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Abstract

In this work, we consider a wide two-layer neural network and study the behavior of its
empirical weights under a dynamics set by a stochastic gradient descent along the quadratic
loss with mini-batches and noise. Our goal is to prove a trajectorial law of large number as
well as a central limit theorem for their evolution. When the noise is scaling as 1/N” and
1/2 < B < oo, we rigorously derive and generalize the LLN obtained for example in (Chen
et al., 2020; Mei et al., 2019; Sirignano and Spiliopoulos, 2020b). When 3/4 < 8 < oo, we
also generalize the CLT (see also (Sirignano and Spiliopoulos, 2020a)) and further exhibit
the effect of mini-batching on the asymptotic variance which leads the fluctuations. The
case B = 3/4 is trickier and we give an example showing the divergence with time of the
variance thus establishing the instability of the predictions of the neural network in this
case. It is illustrated by simple numerical examples.
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1. Setting and main results
1.1 Introduction

Setting and purpose of this work. Thanks to their impressive results, deep learning
techniques have nowadays become standard supervised learning methods in various fields of
engineering or research (Goodfellow et al., 2016). A robust understanding of their behavior
and efficiency is however still lacking and a large effort is put towards achieving mathemat-
ical foundations of empirical observations. Among this effort, the case of wide two-layer
single network, and its connection with mean-field network, has particularly been fruitful, as
considered for example in (Rotskoff and Vanden-Eijnden, 2018; Mei et al., 2018; Sirignano
and Spiliopoulos, 2020b,a). In such setting, a convergence towards a limit PDE system
can be established when the neuron numbers goes to infinity. The behavior in long time
of this limit PDE may then give an easier framework to establish the convergence towards
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minimizers of the loss function of the neural network. Partial results can be found in this
direction (Mei et al., 2018; Chizat and Bach, 2018) but as underlined in (E, 2020), a lot
still remains to be understood and proved mathematically rigorously. In this context, our
work is two-fold. First, we will concern ourselves with the mathematical justification of the
law of large numbers and central limit theorems of the trajectory of the empirical measure
of the weights, under the optimization by a stochastic gradient descent (SGD), with mini-
batching and in the presence of noise with a range of scalings. Mini-batch SGD (Bottou
et al., 2018) is widely used in machine learning since it allows for shorter training times
thanks to parallelisation, while reducing the variance in SGD estimates. How to choose the
optimal mini-batch size, and furthermore with theoretical guarantees, remains an active re-
search line (Keskar et al., 2017; Smith and Le, 2018; Gower et al., 2019). Introducing noise
in SGD, as considered in (Mei et al., 2018), can lead to better generalisation perfomance
thanks to an improved ability to escape saddle points, as shown in (Jin et al., 2021). Note
that this differs from the analysis approach consisting in directly modelizing the noise of
SGD as for instance done in (Wu et al., 2020; Simsekli et al., 2019). Second we will do so
by providing a rigorous framework which could be generalized to study overparametrized
limit of other neural networks (e.g. deep ensemble, bayesian neural networks, ...). Thus, the
benefit of the overparametrized limit and its convexification of the loss landscape through
a non-linear PDE could lead in these different architectures to derivations of theoretical
guarantees of convergence, while it remains hard to analyse these landscapes directly in the
case of a finite number of neurons, even large.

Let us now precise the framework for this paper. Let (Q, F,P) be a probability space,
and X and Y be subsets of R" (n > 1) and R respectively. In this work, we consider the
following two-layer neural network

oiv(a) = 5 Do on(Wa), (1)

where x € X denotes the input data, g{,[v/ (z) € R the output returned by the neural network,
o, : R?x X — R the activation function, N > 1 the number of neurons on the hidden layer,
and W = (W, ...,WN) e (RY)" are the weights to optimize (d > 1). In the supervised
learning setting, a data point (x,y) € X x ) is distributed according to m € P(X x ),
where P(X x )) denotes the set of probability measures on X x ). Ideally, one chooses
the weights W = (W',...,W?¥) as a global minimizer of the risk E.[L(g}}-(z),y)], where
L : RxR — R is the so-called loss function (E, stands for the expectation when (z,y) ~ 7).
In this work, we consider the square loss function out of simplicity, but other loss function
or classification problem could be considered, namely:

Since the risk can not be computed (because 7 is unknown), the parameters are usually
learned by stochastic gradient descent. In this work, we consider the mini-batch setting
with weak noise, which is defined as follows. First, for k& > 0, consider ((z}},y}))n>1 a
sequence of random elements on X x ) (each (x},y;) being distributed according to ),
and Nj a random element with values in N* = {1,2,3,...}. Then, the mini-batch By is
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defined by:
B = {(z},91),. .., (azg’“,y,ivk)},where | Bi.| denotes the cardinality of By.

In particular |Bg| = Nj. In addition, at each iteration of SGD, we add a Gaussian noise
term, whose variance is scaled according to N=28, with 8 > %, hence qualified weak. Note
that the case of Gaussian noise with 5 = 1/2 is addressed in (Mei et al., 2018) and could
also be considered here in our setting, but with additional assumptions to integrate the
noise in the limit process.

Thus, the SGD algorithm we consider is the following : for k >0 and i € {1,...,N},

. , a i
Wi =Wi+ N|By| Z (y — g, (2) Vo (Wi, z) +
(l’,y)EBk

%
N© 2)

Wé ~ o,

where a > 0, €8 ~ N(0,1;) and pg € P(R?). The evolution of the weights is tracked
through their empirical distribution v/} (for k > 0) and its scaled version u}" (for t € R4),
which are defined as follows:

N
1
N N N
v, 1= N;_l Owi and py = vy

For an element u € My(R?) (the space of bounded countably additive measures on R?),
we use the notation

ot = [ Flopataw)

for any f: R — R such that [p. f(w)u(dw) exists. If no confusion is possible, we simply
denote (f, u)m by (f, ). For instance, considering the neural network (1), we have, for any
reX,

N
1 i
gi]/VVk(x) = NZU*(kax) = <U*('a$)7’/l]~cv>v k= 0.
i=1

In this work, we prove that the the whole trajectory of the scaled empirical measures of
the weights defined by (2) (namely {t — pu¥,t € Ry }n>1) satisfies a law of large numbers
and a central limit theorem, see respectively Theorem 1 and Theorem 2. We also exhibit
a particular fluctuation behavior depending on the value of the parameter 8 ruling the
weakness of the added noise.

