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Abstract

In this paper, we study a learning problem in which a forecaster only observes partial
information. By properly rescaling the problem, we heuristically derive a limiting PDE
on Wasserstein space which characterizes the asymptotic behavior of the regret of the
forecaster. Using a verification type argument, we show that the problem of obtain-
ing regret bounds and efficient algorithms can be tackled by finding appropriate smooth
sub/supersolutions of this parabolic PDE.

Keywords: machine learning, expert advice framework, bandit problem, asymptotic
expansion, Wasserstein derivative

1. Introduction

In this paper, we study a zero-sum game between a forecaster and an adversary. At each
round, the forecaster chooses an action between K > 2 alternative actions based on his/her
partial observations aiming at performing as well as the best constant strategy, while the
adversary aims at maximizing the forecaster’s regret. Our problem is motivated by pre-
diction with expert advice and bandit problems (see e.g. Cesa-Bianchi and Lugosi (2006);
Bubeck and Cesa-Bianchi (2012)), which are fundamental problems in online learning and
sequential decision making. The main difference between prediction with expert advice and
bandit problem is the information observed by the forecaster. In prediction with expert ad-
vice problems, the forecaster can monitor the outcomes of each alternative action, whereas
in bandit problems, the forecaster can only observe the outcome of the action chosen. Thus,
the former problem is a full information game whereas the latter is a bandit game (see e.g.
Audibert and Bubeck (2010); Audibert et al. (2011)).

The most commonly used algorithm for decision making and prediction problem is
the so-called multiplicative weights algorithm, which assigns initial weights to each expert,
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update these weights multiplicatively and iteratively based on their performance, and ran-
domly choose experts according to their weights. This simple algorithm is widely used and
has been proven efficient in practice. However, it cannot provide accurate regret bounds
and best strategies for the forecaster. In Drenska and Kohn (2020), techniques from partial
differential equations were first employed to understand asymptotic behavior of prediction
of expert advice problems. Since then, it became popular and has been proven powerful in
certain problems, see e.g. Drenska and Kohn (2023); Drenska and Calder (2021); Calder
and Drenska (2021); Kobzar and Kohn (2022); Kobzar et al. (2020); Bayraktar et al. (2021a,
2020b,a, 2021b); Harvey et al. (2020); Zhang et al. (2022); Greenstreet et al. (2022).

In full information games, these papers rely on the fact that the difference (th)lzl N =
(Gi — Gt)i=1...n € RE between the gain Gy of the forecaster and the gain G} of each
action ¢ is a natural state variable for the dynamic game between the forecaster and the
adversary. Thus, the minimax regret of the forecaster satisfies a finite dimensional dynamic
programming principle whose scaling limit is a parabolic partial differential equation on
RY. For bandit games or in the presence of partial information such methodology cannot
be applied. Indeed, due to partial information, the natural state variable for the dynamic
programming principle is the set of probability distributions on R which encodes the
distribution m; of X; conditional on the information of the forecaster. Thus, with partial
information, the fundamental problem is to understand the dynamics of m; and how these
dynamics behave in the long-time regime.

Our main contribution consists in showing that the update of the conditional distribution
between two consecutive time steps from m; to my41 admits a scaling limit that can be
described using partial differential equations in the Wasserstein space. The equations we
obtain are fully nonlinear versions of the PDEs appearing in mean-field games and Mckean-
Vlasov control problems, see e.g. Cardaliaguet et al. (2019); Cosso et al. (2021); Bandini
et al. (2019); Bayraktar et al. (2023a) and Remark 9 for further discussions. This novel
relation between the discrete-time bandit problem and the continuous-time equations comes
from the fact that in the game we study, the updated measure m;41 can be written as a
push-forward operator on my, i.e. myy1 = (Id + Y;)my where Y; is a (random) function
describing the feature learned by the forecaster on [¢,t+1]. If the game is played T times and
if we rescale the problem with its natural v/T scaling, the update of the m; can be written
as m, 1 = (Id+ %)ﬁmt In the long-time regime, i.e., as T — oo, by the definition of the
Wasserstein derivative (see (Cardaliaguet et al., 2019, Proposition 2.3)), we obtain that for
any smooth function U, we have the expansion

U (myys) = U (me) + \/IT /DmU(mt,x)Yt(:U) m(dz) + 0 (&) .

Thus, the impact of the Bayesian update of the distribution m; can be characterized in
the long-time regime using the Wasserstein derivative D,,U. In fact, we derive a second
order expansion of U(m, 1) involving the derivatives D D,,,U and D3,,,U which allows us

T

to heuristically exhibit a second order parabolic equation of type

e ( / DUt m, z)m(dz), / DDy U (L, m, 2)m(de), / D;mU(t,m,x,y)m(dx)m(dy)>
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which is expected to govern the dynamics of the prediction problem in the long-time regime.
In this equation, the unknown is the function U, F' is a function that can be explicitly
computed from the Bayes’ rule, and the derivatives are defined as in Cardaliaguet et al.
(2019); Cosso et al. (2021).

The equation (1) gives simple methods to obtain algorithms and regret bounds for
the long-time regime of the prediction problem with partial information. Indeed, using a
verification type argument we show that the gradient D,,¢ of any smooth supersolution ¢
of (1) satisfying some growth and terminal condition yields an algorithm that guarantees an
upper bound for regret of order ¢(0,8y)v/T where &y is the Dirac mass at 0. Heuristically,
the algorithm corresponding to D;,¢ is the probability matching algorithm as in Drenska
and Kohn (2020); Bayraktar et al. (2020a), and is a tradeoff between exploitation and
exploration; see Remark 13. A similar result also holds for appropriate subsolutions.

