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Abstract

The fidelity bandits problem is a variant of the K-armed bandit problem in which the
reward of each arm is augmented by a fidelity reward that provides the player with an
additional payoff depending on how ‘loyal’ the player has been to that arm in the past. We
propose two models for fidelity. In the loyalty-points model the amount of extra reward
depends on the number of times the arm has previously been played. In the subscription
model the additional reward depends on the current number of consecutive draws of the
arm. We consider both stochastic and adversarial problems. Since single-arm strategies are
not always optimal in stochastic problems, the notion of regret in the adversarial setting
needs careful adjustment. We introduce three possible notions of regret and investigate
which can be bounded sublinearly. We study in detail the special cases of increasing,
decreasing and coupon (where the player gets an additional reward after every m plays of
an arm) fidelity rewards. For the models which do not necessarily enjoy sublinear regret,
we provide a worst case lower bound. For those models which exhibit sublinear regret, we
provide algorithms and bound their regret.

Keywords: multi-armed bandit problem, fidelity reward, regret minimization

1. Introduction

Consider the problem of a worker searching for a good restaurant for their daily lunches.
They are willing to explore the neighborhood in order to find the best restaurant, but also
want to have good lunches. This is well modeled as a bandit problem, where the worker has
to balance exploration (trying out new or unfamiliar restaurants), and exploitation (having
a nice lunch at a favored place). However, the overall experience and satisfaction of the
worker may not depend solely on the chosen restaurant, but also on whether the worker is a
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regular at this restaurant. Indeed, being loyal often leads to better experiences (e.g., waiters
are more friendly, or the customer gets a free meal once in a while). We call the bonus from
this loyalty the fidelity reward. In other situations, fidelity can have the opposite effect on
the reward. For example, restaurants may offer free drinks to new customers, or customers
may get bored of visiting the same restaurant. In this case the fidelity reward decreases.

We consider multi-armed bandit problems where the reward of each arm is augmented
by a fidelity reward that provides an additional payoff depending on how loyal the player
has been to a given arm. We consider two models for the fidelity rewards, namely the
loyalty-points model and the subscription model.

Under the loyalty-points model, the fidelity reward is a (possibly arm-specific) function
of the total number of past plays of the arm. An important feature of these loyalty points
is that once collected, they stay in the bank. This corresponds to the common practice of
loyalty programs in marketing and retail, where the customer is rewarded for loyal behavior
(e.g., the loyalty schemes offered by airline companies or grocery stores). However, in other
cases, loyalty may cause the reward to decrease. For example in recommendation systems,
users grow bored of repeatedly seeing the same content. In the stochastic bandit setting,
the latter problem is known as rotting bandits and has been studied by Levine et al. (2017),
Seznec et al. (2019, 2020) and others. In this paper, we extend this to adversarial rewards
and also consider fidelity functions that are not necessarily decreasing functions of the
number of past plays.

In the subscription model, the fidelity reward is a (possibly arm-specific) function of the
current number of consecutive draws of the arm. In particular, this means that if a player
stops playing an arm, the next time they play it they will have to start the subscription
again from scratch. This model is more realistic in situations where a user pays for a
subscription, such as for a mobile phone plan or a gym membership. Here, the benefit of
using a particular service increases with the length of continuous use. Again, there may be
scenarios where continuously selecting the same option has a negative impact, for example
when customers grow bored of going to the same restaurant every day, or where the benefit
is only received after selecting an option a given number of consecutive times, such as when
using a weekly metro pass.

The aim of this paper is to understand how the presence of fidelity rewards effects the
difficulty of the multi-armed bandit problem. Our main interest is in the adversarial setting,
where we assume that the base rewards are generated by some oblivious adversary and the
player receives additional fidelity rewards depending on their past actions. We wish to
develop policies with low regret, defined as the cumulative difference of rewards between
the policy and some baseline algorithms. Clearly, the best baseline selects the best possible
sequence of T actions. However, even in the standard adversarial bandits problem without
any additional fidelity rewards, it is impossible to compete with such a strong baseline.
Instead, it is common to take inspiration from the stochastic setting, where it is known that
an optimal policy is a single-arm policy that constantly plays the best arm, and compare
the performance of an adversarial bandits algorithm to the best single-arm strategy. In
the fidelity bandits problem, we also define the regret relative to a class of policies that is
optimal in the stochastic problem. However, here the addition of fidelity rewards means
that the optimal policy class in the stochastic setting may be more complex. Moreover,
there may be multiple optimal policies for the stochastic problem, thus complicating the
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definition of regret in the adversarial setting. The first contribution of this paper is to
define several natural definitions of regret for the adversarial fidelity bandits problem and
to understand the relationship between them.

With these definitions of regret in hand, we aim to understand in which K-armed
adversarial fidelity bandits problems is it possible to achieve regret that is sublinear in 7T". In
the loyalty points problem, we show that when the fidelity rewards are increasing functions
of the number of previous plays, sublinear regret is not possible for any definition of the
regret that we consider. However, when the fidelity rewards are decreasing functions of the
number of past plays, sublinear regret is possible for some definitions of regret in the loyalty
points model. To show this, we introduce a bandit algorithm that exploits the concavity of
the cumulative fidelity reward in this setting and achieves regret scaling with K /7. Lastly,
in the so called ‘coupons’ model where the fidelity reward is only received every p; plays of
an arm, we show that it is possible to achieve sub-linear regret and provide an algorithm
with regret scaling with /KT in the loyalty points setting. For the subscription model,
where the fidelity rewards are functions of the number of consecutive plays of the arm,
our results for the increasing case are the same as for the loyalty points model. Indeed,
we show that there exist some settings with increasing fidelity functions where the regret
must be linear. In the decreasing subscription model, the results are more positive. Indeed,
here we are able to provide an algorithm whose regret is sublinear, and in particular is
of order (KT)?/3. We also show that sublinear regret is possible in the coupons model
with subscription fidelity reward, although here the regret scales multiplicatively with the
periodicity of the coupon function. Our results are summarized in Tables 1 and 2. For
completeness, we also provide a near-optimal algorithm for the stochastic fidelity bandits
problem in the cases where no such algorithm exists in the literature.

1.1 Related work

In the loyalty points bandits problem, the reward changes depending on the past plays of
each arm. Thus, the loyalty points bandits problem can be seen as an instance of the rested
bandits problem introduced by Whittle (1988) which has been studied in the stochastic
reward setting. We are not aware of any work on the rested bandits problem with adversarial
rewards. In the stochastic rested bandits problem, it is classically assumed that the reward
of each arm is a stochastic process which only transitions to the next value when the arm is
played. Tekin and Liu (2010, 2012) considered Markov processes. A more general process
was considered by Cortes et al. (2017) but they considered weaker definitions of regret, and
compared the reward of their algorithm to the best single arm strategy, or the best arm
given the history of actions taken by their algorithm.

The rotting bandits problem studied by Levine et al. (2017); Seznec et al. (2019, 2020);
Bouneffouf and Féraud (2016) is another instance of the stochastic rested bandits problem.
This problem is equivalent to the loyalty points bandit problem with stochastic base rewards
and decreasing fidelity reward. Indeed, here the expected reward decreases as a function
of the number of plays of an arm. The best result that we are aware of for this problem is
from Seznec et al. (2019, 2020) who show that the regret can be bounded by O(v/KT). For
this, Seznec et al. (2020) present a natural UCB style algorithm (c.f. Auer et al. (2002a))
which does not use any knowledge of the fidelity functions. The stochastic loyalty points
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bandits problem with increasing fidelity reward was also independently studied by Metelli
et al. (2022) in concurrent work.

In the subscription bandits problem, the reward at each time step depends on the
previous plays of multiple arms. In particular, when we stop playing an arm after having
played it consecutively for some number of steps, its reward changes even though it is not
played, in addition to the reward of the played arm changing. This problem therefore does
not exactly fit into either the classical rested or restless bandit framework, especially since
while the restless bandit allows for the reward of an arm to change independently of whether
it was played, this change is typically assumed to depend on the environment and not on the
actions of the player, see Whittle (1988); Slivkins and Upfal (2008); Garivier and Moulines
(2011); Besbes et al. (2014). We are not aware of any prior work studying this particular
problem neither in the stochastic nor in the adversarial setting.

The stochastic bandit problem where the reward depends on the time between consecu-
tive plays of an arm has been studied by Immorlica and Kleinberg (2018); Pike-Burke and
Grunewalder (2019); Cella and Cesa-Bianchi (2020); Basu et al. (2019). This is potentially
another form of measuring loyalty to an arm but is distinct to the models considered in this
paper.

Lastly, we observe that standard adversarial bandit algorithms are not sufficient to deal
with the reward structure in the fidelity bandits problem. These algorithms are typically
designed to be competitive with the best single arm strategy which may be far from optimal
in the fidelity bandit problem. Moreover, the addition of the fidelity rewards means that
it is possible for the adversary to pick rewards to make either getting high reward or high
fidelity reward impossible. Similarly, algorithms for learning in Markov Decision Processes
(MDPs) with adversarial rewards (e.g., Even-Dar et al. (2009); Zimin and Neu (2013)) are
not applicable. These require the MDP to be episodic or irreducible.

2. Problem setup

In the classical K-armed bandit problem, a player sequentially interacts with the environ-
ment. Let [K] = {1,..., K} denote the set of arms. Then in each round, ¢, the player selects
an arm J; € [K], possibly using the previous observations and incorporating an element of
randomness into their decision. The environment then returns a reward X; ;, depending
on which arm was selected. The player’s aim is to select arms that maximize their total
reward over 7' rounds of the bandit game.

In the stochastic multi-armed bandit problem, the rewards X; ; for arm j are generated
iid. from an underlying reward distribution. In particular, E[X; ;] = p; for all 1 <t < T.
We assume throughout the paper that the rewards are bounded in [0, 1]. In the adversarial
multi-armed bandit problem, we work under the model of an oblivious adversary. In this
model, all rewards Xy ; € [0,1] for j € [K] and ¢ € [T] are chosen by an adversary prior to
starting the game. At round t € [T] of the game, the player selects an arm J; € [K] and
the reward X j, is revealed to the player, while the rewards X; ; with j # J; remain hidden
forever.

In this paper, we consider a modification of the standard multi-armed bandit problem
to account for extra fidelity rewards. We focus on two models; the loyalty-points model and
the subscription model. In both these models, after playing arm J; = j at time ¢, the player



BANDIT PROBLEMS WITH FIDELITY REWARDS

receives reward of the form,

Yij= Xej+i(Hi-1) ,

where 1;(H—1) is some known, arm-specific function of the player’s history H;—1 = {Ji,
Yin.Xi0 - Ji—1,Yie1,0,_1, Xi—1,5,_, }- For ease of expression, we often refer to the Xy ;s
as the base rewards and the ¢;(H;—1)’s as the fidelity rewards. Therefore the reward Y} ;
received at time t is composed of the base reward from playing arm j at time ¢ and the
additional fidelity reward.

In the loyalty points model, the reward depends on the number of past plays of each
arm. Let Ny ; = Zizl Ly7,—;y denote the number of plays of arm j up to time ¢ > 1 and let
No,j = 0. (Here, and in the rest of the paper, 1 (-} is used to denote the indicator function.)
Then, for all arms j, ¥;(H:) = fj(Nt;) where each f; is a function defined on the set of
natural numbers, taking values in [0, 1]. Hence, the reward the player receives from playing
arm j at time ¢ is

Yij = Xej+ [i(New1) -

In the subscription model, the fidelity reward depends on the current number of con-
secutive plays of the arm. Formally, define

chj = IL{Jt:j}(t—maX{S S t: JS :ja J8—1 ;é.]}) .

Note that since only one arm can be played per time step, @;; = 0 for all arms j # J;_;.
In this case, ©j(Hi—1) = f;(Qr ) for some known, arm-specific function of the number of
consecutive plays up to time t — 1 and f; : N — [0,1] for all arms j € [K]. The reward
received from playing arm j at time ¢ is then,

Yij= Xtj+ fi(Qrj) -

In this paper we assume that the fidelity functions f; are known to the player. In
addition, we assume that the time horizon T is also known in advance. We also remark
that in both models, when ; = 0 (so f; = 0) for all j € [K], the problem reduces to the
classical multi-armed bandit problem.