Related works. Law of large numbers and central limits theorems have been obtained for
several kinds of mean-field interacting particle systems in the mathematical literature, see
for instance (Sznitman, 1991; Hitsuda and Mitoma, 1986; Fernandez and Méléard, 1997;
Jourdain and Méléard, 1998; Delarue et al., 2019; Del Moral and Guionnet, 1999; Kurtz
and Xiong, 2004) and references therein. When considering particle systems arising from
the SGD-minimization problem in a two-layer neural network, we refer to (Mei et al., 2018)
for a law of large numbers on the empirical measure at fixed times, see also (Mei et al.,
2019). We also refer to (Rotskoff and Vanden-Eijnden, 2018) where conditions for global
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convergence of the GD on the ideal loss and of the SGD with mini-batches increasing in
size with N, as well as the scaling of the error with the size of the network, are established
from formal asymptotic arguments. Doing so, they also observe with increasing mini-batch
size in the SGD the reduction of the variance of the process leading the fluctuations of
the empirical measure of the weights (see (Rotskoff and Vanden-Eijnden, 2018, Arxiv-V2.
Sec 3.3)), until the mini-batches are large enough to recover the situation of the idealized
gradient descent (similar to an infinite batch), which leads to other order of fluctuations
(see (Rotskoff and Vanden-Eijnden, 2018, Arxiv-V2. Prop 2.3)). We also refer to (Chen
et al., 2020) for a similar line of work on the GD on the empirical loss. A law of large
numbers and a central limit theorem on the whole trajectory of the empirical measure are
also obtained in (Sirignano and Spiliopoulos, 2020b.a) for a standard SGD scheme. We
also mention the work done in (De Bortoli et al., 2020) on propagation of chaos for SGD
with different step-size schemes. In this work, and compared to the existing literature
dealing with the SGD minimization problem in two-layer neural networks, we provide a
rigorous proof with precise justifications of all steps of the existence of the limit PDE (in
particular, uniqueness and relative compactness) in the law of large numbers as well as
the limit process for the central limit theorem on the trajectory of the empirical measure.
We also mention that many of our arguments used in this work truly differ from those
used in (Sirignano and Spiliopoulos, 2020b,a) as several key proofs there were not fullly
satisfactory. We thus provide a careful treatment of topological issues regarding relative
compactness of pV, the uniqueness of the mean-field limit equation (10), as well as the
convergence of the martingale process in the CLT which actually requires extra non trivial
analysis to hold in the space D(R., H 7070 (R%)), see Section 3.4. Also, contrary to what
is claimed in (Sirignano and Spiliopoulos, 2020b), the functional A]N[f] (see Section 2.2.3)
is not continuous in the Skorohod topology, and for that reason extra arguments must be
used to pass to the limit in the pre-limit equation. Such a rigorous derivation will be the
basis for future works on deep ensembles or overparameterized bayesian neural networks.
We furthermore do so in a more general variant of SGD with mini-batching of any size
and weak noise (see Equation (2)). A noisy SGD was also considered in (Mei et al., 2018),
corresponding to 5 = 1/2 in our setting, for which they obtain for the LLN a different limit
PDE than in the non-noisy case (presence of an additionnal regularizing Laplacian term
in the limit equation). While we could recover in a straightforward manner a trajectorial
version of (Mei et al., 2018), we consider here out of concision the range § > 1/2, showing
a single limit PDE for the LLN, and obtain a similar result for g > 3/4 for the CLT,
while showing analytically for 8 = 3/4 and numerically for 8 < 3/4 a particular fluctuation
behavior. Furthermore, we analytically show the expected reduction, with the mini-batch
size, of the variance of the process leading the fluctuations of the weight empirical measure
and numerically display the reduction of the global variance.

1.2 Main results
1.2.1 NOTATION AND ASSUMPTIONS

Weighted Sobolev spaces. Following (Adams and Fournier, 2003, Chapter 3), we con-
sider, for a function g € C°(R?) (the space of functions g : R? — R of class C* with
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compact support), the following norm, defined for J € N and b > 0 :
|D¥g( 1/2
loths = (3 [ A0 0) "
k[<J Rd 1+ ‘ZL’|

Let H7*(R%) be the closure of the set C>°(R?) for this norm. The space H7?(RY) is a
Hilbert space when endowed with the norm || - |[,;75. The associated scalar product on
H7P(RY) will be denoted by (-,-)3ss. We denote by H~7*(R?) its dual space. For an
element ® € H~7°(R?), we use the notation

(f.®)sp = ®[f], f€HPR.

For ease of notation, and if no confusion is possible, we simply denote (f,®) s, by (f, ®).
Let us now define C’*(RY) as the space of functions g : R — R with continuous partial
derivatives up to order J € N such that

Dk
for all |k| < J, lim M _
z|so0 1+ |z[0

This space is endowed with the norm

Dk:
lolless =3 sup 12290

|k|<J rzcR4 1 + |.’E|b

We also introduce Cb(Rd), the space of bounded continuous functions ¢ : R — R, endowed
with the supremum norm. We also denote by Cgo(Rd) the space of smooth functions over
R? whose derivatives of all order are bounded. We have Cf°(RY) C H”*(R?) as soon as
b > d/2 (more generally z € R? — (1 — x(2))|z]* € H"RY) if b —a > d/2, where
X € C*(RY,[0,1]) equals 1 near 0).

Weighted Sobolev embeddings. We recall that from (Fernandez and Méléard, 1997,
Section 2),

HAIYRY) g HM(RY) when £ > d/2, b > d/2, and a,j > 0 (3)
where <11 5. means that the embedding is of Hilbert-Schmidt type, and
HFI9RY) — ¢P(R?) when £ > d/2, and a,j > 0. (4)

We set p .

According to (4) and since 7, > 7, it holds:
HEY(RY) — C*(RT) — C*7+(RY). (6)
We set throughout this work, for all N > 1:

N={t—puN tcR,}.
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When F is a metric space, we denote by E’ its dual and by D(R4, E) the set of cadlag
functions! from Ry to E (endowed with the Skorohod .J1-topology, see (Billingsley, 1999;
Ethier and Kurtz, 2009)). For b > 0 and for all N > 1, xV is a random element of
D(R.,CO(R)), and thus also of D(Ry, H~7?(R%)), as soon as J > d/2 (by (4)).

Let for k£ > 1,

Pu(RY) := {1 € P(RY), / ol a(dw) < +oo), (7)
Rd

which is endowed with the Wasserstein distance
Wi(p, v) = [inf{E[|X = Y|*|], Px = p and Py = v}]"/*.

We refer for instance to (Santambrogio, 2015, Chapter 5) for more about these spaces. We
recall that Wy (u,v) < Wg(u,v) (k> 1) and the dual formula for Wy (i, v):

Wi =sup{| [ fpduw) = [ o). Il <1} (5)

Note also that for all N > 1, ¥ is a random element of D(R., P,(R%)), for all ¢ > 0.

Assumptions. For N > 1, we introduce the o-algebras,
FY = {{WHL 1} and, for k > 1, FY = O'{WO,{B i 0,{5 p 0. ie{l,..., N}
The main assumptions of this work are the following:

A1l. Forall k,q € N, |By| AL ((z},y}))n>1. In addition, for all k € N,
(1B, (@ ygDnz1) L FY.

A2. The activation function o, : RY x X — R belongs to C{°(R¢ x X).

A3. For all £ # k € N, ((z},y})n>1 L ((x},y7))n>1- In addition, for all & € N,
(7, y2))n>1 is a sequence of i.i.d random variables from 7 € P(X x Y), and E[|y|*67%]
is finite.

A4. The randomly initialized parameters {WZ}Y | arei.i.d. with a distribution o € P(R?)
such that E[|[W}[®7*] < +oo.

A5. Forall k € Nandi € {1,...,N}, 82 ~ N(0,1;) and 52 1 ]:,év. In addition, for all
k,l € Nandi,je€{l,...,N} such that (i,k) # (j,1), e}, 1L e].
1.2.2 LAW OF LARGE NUMBERS FOR THE EMPIRICAL MEASURE

Statement of the law of large numbers. The first main result of this work is a law of
large numbers for the trajectory of the scaled empirical measures.

1. where we recall that the set of cadlag (for continue & droite, limite o gauche) functions is the space of
functions that are everywhere right-continuous with left limits everywhere.
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Theorem 1 Let 3 > 1/2 and assume A1-A5. Then, the sequence (u¥)n>1 converges in
probability to a deterministic element i in D(R., P,(RY)). In addition, i € C(R,P1(R%))
and it is the unique solution in C(R,P1(RY)) of the following measure-valued equation.:

VfeCP(RY),t e Ry,
o) = o)+ [ [ aly = (0u(o) mVE - Vo), ) w(do, dy) s, (10)
0 JXXY

Corollary 1 Assume A1-A5. Then, i € C(Ry, H~ 57 (RY)). In addition, i satisfies also
(10) for test functions f € HY7(RY).