Due to the nonlinearity on the second derivative term D2, U, wellposedness of viscosity
solutions for (1) is not available in the literature. Hence, the questions of establishing
appropriate comparison result for viscosity solutions and obtaining the exact growth of the
regret as for example in Drenska and Kohn (2020) are left for future research.

The rest of this paper is organized as follows. In Section 2, we formulate our problem
and show that the value function of the game depends only on the law m; of X; conditional
on the information of the agents. Then, using Bayes’ rule, we compute explicitly the update
of beliefs and prove a dynamic programming principle. In Section 3, by properly rescaling
the value function and using differential calculus on the space of measures, we heuristically
obtain a limiting PDE of type (1) on the Wasserstein space. In Section 4 and 5, using smooth
supersolutions and subsolutions of the PDE, we construct strategies for the forecaster and
the adversary, and find upper and lower bounds of expected regret.

1.1 Notations

For any positive integer K, define [K] = {1,...,K}, {£i} := {£i: ¢ € [K]}, and Sk to
be the set of positive semidefiniete K x K matrices. Id stands for the identity mapping of
appropriate dimension. For any z € R¥, denote its i-th coordinate by x%. Let {e; : i =
1,..., K} be the canonical basis of RE, and for any j C [K], denote e; = > iicj € and

K
€=2 16
We fix K > 2 and denote by Po(RX) the set of probability measures m on R¥ such
that [ |z|2m(dr) < co. For any v € RE, X € R, and m € P2(RX), we define the measures
myy = (Id + v)m and m** via

[ H@ymatdn) = [ fo+ vymaa),

/f(as) m*Ndz) = /f()\:c) m(dz) for all f continuous and bounded.

Additionally, for any function f and m € Po(R¥), we denote

fwmw—/}@wmmy
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2. Formulation of the problem

Our online prediction problem with partial observation can be described as a T-round game,
played by a forecaster in an adversarial environment. Suppose that there are K actions. At
each round ¢, the forecaster chooses an action I; € [K], and independently the adversary
chooses a set of winning actions J; C [K]. The reward of action i is 1 if ¢ € J; and is 0 if
i & J;. Then the total gain of the forecaster Gy and the total gain G¢ of action i evolve as

Git1 — Gy = 1p,¢y,,
%+1_G7IE == 1i€Jt’ Z: 1,...,K.

The goal of the forecaster is to design a robust strategy that performs as well as the best

constant strategy under any adversarial environment, i.e., to minimize Jhax E[max; X7,
dversary

where X} := G — G is the state variable evolving as
Xt+1 - X = eJ — 1]tejt€ € RK.

Both the forecaster and the adversary are allowed to adopt randomized strategies. At each
round ¢, they decide on distributions b; € P([K]) of I; and a; € P({0,1}%) of J; respectively.
If we allow both agents to observe the outcomes of I; and J;, this problem is the classical
prediction with expert advice problem in the adversarial setting, see for example Cover
(1966); Cesa-Bianchi and Lugosi (2006); Gravin et al. (2016); Drenska and Kohn (2020).

Let us now describe information observed by the forecaster and his/her admissible strate-
gies in the partial information problem we aim to study. At initial time ¢ = 0, both the
adversary and the forecaster get informed of the distribution mg of Xy. For any ¢ > 0, the
random variable

Y :=1pe5, 0t — 11,¢5,1¢ € {£i}

indicates whether the forecaster makes a good decision or not. Both players can observe
the law of adversary’s control a;—1 and the indicator y;—1. Their accumulated information
is given by

h :== (Mo, a0, Yo - - - ,at—1,Yt—1) € He,  (ho :=mg € Ho),

where #; := P(RF) x (P({0,1}) x {:l:i})t. The strategies of the forecaster and the ad-
versary are measurable functions 3; : Hy — P([K]) and oy : Hy — P({0, 1}5) respectively.
Note that ay, £ denote functions of Hy, while a, b; denote the output of oy, 5; respectively.
Define A to be the set of all possible strategies o := (o, a1, ... ,ar_1), and B similarly.

Suppose this game starts from time ¢ with an initial distribution m € P(R¥X). Then
given any strategies o € A, 8 € B, the regret for the forecaster is given by

yr(t,m, o, B) == E™*Pmax X | X; ~ m].
(2
From the perspective of the forecaster, we aim at solving a minimax problem

vp(t,m) := éng SEEWT(t,m,ajﬁ), (2)
o
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and we denote this two player game by I'r(t,m). Note that on the state space P(RX)
this game is of complete information. As we will see in the next subsection, the infor-
mation structure allows both agents to compute the value function iteratively backward in
time. Moreover, our final payoff is regret E"™®#[max; X% | X; ~ m] instead of pseudo-regret
max; E™*8[ X1, | X; ~ m]; see for example Bubeck and Cesa-Bianchi (2012). Since the final
payoffs can be written as functions of £(X7) in both cases, our PDE method can also be
applied to pseudo-regret analysis.

Remark 1 (i) Our formulation is motivated by the classical bandit problems; see for ex-
ample Cesa-Bianchi and Lugosi (2006); Bubeck and Cesa-Bianchi (2012). Similar to the
bandit problems, the forecaster observes partial information Y; instead of Xi, and both ad-
versary and forecaster choose their strategies to be played at each round. In our framework
both players observe Y;, a; and hence they can compute the same update of my. In the adver-
sarial bandit problem, the forecaster cannot observe the randomization a; of the adversary
and therefore cannot update my. This additional uncertainty in future dynamics of my is
the main difference between our framework and the classical adversarial bandit problems.