2.1 Regret

We now turn to the problem of measuring the performance of an algorithm in the fidelity
bandits problem. Typically, the performance of bandit algorithms is measured in terms
of their regret, where the regret is the total difference in reward accumulated by playing
according to some optimal policy and that from playing the algorithm of interest. In order
to properly define meaningful notions of regret, we discuss the stochastic and adversarial
versions of the problems separately.

2.1.1 REGRET IN THE STOCHASTIC BANDIT PROBLEM

Consider first the stochastic variant of the problem. Recall that here, the base reward
(without the fidelity component), associated to arm j at time ¢ is a random variable X j,
where the X, ; are independent random variables taking values in [0,1], and E[X} ;] = p;
for all t € [T] and j € [K].
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A policy 7 of the player is a sequence (m;)._; where 7; is a mapping from the history of
arms and rewards, Hy—1 = {71, Y1 r, X100 - T—1, Yie 17, 1» Xi—1,7,_1 }» to the set [K] of
arms. We write 7; to denote the choice of arm made by the policy 7 at time ¢. The history
‘H; depends on the chosen arms 7y, ...,m. The fidelity reward depends on the history of
actions chosen according to policy 7 so we write Hy(w) for the generated history under
policy 7w up to time t.

The regret of a policy is defined as the difference between the cumulative reward of the
policy and that of the best sequence of arm choices. To define the regret formally, let [K]7
be the set of sequences of arms of the form j = (j1,...,jr) with ji,..., jr € [K] for horizon
T € N. We write Sp(j) = Zthl Y} j, for the cumulative reward of the sequence j. We then
define the regret of a candidate policy 7 as

o St(3) — St(7) . (1)

To avoid complications caused by random fluctuations, instead of the regret defined
above, it is customary to consider the so-called pseudo-regret (see Bubeck and Cesa-Bianchi
(2012); Lattimore and Szepesvéri (2020)). In this notion, the base reward of each arm X ;
is replaced by its expectation ;. Hence, the pseudo cumulative reward of policy 7 is defined
as Sp(m) = o1 (ttmy + thr, (Hs_1(7))). Similarly, for a competing reference sequence j, we

write S7(5) = S, (g, + Vs (He—1(5))). We then define the pseudo-regret as

Ry (m) = e Sr(j) = Sr(r) . (2)

We often write Ry = Ry () when the policy 7 is clear from the context. Note that Sy ()
may still be random since the arm choices of the policy 7 influence the fidelity rewards.
On the other hand, for each sequence j € [K]T, the pseudo cumulative reward §T(j) is
deterministic.

Note that in the classical multi-armed bandit problem, the regret is usually defined
with respect to a much smaller reference class, containing only single-arm strategies. These
strategies are constant sequences of the form j = (j,4,...,7) for j € [K]. The two defini-
tions are, in fact, equivalent in this problem. To see this, simply notice that in the absence
of fidelity rewards, there is always a single-arm strategy that maximizes the expected cu-
mulative reward (i.e., j* € argmin;e g 1)

In the presence of fidelity rewards, single-arm strategies are not necessarily optimal.
Depending on the nature of the fidelity reward functions f;, one may still be able to deter-
mine a subclass J C [K]7 that guarantees that, regardless of the distribution of the base
rewards (that is, regardless of the values of ju1,...,ur), there always exists 3 € J such
that §T(j’) = maX;e (g7 §T<j). In other words,

R (m) = sup Sr(j) — Sr(r) .
JjeJg

We call such a subset sufficient. In solving the regret minimization problem, it is important
to understand the sufficient subsets J that allow one such a reduction. In particular, in each
case it is helpful to identify minimal sufficient sets of sequences. For a particular fidelity
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reward f, a set J is minimal ~if for all proper SNubsets J' C J there exists a distribution of
the arms such that max;c 7 S7(J) < maxjes St(3). We define

C; ={J C [K]" : J is minimal and sufficient}

to be the class of minimal sufficient sets for given fidelity functions f. For example, for the
classical multi-armed bandit problem when f; = 0, the class Cy of minimal and sufficient sets
contains just one set, namely the set Jy = {(j,7,...,J) : j € [K]} of single-arm strategies.

2.1.2 REGRET IN THE ADVERSARIAL BANDIT PROBLEM

Next we discuss the possible notions of regret in the adversarial setting. We work with an
oblivious adversary. This means that the entire sequence of base rewards (Xy ;)ic(7 je(K] 18
fixed before play starts. In each round ¢, only the reward corresponding to the arm chosen
by the player is revealed.

In the adversarial setting the player is allowed to randomize the arm selection. (Without
randomization, no nontrivial guarantees exist even for the classical multi-armed bandit prob-
lem.) Formally, a player’s policy 7 is a sequence (ﬂt)thl where 7; is a measurable mapping
from the history of arms and rewards H;—1 = {J1, Y17, X101 - -, =1, Yic1,0, 1> Xe—1.0, 1 }
to the set A, the standard simplex in R¥. At time ¢, an arm J; is chosen at random,
according to the distribution my(H;—1).

While in the stochastic multi-armed bandit problem the definition of regret is quite
natural, the adversarial case is significantly more complex. In the stochastic setting, we
define the regret as the difference between the (pseudo) cumulative reward of the player
and that of the best sequence of actions. Adopting this notion to the adversarial framework
often leads to trivialities. To see this, just consider the case of the classical adversarial
multi-armed bandit problem where f; = 0 for all arms j. In this case, the optimal policy
is to play the arm with highest reward at each time step (j; € argmax; X; ;). Hence, the
player would need to compete with all possible K7 sequences of arm choices. Obviously,
achieving a sublinear regret with respect to this class of strategies is hopeless.

One usually gets around this problem by reducing the class of comparison policies (Auer
et al. (1995)). The usual definition of regret in the absence of fidelity rewards is with respect
to the class of single-arm strategies. This definition is natural since single-arm strategies are
always optimal in the classical stochastic bandit problem. With this definition of regret, the
adversarial multi-armed problem may be considered as a “robust” version of its stochastic
counterpart.

As explained in the previous sections, in the stochastic fidelity bandits problem, com-
peting against the best single-arm strategy is often too restrictive. It is clear that in many
cases, it is necessary to switch arms in order to get good reward. This means that the best
single arm strategy is no longer a reasonable baseline. Instead, we adopt the same philoso-
phy as described above, and use knowledge of what makes a good sequence in the stochastic
setting to define the regret in the adversarial case. In particular, to define the regret for
the adversarial case—for given fidelity functions f;—, we first determine a minimal set of
sequences of arm pulls that can be optimal for the stochastic problem for some distribution.
These are the so-called sufficient and minimal sets defined in Section 2.1.1.

Then we define the regret as the difference of the cumulative reward of the player and
that of the largest reward one could achieve by following one of the policies in a sufficient
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and minimal comparison class. When there is only one sufficient and minimal set (i.e., the
class Cy contains a single set ), then the (pseudo) regret is defined simply as

Rr(r) = max Sr(j) — Sr() | 3)

where S7(j) = Zthl(Xt,jt + 1, (He—1(g))) is the cumulative reward of a sequence j =
(J1y-.-,Jr) and Sp(w) = ESp(J) is the expected cumulative reward of policy 7. Here
J = (Ji,...,Jr) denotes the sequence of randomized arm choices of policy m and the
expectation is with respect to the randomizations of the policy.

In some cases of fidelity rewards, there are multiple sets of minimal sufficient sets of
sequences. In such cases there are various natural ways of defining regret. We single out
two possibilities that we call the weak and strong regrets. The weak regret is defined as

X ~
Ry (m )_}I&% ggST( J) = Sr(m)

while the strong regret is

gﬁ — S S = S(3) — S
7(m) = max max 5r(4) — Sr(n) sl () — Sr(7)

Clearly, minimizing the strong regret is a more ambitious goal, since the player competes
with a larger set of sequences of arms. On the other hand, having a small weak regret means
that the policy is able to compete against at least one minimal sufficient set of sequences
(whose identity may depend on the base rewards (X;;)). Of course, if Cy contains only
one set, then the weak and strong notions coincide and reduce to the definition (3). In
particular, note that when f; = 0, both the weak and strong regret correspond to the
notion of regret classically considered in standard adversarial bandits problem.

2.1.3 MEAN REGRET FOR LOYALTY POINTS BANDITS

For loyalty points bandits, there is a third notion of regret that is perhaps more natural than
the weak and strong regret. This is defined by observing that in the stochastic loyalty points
model, the total reward only depends on the number of plays of each arm and the average
base reward, and not on the order of plays. We may replicate this in the adversarial setting
using empirical averages. We call this the mean regret. Unfortunately, such a definition of
regret is not suitable for the subscription model where the total reward inherently depends
on the ordering, since the subscription model only offers fidelity reward for consecutive plays
of an arm.

If a sequence j = (ji,...,j7) € [K]|T plays arm j Np;(j) = Zthl Iyj,—;y times up
to time 7" then in the stochastic analogue of loyalty points bandits problem, its (pseudo)
reward is

K NT,j(j)
Z i Nt 5 (3 Z Zﬂj (Nt,;(4) + Fj(Nr,;(5)))
7=1 n=1

where Fj(n) = >} | fj(t) are the cumulative fidelity rewards and p; is the expected value
of the base reward of arm j. Hence, for given fidelity functions fi,..., fx, in the stochastic



BANDIT PROBLEMS WITH FIDELITY REWARDS

problem, ST( /) only depends on the number of times each arm is played and the expected
base rewards.

To shorten notation, introduce the vector N = (Ni,..., Ng) of nonnegative integers
satisfying Z]K:1 N; =T. N is called the type of the sequence j if Zthl Ly ,—;3 = IVj for all
j € [K]. Let u= (u1,...,ur) € [0,1]% denote the vector of means of the base rewards of
the K arms and define,

def

Mx

Njpj + F;(Nj)) -
]:1

Then, the cumulative reward of the optimal sequence of actions is max;cgr ST( ) =
maxy o(p, N) and the regret for the stochastic problem is Ry (w) = maxy o(pu, N) —
St(m). We introduce some definitions to help relate these types to the minimal sufficient
sets. Fix some fidelity reward functions fi,..., fx. For a given pu € [0,1]%, let () =
{N :o(p, N) = maxp o(p, N')} be the set of optimal types. We call a set B of types a
covering set if for all p € [0,1]%, N(u) N B # (). A covering set B is minimal if no proper
subset of B is a covering set. Each minimal sufficient set of sequences J € Cy is such that
J contains exactly one sequence of each type of a minimal covering set B. We say that a
type N is admissible if N € U“E[OJ]K N ().

In the adversarial bandit problem, it is natural to replace the values u; by the empirical
averages

L I
it = T ZXt,j ;
t=1
since these relate to the long run rewards. We then set maxn o(fip, IN) as a goal for the

learner, where fir = (L7 1, ..., A7,k ). With this in mind, we define the mean regret as
N K
Ri(r) = maxo(fy, N) — Sr(r) = max Z (Njfir, + Fj(N;)) = Sr(x) -

NENK:5;c i Ni=T 4

Hence, the type N maximizing o(pp, N) may be interpreted as the “best response” to
the (unknown) empirical means of the outcomes (in hindsight). This point of view is often
adopted in the theory of repeated games, see Hart and Mas-Colell (2000, 2001); Foster and
Vohra (1999). This gives the mean regret a natural interpretation that is a generalization
of most usual notions of regret.

The next proposition establishes the relationship between the weak, strong, and mean
regrets.

Proposition 1 In the loyalty points model, regardless of the fidelity rewards and the base
rewards, for each policy T,

R () < R () < Rh(n) .

In particular, if there is only one minimal and sufficient set J, then all three regrets are
equal to (3).