Proof [Proof of Corollary 1] Note first that by A4, uy € C7(R?) — H~L7(R?) according
to (6). By (10), A2, and A3, it holds for all f € C°(R%) and 0 < s <t < T,

[(fsme) = (fs )| < Ol = s[[ fllera sup [(1 4]+ [7, fiw)]-

u€[0,T

Note that sup,ejo 7y [(1+ ][, fiu)| < +o0 since t > 0+ (1+|-|7, i) € D(R4,R) (indeed
this follows from the fact that i € D(R, P, (R?)) and (Villani, 2009, Theorem 6.9)). Thus,
using (6), it holds fi; € H~EY(RY) and |(f, fis) — (f, fis)| < C|t — 5| f|lyz.~, proving the first
claim in Corollary 1. The second claim in Corollary 1 is obtained by a density argument
and the fact that HL7(R?) — C17(RY). [ |

On the proof of Theorem 1. Theorem 1 is proved in Section 2. The proof strategy
is the following. We first derive an identity satisfied by (u’)n>1, namely the pre-limit
equation (25). This is done in Section 2.1. Then, we show in Section 2.2.1 that (u")N>1 is
relatively compact in D(R, P, (R?)). To this end we use (Jakubowski, 1986, Theorem 4.6).
The compact containment of (u¥)y>1 relies on a characterization of the compact subsets
of Py, (R4) (see Proposition 11) and moment estimates on {0},i € {1,... N}}y—o N7}
(see Lemma 8). We then use the pre-limit equation (25) to prove that any limit point of the
sequence (u)n>1 in D(R4, P, (R?)) satisfies (10). This requires to study the continuity
property of the involved operator (namely A¢[f], see Lemma 17). This is the purpose of
Section 2.2.3, and more precisely of Proposition 18 there. With rough estimates on the
jumps of the function ¢t € Ry + (f, ufY) (where f is uniformly Lipschitz over R*1), we
also prove in Section 2.2.2 that any limit point (u")n>1 in D(R4, P, (R?)) belongs a.s. to
C(R.,P1(R%)). This is indeed needed since we then prove in Section 2.3.1 that (10) admits
a unique solution in C(R4,P1(R?)). To prove that there is at most one solution to (10),
we use arguments of (Piccoli et al., 2015) which are based on a representation formula
for solution to measure-valued equations (Villani, 2003, Theorem 5.34) together with time
estimates in Wasserstein distances between two solutions of (10) derived in (Piccoli and
Rossi, 2016).

Remark 2 In view of their proofs, Theorem 1 and Corollary 1 are still valid for v > % and
L>d/2+1.

Remark 3 When 8 = 1/2, one can obtain a similar limit equation for i, with an addition-
nal (reqularizing) Laplacian term in the limit equation. To derive it, one should consider a
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Taylor expansion up to order 3 of the test function in the pre-limit equation (25). Let us
mention that the case B = 1/2 is studied in (Mei et al., 2018) but only at fixed t. Straight-
forward application of our method would lead to a trajectorial version of (Mei et al., 2018,
Theorem 3) which we leave to the reader for the sake of brevity. We also refer to (Chizat
and Bach, 2018, 2020) for a gradient flow approach for trajectorial results.

Remark 4 Of course, one important question is the convergence of iy in long time. It is
not hard to see that the loss function decays (but not strictly a priori) along the training,
i.e. with t. This asymptotic behavior of iy as t — 400 has been studied in (Mei et al.,
2018, Theorem 7) or (Chizat and Bach, 2018) who give partial results in the case without
noise. Roughly speaking, they prove that if it is known that ji; is converging in Wasserstein
distance then it converges to the minimum of the loss function. It is however quite hard to
prove such a convergence. We refer also to (E, 2020; Ma et al., 2020) for what remains to
do in this direction which is clearly a difficult open problem. In the case with noise B =1/2
then the situation is different as the limit PDE is a usual McKean-Viasov diffusion and one
can study the free energy and study convergence in long time (Mei et al., 2018, Theorem /).

Remark 5 Let us now discuss the necessity of A2, and more precisely how to go beyond this
assumption to consider the ReL U function. This function does not satisfy A2 because it has
a linear growth at 400 and secondly because it is not differentiable (only) at 0. The linear
growth of the ReLU function can be handled with our techniques by adapting the moment
estimates of Lemmata & and 9. On the other hand, dealing with the non-differentiability of
the ReLU function at 0 is more subtle: first, to give a meaning to the SGD algorithm (2), one
has to choose a particular subgradient of o.. Secondly, all the arguments carry on, up until
the uniqueness of the limiting equation (where we consider o, as a smooth test function).
However, one can use an alternative proof of the uniqueness, given in (Descours, 2023),
which is based on a probabilistic approach and Villani’s argument for continuity equation
(Villani, 2009). We also refer to (Wojtowytsch, 2020) for convergence results in the ReLU

case.

1.2.3 CENTRAL LIMIT THEOREM FOR THE EMPIRICAL MEASURE

Fluctuation process and extra assumptions. Assume A1-A5. The fluctuation process
is the process n™V = {t — n,t € R} defined by:

where fi = {t — [it,t € Ry} is the limit of (u™)n>1 in D(R4, P (RY)) (see Theorem 1).
Let us introduce the following additional assumptions:

A6. The distribution pg € P(RY) is compactly supported.
AT7. |Bi| = |Bxo| a.s. as k — oo.

Let

d d
Jo > 4[51 + 8 and jo = [51 + 2. (12)
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For later purpose, we also set
d . d d . d
F=2f51 44, i =3[5] +4, o =3[5] +6, and j = 2[5] +3. (13)

By (3), we have the following embeddings:

HPTLORT) ps H2(RY), H2(RY) s HITH(RY,
HI(RY) —ps HET(RY). (14)

G-process and the limit equation.

Definition 1 We say that 4 € C(Ry, H ™79 (R%)) is a G-process if for all k > 1 and
fiooo fu € HPORRY, {t = ((f1,9,),-, ([, %)T,t € Ry} € C(Ry,RF) is a process
with zero-mean, independent Gaussian increments (and thus a martingale), and with co-
variance structure given by: for all1 <i,7 <k and all 0 < s <,

Cov ({1, 9, ([, 9,)) = 0°E [,;@J /0 T Cov(Qulfil(@.y), Qulfi)(@.y)) v, (15)

where Qulf)(z,y) = (y— (02 (@), 1)) (VF - Vo (), fiv) for € HPo9(RA) and fi is given
by Theorem 1.

Let us make some comments about Definition 1. The first one is that we have decided
to call such a process G-process to ease the statement of the results. In addition, notice
that Qs[f](x,y) is well defined for f € H70J0(R%)) (indeed for all k € {1,...,d}, O, f €
Ho—Lio(RY) — HEY(RY)) and € C(Ry, € H~17(R?))). Finally, we mention that by
Proposition 34 below, the law of a process u € D(Ry, H™"*(R%)) is fully determined by
the family of laws of the processes ({fi,u),...,{fr, 1)) € D(Ry,R)* k > 1 and where
{fa}a>1 is an orthonormal basis H/*(R?).

For n a C(R.y, H~7ot1io(R%))-valued process and ¥ € C(R., H =707 (R%)) a G-process (see
Definition 1), define the following equation:

As. Vf e HP(RY) Vi e Ry,

o) — (o) = /0 /X 00 = (0.2, (TS Vo) ), dy
- / / {04 (-, 2), 1)V f - Vo (-, 2), i) mw(dar, dy) + (£.9).  (16)
0 JXXY

Definition 2 Let v be a H~7/0T190(R%)-valued random variable. We say that a
C(Ry, H~ /ot Lio(R%))-valued process n on a probability space is a weak solution of (16)
with initial distribution v if there exist a G-process 4 € C(Ry, H™770(R?)) such that (16)
holds and ng = v in distribution. In addition, we say that weak uniqueness holds if for any
weak two solutions n' and n? of (16) (possibly defined on two different probability spaces)
with the same initial distributions, it holds n' = n? in distribution.