Bayesian approaches have also been widely used in stochastic multi-armed problems, see
for example Agrawal and Goyal (2013) and the references therein. In such problems, reward
functions are i.i.d. with some fixed unknown distribution, and the belief of the forecaster on
the reward functions are updated at each round by Bayes’ rules. However in our framework,
distributions of reward functions are chosen by the adversary so as to maximize the regret
of forecaster.

(ii)

Gangs of bandit problems have applications in online recommendation systems; see for
example Cesa-Bianchi et al. (2015), and Herbster et al. (2021) which considers this in the
adversarial setup. In these problems, recommendation systems serve content to a group of
users by taking advantage of underlying network of social relationships among them. The
system makes the same recommendation to users similar to each other. We consider a
simplified framework where all the users are of the same type and their feedbacks J; are
sampled from the same distribution a;. Assume that the privacy cookie allows the system to
collect statistical data of Jy without knowing the identity of users. In this way, the system
learns the distribution a; of Jy, and it aims to make recommendations in a robust manner.

(iii) In our context, since the forecaster learns ay, he/she can update m; via Bayes’ rule.
This update is impossible in the classical bandit problems. An interesting question that is
left for future research is to extend our PDE tools to classical bandit problems.

2.1 Dynamic programming principle

In this subsection, we establish the dynamic programming principle for the game (2), and
reduce controls «, 8 to functions of conditional distribution of the state X. Let us first
compute the distribution of X, i.e., belief, given prior information. Suppose the current
distribution is m and X is a random variable with distribution m. We denote AX the change
of X between two rounds. The players choose strategies a € P({0,1}%) and b € P([K])
respectively, and receive signal y € {£i}. We denote by L£%? the distribution of a random
variable and by P*? the probability of an event given the strategies of the agents. We omit
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the superscripts a or b if this dependence is clear from the context. We also denote by
I(m,a,y) = LYX + AX|X ~m,Y =y) € P(RF)
the Bayesian update of the distribution.

We will compute the explicit formula of I(m,a,y) in the next Lemma. For any a €
P({0,1}%), b € P([K]), denote

a(i) ==Y _a(j), a(—i)=>_al(j), VieK].

J€g jiiéj

Proposition 2 Given a € P({0,1}*) and the distribution m € P(RX), we have that

- T (5 1= (350

Jii€g jiiédj

We make the convention in these expressions that [(m,a,y) = o € P(REX) whenever a(y) =
0.

Proof For j C [K] and i € [K], it can be easily verified that

P(AX =e;,Y = —i, X € dz) = 1;¢;a(j)b(i)m(dx)
P(AX = —eje,Y =i, X € dzx) = 1icja(j)b(i)m(dx)

P(Y = i) =b(i) > a(k)

k:iek
P(Y = —i) =b(i) > a(k)
kiigk
P(AX =¢;, X €dx|Y = —i) = W
P(AX = —eje, X €dz|Y =) = W

Therefore, conditioning on Y, the distribution of X + AX is given by

Pl(X+AX)€de|Y =i]=> P[X €d(z+eje), AX = —¢je |V =]

_]g m(d( {B—I—€Q ))7
é@iﬁfsmx“
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and

Pl(X+AX)eds|Y =—i] =) P[X ed(z—e;), AX =¢;|Y = —i]

The following theorem proves a dynamic programming principle showing that one can
solve (2) with a backward induction.

Theorem 3 For any distribution m € P(REX) and T € N we have that

bGP([K]) a€73 {0 1}K

vp(t,m) = inf (Zb i)op(t+1,1(m,a,i))

+ Zb Dop(t+1,1(m —z’))), (3)

where b(i)a(i), b(i)a(—1i) represent the probability of receiving signal i, —i respectively, and
l(m,a,+£i) is the update of beliefs.

Proof The equation (3) holds trivially for ¢ = T'— 1. Suppose it is true for ¢t + 1. Let
us prove it for t. Denote by v the value of the right hand side of (3). For any a € A and

B € B, denote ay1.7 = {41, ,ar—1}, Bryrr = {Bis1s- -, Pr—1}. It is clear that

Yr(t,m, a, B) Z > B (k)yr(t + 1,1(m, o4, 0), evsrr, Bryror)

i=1 kzek
+Z > Bu)eu(k)yr(t + 1,1(m, ar, —i), avsrr, Bryrer), (4)
1=1 kug¢k

where [(m, oy, 1) is the conditional distribution of X; 1. For the game v (t+1, ((m, oy, £17)),
due to our induction hypothesis, the value of this game exists and is just vp(t+1, [(m, oz, £7)).
Taking supremum over « on both sides of (4), it can be easily seen that

sup’yT(t m,a, 3) >sup (Z Z B (V) ey (k)vp(t + 1,1(m, oy, 1))

=1 k:i€k

—i—ZZﬁt i)ag(k)vor(t + 1,1(m, oy, Z)))-

=1 k:i¢k
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Taking infimum over /3, we conclude that vp(c,m) > v.
Then we prove that for any € > 0, there exists a robust strategy S* of the forecaster
such that

supyr(t, m,a, %) < v+ 2e. (5)

Take 8} € P([K]) with the property that

v+e>  sup <ZZBt E)op(t+ 1,1(m,a,i))

aEP({O Y =1 & i€k
+ZZ@ k)vr(t 4 1,1(m —i))).
i=1 k:iédk

By induction hypothesis, for any belief i(m,a,+i), the forecaster can choose a strategy
B1.p such that

UT(t + 17 l(ma a, il)) +e> sup VT(t + 17 l(m7 a, :l:Z), Q41T 6t*+1:T)‘

Q4+1:T

Taking 8* = (Bf, B/1.1), clearly it is measurable and satisfies (5). |

3. Heuristic expansion of the rescaled value function

Let us define the rescaled value functions

ul (s, m) := \%UT ([sT],m*ﬁ) ,

and equivalently

vp([sT],m) = VTuT (s,m* T71> .