Proof The stated inequalities may be equivalently written as

min max S < maxo N) < max max S
JeCy jeJg T(J) N (HT’ ) JeCy jeg T( )
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Increasing Decreasing Coupons
Stochastic BT = O(K'3T23)  E[Ry] = O(VKT) E[%Rr] = O(VKT)
ochastie [ Section 3.2 ] [ Seznec et al. (2020) ] [ Section 5.2 ]
E[R] = (T) E[%] = (T) E[®;] = O(VKT +7)
Ao BB =Q) E)=O(KVT)  ERy] = OWKT)
E[R] = 9(T) E[R] = O(KVT)  E[R] = O(VKT)
[ Section 3.3 ] [ Section 4.3 ] [ Section 5.3 ]

Table 1: Summary of our main results in the loyalty points bandits problems. O indicates
order up to log factors, and p is the least common multiple of the periodicity
p1,- .-, pK in the coupons reward model.

Fix the fidelity reward functions fi,..., fx. Denote by NN the type of the sequence that
solves the min-max optimization in the definition of the weak regret, that is,

min max Sr(j) = min Sr(g) -
JeCs jeJ JE[T)X:j has type N

Observe that there is an admissible type with this property.
On the other hand, for any admissible type N = (Ni,..., Ng), the average of the
cumulative rewards over all sequences of type IN equals

LY s = - : > zxsz

(N17~.-7NK) JE[T]E:j has type N le-vNK) JE[T]E :j has type N t=1
= o(pp,N) .
Hence,
};ggf rgneaijT( j) < o(fr, N) < maxo(fip, N) ,
proving the first announced inequality. The second inequality is proved similarly. |

We note that while the mean regret is not applicable in the subscription model, %bT(ﬂ) <
f)f{ﬁT(w) obviously holds in the subscription model as well. In fact, in all instances of the
subscription model that we consider in this paper, it will turn out that there is only one
minimal sufficient set, meaning that R%.(7) = f)%ﬁT(w), and so there is no need to consider
an intermediate definition of regret.

2.2 Fidelity reward functions

Throughout this work, we assume that the fidelity functions are known and f; takes values
in [0, 1] for all arms j € [K]. We consider both increasing and decreasing fidelity functions,

10
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Increasing Decreasing Coupons
Stochastic  Er] = O(T?*PK3)  Emy] = O(T*PKYP)  Er] = O(VKT)
ochastic [ Section 6.2 ] [ Section 7.2 ] [ Section 8.2 ]
E[® t‘] =Q1)  E[R]=0(KT)**) ER;]=O0(/pKT)
Adversarial  E[gty] = () E[Ry] = O((K T*”’) E[%] = O(\/5KT)

[ Section 6.31] [ Section 7.3 [ Section 8.3 ]

Table 2: Summary of our main results in the subscription bandits problems. O indicates
order up to log factors, and p is the least common multiple of the periodicity
p1,--.,pK in the coupons reward model.

in addition to a certain class of periodic fidelity rewards that we call the “coupons” model.
In the increasing rewards model, we assume that for all j € [K], fj(n) is a nondecreasing
function of n. For the decreasing rewards model, we assume that for all j € [K], f;(n) is
nonincreasing in n. In the coupons model, a fidelity reward is obtained only once every few
(consecutive) plays of each arm. In particular, let the period length of arm j be denoted by
p; € N, and the bonus fidelity reward r; € [0,1]. Then, the player receives a fidelity bonus
r; after every p; (consecutive) plays of arm j. More formally, for r; > 0,

£i(t) = {rj ift=0 (mod pj)

0 otherwise.

Throughout the paper, it is often helpful to consider the cumulative fidelity reward of
each arm j which is defined for any n € [T] as,

= ij(”)
t=1

We now consider the different cases in turn. For each, we first analyze the stochastic
setting and define the class of minimal sufficient sequences which also defines the regret in
the adversarial setting. We then analyze the adversarial setting. Our results are summarized
in Tables 1 and 2.

3. Loyalty points model: increasing fidelity rewards
The first setting we consider is the loyalty points model where the fidelity functions are
increasing functions of the number of past plays of each arm.

3.1 Minimal sufficient sets

We first need to define the minimal sufficient sets J of sequences of actions defined in
Section 2.1. When the fidelity rewards are nondecreasing, the unique minimal sufficient

1. This is the general result. For the special case where the fidelity functions are step functions with a step
from 0 to 1 at m we also show that the weak and strong regret can be bounded by O(T%3(Km)/3).
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set of sequences is the set Jy of single-arm strategies. This is shown in the below lemma,
whose proof is in Appendix A.1. When the fidelity functions of the different arms are equal,
optimality of such a single-arm strategy is obvious. In the case of arm-specific fidelity
functions, recall that F;(T) = Zthl fj(t), then the optimal arm is given by

- 1

j* = argmax {,uj + Fj(T)} .
1<j<K T

(In case of multiple maximizers, we may choose any of them). The optimal policy then

plays arm j* for all rounds t =1,...,T.

Lemma 2 In the stochastic loyalty points model with increasing fidelity rewards, regardless
of the distribution of the base rewards and the fidelity rewards, there exists a single-arm
strategy that minimizes the pseudo cumulative reward St(5) over all j € [K]T.

3.2 Stochastic rewards

As Lemma 2 shows, to minimize regret, it suffices to construct a strategy that is able
to compete with single-arm strategies. In the stochastic setting, a simple variant of the
UCB algorithm of Auer et al. (2002a) achieves this. Instead of using the observations Y; ;
to construct the sample averages and upper confidence bounds, one may work with the
modified rewards }7,54 =X+ %Fj(T) . Note that since the fidelity functions are known,
computing these modified rewards is possible. These modified rewards are natural since
the best single-arm policy equates to playing the arm that maximizes p; + F;(T)/T in all
rounds. We then define the upper confidence bounds around the sample mean of these
observations by

1 21og(KT)

P R ¢

where Yt,j = ﬁj Zizl Xs.j1{7,=j3- The algorithm proceeds as a standard UCB algorithm:
first it plays each arm once, then for t = K +1,...,T, it plays arm

Jy = argmax UCB;_1(j) .
1<j<K

The regret of this algorithm is bounded in the next theorem, whose proof follows from
a modification of the standard UCB analysis (see (Auer et al., 2002a)) and is given in
Appendix A.2.

Theorem 3 The expected (pseudo) regret of the UCB algorithm defined above in the stochas-
tic loyalty points bandits problem with increasing fidelity reward is bounded by

K
ERp < ) <1610g ) 4 1) (= — pj + f3=(T) = f;(0)) + % :

JigF#I* J

where Ej = pj» — pj + (Fj=(T) — F3(T'))/T. Consequently, the worst case regret of this
algorithm is bounded by O(T?/3(K log(T))'/3).

12
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When the fidelity functions are all constant, f;«(T) = Fj=(T)/T, f;(0) = F;(T)/T, the
problem reduces to the standard stochastic multi-armed bandit problem and we recover
the optimal O(Z]K:l log(T")/A;) order of the problem dependent regret (see Auer et al.

(2002a)). When the fidelity functions are not constant, the leading term in the regret is
pyx =i+ fi+ (1) = £5(0)
A

multiplied by > 1. This term can be as large as 2/ ﬁj, in which case, the

J
regret is of the order of log(ﬁifT). Thus, while the logarithmic dependence on the horizon T’
J
is the same as in the standard multi-armed bandit problem, the dependence on the gap ﬁj
may be worse, depending on the fidelity functions. Concurrent work (Metelli et al., 2022)
also obtained similar upper bounds on the regret for this problem.

We argue that this worse dependence on ﬁj is inevitable. Consider the case where
the fidelity functions are the same for all arms, that is, f; = f for all j € [K]|. Here,
Zj = py+ — pj and j* = argmax;u;. For simplicity, assume that the distribution of
arm j is Bernoulli with parameter p; € [0,1]. If F;(T) = Fj«(T), then to distinguish
wi + F;(T)/T from p* + Fj=(T) /T, if suffices to distinguish p; from pj«. A classical result
of Lai and Robbins (1985) shows that, in the standard multi-armed bandit problem, any
algorithm that is guaranteed to achieve regret o(T%) for every a > 0 must play any arm j

at least N; = Q(logA(zT )) times to distinguish p; and p;«. Thus, any algorithm that obtains
J

sublinear regret must explore sub-optimal arms which necessarily results in some loss of

fidelity reward. Define 7 = Nj. Then the contribution to the regret from the lost

fidelity reward is

JI#T*

T T N; N
DO =Y f(Newg) = > fO= D D f)= > D (F(T—7)— F(N))
t=1 t=1 t=T—1 jii#g* t=1 jijAgr t=1

This gives a lower bound on the regret of Q(3_; ;. 1og5(2T) (nj= — pj + f(T — 1) — f(N;))).
J

While this does not exactly match Theorem 3, it shows that a term involving the fidelity

functions is unavoidable and that the problem is, in general, harder than the plain stochastic

bandit problem.

3.3 Adversarial rewards

As seen in the previous section, the only set of minimal sufficient sequences is the set Jy
of single-arm strategies. Hence, as in (3), the notions of weak, strong, and mean regrets
introduced in Section 2.1 coincide and equal

%T(ﬂ') = max ST(j) - ST(ﬂ') .
J€do
This is the same notion of regret as in the standard adversarial bandits problem. In
spite of the simplicity of the target and unlike in the stochastic version of the problem, here
the addition of the fidelity reward makes it considerably more difficult to achieve sublinear
regret. In fact, Theorem 4 below shows that, unless the fidelity rewards are essentially
constant, any policy must incur linear regret for some reward sequence.

13
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To prove the lower bound, it suffices to consider the case where the fidelity function is
the same for all arms. We obtain the following lower bound for the regret, the proof of
which is in Appendix A.3.

Theorem 4 Consider the adversarial loyalty points bandits problem with increasing fidelity
rewards, where the fidelity function is the same for every arm. Define 6 = f(7T/8)— f(T/8).
Then for every policy m there exists a sequence of rewards such that the regret satisfies

T
mT(ﬂ' ) > E .

Thus, the regret is Q(7) unless f is essentially constant over most of its domain. The
particular constants appearing in the bound (and in the definition of §) have no special
significance, they have been chosen for convenience. In particular, the definition of § may
be replaced by f(T'(1 —€)) — f(Te) for any € € (0,1/2) and the constant 1/40 modified
accordingly. We omit the straightforward details.

Theorem 4 implies that in the adversarial case one cannot hope for a nontrivial regret
bound unless the (nondecreasing) fidelity rewards essentially do not change with time. In
that case one may use a simple and natural modification of any low-regret algorithm for
adversarial bandits such as EXP3 (Auer et al. (2002b)). We omit the straightforward
details.

4. Loyalty points model: decreasing fidelity rewards
4.1 Stochastic rewards

The stochastic loyalty points bandit problem with decreasing fidelity rewards is equivalent
to the rotting bandits problem studied by Levine et al. (2017); Seznec et al. (2019, 2020), and
Bouneffouf and Féraud (2016). Seznec et al. (2019, 2020) provide an algorithm with regret
Rr = O(v/KTlog(T)). This matches the lower bound for the standard bandit problem
(which can be viewed as a special case of fidelity bandits where the fidelity function is
constantly 0) up to logarithmic factors.

In the adversarial setting, the loyalty points model with decreasing fidelity rewards is
significantly more complex. In order to appropriately define the notion of regret, first we
need to determine the class C; of minimal sufficient sets of sequences of arm pulls. We
discuss this in the next section. As it turns out, the class Cy is nontrivial in this case and
therefore the notions of strong, weak, and mean regret do not coincide. In fact, we show
that while there is no algorithm that achieves sublinear strong regret for a large class of
fidelity functions, it is possible to construct a policy with guaranteed sublinear mean regret
and thus also sublinear weak regret.

4.2 Minimal sufficient sets

In order to study the adversarial version of the problem, first we need to understand the
minimal sufficient sets of sequences of actions. Recall from Section 2.1 that each minimal
sufficient set J € Cy is such that J contains exactly one sequence of each type of a minimal
covering set B. Hence, in order to understand the class C; of minimal sufficient sets, one
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needs to understand the set of admissible types, that is, types that are maximizers of the
function o(u, N) for some p € [0,1]%.