10
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The second main result of this work is a central limit theorem for the trajectory of the
scaled empirical measures.

Theorem 2 Let § > 3/4. Assume A1-A7. Then:

1. (Convergence) The sequence (n™)n>1 C D(Ry, H™0TLio(RY)) (see (11)) converges
in distribution to a process n* € C(Ry, H~/0FTLio(R%)).

2. (Limit equation) The process n* has the same distribution as the unique weak so-
lution n* of (16) with initial distribution vy (see Definition 2), where vy is the
unique H~70T190 (R -valued random variable such that for all k > 1 and f1..., fx €
HJo—l,jo(Rd)7

(<f17V0>7"‘ ) <fkaV0>)T NN(O)F(flv)fk))7

where T'(f1,. .., fr) is the covariance matriz of the vector (f1(Wg3),..., fr(Wi)T.

Remark 6 By looking at the definition of the G-process and in particular its covariance
(15), one remarks the effect of mini-batching by the |Boo|™! prefactor, thus leading to a
reduced variance of the G-process. Note that this is quite intricate to deduce proper in-
formation on the variance of the fluctuation process m, since the terms appearing in (16)
are a priori dependent. Nonetheless, it will be shown through the numerical experiments
of the next subsection that the variance of fluctuation process reduces when the size of the
mini-batches increases (see in particular Figure 1).

Theorem 2 is proved in Section 3, following inspiration from the previous works (Fernandez
and Méléard, 1997; Jourdain and Méléard, 1998; Delarue et al., 2019). The starting point to
prove Theorem 2, like in the current literature (Sirignano and Spiliopoulos, 2020a), consists
in proving that (7™V)y>1 C D(Ry, H 7070 (R?)) is relatively compact (see Propositions 24).
We then prove that the whole sequence (nN )n>1 converges in distribution to the unique
weak solution of (16) in Section 3.5.

When 3 = 3/4, (n™)n>1 is still relatively compact in D(R., H~70+1J0(R%)) (see Proposi-
tion 24) but the derivation of the limit equation satisfied by its limit points is more tricky.
However, in a specific case (when d = 1 and the test function is fy : 2 € R ~ |z|?), Propo-
sition 7 below suggests how the equation (16) might be perturbed, as shown numerically in
Figure 2 and more precisely in the inset.

Proposition 7 Let 8 = 3/4 and assume that conditions A1-AT7 hold. Letn be a limit point
of (MN)n>1 in D(Ry, H~ot1I0(R)) (see Proposition 24). Then, no = vo in distribution

(see Lemma 35), and there exist a D(Ry, H~70t190(RY))-valued process n* and a G-process
@* € C(Ry, H™ 7070 (R)) such that n = n, in distribution, and a.s. for everyt € R,

(Fa, ) — (Far 1) = / /X 00 = (0.2, )T - o ). )l dy)

/ /X | 2. 75) (T - Vo (), el )+ (2, )
+ tE[fy 51)} (17)

11
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1.3 Numerical Experiments

We now illustrate numerically the results derived in the previous sections. First, we consider
a regression task on simulated data, based upon an example of (Mei et al., 2018). More
precisely, we consider (1) with o, (W*, z) = f(W" - x) where

—2.5 if t+<0.5,
ft)=<10t—75 if 0.5<t<1.5,
75 if t > 1.5.

The distribution 7 of the data is defined as follows: with probability 1/2, y = 1 and
x ~ N(0, (1 +0.2)21;) and, with probability 1/2, y = —1 and = ~ N(0, (1 — 0.2)21,). This
setting satisfies the assumptions of Theorems 1 and 2, except A2, due to the fact that f is
not differentiable at ¢ = 0.5 and ¢ = 1.5 (see also Remark 5).

Then, we consider a typical classification task on the MNIST dataset. The neural
network we consider is fully connected with one-hidden layer of N neurons and ReLU
activation function?. The last layer is a softmax layer (we consider one-hot encoding and
use Keras and Tensorflow librairies). Given a data x € R? (d = 784 here), the neural
network returns § = softmax((W¢ - Wh(2))9_;) where Wh(z) = (WP . 2), )N, is the
hidden layer (W™? € R? is the weight of the i-th neuron) and W¢ € R¥ is the weight of
the output layer corresponding to class c¢. The total number of trainable parameters is thus
dN +10N. The neural network is trained with respect to the categorical cross-entropy loss.
This case is not covered by our mathematical analysis and the motivation here is to show
numerical evidence that the variance reduction derived in Theorem 2 is still valid in this
case.

Variance Reduction with increasing mini-batch size. We illustrate here that the
variance of the limiting fluctuation process decreases with the mini-batch size, even though
we only have a mathematical structure of the variance of the G-process (see (15) together
with Remark 6). On both experiments, we consider a fixed mini-batch size during the
training (i.e. |Bg| = |B| for all £ € N). We first consider the regression task. Consider
L = 1000 neural networks (initialized and trained independently) whose N = 800 initial
neurons are drawn independently according to pg = N (0, %Id). For each neural network,
we run k = 1000 iterations of the SGD algorithm (2) and compute my := (|| - |2, ") =

+ Zfil |Willz, where £ € {1,...,L}, t =k/N = 1.25 and ||wl2 := \/E;-lzl w]2.. Finally, we

compute the empirical variance of this quantity, i.e.,

L

L
V::\//z;(ml,...,mL):%Z<m47%2mg/>2.

(=1 =1

and display for different mini-batch sizes |B| in Figure 1 the obtained boxplots from 10
samples of V. The other parameters are d = 40, @ = 0.1, § = 1, and the noise is 5}; ~
N(0,0.011y).

Second, we turn to the classification task. Consider L = 30 neural networks (initialized
and trained independently) with N = 10000 neurons on the hidden-layer, initially drawn

2. ReLU function (-)4: u € R—=0if u <0, uwif u > 0.

12
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according to the He intialization N (0, %Id), until iteration k£ = 3000 of the SGD algorithm
(t = k/N = 0.3), and compute the mean of the weight of the output layer (each W° is

initially drawn according to the Xavier initialization A/ (0, ﬁ[ ~)) corresponding to class

0, i.e., for each £ = 1,...,L, we compute mg/:\: % Z;V:1 W,?’O’j. Finally, we compute the
empirical variance of this quantity, i.e., V = Var(my, ..., m_) and exhibit for different sizes
| B| the boxplots obtained with 10 samples of V in Figure 1.

Figure 1: Variance V reduction of the fluctuation process with increasing mini-batch size.
Left: Regression task on simulated data. V is an empirical estimation from 1000
realisations of the variance of (|| - ||2, 1), where N = 800 and ¢t = 1.25. The
other parameters are d = 40, o = 0.1, § = 1, and the noise is 5}; ~ N(0,0.011y).
The boxplots are obtained with 10 samples of V. Right: Classification task on
MNIST dataset. V is an empirical estimation from 30 realisations of the variance
of &Y, W7 where N = 10000 and k = 3000 (t = 0.3). The boxplots are
obtained with 10 samples of V.
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Central Limit Theorem. We focus here on the regression task. For different values
of B, we plot in Figure 2 (f2,n)V) for 0 <t < 8 (recall fo(z) = |z|?), to show the agreement
of (fa,n}V) for different values of 3 > 3/4, corresponding to the regime of (16), and the
divergence from it when § < 3/4. For = 3/4, we also illustrate the regime derived in
Proposition 7. The parameters chosen are d = [B| = 1, N = 20000, a = 0.1 and &} ~
N(0,0.01). The procedure to obtain the plots is as follows. We first compute (f2, ui¥) (we
repeat this procedure 20000 times to get confidence intervals). Then, we approximate (fa, fi¢)
by (fa, ul¥') where N’ = 250000. On Figure 2, we plot /N ((fa, ul¥) — (fo, ul¥')) =~ (fo, n}N)
as a function of t¢.