For any a € P({0,1}¥) and belief m € P(ZX), denote

*

A = Z(?;mﬁ)ﬁ e = S () ) e

VRISY]

i

Then due to (3), it holds that
1
uT(s—,m>: inf < b(i)a(i)u" (s, A"
T beP(|K]) aeP( {O 1}K) Z ( ? \F)

+Zb(i)d( i) ( A‘Z’%)) (7)
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with the terminal condition

)

ul'(1,m) = / max ' m(dzx).
zeRK

Now we want to derive a limit for (7) as 7' — oo. This derivation requires us to
take derivatives in the direction of A?f/nf — m and Acizn JETm in the Wasserstein space.
Let us introduce the differentiability of functions over the Wasserstein space as defined in
Cardaliaguet et al. (2019); Carmona et al. (2018).

A function u : Po(R¥) — R is said to be Fréchet differentiable if there exists a continuous

function

ou
om
so that for all (m,m’) € Po(RE), we have that

:Py(RE) x RE » R

/ J— J—
lim u(m + h(m’ —m)) —u(m) _ [ du
h—0 h om

—(m, z) (m' —m)(dzx).

Whenever g—#L is differentiable in z, we also define

ou
Dy, = D,—(m, RE.
u(m, x) 5 (m,x) €

We define D, D,,u(m,z) to be the derivative of x — Dpu(m, ) in z, and D2, u(m,x,y)
to be the derivative of m +— D, u(m,z) in m as above; see Cardaliaguet et al. (2019); Chow
and Gangbo (2019).

Definition 4 A function u : P2(RE) — R is said to be C* if Dyyu(m, ) is continuous and
has at most quadratic growth in x, i.e.,

|Dpu(m, z)| < C(1+ |z)?).

It is said to be C? if DyDyu(m,x) and D2, u(m,x,y) are continuous, and have at most
quadratic growth in x and (x,y) respectively.

It is shown in (Cardaliaguet et al., 2019, Proposition 2.3) that D,,u can be understood
as a derivative of u along push-forward directions, meaning that for all Borel measurable
bounded vector field ¢ : RE — RE we have

lim w((Id 4+ ho)ym) — u(m
h—0 h

/Dmu m, 2)6(x) m(dz).

Due to the expression of AC,L’\"} and A®"™ _ . we need to take derivatives in the directions

i —iNT’
(Id+ %) which are constant vector fields. However, the presence of terms %ﬁm in (6)
is a randomization among the directions of the vector fields. The following Proposition
shows that at the leading order, we can simplify these perturbations by averaging over
these different vector fields. We recall the notational convention that for all m/ € Py(RK)

Dpu(m, [m']) = /Dmu(m, z)m/(dzx) € RE.

9
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Proposition 5 Suppose u € CH(P(RX);R). Then for all a € P({0,1}%) and i € [K], we
have that

Jim VT (u(AZ%) - u(m)) = V] Dy (m, [m))

lim VT (w(A™7 ) = u(m)) = VD (m, [m]),

T—oo —’L,\/T

where

o a(j) K o a(j) K
Vasi i= Z a0 € RN, Vo i=> 7ei € RE.

a(—1
Juigj (

Remark 6 Note that —V,; € RE (resp. Vo —i € RE ) represents the increase in the
expectation of Xy given the information that Y = i (resp. Y = —i) and the adversary’s
strateqy a.

m

Proof Let us only compute the derivative in the direction of A?’ T By the definition
of %v denoting gs,ﬁ,m =m+ S(Aj:/nf — m) we have that

VT (u(AT7) = u(m)
_f// (A, ) (ALT = ) (der) ds

€jc 511, ~
W[ 5 (o= ) o () mtd

J: ZGJ

and thus

lim \F( (A;l\"}) u(m)) = — Z a(j) /e;—cDmu (m,z) m(dz).

T—o00 jH€) G’(Z)
|
We can now give the second order expansion along T' + u(AZ"\}T) for all y = =i.
Proposition 7 Suppose u € C*(P(R¥X);R). Then we have that
lim T w(A®"") — u )+ivTD (m, [m])
Jim T {u ‘\/T u(m N mt (m, [m
5 Z TD Dpyu (m, [m]) eje (8)
] e

+% 3 “(7)“(’?))e}cpfnmu(m,[m],[m])ekc,
k,jui€k,icg

10
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and
pr(: ( <Ai ;” ) ulm) = VL Dyl )

TD w D (m, [m]) e; (9)

J Zé]

N % > a(j} a(k) e] D2, u (m, [m], [m]) e

k,jri¢k,i¢j

Remark 8 The Propositions 5 and 7 show that, at the leading orders, the impact of the

scaled update AZ% of m on a smooth function u can be characterized by multiplication of

Dpu, DyDyu, and D2, u with some matrices depending only on a.

