km) (t + 1)m)

0 2712 t+
Ano + 20°M eXp(:um) </ l(,umeOz)dl + 1>
=1

<

T (1) (t + 1)(m)

_ Any +20° M2 exp(um) | 20°M? exp(um) / T m—20) gy
- (t+1)m) (t+1)em ) '

If um =2a —1 > 0, it follows that
t+1 t+1 dl
/ J(rm=20) g1 — / — =1In(t+1).
=1 =1
Consequently,

cnzy o AY 4202 M?exp(2a— 1) 202M? exp(2ac — 1) In(t + 1)
EllJzetr —a™[7] < 201 20—1 '
(t+1)Ce-1) (t +1)2a-1)

If um # 2a — 1, we have

/t+1 l(y,m—Qa)dl _ (t + 1)(um72a+l) -1
=1 (pm — 200+ 1)

Y

43



WANG AND YUAN

then E[||z¢ 1 — 2*||%] is at most
AY +202M%exp(2a —1) 202 M? exp(um) 1 1
(t + 1)wm) (pm —2a+1) [(t+1)2a=1) (¢4 1)um)
Combing the above results and letting ¢ = T', we obtain the desired result. |

Proof (of Theorem 8) In this case, we assume that n(¢) satisfies that

o <n(t) < M
(t+1)In(t + 1) (t+ 1)

for a € (1/2,1]. Let ng :=sup {t € N* : 5(t) > 1/(2L;)}. For t > (2L M)1/®) —1, we have

CEY M_ 1 (62)

< .
t+1)" 2L

Therefore ng must exist and is a constant. In this case, the inequality (8) of Lemma 2 holds.
By (8), we have

Efle+1 — o]

<exp <—MZ 77(0) A9 +20 ) " n(1)? exp (—u > n(U))
=1 =1

u>l
t t _ too 1
1 eXP( Hm Y sy (l+1)ln(l+1)>
< - A 202 M2
—eXp< “mlz(zH)ln(zH)) no + 20 12; (+1)

(In2)FmAY 25202 (In 2) ™ - (In(l + 1))k
“(In(t+2)m)  (In(t 4 2))km) 2 (In(t +2))2«

(In2)FmIAS = 262 M2 (1n 2)Wm) (In2yem /tJrl(ln(l+1))(Mm)dl
~(In(t+2))Em T (In(t + 2))m) | 22 - (+1)x ’

=1

(63)

where the third inequality dues to the fact that Zle llé(l) > ;:11 Wln(lﬂ)dl =Inln(t+
2) —Inln 2 and the last inequality follows from (58).

We know that for any 3 € (0, 1), there must be a constant ¢g such that In(¢+1) < (¢+1)7
for all ¢ > tg. Here we choose that 0 < 8 < % There exists a constant g such that

In(t+1) < (t+ 1)8 for all t > tg. For sufficiently large ¢t > t5, we have

t+1 (pm) ts (wm) t+1 (pm)
/ (In(l + 1)2 dl < / (In(l + l)l dl+ / (In(l + 1); dl
=1 ((+1)* =1 (I+1)% ts (I+ 1)

Gomy [ __dI 4 1) Bum—200
In(tg +1 “m/ +/ [+ 1)WHrm=2a)q]
ity )0 [ [
9(1—2a) (t + 1)(B,um72a+1) _ (tﬁ + 1)(5,um72a+1)
_2a—1+ (Bpm +1 —2a)

IN

(64)
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Thus, applying (64) into (63) and let ¢ = T, we can bound E[||z74; — z*||*] by

(In2)WmAY = 2622 (In 2) ™) | (In2)wm) N 20-20) (45 4 1)(Bum—20+1)
(In(t + 2))km) (In(t + 2))m) 22 2a0—1 (2a — 1 — Bum)

Therefore, there exists a constant Cs > 0 such that

. C
Elllorss = 2"°) £ o vy
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