13
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Figure 2: Time evolution of the fluctuation process for different values of 8 on the regression

(f2, nf")

task, with f : @ € R — [z?, N = 20000, d = |B| = 1, = 0.1 and &}, ~
N(0,0.01). Confidence intervals are obtained from 20000 realisations. The case
B > 3/4 is driven by (16). The case 5 = 3/4 is driven by (17). The case 8 < 3/4 is

not covered by our analysis. The inset exhibits the linear term in time appearing
in (17).
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2. Proof of Theorem 1

2.1 Pre-limit equation and remainder terms

In this section, we derive the so-called pre-limit equation (25). We then show that the
remainder terms in this equation are negligible as N — +o0.

2.1.1 PRE-LIMIT EQUATION

In this section, we introduce several (random) operators acting on C?7+(R?). Using A2
and A3, it is easy to check that all these operators belong a.s. to the dual of C>7(R%).
The duality bracket we use in this section then is the one for the duality in C27*(R%). Let
us consider f € C*>7*(R?). The Taylor-Lagrange formula yields, for N > 1 and k € N,

N
(o) = (o) = o 3 F(Wi) = FOV)
=1

1 X ) . .
= VAW - (Wi = W)
=1

N
> (Wi = W)TV2FWH (Wi, — W),
=1

L1
2N

where, for all i € {1,..., N}, W,i e (W}, W,iﬂ). Using (2), we have

(i) 0. = 3 w0 Wi 22, (¢ )T (Vow) + 3
z,y k
= Y5 Z W (ou(, ) OV S - Vou (), )
i (ﬂf,y)GBk
W Zw Wi) - e+ (f By, (18)
where, for N> 1, ke Nandi=1,..., N,
1 Y A
(f,RY) =N Z Wiy — WV (W) (Wi, — Wi). (19)
For k € N, we define:
(F-DE) = 5 [ = oloa) )V Vo). v ym(de, dy), (20)
<f7MI£V> NﬁéBk‘ Z (y_<g*(7x)7yl]cv>)<vfVU*(71‘)7VIJCV>_<faDl]cV> (21)
(z,y)EBy,

15
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Equation (18) writes, for k£ € N,

1 N ) .
(o) = £y = (D) + (M) + (FRY) + 55 DU VIR e (22)
i=1

Define for N > 1 and t € Ry:

[Nt]—1 |Nt|—1
(£, DY)y := > (f£,DY) and (f,MY):= > (f, M), (23)
k=0 k=0

with the convention that Zal = 0 (which occurs if and only if 0 < ¢ < 1/N). It will be
proved later that {t — (f, M}'),t € R, } is a martingale (see indeed Lemma 21), hence the
notation. One has, for t € R,

Lth -1

(f. DY) = / /X 0 (02 S - Vo), (e, dys

Lt— kt1
= v aly — (o (- z), pY Voo (-, z), M (da, s
ZO/ [ o= () i NITF Vo), (i dya

- / / oy — {ou (s 2) BNV f - Vol ), 1 yr(de, dy)ds + (1, V),
0 XxY

where (f, V), for t € Ry:
f V; ’ ﬁNtJ A )) $),M£V>)<VfVU*(,m),u£V>7T(d$,dy)d8 (24)

Therefore, using (22), we obtain that the scaled empirical measure process {t — ui¥,t € R}
satisfies the following pre-limit equation : for f € C>7*(R%), N > 1and t € R,

|Nt]—1

<f7ﬂiv>_<faﬂév>: Z <f7yl£7\—fi-1>_<fayljﬂv>
k=0
[Nt|—1 [Nt]—

= (L, DY+ (L MYy + Y (f R+ le Z ZVf Wi) -

— [ [ aly= (o) VS - Ton) e, dy)ds
0 XxY

[Nt]—1 [ Nt]—
FEMY) (V) + Y R + s Z ZVf (Wi) -
k=0 1=

(25)

In the next section, we study the four last terms of (25).
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2.1.2 THE REMAINDER TERMS IN (25) ARE NEGLIGIBLE
The aim of this section is to show that the last four terms of (25) vanish as N — +o0. This

is the purpose of Lemma 9. The following result will be used several times in this work.

Lemma 8 Let f > 1/2 and assume A1-A5. Then, for all T > 0, there exists a constant
C < 400 such that for all N >1,i€{1,...,N} and k € {0,...,[NT]},

E [[Wi*] <C.

Proof Let us recall the following convexity inequality : for m,p > 1 and z1,...,2, € Ry,

(ixl)p < mp_lixf. (26)
=1

=1

Let C' > 0 denotes a constant, independent of i € {1,..., N} and 0 < k < [NT'|, which can
change from one occurence to another. Set p =8~,. Fori € {1,...,N}and 1 < k < |[NT],
we have, using (2) and A2 :

_ ' k=1 A = L=
Wil < W1+ | o Wia Wi <+ 5 30 30 (ul+ O+ ] i)
j=0 =0 " @ y)eB, i=0
Thus, by (26),
k—1 k—1
. . 1 1 P 1 S|P
i|p ip I L
Wil < O[5l + 5 ‘ij( > W +0) + 5| e ]
§=0 (z.9)€B i=0
k—1 k—1
1 1 1 P
i|p - - p i
oWl + 53 X Iyl + Y + 5] Yo
i=0 " @ y)eB, i=0
We have:
1 1 151
B[ > (l+0r| <c[Bl=> r|+1],
| Bj vy |Bj| =
79)631 n
and, using A1 and (A3), it holds for j > 0:
il=q
Blpr Ll = X B[ZEE S| = X0 o S Bl )
I =1 q=1 n=1 q=1 n=1
—+o0 1 q
=3 - > Byl E1s]
q=1 q n=1
=E[[y1["] < +o0 (27)

17
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Thus, using the two previous inequalities, we deduce that:

1 1
E[N B Z)E:BJ ly| + C) } C.

??‘
H

<.
I
o

By A4, E []ng]p] < C. In addition, we have that, for i € {1,..., N},

SCZ‘ s’l

=1

E
E
—_

-1
>

.

Il
o

T
=)

Since we deal with the sum of centered independent Gaussian random variables, we have
that, for all i € {1,...,N} and [ € {1,...,d},

k—1
B[|> '] < owz < onvi
j=0
Putting all these inequalities together, we obtain that E [|[W([P] < C [1 + ]]VVI;/;} < C (recall
B > 1/2). This concludes the proof of the lemma. [ ]

Lemma 9 Let 5 > 1/2 and assume A1-A5. Then, for all T > 0 there ezists C' < oo such
that for all N > 1 and f € C*7+(R%),

(i) maxo<p<|n7) E [[(f, R < Cllfllczr [5z + 755
(ii) supieo. 7 E [I(f, V)] < Cllfllezo- /N.

(iii) supejo,r) B [|(f, M{V)?] < ClI 1220, /N

(iv) supyefo,r) E U NIFP ZLM vazl V(W}) - <

? < ClflI? N28
<Ol fllg2nn /NP

Proof Let 7' > 0 and f € C?>7*(R%). In what follows, C' > 0 is a constant, independent of
N>1,t€]0,T], f,and k € {0,...,|NT| — 1}, which can change from one line to another.