Proof Using the (Cardaliaguet et al., 2019, Equality (25)), we have

T (Aa\mf) u(m) + b Z 2((‘13 /echDmu (m,z)dm(x)

JH€y
a(j) / / L Ge ) _ou ( i x)
d Z s,\ﬁ m’ \/T im s,\/T,m’
eTc ou
+ =D, —u(m,z)dm(z)ds.
VT ~om

Let us compute the limit of integrand on the right hand side. By Taylor expansion on x, it
can ben seen that

-
T ((;S:fl <E57\/im,x — 3%) — ;—:1 (gs’ﬁm,x) + \e/j%Dx;:lu(m, x))
; TDi (?:z (As,\/fm’fT> eje — \/Te;l <Dx§:1 <257T7m,x) — Dx%u (m,x))
where Z7 is some point on the line segment joining x and x — e’\/—% Denoting XT’S, JTm =
m + r(g& ST — m), the right hand side of the above equation equals to
1 90U

3505 (Armmr) e = T 50 [

52 ~ c u ~
\F( 1.D, a5 Z; <Ar,s,ﬁ,m’x7 - \e/kT> — echDx# (Am’ﬁ’m,a;,x') > dm(2")dz.

Letting T' — o0, it converges to

1 ou 5%u
5 —I;Dgéi m, fI,' €jc + s Z ’L ;r / Tz’ (5m2u (m, xz, x/) €Lc Cl’l’n(m/)7
k:ick

11
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and hence we obtain (8) by integrating over x. Similar computation yields to (9). |

We now use (7) to obtain a formal asymptotics for u” as T — oco. Assuming u” converges
to a C2 function u : [0,1] x P(R®) — R, the dynamic programming principle yields to

1
0= inf sup bi&iT(uT s, AP ) — T (5—,m>)
beP([K]) ae’P({O,l}K); ( ) ( ) ( l,\/T) T

+b(i)a(—i)T <uT (3, A‘jjjﬁ) T <5 . ;m» .

Using Proposition 5 and 7 for large enough 7', we obtain that

O(1) = Qwu(t,m) + inf su VT b(i j —&iVMTDmu t,m,[m
W =daftm)+ wt e VT (V) Dot 0,0, ]
Loa T (J) +

+ 5[)(2)0,(1) Va,iDznmu( [ Vaz+ Ze Z e]FD Dy, (t,m, [m])ejc

JHi€]

TD e Dmu (t,m,[m]) e;

4 00)a(=) | VD3t (1, ]
VE 'L&éa
(10)

Notice that Aa m”d = Aam ) for any y € {+£i}, and the final condition satisfies
€.

ul'(1,mye1) = w (1 m) + Therefore by backward induction, we have u”(t,myq) =
u”(t,m) + € for any t € [0,1], and also in its limit as 7" — oo

u(t, mger) = u(t,m) + e
Thus, thanks to (Cardaliaguet et al., 2019, Proposition 2.3), we have that
1" Dyu(t,m,[m]) = 1.
Additionally, each component of Dy,u(t,m,[m]) is clearly non-negative, which implies that

Dyu(t,m,[m]) € RE is simplex valued. Denoting u;(t, m) the ith component of Dy, u (¢, m, [m]),
we have that

Zb Z a(j) e;r — Z a(j)e;rc Dpu (t,m, [m)])

i J:€j
_Zb Zaj e;—— z:a(j)lT Dyu (t, m, [m])
Jueg
= Z Zuz (t,m) Zb E Z(ui(tm) —b(1)) Z.a(j)- (11)

12
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Thus, in order to have the equality (10), the coefficients of the /T term must be zero, i.e.,

0= inf b(i Wa,—i — @(i)Vasi) " Dy (t,m, [m
beP([K])aep({M}K Z (E)Vas) (t,m. [m})

= inf sup Z(ui(t,m)—b(i))Za(j).

beP(K]) aeP({0,1}1X) jiicj

Otherwise, the first order term explodes. Therefore the forecaster is forced to choose the
strategy b = Dp,u (t,m,[m]), and we obtain the PDE

0= Owu(t,m)+  sup (12)
a€P({0,1}K) Z

1 . T 12 .7 T
+ iui(t,m)a(z) Vai D (8, m, [m], [m]) Vi + Z a(0) eDyDpu (t, m, [m]) eje
VEASY]
+ Lt mya(—i) [ VI_D2 u(t,m, [m], m]) Ve i + > O j) eI D, Dy (t,m, [m]) ;
2 a,—t Va, =, a(—1) J
Juigy

Remark 9 (i) We say a € P({0,1}) is a balanced strategy if > a(j) is independent of
JiEyg

i, and denote by £ the set of all balanced strategies. According to (11), if we restrict a in

(10) to be balanced, the first order term vanishes for any b € P([K]).

(ii) The standard tool to show the convergence of ul to the solution of (12) is to use the
stability and comparison of viscosity solutions, see for example Drenska and Kohn (2023);
Barles and Souganidis (1991) in the finite dimensional cases. However, a comparison result
for wviscosity solution of PDEs on the Wasserstein space is not available in the literature
in the generality we need. The viscosity theory of first order PDEs on the Wasserstein
space has been studied in Burzoni et al. (2020); Cosso et al. (2021); Mete Soner and Yan
(2022), and second order PDEs on Wasserstein space is more challenging due to the lack
of Ishii’s lemma. Bandini et al. (2019) studies a second order PDE associated with a
stochastic filtering problem, and by lifting the equation to a Hilbert space they obtained the
well-posedness. However, the relation between the lifted PDE and the original one is unclear.
In Cox et al. (2021), the authors proved the uniqueness of a second order PDE associated
with a control problem under a very specific definition of viscosity solution which might not
enjoy stability results needed to for the convergence problems we aim to study. Our second
order PDE (12) is nonlinear, degenerate, and is different from the PDEs that appeared in
Bandini et al. (2019); Cozx et al. (2021).