An important special case is when the fidelity rewards f;(t) are strictly decreasing
functions of ¢ for each j € [K]. Then the average cumulative reward associated to a a type
N = (Ny,...,Ng),

h (];r) = ;éFj(Nj),

is strictly concave. In fact, one may extend h to the standard simplex Ag such that the
function h : Ax — R is strictly concave. Then the cumulative total expected reward
corresponding to a mean vector pu € [0, 1]K may be written as

<L) o0 (3).

It is easy to see that for such fidelity reward functions, for each type IV, there exists
p € 10,15 such that N(u) = {N}, that is, N is the unique type maximizing o (g, -).

In such cases, the minimal sufficient sets are all those sets J that, for each type N, J
contains exactly one sequence j of type IN. But then

max max St(7) = max St(g
inax ma T(J) max T(J)

and therefore it is hopeless to minimize the strong regret. Based on this, it is not difficult
to prove the following proposition.

Proposition 5 Consider the adversarial loyalty points bandit problem with strictly decreas-
ing fidelity reward functions f1,..., fx. Then there exists a positive constant ¢ — depending
on the fidelity reward functions only — such that for any (randomized) policy 7 of the fore-
caster, there exist base rewards (Xy j)ie[r),je[K) Such that the strong regret satisfies

RE () > T .

Remark 6 In some cases, when the fidelity rewards are not strictly decreasing (so the
conditions of Proposition 5 do not hold), it is possible to achieve sublinear strong regret.
As an example, consider the case when K = 2 and the fidelity function of both arms is
fi(t) = ali<y, for j =1,2, where o € (0,1) and Ty € [T are some fized parameters. Then
it is easy to see that the set of optimal types N (p) corresponds to a single-arm strategy
whenever |y — pa| # a. When py — ps = o, N'(p) consists of all types with Nw > T — Ty
and when py —po = —a, N(u) consists of all types with Ny < Ty. Hence, in all cases, N'(u)
contains one of the two single-arm strategies and therefore the only minimal sufficient set
is Jo. This implies that the three notions of regret coincide in this case. As is shown below,
sublinear mean regret is always achievable and hence, in this particular example, the strong
regret can also be made sublinear.
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Input: T (horizon), tuning parameters n € (0,1],¢ € (0,1).
Initialize: Define ¢™,...,q™) € Ak to be an € cover of Ag so M <
e~ (K=1) Tnitialize: wy; =1Vi=1,..., M.
1: forallt=1,...,7T do

2: Set pi; = % and define g, = Zz’e[M} pt,iq(i)
3: Select arm J; to play by sampling the arms with probabilities

(g5 - -+, q, k) and receive reward Yy, s = Xy g, + f1,(Ny, c—1) € [0,2].

1-X

4: Calculate the pseudo-losses )?t,j =1- @ ;’j Ly g=j)

5: Calculate the pseudo-losses of each expert, E(q(i)) = Zj €[K] qj(»i)(l _
X15) — h(q®) ~

6: Update wiy1,; = we; eXp{—nﬁt(q(i))}.

7: end for

Figure 1: EXP4 with pseudo rewards for the adversarial loyalty points bandits model with
decreasing fidelity reward.

4.3 Minimizing the mean regret

Interestingly, as opposed to the strong regret, minimizing the mean (and therefore weak)
regret is an achievable goal. In this section we define a policy that guarantees that if the
fidelity functions are nonincreasing, then the mean regret is o(7") regardless of the base
rewards.

The algorithm we propose is an exponentially weighted average forecaster where the
set of experts ¢V, ..., q™) € Ak is defined by an e-cover of the simplex Ag. Similarly
to in the standard exponentially weighted average forecaster, we need to estimate the loss
of each expert. In this loyalty points bandits problem this is somewhat more involved
since the loss estimates need to be defined to take into account the fidelity rewards. We
use the loss estimates Zt(q(i)) = D jelK] qj(-z)(l - )?m) — h(g") for each expert i where

Xt,j =1- 1_q;th’j Lg,—j for all arms j. The algorithm is defined in Figure 1. In order to
work with these adjusted losses, we need to show that they enjoy the desirable properties
of an importance sampling estimate and that they lead to the correct dependence on the
fidelity reward of our algorithm. This is done in the following theorem which provides a

bound on the regret of the algorithm.

Theorem 7 Consider the adversarial loyalty points bandit problem when the fidelity re-
wards are nonincreasing for all j € [K|. Then, regardless of the base rewards, the random-
ized policy  defined in Figure 1 with e = (K +1)/v2T and n = +/log(1/€)/(2T) has mean
regret

1 V2T
ERY (1) < (K 4+ 1)V2T 5 Viog(K +1) +1+ log 25
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Proof We consider a randomized forecaster that, at each time instance, selects a point
q; = (91, --.,q k) in the standard simplex Ag. Then the forecaster plays a random arm,
chosen according to the distribution g, that is,

Ji = j with probability ¢ ;, j€[K],

Writing ]\ij = Zthl 17,—;and N = (Nl, ce NK) for the corresponding type, the cumulative
reward of such a forecaster equals

ZXtJt—FZF <TZXtJ,+h<N>> ;

Consider the piecewise linear extension of h to Ag. It follows from the fact that the fidelity
rewards are nonincreasing that h is concave and 1-Lipschitz with respect to the ¢; norm.
Then we may apply the Hoeffding-Azuma inequality to both Zt 1 X¢,7, and N to obtain
that, with probability at least 1 — 6,

- SN d T K+l
> Xes +Y Fi(N;) > Z Z G1,jXej + Th ( th) + 1)1/ 5 log —
t=1 t=1

T K+1
Z qut,J+Zh q;) — (K+1) QIgTa

IIMH T

where we used concavity of h. In particular, by standard tail integration,

T

T
E ZXt,Jt+ZJ?j(N

T
Z > @iXe; +Zh ()| — (K +1)y/ 5 log(K +1) . (5)

t=1 je[K]

Hence, it suffices to construct g, such that

Z Z qt,j X5 +Zh a)| = m}ng<<];,ﬁT> +h (J;r)) —T

tlje

with yp = (K 4+ 1)vV2T ( log }(ﬁ) In fact, we prove the slightly stronger bound

Z Z qth,ﬁZh a,)| > max T ((q, fir) + h(q)) — 77 -

€A
=1 jelr qeAk

In order to construct such a forecaster g,, we discretize Ag. Let € > 0 and let q®,... ¢
be a minimal e-cover of Ag with respect to the ¢; distance. Using the fact that a minimal
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e-cover is an €/2 packing and a standard volumetric estimate, we get that M < e (K-1),
Also, by the Lipschitz property of h,
max T (g, fir) + 1 (q¥)) > max T ((q,fir) +h(q) — 2Te . (6)
1€[M] qeEAK
We treat ¢V, ..., ¢™) as experts and use the exponentially weighted average forecaster.
In order to do this, we use the estimates
N 1—-Xy; )
Xej=1- fﬂﬂ{Jtzj} , JEIK],
Qt,j

where ¢; ; is the probability our forecaster plays arm j in round ¢. Observe that )?t ,j may
be computed for all j since Xt .J; is observed after selecting arm J; at time ¢. Also note that
E]thtXt] X jand 1 — th > 0. To each expert q(i) we assign the “loss estimate”

Zq (1—X4;) — h(q™) _1—241] Xij—h(q") .

JEIK] JEIK]

Now we are prepared to define the proposed forecaster. At each time instance t =1,...,T,
g, is chosen as a weighted average of the experts q®,...,q™M), weighted by the distribution
Pt ---,De.m SO that q; = ZiE[M] ptyiq(l), where for t =1, p;; = 1/M for all i € [M] and

for t > 1,
Wt—1,

Pti = 5
Wi_1

where

t—1
W1, = €Xp (szs(q(i))> and W;_ 1= Z W1 -
s=1

1€[M]

Here n > 0 is a tuning paramenter. We proceed by following analysis of the exponentially
weighted average forecaster (see, e.g., Cesa-Bianchi and Lugosi (2006)). On the one hand,

T
W o
log WT = log [ D exp <—77§ Et(q(’))) —log M
0 i€[M] t=1

T
> - li(qW) —log M
t=1

for all i € [M].
On the other hand,

T
log% = Zlog thl

— Zlog Zp e_”et(q(z)

1€[M)
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< Zlog (1 =0 Y prili(@®)+ 7 > pt,iE(q(i))Z)
1€[M]

1€[M)
(using e <1 — a2+ 2? for x > —1 and E( ()) > —1 by construction)

T
< —TZZ Z Pm‘z\t +7722 Z ptzgt

t=1 ie[M] t=1 ie[M]
Comparing the upper and lower bounds for log(Wr/Wy), we obtain that, for every i € [M]

T

T
S 3 (e < S 7i(g) + By zpmet . (7)
t=1

t=1 ie[M] t=1ie[M

Then, observe that ]EJthth(q(i)) =1-2> ek qj(-i)Xt,j —h(gD), EJiva, 2 ieim pmz\t(q(i)) =
1= k) 5Kt — 2ie[m] p.ih(q¥) and for each t € [T,

2
EJi~a, Z prili(@™)? = Z Ptils~q, (Z q; (1 (1—X1;) h(q(i))>

1€[M] 1€[M] JEIK]

IN

2
242 ) priEg, ( > qj(-i)(l - )?m))

ie[M] JEIK]

1€[M]

— Xy
= 242> pi > @y <q§) - ’]>
7]

ie[M] jelK]

2
= 2+2 Z Prill g, Z qJ ]l{Jt =j}
JElK] 1.

o
<22 s S

iept)  jer) 19

= 2(K+1) (using q; = Z peiq"

So we can rearrange the expression in (7) to get

T T
Z Z qt; Xt + Z Z prih(g"?

t=1 je[K] t=1ie[M]
T ; - log M
> max Z Z q](.l)Xt,j +Th(gW) | - 82 _ 2(K + 1)nT
I e !
K —1)logi
> max T (g, fir) + h (@) — 2Te — D08 ey yr
geAK n
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(by (6)) and since M < ¢~ (K=1)

_ 1
= max T'((q, ur) + h(q)) — 2Te — (K + 1)y /2T log —
gEAK €

(choosing n = +/log(1/€)/(2T))

. V2T
= T —(K+1)V2T |1 log
JInax (g, 7)) +Nh(q) — (K +1) +/log 17

with the choice e = (K + 1)/+v/2T. The proof is finished by noting that, by concavity of h,

> peih(@?) <h | Y pig® | =hiq,)

1€[M) 1€[M)]

and therefore

T T
S Xy hlgy) > mes T((q.fir) + (@)~ (K DVAT [ 141 /1og 2T
t=1

t=1 je[K] 9€lxK K+1

Combining this with (5) implies the announced regret bound. |

Remark 8 Since the set of experts meeds to cover the simplex, the proposed algorithm
may not be computationally efficient. A possible way to construct computationally efficient
low-regret forecasters is to exploit the concavity of h and use ideas from bandit conver
optimization (e.g., Bubeck et al. (2017)). However, it is unclear whether such an algorithm
achieves the same dependence on K. This is left for future research. A related open question
is to determine the optimal dependence on K. While the lower bound of Q(v/KT) for the
standard adversarial bandits problem (where the fidelity functions are all 0) suggests that
the dependence on T in Theorem 7 cannot be improved, it is unclear what the optimal
dependence on K is in the adversarial loyalty points bandit problem with decreasing fidelity
rewards.

5. Loyalty points model: coupon rewards

In this section we study the loyalty points model with “coupons” fidelity rewards. Recall
that in this model, associated to each arm j € [K], are a positive integer p; (the period
length) and a real number r; € [0,1] and the player receives the extra fidelity reward r;
after each (not necessarily consecutive) p; plays of arm j.