Proof of item (%). For k € {0,...,[NT| — 1}, by (19), we have

CHfH 2,7x l i i 170
(f,RY)| < 7NC - E (Wi — WEPQ+ [WE™). (28)
=1

On the other hand, by (2), we have:

C N 21
< N|By| Z (lyl + lgw, (@)]) + NG (29)
(Ivy)EBk

Wi — Wil

18
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By (26) and the triangle inequality, we deduce

. ) 1 |g-;i|2
2 2 N 2 k
Wi = Wi < C gy 2 (o +lal @) + T,

By definition of W,ﬁ, there exists ai € (0,1) such that W,ﬁ = o Wi+ (1—af)W} ,, leading,
by (26), to |/T/T7,z|7* < C Wi + Wi, [%]. Therefore,

Wiy — WilP(L+ [Wil™)

1 2 N 2 leil? i |y i
<Climpy 2o (P + ol @F) + Fhs [+ IWE™ + Wi )
(xvy)eBk
c |V % Y )2 ¢ 4 4
< S W™ + Wi ™) + a7 Z (ly1* + lgw, ()[)
N NZ|By|
+ 2 Lkl 4 (L WD+ W )] (30)
Plugging (30) in (28), we obtain
Cllflleze [ 1 !
N C2:7x T Yx 7 %) 2 4
U, B < N S0 [ IR + WEa PP + s 32wl +0)
=1 (a:,y)EBk
1 7 7 )
+ <55 ekl + L+ WP+ Wi, )7 (31)

Finally, using Lemma 8, A3, and A5, one deduces that E [|(f, RY)|] < C| flc2- (1/N? +
1/N?P%). This proves item (4).

Proof of item (43). Let ¢ € [0,T]. Since o, and all its derivatives are bounded (see A2),
it holds for all s > 0:

N
1 A
(o)) = |5 Do ouWiny o) < €, (32)
=1

and
1 X . .
‘<Vf ’ VU*(,IE),M5>| = ‘N va(WEst) ’ VWU*(WENsy:C)
=1

Cllfllezre -
S— N Z(l +[Wing 17)- (33)

=1

Notice that C above is also independent of x € X. Since E[|y|] < 400 (see (A3)), we obtain

N
[ oo a1 T )t ay)| < LS i ),

i=1
(34)
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Noticing that s € (U]\[V—H,t) = |Ns| = [ Nt], we obtain (see (24))

N
|<f’ ‘/tN>| < (t— I_]]VVtJ) CH.]C]H]CQ'Y* Z(1+ |WENtJ|7*) (35)

=1

Then, by Lemma 8, E [|(f, VV)|] < C| f|lc2 /N. This proves item (ii).
Proof of item (44). Let t € [0, 7). Recall the definition of 7}¥ in (9) and (f, M}¥) in (21).

Step 1. In this step we prove that

E[|(f, M) < Cllf gz /N?. (36)
With the same arguments as those used to get (32) and (33), we have
N
o) ) <O and (VS - Vo ()] < TN Sy e e
i=1

Note that C above is also independent of x € X. By (26) and (37), we have:

C
U MOP S S 20 = (o), VS - Vo) il + IS DY) P
(x,y)EBk

2 N\2 Ny (2
SNQBM(x,%e:Bk(’y' TONVE-Vouls @), + Ol Dl
Ollf 2. oy 2 N2

Nop s oo (bl +C) W) + I DY) (39)

(m,y)GBk =1

On the other hand, it holds since (Wk}, e Wk{V) is f,ﬁv—measurable and by Al:

N
Bl X (e o)y ]

q N
= 3 B[ty D+ €)Y+ W2
=1

1 n=l

_ Zl E 1|qui<|y£|2+0>}E[g<l+ Wi

_ q; E 1|Bk‘:q} [nz: \yk\z-l-C] [i(H |Wé|”*>2}

- S e[ e[S+

_ E_[\yﬂZ + C}E[fj(l + Wi ”*)2] <CN, (39)

i=1
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where we have used Lemma 8 and A3 for the last inequality. Consequently, one has:

2
E[Kﬁﬂﬁ%ﬁ]écnﬁ&?w<+CE[ULD£V]. (40)

On the other hand, we easily obtain with similar arguments that

E [[(£,Di)°] < ClIf|1Z2n. /N*.
Together with (40), this ends the proof of (36).
Step 2. In this step we prove that for all £ > 0:

E [(f, M) F] = 0. (41)

For ease of notation, we set

QY [f)(z,y AWiYiz1,..v

With this notation, we have (see (20)) (f, DY) = NfXxy QN[ f)(z, y, {W} iz, N)7(dz, dy)

N) = (y = (ol 2), i) (Vf - Vou(,2) ). (42)
)
and (f, M) = Wz(z,y)EBkQ [y, {W iz, ~) — (f, DY). Tt then holds:

B[ X QG (.. kA
(z,y)€Bs
| B |

= E{@ Z QN 1y, v, {W]i}i:l,..‘,N) }]_—é\f]

=Y s, 5 Qe . (Widicr,.) | 7.
q>1 n=1

Since (W}, ..., W) is F¥-measurable, (|By|, (7, y}))n>1) 1L FE, and |Bg| 1L (2}, y7))n>1
(see A1), we deduce that

q
E 15,2 > QVIA1@h vt AWihictn) |
n=1

q
~ B[l > QI o fokdizte)][

=E[15,=] [iQN xkayga{w?c}izl,m,N)”

n=1

{wi}i={Wi};

qul EQN w,,w ” _
|Bi|= q 191 {witizt,.N) (Wi h={Wi},

—qf E[1,-¢] (f: DY),

where we have used A3 to deduce the last two equalities. We have thus proved that

Z QN (xkaylw{Wk}z 1,...,.N ‘fk}_<faDI]<:V>'

(z,y)€By,

B3
N|By|
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Therefore, using in addition that E[(f, DX)| FN] = (f, DY) (because (W},...,W}) is
F{-measurable), we finally deduce (41).

Step 3. We now end the proof of item (). If j > k, (f, M) is ]-']N—measurable (because
(f, M) is Fﬁl—measurable). Then, using also (41), one obtains that for j > k:

E[(£,MY)(f, M)] = B [(f, MOVE [(f, M| FY]] =B [(f, M) x 0] =0 (43)
We then have (see (23)):

|Nt]—1

E[(f,M")P] = > E[I(f,M")P]. (44)

k=0
Plugging (36) in (44) implies item (%ii).
Proof of item (iv). Let t € [0,T]. By Lemma 8, Vf(W}) - & is square-integrable for all
ke N and i€ {1,...,N}. From the equality

[Nt]-1 N INt|-1 N

EH kzo ;Vf(w,g). ] S S E[VAW) -l VW) £l

7,k=0 ifl=1
Recall that W? is FN-measurable for all @ € N and b € {1,..., N}, and that €2 1L FN
(see AB). Let e, denotes the g-th element of the canonical basis of R? (¢ € {1,...,d}).
Assume that 0 < j < k < [Nt] — 1. Then, 5 is fN measurable, and it holds for all
i,0e{l,...,N})

d

E[V/(W) ek VIW]) 2] = 3 B0, S(W) ey, fW]) b - e | B[l - €] = 0. (45)

n,m=1

because i ~ N(0,1;) (see A5). On the other hand, using A5, we have for all 0 < k <
|[Nt|] —1and when i # ¢ e {1,...,N}:

d
E[V/(W0) ek VIWE) 2] = 7 [0, W) Be,, fW) [ B[} en] B[ - €] = 0.

n,m=1

(46)
Consequently, we have:

[Nt]-1 N

INt|-1 N
B S Sviovh il = 3 S BIvv) P
k=0 =1 k=0 i=1

Using the Cauchy-Schwarz inequality, we deduce, using also Lemma 8 and A5, that:

[Nt]-1 N 4 INt|]-1 N |
sl| 3 Sviovh-dif] < 3 SV B (<]
k=0 =1 i=
INt|-1 N

<OIf2nn S SB[ +W

k=0 =1

"] < Cllfllgan. N2

(47)
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This proves (iv). The proof of Lemma 9 is complete. [ ]

We now want to pass to the limit in (25). To this end, we first prove that (u¥)y>1 is
relatively compact in D(R, %7 (R%)). This is the purpose of the following section.