(iii) Because the second derivative terms D2, u and DyDpyu are expected to explode as
t — 1, the generator of (12) is expected to become discontinuous ast — 1. Thus, it is more

13
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convenient to use the equation

0= 0Ow(t,m)+  sup (13)
1,a€P({0,1}K)

+ %&(i) V;':iDglmu (t,m,[m],[m]) Vo + Z 2((3)) e;’QDszu (t,m,[m]) eje
+ 1&(—z’) VI D% w(t,m,[m],[m]) Va_i + Z a(y) el DyDpu (t,m, [m]) e;
92 a,—i~mm L) ) a,—1 &(—Z) j Yaxlim s 1T, j

YELZ]

to obtain regret bounds. Indeed, any supersolution of (13) is clearly a supersolution of (12)
and the generator of (13) is Lipschitz continuous on the derivatives of w. Thus, one can
expect a simpler proof of comparison of viscosity solutions.

4. Upper bound by smooth supersolution of the PDE

In this part, we design robust strategies of the forecaster using smooth supersolutions of
(12). Note that (12) becomes simpler if D% u = 0. This is the case if u is linear in m. The
following Lemma uses this idea to generate simple supersolutions to (12).

Lemma 10 Suppose ¢ is a classical solution of

1
0> op(t,x) + = sup  Tr | D2,¢(tx) a(j) (Licjejeele + 1igie5e]
2 i.aeP({0,1)%) ZJ: (eseseef + Lugsese] ) (14)

¢(1,2) > maxa’, ¢(t,z+ A1) = ¢(t, ) + \.
Then, the function ® : [0,1] x Po(RX) s R defined by
B(t,m) = o(t,m) i= [ o(t,x) m(do)

is a smooth supersolution to (12) with

Dp® (t,m,x) = Dy¢(t, ), DeDp® (t,m,x) = D2, ¢(t,x), D2, ® (t,m,z,y) =0. (15)

14
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Proof Using (15) which can be easily verified, together with the supersolution property of
¢ we have that

0> 0wo(t,[m]) + 1/ sup Tr D?Em(ﬁ (t, ) Za(j) (llejejce + 1¢ e5e ;—) dm(x)

2 iaeP({0,1}5) -

Z 8t¢(t7 [m}) + 1 sup Tr D§x¢ (ta [mD Za(]) <1Z€]€Jce + 11¢J6J I)

i,a€P({0,1}K) 7

1

> O ®(t, [m]) + = sup  Tr | DyDp,® (t,m,]| E a(7) (1, ece + 1;¢5eje]
2 i aeP({0,1)%) 7 ( = Hee J>
1

> 8t©(t7 [m]) +5 sup

2 4eP({0,13%) 5

O,(t,m)Tr | DyDp,® (t, m, [m]) Z a(y) <1leje]ce + 1igjeje JT) ,
J
where ®;(t,m) denotes the i-th coordinate of D,,, ® (¢, m,[m]). This proves the supersolution
property we want. |

Remark 11 [t can be easily verified that smooth supersolutions of

1
0= 8t¢(t’ I’) +35 sup
a€P({0,1}5)

0,6t 2) Tr | D%, (t2) | Y alj) (1,-ejejcejt + 1i¢jeje})
J
cannot generate supersolutions of (12) simply by integrating x over m. Note that equation

(14) is degenerate, and it is not clear whether a classical solutions exists. We will construct
a smooth supersolution using heat potential in Example 1.

We now show how we can use the Lemma 10 to obtain regret bounds. Fix a large time

1
horizon T. Denote m := m" VT, t,, = &, where n denotes the current step. For any smooth

T’
supersolotuion ¢ of (14), we define a strategy of the forecaster
(567 s aﬁ}—l)
via
Br(m) := Dp,® (t, m, [M]) . (16)

Suppose that the initial belief is mg, and denote random belief as (my,)p=1,... 7. Then it is
clear that

vr(mg) < sup EF [ f([mr])],

15
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where f is the terminal condition f(z) := max;z’. The following Proposition provides

assumptions for such a methodology to yield to regret bounds.

Proposition 12 Suppose ¢ is a classical solution of (14) and

C 3 9 C
- < -
(1 _ t)3/27 |8m:x¢(ta $)| + ’atx¢(tvx)| =1t
for some positive constant C. Then the strategy B* of the forecaster defined in (16) yields
regret bounded above by /T $(0, [mg]) asymptotically.

|070(t, )| < vz eRE,  (17)

Proof Our goal is to show that lim —= sup, B [f([mr])] — ¢ (0, [me]) < 0. First we
T—o0 vT

rewrite the difference as a telescopic sum

\% i E7 [f([me])] — (0, [o]) = i E7 [f(lr])] = (0, [7o])

T-1
= sup 3 (B [3(tusr [ina))] — B [6(ta. )]
Y p=0

Conditioning on m, = m, we have that

E7 [$(tn1: [n1]) = $lts [Fin) |, = (18)
= > Bama) (@) (a6 (e | AL7] ) +a(=0)0 (tasr. [A%] 7] ) ) = (b, fm).