5.1 Minimal sufficient sets

Once again, in order to understand regret, the first step is to determine the class of minimal
sufficient sets. To this end, we need to understand the set of types IN that are maximizers
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of the function o(u, N) for some p € [0,1]%. This is not a simple task because of the
nonlinear nature of the coupon rewards. Note that

k

o) =3 (i1, 2]}

Jj=1

The presence of the integer part in the terms |N;/p;| means that the set of possible op-
timizers may be quite rich and complex. However, in some cases, the class of minimal
sufficient sets is simple. For example, consider the simplest case when the period lengths p;
associated to all arms j € [K] are the same, say equal to p. If T happens to be divisible by
p, then it is easy to see that playing an arm j that maximizes p; + 7;/p forever maximizes
the reward. (In other words, N; = T for a maximizing arm j and N; = 0 for all other arms
is an optimal type.) Hence, in this case, the unique minimal sufficient set of sequences is
the set Jp of single-arm strategies. However, even if T' is not an integer multiple of the
period length p, if p; = p for all j € [K], then for some p € [0,1]% the optimal type is
such that an arm maximizing p; 4+ r;/p is played p|T/p] times and a (possibly different)
arm maximizing p; is played the remaining 7' — p|7"/p] times. Thus, in this case, the class
of minimal sufficient sets consists of all sequences that are either single-arm strategies or
such that only two arms are played, one of them p|T/p] times and the other T'— p|T/p]
times. When the period lengths are different, the optimizing sequences may have a more
complicated structure.?

Nevertheless, the above argument easily generalizes to possibly different period lengths
as stated in the next lemma.

Lemma 9 Let p denote the least common multiple of the period lengths p1,...,px. If T is
an integer multiple of p, then the unique minimal sufficient set of sequences is the set Jy
of single-arm strategies. More generally, every minimal sufficient set J € Cy is such that
every sequence in J has type N = (N1, ..., Ng) such that for some j € [K], N; > p|T/p].

In other words, even though single-arm strategies are not necessarily optimal, every
jel Jec; J is “almost” a single-arm strategy in the sense that it differs from one in at
most T — p|T/p|] < p positions. This fact will help us design strategies with small strong
regret in the adversarial version of the problem.

5.2 Stochastic rewards

The observation made in Lemma 9 suggests a simple way of achieving small regret in the
stochastic loyalty-points bandit problem with coupon rewards. One may simply aim at

accumulating a reward that is not much smaller than max;e(g; (Mj + ;—j) This may be

achieved by applying a regret-minimization strategy using the augmented rewards }Afm =
Xij+ % Suppose that one plays according to a standard K-armed bandit strategy based

on the rewards ﬁﬁj, and that the expected cumulative regret of this strategy compared to

2. Note that the optimization problem is closely related to (though not completely equivalent to) a knapsack
problem where each item j has size p; and reward p;u; +r; and the total capacity of the knapsack is T'.
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T max;c(x] (Mj + ;—J) is bounded by a quantity ep. This means that if ]\71, ey ]/\\fK denote
J

the (random) number of times each of the K arms is pulled up to time 7', then

K
ZENj <,uj + T]) > T max </~Lj + Tj) —€r .
= Pj jE[K] Pj

This implies that the expected fidelity-augmented reward of the strategy satisfies

k -~ k <

~ N ~ N;
E E(/Lij—i-’l“j \‘jJ> > E E(uij—l—Tj (J —1))
j=1 Pj j=1 Pj

V

> Tmax(w—l—”)—egp—[(
JjelK] Pj
k .
> max N; ‘—i—l)—eT—K
i3 (2

> mﬁxa(u,N)—eT—K.

In other words, the regret of the strategy is at most ep + K. For example, by using a
standard UCB algorithm (Lattimore and Szepesvari, 2020), one may take

16 log(T
=Y Z"’i” 43K |
JE[K]:A;>0 J

r r
Aj = max ‘+Z>—< ‘+])
7 ielK] (Ml Pi Hi Pj

are the “gap” parameters, see Lattimore and Szepesvéri (2020). Summarizing, we have the
following:

where

Theorem 10 Consider the stochastic loyalty-points bandit problem with coupon rewards.
There exists a strateqy of play whose expected regret satisfies

16 log(T")
< _— .
E[Rr] < | g A, +4K
JE[K]:A;>0

Consequently, the worst case regret of this strategy is O(y/ KT log(T)).

Note that these regret bounds are near optimal for the standard stochastic K-armed
bandit problem, so we expect that they cannot be improved for the stochastic loyalty points
bandits problem with coupons fidelity rewards.
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5.3 Adversarial rewards

Equipped with our understanding of the class of minimal sufficient sets and having derived
a small-regret strategy for the stochastic version of the problem, it is now easy to design
strategies that work well in the adversarial case. The main take-home message from the
previous sections is that (a) single-arm strategies are almost optimal in the presence of
coupon rewards; (b) playing a standard bandit strategy based on the augmented rewards
Xyj+7;/pj is nearly optimal. We show here that the same principles work in the adversarial
case as well, and lead to similar near optimal regret bounds.

Theorem 11 Consider the adversarial loyalty-points bandit problem with coupon rewards.
There exists a randomized policy ™ whose expected weak, mean and strong regret satisfy

ER)(r) < BRY (1) < 4y/TKlog K + K |,

and

ERL (1) <4y/TKlogK + 5+ K .

Proof The argument for bounding the mean regret is similar to that of Theorem 10.
Suppose that one plays a standard (randomized) adversarial bandit strategy based on the
augmented rewards Y; ; = Xy ; + ;—; Denote by J; the arm selected by the strategy at time
t and by Nj = Z;le Iy7,—;y the number of times the strategy plays arm j up to time 7'.

Recall also that fi7; = % Zthl X+ denotes the empirical average of the base rewards of
arm j. Assume that the strategy comes with the regret guarantee

T T
EZYt,Jt > max E Yig, —€r .
=1 JeR 3

For example, by using the EXP3 algorithm of Auer et al. (1995), one may take ep =
4/TKlog K (see, e.g., (Lattimore and Szepesvéri, 2020, Theorem 11.1)). Then the ex-
pected cumulative reward of this strategy equals

T K N T K o 5.
EZXt’Ji+er \‘pJJ > EZXt7Jt+ZTj#—K
t=1 j=1 J t=1 j=1 J

T
= E) Y- K
t=1

T
N
max X‘+]>—K—6T

\Y]

.
= Tmax AT'+]>—K—6T
JeK <N T b

K
—~ T
= Nilwr;, +— ) — K —
mauxig1 1<,u i p) €T

)

= mﬁxa(ﬁT,N) — K —er,
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proving the bound for the mean regret. To prove the upper bound for the strong regret,
notice that by Lemma 9,

T T ,
max max S < maxSi(7)+p = max X —| | +p < max Xej+ L )+p.
g S9) < e 53149 = a3 (Yo + [ 2] )42 a3 (204 2 ) 47

But we have already proved above that

T
nel[%?] (Xt,] ><EZXtJt+Zr]\‘ J+K—|—6T,
J t=1

concluding the proof. [ ]

6. Subscription model: increasing fidelity rewards

In the rest of the paper we discuss what we call the subscription model. Recall from
the introduction that in this model the fidelity rewards depend on the current number of
consecutive plays of the selected arm — as opposed to the loyalty points models where the
fidelity rewards are a function of the total number of times the selected arm has been played
in the past. Just like in the case of the loyalty points model, here we also consider three
types of fidelity rewards: increasing, decreasing, and “coupon” rewards.

We begin the discussion by considering increasing fidelity rewards. More precisely, we
assume that the fidelity reward is a nondecreasing function of the number of consecutive
plays of an arm prior to the current time step. Recall the definition Q:; = 15— (t —
max{s <t : Js = j,Js—1 # j}) as the number of consecutive plays of arm j up to time
t and assume that the reward is of the form Y; ; = X; ; + f;(Q,;), where X, ; is the base
reward and f; is the (known) fidelity function associated with arm j that is assumed to be
nondecreasing. We may assume, without loss of generality, that f;(0) = 0 for all j € [K].

6.1 Minimal sufficient sets

It is clear that for the stochastic subscription bandit problem with increasing fidelity re-
wards, there is always an optimal policy that is a single-arm policy. Indeed, a single-arm
policy that plays an arm j* € argmax << {p;T + F;(T)} for all T' time steps maximizes
total reward. (Recall that Fj(t) = Y>'_, f;(t) denotes the cumulative fidelity reward of
playing arm j during ¢ consecutive steps.) Hence, the class of minimal and sufficient sets
contains the single set Jjy of single-arm strategies.

6.2 Stochastic rewards

We know that in the stochastic bandit problem with increasing fidelity rewards in the
subscription model, the reward of the optimal strategy is maxi<j<x {p;T+F;(T)}, achieved
by playing a single arm j* for all 7" rounds.

Since the optimal policy is the same as in the standard stochastic bandits problem,
one may imagine that similar learning algorithms can be applied here. However, note that
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the usual regret-minimizing strategies (such as UCB) keep exploring all through their run.
This involves switching to sub-optimal arms in order to make sure that unlikely events of
good arms collecting small rewards get detected. Such strategies are not suitable for the
subscription model under increasing fidelity rewards, since a single switch of arms resets
the count () ; to zero, resulting in a significant loss of fidelity rewards. In particular, any
strategy that switches an arm after time €I" (for a constant € € (0,1)) must suffer a regret
of at least Fj«(¢1') which is of order (7T") except in trivial cases.

However, an expected reward that is not much smaller than that of the optimal strategy
may be achieved by any strategy that is able to identify an arm achieving the optimum early
on. Indeed, strategies designed for best-arm identification may be used directly to achieve
sublinear expected regret in the stochastic subscription bandits problem with decreasing
fidelity reward. In best-arm identification problems, the goal of the learner is to learn the
identity of the arm with the highest expected reward. Instead of reviewing the growing
literature of best-arm identification, we show how such a simple strategy may be adopted,
in a straightforward manner, to obtain strategies with sublinear regret. We refer the reader
to the book by Lattimore and Szepesvari (2020) for an exhaustive survey.

The notion of simple regret proves to be useful in our approach. To define the simple
regret, we first define the sub-optimality gap of arm j as A; = pj« + Fj«(T)/T — (pj +
Fy(T)/T) where j* = argmax;;<x(u; + Fj(T)/T). (Note that in the case where the
fidelity functions are the same across all arms, ﬁj = pj — pj = Aj.) The simple regret of
the best-arm identification strategy outputting arm J is defined as

EA; .

Suppose that one plays a best-arm identification strategy during the first tg < 7" rounds,
besed on the fidelity-augmented rewards X; ; + F;(T") /T, at the end of which the algorithm
identifies an arm J € [K]. For the rest of the rounds t € {to + 1,...,T}, the strategy plays
arm J, independently of the rewards. During these T — tg steps, the strategy accumulates
a total expected reward of E[(T — to)uy + F7(T — to)].

The expected regret of the above-defined strategy may be bounded in terms of the simple
regret, since

E[R7] Tuj + Fy=(T) = E[(T — to)ps + Fy(T — to)]
Tpj» + Fje(T) = E [Ty + Fy(T)] + 2to

= 2TEA, + 2t .

<
<

The simplest best-arm identification strategy samples all K arms |to/K | times and outputs
an arm that maximizes the empirical reward accumulated over this time. This simple
strategy achieves an expected simple regret bounded by C'\/(K log K)/ty for a universal
constant C' (see Lattimore and Szepesvari (2020)). Substituting this into the upper bound

above and choosing tg ~ T%/3(K log K)'/3, we obtain the following.

Theorem 12 Consider the stochastic bandit problem in the subscription model with in-
creasing fidelity rewards. There exists a strategy of play whose expected regret satisfies

E[Rr] < CT**(Klog K)'/*

where C is a numerical constant.
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Of course, the naive algorithm used here is not optimal and more sophisticated best-arm
strategies may be used to improve the regret bound. In particular, one may get a bound
that is logarithmic in 7" but depends on the sub-optimality gaps A;. However, we conjecture
that even an improved strategy will not be able to achieve regret of order /KT since the
fidelity functions can be chosen such that any algorithm which explores sufficiently must
pay in terms of the fidelity rewards, much like in the increasing loyalty points model in
Section 3.2. Moreover, the use of such improved strategies involves the same key idea and
we prefer to present the idea here in its simplest form.

6.3 Adversarial rewards

Next we consider the adversarial version of the problem. As noted in Section 6.1, the only
class of minimal and sufficient sets contains the single set Jy of single-arm strategies. This
implies that the notions of weak and strong regrets coincide as the learner simply competes
with the best single-arm strategy.