2.2 Relative compactness in D(R.,P,(R%)) and convergence to the limit
equation

In this section, we show that (u™)y>1 is relatively compact in D(Ry, Py (R%)). Then, we

prove that any limit point of (u) x> satisfies a.s. (10).

2.2.1 RELATIVE COMPACTNESS IN D(Ry, P, (R%))

In this section we prove the following result.

Proposition 10 Let 3 > 1/2 and assume that the conditions A1-A5 hold. Then, (1™ )n>1
is relatively compact in in D(Ry, Py(RY)).

We first recall the following standard result.

Proposition 11 Let ¢ > p > 1 and C > 0. The set A := {p € Pp(RY), [qa |z|7pu(dz) <
C'} is compact.

We have the following result.

Lemma 12 Let 5 > 1/2 and assume that A1-A5 hold. Then, for every T > 0, there exists
C > 0 such that for all f € C?>7+(RY),

sup B sup (f, )] < CIf)1220.. (48)
N>1  Lielo,1]

Proof Let T > 0 and f € C?>7+(R%). All along the proof, C' < oo denotes a constant
independent of ¢t € [0,T], N > 1, k € {0,...,|Nt]}, i € {1,...,N}, and f € C*>"(R%),
which can change from one occurence to another. From (25), we have:

sup (f, pi")? <C f7uo / /X } (y — (0u(-,2), N2V f - Voo (-, 2), pl )27 (dz, dy)ds

te[0,7

|Nt|—1 )
+ sup (£ MY 4 sup (L4 sup |7 (L RY)]
t€[0,T] t€[0,T] tel0,T]" 2,

[Nt]-1 N

N2+25 sup Z ZVf Wk

te[0,7 k=0 i=1

} : (49)
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We now study each term of the right-hand side of (49). Let us deal with the first term in
the right-hand side of (49). Using A4 and (26), it holds:

< 1 > 7|2
] < N LB UI0)P

i N
< Mleoe s g0 4w

1=1
< ClIflIge -

For the second term in the right-hand side of (49), we have since E[|y|?] < +oo (see (A3))
and using (32), (33), and Lemma 8&:

E[(f,ué\f)]— [<faV0 HNZfWO

7*)2]

[/ /X X >név>>2<Vf~w*<-,x>,u5>2w<dx,dy>ds}scufu%m.

Let us deal with the third term in the right-hand side of (49). By (23) and (26), we have,
for t € (0,77,

INT|-1
sup |(f, MM)[? < [NT] > (f, M)
te[0,T] k=0

Hence, using (36), we obtain that E[supte[oj](f, M{N)?] < C|lfl|22... - Let us deal with the
fourth term in the right-hand side of (49). From (26) and (35),

N
ClIf 1122

sup [(f,V;M)[? < Zoqﬂfﬁ@ﬂ(l +Wi)?,
i=1 ==

te[0,7) N3

which leads to

wy2] < ClflRan & .
E| suwp (VY]] < =35 Y B| max (14 |Wil)

t€[0,7 N3 0<k<|NT)|
Cllf12sn. S | K | CIf |12
< Al 5= IS w0 iy« Wl
i=1 k=0

Let us now consider the fifth term in the right-hand side of (49). From (31) and (26), we
have

Ol |, nf 1 - 1
,RN QS C2:r* 14 [WE* + |Wi Vs 4+ 4+02
(R A ;[N4< (W™ + W™ N“!Bk\(xg;‘&('y' )

1 . . .
+ w75 [k + @+ WP + W )] -
Then, by A3 and A5 together with Lemma 8 and (27), we obtain
1 1 ]

E [/, BOP] < CllflEeo. |7 + 735 ) (51)
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Therefore, using also (26), it holds:

|Nt]-1 o INT|-1 s , 1 N2
ELSE&}%’ kzo o B[] < VT kZO E [/, BOP] < Cllf e |75 + a5+ (52)

Let us deal with the last term in the right-hand side of (49). Using the same arguments
leading to (47) together with (26) and (46) we have

INt]-1 N } o [NtJ 1

1
e A ID R GLCICINES e AR \;w Wi

C|NT] [NTJ 1‘va .

| /\

N2+26

INT]—
N1+26 Z szf (W) -

C LNTj—l N

k=0 =1

Cllf 1z,
- N28-1

| /\

(53)
Plugging all these previous bounds in (49), we obtain (recall that § > 1/2), for all f €

C%7(RY), E[sup;c(o.71(/ 1)?] < C||f|22.,.- This proves (48) and ends the proof of the
lemma. ]

Lemma 12 provides the following compact containment for (1¥)n>1 in D(R4, P, (R9)).

Corollary 13 Assume > 1/2 and A1-A5. Let 0 < e < 1. For every T > 0,

supE[ sup/ lw| el (dw)| < +oc. (54)
N>1  Liefo,r] JRE

Proof Recall v, —~ = 1. Thus, it holds f : w — (1 — x(w))|w|[*T¢ € €% (RY) since
Y« > v + €. The result follows from Lemma 12. [ ]

The following result will also be needed.

Lemma 14 Assume A1-A5 and > 1/2. For all T > 0, there exists C > 0 such that for
all 0 >0 and 0 <r <t <T such thatt —r <0, one has for all N > 1 and f € C2’7*(Rd):

1 1 1 1 1
B (1)~ Fd)P) < Clfen, [# 4 5+ g+ 0+ 1) |+ s | + 373

(55)
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Proof Let 6 > 0and 0 < r <t < T such that ¢t —7 < 4. Let f € C>*(R%). In the
following, C' > 0 is a constant independent of ¢, v, §, N, and f, which can change from one
occurence to another. From (25), we have

(foud')y = (f, ) //Xxy (y — (ou (-, 2), k(V f - Vo (-, 2), pd )m(da, dy)ds

INt|-1
(MY = (F M) + LV = (V) + Y (FRD)
k=|Nr]
1+B Z va Wk
=|Nr] =1
Jensen’s inequality provides
‘<fa Hy > fv :ur
<cfe-n / / (@), iV - Vo () w) [ w(da, dy)ds
XxY
, , o )
(M) = (MNP + [V = (VN ] Y (L RY)
k=|Nr|
1 [Nt]-1 N
+N2+25) 2. 2 V- } (%6)
k=|Nr| i=1

We now study each term of the right-hand side of (56). Let us consider the first term in
the right-hand side of (56). From (32), (33) and (26), we have:

Clf|2%.. v i
E [ly — (0-(, @), i )PV F - Vo (), i) 2] £ —CZE|(yf2 +C) D1+ Wiy )]
=1

< O|flZ20
where the last inequality follows from A3 and Lemma 8. We then have:
Bli—n [ [ (- lotm) s VS Fo o)) mlde,d)ds]
XxY

< Ct =1 flg2n. < C52\|f|lc2 e (57)

Let us consider the second term in the right-hand side of (56). From item (744) of Lemma 9,
we have