Using the linear structure of ¢(t,[m]), it can be seen that

10) (tn+1, [AZ’:;%}) — @(tn, [m])

-y “a(é; / <¢ <tn+1,x - %) - qﬁ(tn,x)) m(dz). (19)

VEASH]

For any i € j C [K], we have the equality

(0 (tnﬂ,az — \e/j%) — ¢(tn, ) (20)
—\c%&cqb(tn,a:) + 1 <at¢(tm$) + ;eﬁaﬂzz(b(t"’x)ejc)

/ o (t +;, ‘ij%) Dy p(tn, x)ds
eﬂ ey (tn + ‘ij%) — 0:6) (tn,x - S\%) ds
/ (1-s ej ( 02,6 ( iZé) - a§x¢(tn7x)) eje ds.

16
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Using our assumption (17), we can estimate the last three terms in the equation above

"o (1 S5 gy <o [ T8 g
7 J, %0t e = g ) -0l do| SC G s
. . yr 1 _
eﬂ‘/aqs(t +S:c—seﬂ°>—a¢<t € — )ds <cf/ T g
VT Jo T VT ’ \f
1 [t e
T/ (1—8)6;-'; <8§Z¢ <tn,:c— ij%) —Oimqb(tn,x)) eje ds

0

Let us define

1—t,—s
1/T %_ ST 1T l 1
S 7S . (21
o) =¢ /0 1—t, —s)3/2d5+ / 1—tn—st+T3/2(1—tn) 2y

Now plugging (19) and (20) into (18), we obtain that

R S
= TRty

EP (¢ (tps, [Mnt1]) — G(tn, [Win]) | g = m]

1 ) . : 1
< ﬁ;ﬁ;@(mn)(z) > alief = Y a(@eje | Daltn, [m]) + %

YRLS] Jjueyg

0yt | ZB ma)()Tr | D26 (b, [m]) | 3 ali) (Ligjesee)s + Ligyese] )
J
+ O(T,n).
(22)

The first term on the right hand side vanishes due to our choice of 5*, the second term is
non-positive due to the supersolution property of ¢, and thus we obtain that

]E/B*ﬂ [¢(tn+17 [mn+1]) - (Z)(tna [mn]) |mn - ] < O(T n)

Summing up from n = 0 to T' — 1, taking supremum over « € A, and letting T — oo, we
conclude that

T-1
lim —sup 7 [f([ma])] — 6 (0, [7]) < Tim 3" O(T,m) = 0.

T—oo /T «

Remark 13 For any fized terminal T, suppose o*, 8% are optimal strategies of the adversary
and forecaster that yield the value function vp(t,m). If vy is reqular in m, we denote by
Ogivr(t,m) the j-th coordinate of Dyvr(t,m,[m]). Then according to the definition of

17
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Wasserstein derivative, we have

vr(t, (id + eej)ym) — vr(t,m)

Oyivr(t,m) = lim

e—0 €

iy B man; X | Xy o~ (id + eej)ym] — BT [max; X | X; ~ m
e—0 €

o i B i (X + eiy) | Xo ~ m] — B [max; Xp | X, ~ m]
e—0 €

~ET Lixisxi,imt,. x| Xt ~m)

which is approzimately the probability that the j-th action finishes as the optimal constant
strategy. Therefore, the strateqy (16) can be understood as the probability matching algo-
rithm in the limit.

In the following example, we provide a smooth supersolution using heat potentials. One
may also construct supersolutions using other potentials as in Kobzar et al. (2020).

Example 1 Let us take ¢ to be the smooth solution of the following heat equation
o+ iAp=0 onRE x[0,1)
¢(1,z) = f(z) onRF x {1} .

It can be easily verified as in (Bayraktar et al., 2021a, Proposition 19) that ¢ satisfies (17).
According to (Kobzar et al., 2020, Appendiz F.1), we know that Dilwkgb(t,:c) >04fl=k
and D?,_, ¢(t,x) <0 if | # k. Therefore for any i € [K] and j C [K], we have that

'

1 1
§Tr (Dix(b(t,x) <1i€jejce;-rc + 1i¢jeje;)) < §A¢(t,x),

and hence

1 ) 1
- sup Tr | D?,¢(t,x) Z a(y) (1i€jejce]1 + 1i¢jejejT) < EAgb(t,x).
i,a€P({0,1}5) j

Thus ¢ is a smooth supersolution of (14) which satisfies (17) according to Kobzar et al.
(2020). By Feynman-Kac formula, we have ¢(0,7) = E,[f(N', N2, ..., N¥)] where N? is
a standard normal. Supposing x = (0,...,0), then by Jensen’s inequality we have that for
anyt >0

et]E[f(Nl,...,NK)] < E[etf(Nl,...,NK)] < KE[etNl] _ K6t2/2’

and hence E[f(N',... ,NK)] < logtK + L. Choosing t = \/2log K, we obtain that ¢(0,0) <
V2log K. Therefore, when initial belief is oy, in our game where both agents have partial

information, the asymptotic regret is bounded above by /2T log K. It is smaller than the

expected regret 5.15y/T'K log K + 13;% in the case of adversarial bandit where both agents

only observe Y; (Bubeck and Cesa-Bianchi, 2012, Theorem 3.4). The regret bound we obtain
is two times larger than the performance of multiplicative weight algorithms obtained in
Gravin et al. (2017).
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Remark 14 Our main contribution in terms of regret bound is to extend the PDE based
methodology of Kobzar et al. (2020) to the version of bandit problems we study. In Lemma
10, this bound is obtained by considering a functional linear in m in the sense that ®(t,m) =
[ o(t,z)m(dz). Similar to Kobzar et al. (2020), the PDE tools are expected to yield sharper
bounds by considering more sophisticated supersolutions to (14).