It is easy to see that one cannot expect to achieve sublinear regret in general. In fact,
for any sequence j = (ji,...,Jjr) of actions, the corresponding cumulative reward S7(7) is
at most the analogous cumulative reward in the loyalty-points model. To see this, note that
every arm switch in j reduces the cumulative reward in the subscription model more than
in the loyalty points model. Hence, minimizing regret with respect to the class of single-arm
strategies is at least as hard in the subscription model as in the loyalty-points model. In
particular, Theorem 4 immediately implies the following:

Theorem 13 Consider the adversarial bandits problem in the subscription model with in-
creasing fidelity rewards, where the fidelity function is the same for every arm. Define
d = f(7T/8) — f(T/8). Then for every policy 7 there exists a sequence of rewards such that
the regret satisfies s
Rr(m) > 0

The theorem shows that if the fidelity function grows substantially between (say) 7'/8
and 77T/8, one cannot expect sublinear regret. If this is not the case, sublinear regret may
be possible, depending on the fidelity function. In the rest of the section we take a closer
look at the special but important case when the fidelity reward follows a step function.
More precisely, consider the case where the fidelity functions take the form

1 ift>m

fj(t):{O ift<m

for all j € [K] and for some positive integer m < T'. We refer to f;(t) as an m-step function.
Theorem 13 shows that when m > T'/8 (or more generally, when m = (7)), sublinear
regret cannot be guaranteed. However, for small values of m, small regret is achievable.
To see why, consider first the extremal case when m = 1. In this case, the only time
when the player does not receive a fidelity reward is when the player switches actions.
Hence, the problem is equivalent to a bandit problem with switching costs that has been
studied in the adversarial setting by Dekel, Ding, Koren, and Peres (Dekel et al., 2014) and
Cesa-Bianchi, Dekel, and Shamir (Cesa-Bianchi et al., 2013). In particular, Theorem 1 of
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Dekel et al. (2014), shows that for every randomized strategy in the bandits with switching
costs problem, there exists a sequence of rewards such that the regret is Q(T2/ SKY 3) for
K<T.

This lower bound is, in fact, achievable. In fact, an easy “batch” modification of the
EXP3 algorithm shows that regret of the order of O(T%/3K/3m1/3) is achievable when the
fidelity reward is an m-step function. This is stated in the next theorem.

Theorem 14 Consider the adversarial fidelity bandits problem in the subscription model
with the m-step fidelity function. There exists a randomized strategy whose expected (weak
and strong) regret satisfies

E[9R7] = O((K log K)'/3T?/3m1/3) .

In particular, sublinear regret is achievable whenever m = o(T'), hence characterizing
the range of values of m for which sublinear regret is achievable.

7. Subscription model: decreasing fidelity rewards

We continue the study of the subscription model in the case when the fidelity rewards f; are
nonincreasing functions of Q¢ ; = 1yj,—;(t —max{s <t : Js = j,Js—1 # j}), the number
of consecutive plays of arm j prior to the current time step.

This case is substantially different from the case of increasing fidelity rewards studied in
the previous section. As always, we start by determining the class of minimal and sufficient
sets that allow us to design regret minimization strategies in the stochastic model and to
define regret in the adversarial case.

7.1 Minimal sufficient sets

In order to define the minimal sufficient sets for given nonincreasing fidelity functions
fi,---, fx, we need to characterize the sequences j € [K]T that can have a maximal ex-
pected reward in the stochastic bandit problem for some values of the expected rewards
Wi, ..., i of the K arms. To this end, note that for fixed uq, ..., ux, it is optimal to play
the arm j* with the largest expected initial reward, that is, j* = argmax; < ;< {1j + £;(0)},
repeatedly until time m € [1,T] when g« + fj=(m+1) < maxj;+«{p; + f;(0)}, that is until
its expected reward drops under the initial expected reward of the second best arm. An
arm j*() € argmax;; f; is then played once to allow for the @) value of the optimal arm
to reset and then arm j* is played again for m steps. This is then repeated in every period
of m + 1 steps.

Each such sequence j is indexed by a triplet (i, k,m) € [K]x [K]|x [T —1], corresponding
to periodically playing arm ¢ m € N times before arm k is played once and then repeating
it. Denote this sequence by

gl k,m) = (iy... 0, kyiy... 0, k,--+) (8)
N—— =
m times m times

Moreover, if the fidelity functions f; are strictly decreasing, then every such sequence is the
only optimal sequence for some values of u1,..., ux. Hence, in such cases, there is only one
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minimal sufficient set, containing all sequences of the form j(i,k, m), that is,
J =A{3(i,k,m): (i,k,m) € [K] x [K] x [T —1]} .

Moreover, in all cases, the minimal sufficient set is unique and it is a subset of J defined
above.

7.2 Stochastic rewards

In this section we show that one may achieve sublinear regret in the stochastic version of
the problem. As it is shown in the previous section, the goal of the learner is to achieve
an expected reward that is not much smaller than the expected reward corresponding to
playing the best sequence of the type j(i, k,m), that is,

W (i, o, .
(Lk,m)e[fr(r]lg}[(K]X[Tfl] (i prg, m) (©)
where
def. T T
Hrippe <T_ hmD o LnHJ e

+ hﬁlJ (Fi(m) + Fe(1)) + F; (T —(m+1) LnilJ) (10)
is the expected reward of playing arm ¢ m times, then arm j once and repeating this until
horizon T in a subscription bandits problem where the expected base rewards are given by
Ui, - - pi- We denote by (i*, k*, m*) a triple achieving the maximum in (9).

The proposed strategy is similar to the one of Section 6.2 in that the first ¢y rounds of
the game are used purely for exploration. After time #g, the strategy commits to a triplet
(i, k,m) and plays accordingly.

More precisely, up to time g, the strategy samples each arm |¢y/K | times and computes
the empirical average of the observed base reward of each arm. Denote these estimates by
i1, .., k. By a simple use of Hoeffding’s inequality, we have

~ Klog K
E F— ] <y ——. 11
jnelfa%]“ij pil < \/ %o (11)

Let i and k denote the arms corresponding to the two highest values of fi; + f;(0) such that
; + f;(0) > iz + f;.(0). (In case of ties, we may choose arbitrarily.) Moreover, let m denote
the corresponding period length, that is,

fﬁzmin{m S+ f(m 1) < ﬁk+fk(0)} .

Equivalently,

(i, k,m) = argmax Wy (7, fig, m) - (12)
1:7j7m
Starting from time tg 4+ 1, until time 7', the strategy plays according to the sequence
3, k,m).
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Theorem 15 Consider the stochastic bandit problem in the subscription model with de-
creasing fidelity rewards. The expected regret of the explore-then-commit strateqy defined
above with ty = (27)%/3(K log K)/? is bounded by

E[R7] < 3723 (K log K)'/? .

Proof Conditionally on the rewards observed during the first ¢y periods of play, the ex-
pected reward of the proposed strategy for the remaining T" — ¢y rounds equals

Wr_t (:U’%v ) m)

> WT(,u%, Wy, M) — 2ty (since all rewards are bounded by 2)
> Wr(i;, g, m) — 2t — Tmax |5 — byl
> Wr(His, e, m™) — 2t0 — TmaX i — gl (by (12))
jelK]
> WT(,UZ , k*,m*) — 2t0 - 2T max |ﬁ] - Mj| .
jelK]

Taking expected values and using (11), we get that

. . Klog K
E[%T] S WT(Mi* y HE* 5 1 ) - IEI/‘/T—to (/J,;, /'L]Acv m) < 2t0 + 2T th .
Choosing tg = T%3(K log K)'/? /2, we obtain the stated bound. [ |

We remark that, just like in the case of increasing fidelity rewards, one may also design
strategies that yield regret bounds that have a logarithmic dependence on the time horizon
T. For example, one may use successive elimination strategies in the exploration phase to
identify the two arms ¢* and k£* played by the optimal strategy. The price to pay is that
the regret bound depends on the means p; of the arms. In particular, they depend on the
gap between the expected reward of the best and second best arm, as well as on the gap
between the expected reward of the second and the third best arms. In order to keep the
discussion simple, we omit these regret bounds from this paper. We also note that there
is currently no known lower bound for the stochastic subscription model with decreasing
fidelity rewards, so determining the optimal dependence on T and K in this problem remains
an open question.

7.3 Adversarial rewards

In this section we show that in the adversarial bandit problem in the subscription model with
decreasing fidelity rewards, it is possible to achieve sublinear regret. Recall from Section 7.1
that in this model, there is only one minimal sufficient set, and in all cases it is a subset of
the class J containing all sequences of the type j (i, k,m) for (i, k,m) € [K] x [K] x [T —1].
Hence, weak and strong regret of a policy 7 coincide and, recalling (3), are bounded as

Rey(r) < Sr(§ (i, k,m)) — Sr(r) .
T(ﬂ)_(i,k,m)e[lrg]li)[{K]x[T—l] 7(3(i, k,m)) — Sr(m)
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In other words, our goal is to design a strategy whose expected cumulative reward is close
to max; . m) ST (J (i, k, m)).

Our approach is to treat each triple (i,k,m) as an “expert” that plays according to
the sequence j (i, k,m) and design a strategy that competes with the best expert. To this
end, we use a variant of the exponentially weighted average forecaster that assigns a weight
to each expert, based on an exponential function of its estimated cumulative reward, and
selects a random expert with probability proportional to its weight. A difficulty in the
subscription bandits problem is that the reward of the strategy depends not only on the
reward of the chosen expert but also on the number of consecutive plays of the selected arm.
Therefore the reward an expert would gain from playing an arm in a given round may differ
from the actual reward the learner receives. In order to keep such deviations under control,
we draw inspiration from the lazy label efficient exponentially weighted average forecaster
proposed by Cesa-Bianchi, Lugosi, and Stoltz (Cesa-Bianchi et al., 2004). The forecaster, at
each time instance, flips a biased coin that comes up heads with probability €, where € is a
small, appropriately chosen value. When the coin flip results in heads, the forecaster selects
a random arm, plays it, and updates the estimated cumulative reward of each expert. Then
the algorithm selects a random expert according to the exponentially weighted average
distribution over the experts, and plays according to the sequence corresponding to the
selected expert until the next time when the coin flip comes up heads. This “lazy” play
guarantees that the strategy switches between experts at most about €7" times, making the
possibly adverse effect of switching between experts negligible.

More precisely, at every time t € {2,...,T}, an independent Bernoulli random variable
Zy with P{Z; = 1} = 1 —P{Z; = 0} = € is drawn. If Z; = 1, then the strategy simply
explores by selecting an arm J; chosen uniformly at random. (We define Z; = 1 to ensure
that the strategy explores in the first step.) These time instances are used to estimate the
cumulative reward of each expert. In particular, for an expert (i, k,m) € [K] x [K] x [T —1],
let ji(i, k,m) € [K] denote the arm played by the expert at time ¢, that is, the ¢-th element
of the sequence j(i, k,m) as defined in (8). The cumulative reward of the expert, at time ¢,
is

t
Se(3(i, k,m)) Z sjsieom) + @i, k,m))

s=1

where we define

(i, m) = % QTJ (Fi(m) + F,(1)) + F; (T —(m+1) {TD)

m—+1 m—+ 1

as the normalized total fidelity reward received by the expert.
Si(4 (i, k,m)) is estimated by

t
zk:m Z o (i,kym)

where

S def. K 4
Y,]S(z k,m) = 2 — 7]123 1]1J5—j5(z k:m)(2 - Xs,js(i,k,m) - (I)(Za kam))
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is the estimated reward of expert (i,k,m) at time s, where Jg indicates the arm played by
the learner in round s. Note that the factor K /e guarantees that E?S@,k’m) = X j(ikym) +
(i, k,m) and therefore §t(i, k,m) is an unbiased estimator of the cumulative total reward
of the expert. It is convenient to introduce the estimated “losses”

~ def. , G K ;
s ikom) = 2= Ys (i jom) = ?]lZszl Lyo—jstie,m) (2 = X g, 6,km) — @4, k,m))

Note that 287(,~7k7m) is always nonnegative, a property that is crucial for the proof below.
In the time instance immediately following an exploration step — unless the Benoulli

random variable again equals 1 —, the learner selects an expert (Iy, K¢, M) € [K] x [K] x

[T —1] at random, based on the exponentially weighted average distribution. More precisely,

def. w i,k,m
P (T, K M) = (ko) = oy S =

where P;_; denotes conditional probability given the past and

We i om) = exp(nS4 (3 (i, k,m)))

and

W, = > exp(nS; (4 (i, k,m))) -

(ik,m)€[K] x [K]x[T—1]

Then the learner follows the expert (Ir, K¢, M;) until the next time the Bernoulli variable
takes value 1. More precisely, if for some ¢, Z; = 1 and ¢/ = min{s > ¢ : Z; = 1}, then
for all time instances s € {t,...,t' — 1}, the learner plays the arms according to positions
t,...,t' — 1 of the sequence j(I}, K¢, My), as defined in (8). The algorithm is described in
detail in Figure 2.

The next theorem establishes sublinear regret for the performance of the proposed strat-
egy. In particular, it shows that the expected regret grows at a rate at most O(TQ/ 3). As
in the stochastic setting, it remains an open problem to determine if this rate is optimal.

Theorem 16 Consider the adversarial fidelity bandits problem in the subscription model
with nonincreasing fidelity rewards. Then, choosing the parameters of the algorithm as

n = (log(K*(T — 1))/(2TK))2/3 and € = K\/n, the expected (weak and strong) regret of the
strateqy define above satisfies

ERr < 3(2TK)*?log!/? (K*(T — 1)) .

Proof Let J = (Ji,...,Jr) € [K]" denote the (random) sequence of arms played by the
strategy. The strategy is defined such that, except for the times when Z; = 1, the strategy
follows the expert (I, K;, My), that is, J; = 3,(Iy, Ky, My).

Define the “pseudo” reward of the strategy by

T
e Z Xy, + (I, Ky, My)) .
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Input: T (horizon), € € (0,1) (sampling probability), n > 0 (learning rate).
Initialize: wq (; xm) = 1.

1: Sample T independent Bernoulli(e) random variables Z1,..., Zr .
2: Set Z1 =1
3: forall t=1,...,7T do

4 if Z; =1, then

5 Select a uniformly random arm .J; and observe X; j,;

6 Compute wy (; m) = exp(nSy (3 (i, k,m))) ¥(i, k,m) € [K]2x[T—1];

T: end if

8 if Z; =0, then

9: if Z;_1 =1 then

10: Draw a random expert (I;, K;, M;) according to the distribu-
tion py (i km) = Wi—1,(i,k,m)/ Wi—1 and play according to the t-th
position of the sequence j(It, Ky, My);

11: else

12: Play according to the same expert as at time ¢ — 1.
13: end if

14: end if

15: end for

Figure 2: Lazy strategy for adversarial bandits with decreasing fidelity rewards, subscrip-
tion model

The key observation is that, since the fidelity rewards are decreasing, the realized total
reward of the strategy is at least

T T
ZXtJt+th Qt 1Jt ZET_2Z]]'{Zt:1}7
t=1 t=1

since Zthl Lyz—1y is the total number of times the strategy switches experts and the
rewards are bounded in [0,2]. Hence, it suffices to show that the total expected pseudo
reward [EST is not much smaller than

T

(ntax) St(3(i,k,m)) = (I-Izax) (Xt ji(iem) + @i, k,m))

As it is customary in the analysis of exponentially weighted average forecasters (see Cesa-

Bianchi and Lugosi (2006)), we compare upper and lower bounds for the “weight” W;. On
the one hand,

Wr

log 77~ = log Z exp(nSr(j(i,k,m))) | — log(K*(T — 1))
> e S (i, k) — log(KX(T 1)
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On the other hand, log(Wr/Wo) = Y1, log(Wi/W;_1) and for each t € [T], we have

Wy
Wi

log

= log | D Pigikm) exp(nYilisk,m))
(3,k,m)

= 2n+log Z pt,(i,k,m)eXp(_nZt,(i,k,m))
(4,k,m)

IN

2 +1log | D Peim) (1—7747t,(z',k,m) i ol <zkm>>
(i,k,m)

(using e™® < 1 —z + 22/2 for > 0)

21>
< 2n—n Z P, zkm)gt(zkm)"’_i Z P, zkm)g t,(i,k,m)

(¢,k,m) (4,k,m)
(using log(l +x) <z forall z>—1 and Zt,(i,k,m) < 2K /e)
2’ K
<7 Z pt(zkm 1km)+7 Z by, zkm t,(i,k,m)
(3,k,m) (3,k,m)

(by definition of lz’(@km) =2- ?s,(z‘,k,m))

Comparing the upper and lower bounds obtained for log(Wp/Wp), we have that for all
(i K',m') e [K] x [K] x [T —1],

T
Z Z Pr(igem) Y Gkm)y = ST K, m")

t=1 (Z7k7m)

log(K2(T - 1)) 2K < -
- - Pt me i,k,m) *

Taking expected values on both sides and noting that

EZ Z Py, zkm)Y;f(zkm) E§T7
=1 (i,k,m)

we get

2 p—
ESy > max Sr(j(i,k,m)) - log(KX(T' 1)) _ 4TnK
1 m 77 €

and therefore
log(K2(T — 1)) N 4TnK

n €

ERpr < + 2T€ .
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Optimizing the upper bound suggests the choices

o 2 2/3
e=K,/n and 77—<1 g(Kﬂg‘;{ 1))>

)

yielding the announced upper bound. |

8. Subscription model: coupon rewards

We finally consider the subscription model with so-called “coupons” fidelity rewards. Here
the player earns an additional reward r; € [0,1] after each consecutive p; € N plays of
an arm j. As we will see, this setting is similar to the loyalty points model with coupon
rewards which was studied in Section 5. However, a key difference is that here, in order to
get any additional fidelity reward, an arm needs to be played p; times consecutively.

8.1 Minimal sufficient sets

We begin by considering the class of minimal sufficient sets for the subscription model with
coupon rewards. For this, we note that due to the need to be playing an arm continuously
in order to receive any fidelity reward, any optimal sequence j € [K]” will mainly consist
of consecutive instances of any arm, where the length of these segments is determined by
pj, the period of arm j. Moreover, it can easily be seen that if p; = p for all arms j and T’
is divisible by p, then the optimal strategy is to play the arm maximizing p; + 7;/p for all
rounds t = 1,...,7T, and thus the minimal sufficient sets are the single arm strategies Jy. In
the more general case, the minimal sufficient sets may not simply be single arm strategies.
However, by an argument similar to the one in the loyalty points setting, we can show that
the total reward accumulated by the best single arm strategy is not too far from that of the
best minimal sufficient set. In particular,

Lemma 17 Let p denote the least common multiple of the period lengths p1,...,px. Then,

~max Sr(7) — max S;(5') < 2p .
Jjelgec, J i'€o

Therefore, as in the coupons loyalty points model, we compare our algorithms to single
arm strategies knowing that the maximal reward of such strategies does not differ too much
from the true maximal reward.

8.2 Stochastic rewards

From the above discussion, it is clear that to gain the additional fidelity reward, each time
an arm j is played, it should be played for p; rounds consecutively. Since the fidelity
functions are known, so are the p;. Therefore, we consider algorithms that run in batches,
that is, they select an arm j using all the available data up to that point, then play that
arm p; times before updating the estimates and selecting another arm. While in principle,
any standard algorithm for the multi-armed bandit problem could be used to select the
arms at the beginning of each batch, for simplicity, here we consider a batch version of
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the UCB algorithm (Auer et al., 2002a). We aim to accumulate rewards comparable to
T maxc(g)(pj +1j/pj) and so we use confidence bounds of the form.

LTy 2log(KT)

UCB X
t(]) b Pj Ny ;

(13)

where Yt,j is the average base reward from Ny ; plays of arm j up to time ¢. Note that each
arm j is played p; times when it is selected. This leads to the following regret bound, the
complete proof of which is given in Appendix B.1.

Theorem 18 The expected regret of the Batch-UCB algorithm wup to horizon T in the
stochastic coupons subscription model can be bounded by

16 log(TK)
E[%T]SZL+Z A+ ( 1+ ) > Aj+2p
: A
J#J* J J#J* J#I*

where AJ = maxze[ k) (i +7i/pi) — (g +15/pj). So the worst case regret bound is E[Rr] =
(VETlog(T) + 31 pj + 7).

The above regret bounds exhibit the expected optimal leading order terms. However, it
is still an open question to determine whether the dependence on the period lengths p; can
be improved.

8.3 Adversarial rewards

Since we know that the best single arm strategy is almost optimal in the subscription
coupons model, we aim to develop an algorithm that is competitive with that. Unlike
in the loyalty points model with coupon rewards where we could simply use a standard
adversarial bandits algorithm with augmented rewards, the subscription structure of the
fidelity rewards here means that we need to be a bit more careful to guarantee that the
augmented rewards are actually similar to the accumulated rewards. Specifically, this means
that we need to play in batches and play each arm j some multiple of p; times whenever it is
selected. For example, we may select arms using the EXP3 (Auer et al., 2002b) algorithm
and then play them p times, where p is again the least common multiple of the period
lengths p1, ..., px. This gives the following regret bound,

Theorem 19 Selecting arms according to the EXPS8 algorithm with parameter A = min{1,

pf({eloif(K} and playing each arm j p times when selected in the adversarial coupons sub-

scription fidelity bandits model leads to regret of
E[R}] = O(v/pKTlog(K)) ,

where p is again the least common multiple of the period lengths p1, ..., pK.
Proof The proof follows by considering an adversarial bandits problem over S = |L|
rounds. In each round s = 1,...,S5, the algorithm selects an arm J; using the EXP3 algo-

Xt,5+75

rithm and receives reward EteTS% € [0, 1] where T is such that |Ts| = p and represents
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the set of time points t = ps+ 1,...,p(s +i) in the fidelity bandits problem where we are
playing arm j p times consecutively. Let SRg denote the regret in this modified problem

T
2p=1 Xb,i 57
P

compared to playing arm j* = argmax;<;<x , which we note is the same arm

as the best single arm strategy in the original problem. By Lemma 17, Ry < 2pRs + P, 50
it suffices to provide a bound on Rg. This can be done by applying the analysis of EXP3 in

Corollary 3.2 of (Auer et al., 2002b). In particular, for parameter A = min{1, ﬁ[((el_oif)(?)},
E[Rs] = O( %g(l())’ thus giving the result. [ |
Remark 20 Note that when p1 = --- = px = p, then the regret is simply O(\/pKT).

Howewver, in other cases, depending on the periodicities, p can be significantly larger than
any single pj. By a simple modification of the argument, the regret bound can be improved
to O(;%\/KT) by considering a variant of EXPS3 that plays each arm j exactly p;

1’1’111’1]' pj
. L . Xy j4r;
times when it is selected, using the pseudo-rewards Zt;f;aixjt;jr] €10,1] and S < Lmi;;'; pjj
rounds. However, to avoid some technicalities arising from the fact that the number of
rounds becomes random, we chose to present the simplest version. It is also an open question

to determine the optimal dependence on the periods p1,...,pK.-

Remark 21 The above result assumes that p; is constant for all j € [K]. Clearly if p;
are such that p = Q(T), the bound in Theorem 19 becomes vacuous. In such a case, one
may simply ignore the fidelity reward of any arm with p; = Q(T) as it is not received often
enough to make a significant difference to the cumulative reward. In fact, for p; = Q(T1/4)
it is better to ignore the fidelity rewards. We omit the straightforward details.

Remark 22 From Theorems 18 and 19, we observe that the cost of playing in batches is
additive in the stochastic case, and multiplicative in the adversarial setting. This is to be
expected since playing in batches can almost be viewed as a form of delayed feedback. It
1s known that the penalty for receiving delayed feedback is multiplicative in the adversarial
setting (see, e.g., Joulani et al. (2018)), so our results are consistent with this.