For example, any solution of

0 = dwu(t,m) + sup (23)
i1,a€P({0,1}X)
+ B Va,iDmmu( m, [m] Va it Z i ‘CDZ’Dmu (t,m, [m]) €je
JjH€j
+% V. _iDpu (t,m, [m], [m TD 2D (t,m, [m]) ¢
J: Z%J

is a supersolution of (14). For alli € [K] and a € P({0,1}X), we can define the symmetric
matrices

2(i,0) = (a(ei)Vae,Vae, + a(—€)Var-e.Va -,

(i,a) = | ale;) Z @ c€] +a(— )Z a(j)' ejTej — (i, a).

jiics a(ei) jiidj

By computing v ¥(i,a)v and v X(i,a)v for v € RE, one can show that these matrices are
non-negative. Thus, (23) can be written as the Hamilton-Jacobi-Bellman equation

0=dult,m)+~  sup Tr (’Hu (t,m) 2 (i, a) + Dy Dy (t,m, [m]) & (i, a)) (24)
i,a€P({0,1}X)

where in line with Chow and Gangbo (2019), the term

HU(t,m) - /D DUt m, 2)m(dz) + //D Ut m, 2, y)m(dz)m(dy)

is the so-called the Wasserstien Hessian of U(t,-). A simple computation shows that the
value function corresponding to a controlled version of (Chow and Gangbo, 2019, Equation
(1.8)) would yield to a viscosity solution to (24); see (Chow and Gangbo, 2019, Remark
3.5). Then, this value function can be used as a supersolution of (14) (which would indeed
depend nonlinearly on m). However such a methodology requires a comparison result for
viscosity solutions of (24) (or smoothness of the value function) to obtain regret bounds.
This comparison result has been obtained in Bayraktar et al. (2023a,b). The convergence of
discrete time value functions and computation of improved regret bounds are being addressed
by the authors in an ongoing project.
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5. Lower bound by smooth subsolution of the PDE

As in the last section, we construct strategies for the adversary using smooth subsolutions
of (12). Recall that £ is the set of balanced strategies defined in Remark 9. The proof of
following lemma is almost the same as Lemma 10 and thus we omit it.

Lemma 15 Let ¢ be a smooth solution of

1

0 < op(t,x) + =inf Tr D?Cxqﬁ (t,z) Zat(j) <1i€jejcech + 1i¢jejejT>
2 i ;

¢(1,2) <maxa’, (t,z+ A1) = ¢(t,z) + A,

where a; € €, t € [0,1],m € P(RX) are balanced strategies. Then, the function ® : [0,1] x
Po(RE) = R defined by

B(t,m) = o(t, [m]) = / o(t, x) m(dz)

is a smooth subsolution to (12).

Remark 16 Note that in Lemma 15, the choice of balanced strategies a; only depends on
time t.

Given balanced strategies (a¢).c|o,1) and subsolution ¢ as in Lemma 15, we construct
strategies for the adversary in the original game (2). For a large time horizon T. Let us
denote t, = 7, where n is the current step. We define a strategy a* of the adversary via

*
o, =a,, n=0,...,T—1

Proposition 17 Suppose (at)te[o,l]; ¢ are balanced strategies and classical solutions as in
Lemma 15 that satisfies (17). Let mq be the initial belief. Then the strategy o* of the

1

adversary defined yields regret bounded below by /T <0, [m;ﬁ}) asymptotically.

Proof The argument is almost the same as that of Proposition 12. Just notice that (22)
now becomes

EY [§(tns1, [Mnt1]) — d(tn, [n]) | 2 = m]

1 , . .y 1
Z ﬁ szb(l) Z O‘n(j)ejT - Z O‘n(])e;'rc 8x¢(tn’ [m]) + TX

JE] Jieyj

Ot m]) 5 S BTy { D26 (1 m]) | 30 050) (Licsesee + Liggese] )
J

i

+O(T,n),
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where O(T,n) is defined in (21). The first order term on the right hand vanishes since «; is
balanced, and second order term is nonnegative due to the subsolution property of ¢. Thus
we obtain that B> [¢(t, 11, [Mns1]) — &(tn, [Mn]) | n = m] > O(T,n). Then summing up
from n = 0 to T — 1, taking infimum over § € B, and letting T — oo, we conclude our

result.
[ |

Example 2 Let us take a; to be the uniformly distribution over {0,1}% for each t € [0,1].
Then it can be easily verified that

‘ 1 .
Zat(j) <1i€jejce;rc + 1i¢jejejT) =1 (eeT +1Ix —ee’ — ee?) , VielK].
J

where I stands for the identity matriz of dimension K x K.
Let us take ¢ to be the smooth solution of the following heat equation

O + %Aqﬁ =0 onRE x0,1)
é(1,z) = f(x) onRE x {1} .

Thanks to the translation invariance property of ¢, i.e., ¢(t,z + cl) = ¢(t,x) + ¢, we have
D2 ¢(t,x)e =0 forallt € [0,1). Then, it can be easily seen that such ¢ and (at)eefo,1) satisfy
all the assumptions in Proposition 17. Therefore when initial belief is dg, the asymptotic
asymptotic regret is bounded below by VT$(0,0). By Feynman-Kac formula, ¢(0,0) =
E[f(N',..., N®)] = E[max; N'] where N* is independently gaussian distributed with mean
0 and variance 1/4 for each i = 1,... K. Then according to (Orabona and Pal, 2015,
Theorem 3), we obtain a lower bound $(0,0) = E[max; N] > 0.065,/log K — 0.35.
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