9. Conclusion

In this paper we have studied several instances of the fidelity bandits problem where the
reward of each arm is augmented by a fidelity reward which measures how loyal the player
has been to that arm in the past. Our focus has been on the settings with adversarially
generated base rewards, although we also analyze the stochastic version of the problem
for completeness. For this problem, the definition of the regret when the rewards are
adversarial is nontrivial. By considering the stochastic analogue of the problem we suggest
several natural regret definitions. In particular, we define the regret with respect to a
class of policies which may be optimal for some configuration of the stochastic problem, a
technique which we believe may be applicable in many settings beyond the fidelity bandits
problem studied here. Our main interest in this paper was to determine when it is possible
for these regrets to be sub-linear. We considered two forms of fidelity reward, namely the
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loyalty points model where the fidelity reward depends on the number of times of an arm
was previously played, and the subscription model where the fidelity reward is a function
of the number of consecutive plays of an arm up to that point.

Our findings show that learning with adversarial rewards and increasing fidelity functions
is hard, with ©Q(7") bounds presented for even the weakest regret definition in both the
loyalty points and subscription model. However, these results are worst case, so it remains
a possibility that for specific fidelity functions sublinear regret could be achieved (see, e.g.,
the results for m-step functions in Section 6.3). For decreasing fidelity rewards, the picture is
more positive. Although we provide Q(T") lower bounds for the strongest notions of regret in
the loyalty points model, we show that for weaker notions of regret, it is possible to achieve
sub-linear regret in this case. This means that we are able to perform comparably to
some near-optimal sequence of actions. For the subscription model, we show that sublinear
regret is possible for even the strong regret when the fidelity rewards are decreasing. The
reason for this distinction is that in the subscription model, due to the fact that the fidelity
reward depends on the number of consecutive plays, there is only one minimal sufficient
set, simplifying the class of comparator policies for the strong regret. Lastly, we note that
in the coupons rewards setting, where a bonus reward is obtained every p; (consecutive)
plays of arm j, it is possible to get sub-linear strong regret in both the loyalty points and
subscription models with adversarial base rewards. Interestingly, in this case, the effects
of the fidelity rewards are different in the subscription and loyalty points models, with the
regret scaling mutliplicatively with the periodicity of the coupon function in the subscription
case, while it only increases additively in the loyalty points model.

Although we have considered several forms of fidelity reward in this paper, there are still
other realistic assumptions one could make on the fidelity reward. For example, it may be
interesting to consider more general periodic fidelity functions, or other measures of fidelity
such as the number of times the arm has been played in the last m plays. This is left for
future work.

We also point out that throughout the paper we have assumed that the entire fidelity
functions are known to the forecaster, although typically the algorithms only require knowl-
edge of the cumulative fidelity reward F;(7"). It remains to be seen if this can be reduced to
requiring no knowledge of the fidelity reward. A related problem is whether one can remove
the need to know the horizon T and develop anytime algorithms for fidelity bandits prob-
lems. A key challenge here is that the optimal sequence of arms typically depends on the
horizon so standard techniques such as the doubling trick (see e.g. Besson and Kaufmann
(2018)) may not be applicable. For example, in the subscription model with increasing fi-
delity rewards, since we lose any fidelity reward accrued when we switch arms, it is possible
to construct fidelity functions such that even if we played the best arm for an entire phase
we may not get enough fidelity reward, so the doubling trick could lead to linear regret. By
assuming that the average fidelity reward is stationary over time or independent of 7', one
may be able to adapt our results to the anytime setting, but we leave this to future work.

Lastly, we note that our aim in this paper was to understand when it is possible to
achieve sub-linear expected regret in the fidelity bandits problem. As such, some constants
or rates (particularly in the stochastic reward case) may not be tight. Therefore, tightening
them and/or providing matching lower bounds remains an interesting open problem. We
have also focused on providing bounds on the expected regret. We imagine that our analysis
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for upper bounds in the stochastic setting can be easily extended to obtain high probability
bounds. On the other hand, obtaining high-probability upper bounds on the regret in the
adversarial setting is less straightforward and we leave this topic for future research.
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Appendix A. Proofs for the loyalty points model with increasing rewards

A.1 Proof of Lemma 2 (Optimality of single arm strategies for increasing
loyalty points bandits)

Proof Suppose that a sequence j plays arm j N; times up to time 7" (and therefore
Z]K: 1 N; =T). Then the total (pseudo) reward of such a sequence is

K Nj K

Sr(@) =>_ | Njwj+>_ fim) | = DN, (Mj + jsijj(Nj)>
j=1 n=1 j=1
K

> N (uj + ;Fj(T)>

j=1

IN

(since the f; are increasing functions)

1 ~
< T@i’% {MJ+TF](T)} Sr(* 3% 37)

Hence there is a single-arm strategy whose total reward is at least as large as that of j.
|
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A.2 Proof of Theorem 3 (Regret of UCB in stochastic loyalty points bandits
with increasing fidelity rewards)

Proof This proof is similar to the standard proofs of the regret bounds of UCB (see Auer
et al. (2002a); Lattimore and Szepesvari (2020)) with some adjustments to deal with the
fidelity functions.

Let B = ﬂszl Ny {uj + F;(T)/T < UCB.(j)} be the event that the upper confidence
bounds on each arm hold at all time steps. We show that on event B, the number of plays
of sub-optimal arms is small. First, we write

T
Rr = > (e — s + F5=(t) = £1,(Ne-1,2,)))
t=1
K T K Nr;
= DNyl =) + YL =YD fin)
j=1 t=1 j=1 n=1
K T Nrj
= D Nyl =)+ D fir) = D0 D fi(n)
=1 n=Nr,jx Ji#i* n=1
K
< Y Npj(pe = pg) + (T = (T = Y Neg)fy(T) = > Nojif;(0)
Jj=1 J#5* J#5*
(since the fidelity functions are increasing)
<Y Npy(pge — i+ f3+(T) = £350))

Jig#I*

since Npj« =T — Zj#* Nrj.
Hence, it suffices to bound the number of plays of each sub-optimal arm. Let m; =

810%(5[)—‘ and observe that on the event B, if N;; > m; arm j will not be played again.

i
Indeed, in this case, for any number of plays m* of the optimal arm,

N 1 2log(KT) 1 2log(KT)
B =X+ =F:(T ———= < i+ =F(T)+ 24| ———=
UCB.(j) t,J+T (1) + m; _MJ+T 5(T) + m;
1 ~ 1 .

and therefore arm j is not played again.
Then, using the fact that the confidence bounds hold with probability 1/(KT)? (by
Hoeffding’s inequality), the expected regret may be bounded by
ERr = E[%TILB] + IE[E)‘{TILBC]
< Y E[Np,lpl(ue — pj + f3+(T) = £5(0)) + TP(BC)

G
T K
< ¥ {Sk)gg(imw (e = 5 + fi=(T) = £0) + T Y “P(p; + F(T)/T > UCBy(j))
G j =
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8log(KT) 1
< ) <~2 + 1) (g =i+ f3(T) = f50)) + 4=
Jg#5* J
proving the result. To obtain the worst case regret bound, we use standard techniques (see,
e.g. Lattimore and Szepesvéari (2020)) and set ﬁj ~ Kl(iﬁ(T). [ |

A.3 Proof of Theorem 4 (Lower bound on the regret for the adversarial
loyalty points bandit problem with increasing fidelity reward)

Proof It suffices to consider the two-armed setting (i.e., K = 2). The argument may easily
be extended to multiple arms, for example, by replicating the rewards of the two arms. We
may also assume that 7' is even and the fidelity functions of each arm are the same. We
write F(t) = S\, f(s) for the cumulative fidelity reward.

In order to prove the theorem, we consider just two possible sequences of rewards. In
both cases arm 1 has reward X;; = §/5 for all ¢ € [T]. Also, in both cases arm 2 has reward
Xo¢ =0 for all t € [T'/2]. The reward Xy, of arm 2 for all t > T'/2 equals 0 in case (1),
while it equals ¢ in case (I1).

We know that in this problem single arm strategies are optimal. In case (I), the optimal
arm is arm 1 with total reward 70/5 + F(T'), while in case (1), the optimal arm is arm 2
with total reward 79/2 + F(T).

Consider any policy and denote by 7 the number of times the policy chooses arm 1 up
to time 7'/2. Similarly, 7o denotes the number of times the policy chooses arm 1 between
times 7//2 4+ 1 and T'. Note that 71 is the same in cases (I) and (I]) as up to time 7'/2 the
two cases are identical.

If 1 < T'/4, then in case (I) the policy suffers regret at least 79/20, so in the rest of
the proof we may assume that 73 > 7'/4 and we consider case (I1).

In that case the total reward of the policy equals

o To
(Tl_;TQ) +7—TQ5+F(T]_+7-2)+F(T_T]__7—2).

Thus, since arm 2 is optimal, the regret becomes

.
? + % L F(T) — (F(m+m) +F(T -1 —7)) .

Rr =

If 79 > 71 — T'/8, then the regret is at least

—710 4716
Ry > 75-1 + % (since the fidelity reward is nondecreasing)
3’7’15 T(S
> 2 27
- 5 10
T
> 2—3 (since p > T'/4).
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Finally, if 7o <7 — T'/8, then
. T 7T
L+ T
1 2 4 8 )
and therefore, by the nondecreasing property of the fidelity rewards, for any ¢ € [T], F(t) +

F(T —t) is nonincreasing in ¢ < T'/2 and nondecreasing in ¢ > T'/2. Hence,

F(T)—(F(ni+m)+FT—-1—-m)) > F(T)-F(TT/8)— F(T/8)
T/8
= > (f(T—t)— (1)
t=1
T TS

SW(TT/8) = f(T/8)) =

Y

Hence, the regret satisfies

—116 ~T6 _Ts Té
S E() ~ (F(rim) + F(T =7 =m)) 2 5+ o = 5o -

Ry >

Appendix B. Results for Stochastic Coupons Subscription Model

B.1 Proof of Theorem 18 (Regret bound for the Batch-UCB algorithm in the
stochastic coupons subscription model)

We first bound the number of plays of any sub-optimal arm.

Lemma 23 For any sub-optimal arm j,

2
+p;j+1+—

OSE[NJ'(T)] < w e

- A2
AJ

Proof Let B be the event that the confidence bounds hold for all arms at all time steps,
that is, B = ﬂjK:l Ny {1; < UCB(j)}. Then define n; = [%TKW = m;p; +l; for

some integer m;‘ € N and remainder 0 <[; < p;. We now show that on event B, if we have
played arm j n} = (m;k +1)p; > nj times, then it is not played again. Indeed, if ¢ is such
that NV;; > ﬁj > n;f, then,

log(TK) .

log(TK)
N S —
T

UCBy(j) = Y +2 4y [ < Qi+ A = fij- < UCB(5%).
J

rs
Pj
and j* = argmax; ;< f; + . Hence, UCB(j) < UCB(j*) and so we would play arm

Here we have used the deﬁmtlon of the confidence bounds and the notation f; = p; +

7% and not play arm j again. Consequently arm j is not played more than n} times.
Using this, we bound the expected number of times we play arm j as,

E[N7;] = E[N7;1{py] + E[N7;15cy] < nj + TP(B®)
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K T
* . 16log(T K 2
< (mj +1)p; +T E E P(u; > UCBy(j)) < ’78(2)“ +p; + e
j=1 t=1 J

where we have used the fact that the confidence intervals hold with probability at least

1- ﬁ Using the trivial bound [z] <z + 1 and noting that N;(T') > 0 gives the result
of the lemma. |

Using this, we now prove the regret bound in Theorem 18.
Proof We play each arm j in batches of p; plays. Denote the number of such batches of
arm j as Br; and note that Ny ; = p; By ;. Using Lemma 17, we write the regret as,

K
T _
E[Rr] = T(u;+ + ﬁ) +2p— Y E[Br,l(pju; + ;)
J j=1

K
)= Y ENrl( + )+ 25 =Y E[NrjlA; +2p
=1 Pi i

where Aj = max;<j<r{j; + ;—j} (pj + ) Substituting the result from Lemma 23 into
the above result gives,

E[mﬂgzw + ) A+ ( 1+ ) > A+ 25

J#J* Aj J#I* J#I*
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