2 Cllf 1z,
E |((£, M) = (£, MY))*] < 2E[(f, MY + (f, MY < =58 (58)
Let us consider the third term in the right-hand side of (56). From (35) and (26), we have
Cllf 1122 ;
(V)PP < Tﬁ“ D (4 Wiy )2
i=1
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Therefore, by Lemma 8, we obtain that:

2 Cllf 11z
E[|(£, V™) = (£ VO] < 2B [[(F VNP + KL VP < =5 (59)
Let us consider the fourth term in the right-hand side of (56). By (51),
|Nt|—1 ) ) )
B| S w0 < Ol (1Nt = V0D | 55 + 3
k=|Nr]|
< O (2o (NG + 1) | — ! 60
< C|fllgzan (N6 +1) it NaE | (60)

Let us consider the last term in the right-hand side of (56). By item (7v) in Lemma 9,

[Nt]-1 N

1 ; i 12
WEH D D VI e ]
k=|Nr) i=1
[Nt|]-1 N [Nr|-1 N 2
2 i il? i 2 Cll f11z2.
< B X S Al | S S v el ] < Tee e
k=0 =1 k=0 =1
Using (57), (58), (59), (60), (61), and (56), we deduce (55). m

We now collect the results of the previous lemmata to prove Proposition 10.
Proof [Proof of Proposition 10| To prove Proposition 10, we apply (Jakubowski, 1986,
Theorem 4.6) with E = P,(R?) and F = {V, f € C°(R?)} where

Vy:vePy(RY = (f,v).

The set F on P, (RY) satisfies Conditions (Jakubowski, 1986, (3.1) and (3.2) in Theorem
3.1). Condition (4.8) there is a consequence of Proposition 11, Corollary 13, together with
Markov’s inequality. We now prove that (Jakubowski, 1986, Condition (4.9)) is verified,
i.e. let us show that all f € C®(RY), the sequence ((f,u’V))n>1 is relatively compact
in D(R4+,R). To do so, it suffices to use Lemma 14 and Proposition 38 below (with
Hi1 = Ha = R there). In conclusion, according to (Jakubowski, 1986, Theorem 4.6),
(uN)N>1 is relatively compact in D(R4, P, (RY)). [ |

2.2.2 Limit POINTS IN D(R4, P, (R?)) ARE CONTINUOUS IN TIME

In this section we show that any limit point of (u™)y>1 in D(R4, P, (R?)) belongs a.s. to
C(R+7 Pl(Rd))

Proposition 15 Let 8 > 1/2 and assume A1-A5. Consider u* € D(Ry,P,(RY)) a limit
point of (1) n>1 in D(Ry, Py(RY)). Then, a.s. u* € C(Ry, P1(RY)).
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Proof Let N’ be a subsequence such that in distribution ¥ — p* in D(R4, P, (R%)).
Because W; < W.,, ' — p* in distribution also in D(R4,P1(R?)). By (Jacod and
Shiryaev, 1987, Proposition 3.26 in Chapter VI), u* € C(R,, P1(R%)) a.s. if for all T > 0,
limNHJrooE[supte[O,T} Wi (ud ,pu¥)] = 0. According to the duality formula (8), this is
equivalent to

lim E[ sup  sup \(fvuivj—(fv“%‘]:o' o
N—=too  Ligo, 1] fllLip<1

Let 7 > 0 and consider a Lipschitz function f : RY — R such that || f||Lip < 1. One has that

(fopd)y = (f, 1) + ZLMJ N, vily) — (f,v)) (with the convention S5 = 0). Therefore,
the discontinuity points of ¢ € [0,T] + (f,ui’) are exactly {1/N,2/N,...,|[NT|/N} and
for all ¢t € [0, 7],

[(fopiel) = {foud)] < g max [(fovien) = (Fov)]- (63)

—0,...,|NT|-1

Let k € {0,...,|NT| —1}. We have using (2) and A2:
v A €kl] _, gn
[(F, i) = (F ) Z (Wi — Wi < Z [N|Bk| > (wl+1+ N—’“ﬁ} =: 3}

i=1 i:1 (z,y)EBy

(64)

Then, one deduces that

Oy ekl

and hence that E[|8Y|?] < C(1/N? + 1/N?#) where C > 0 is independent of N > 1 and
k=0,...,|NT] — 1. Then, using (63) and(64),

E| sup sup [(fu) = (fp)] <E[ swp max o (fu) — (F0))]
[te[OﬁT] I fllLip<1 } "N flLip<1 k=05, INT]~1 }
<E| N
- .k:O,.Tﬁsf(TJ—lﬁk ]
| INT]-1 INT|-1
<E[\ 3 8P <\[B] X 18]
) k=0 k=0
C[1/VN + \/N/N25].
This proves (62) since 8 > 1/2. The proof of Proposition 15 is complete. [ |

We end this section with the following result which will be used later in the proof of
Theorem 2.
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Lemma 16 Let 8 > 1/2 and assume A1-A5. Then, for all T > 0 there exists C > 0,

1 1 1 VN
[ 4=+ + N7

— 27 (R4
W A\ v e+ g YO RY,

E| sup (f,u — )2 < C|lflIze
t€[0,T

(65)

Proof The arguments used in the proof of Proposition 15 are not sufficient to prove (65).
We will rather use (25). Let 7' > 0 and f € C?>7*(RY). In what follows, C' > 0 is a constant,
independent of N > 1, k =0,...|NT| — 1, and f, which can change from one occurence
to another. Recall that t € [0,T] +— (f,uY) € R has | NT| discontinuities, located at the
points %, %,...,LN—NTJ. In addition, from (25), (24), and (23), for k € {1,...,[NT]}, its
k-th discontinuity is equal to

QY (] =, M) / | N L) ) (VF - Vo 2), 1 (e, dy)ds
+ (f Ry + Wzlw Wi1) e (66)
Thus,
tes[lép}Kfv/Lt — p))? < max {|dy 4 [f]]%, 0 <k < |[NT]}. (67)

By (38) and (26), it holds:

oyt < Wl 5~ S oy et

5
N ’Bk‘ (z,y)€By, =1

Then, using Lemma 8, we have with the same computations as the one made in (39):

Cl fllg2. ; C|l fllga
E[|(f, MO|"] < — 55 ZE E[(1+Wi)1] < =5 (63)
Consequently, one has:
g 12 _ C)fI
Ny2| N4 < C2vx
B | s, M) <Xl g (69)
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By (32), (33) and since | Ns| = k when s € [k/N, (k + 1)/N], we have

k+1
| / / S 2) WUV F - Vo (), ) (e, dy) s
Xxy
k+1 N
XxY 121
CHch?w i
=Nz Elly |+C];(1+’Wk7)

N
Cllf g2 ;
< > 1+ W
=1

’Y*)'

By (26) and Lemma 8, it then holds:

k+1
4
Bl 7], 00 (01 Vo) . an) oo
X><y
Cllflgan N 15 ipeyt] < Ol e
sN;E[;(mwkm < M.

Thus, one has:

o o [ [ [, 00 = () T o ) i e ]

N
INT|-1 k41
N 4711/2
<| ¥ g / aly = (o), 1w )V - Vo (o), il ye(de, dy)ds| ||
k=0 ¥ Jaxy
CllfZ2
- N3/2
On the other hand, from (31) and (26), we have
Cllf e x| 1 1
N\ 4 C2+ . 4 4
RN < S| U+ WA+ W+ sy 32 (' +€)

x Y GBk
¥ 2ga [0+ (L WL 4+ 1))
NSB k k k+1 .
Using Lemma 8, A3, and the same computations as those made in (27), we deduce that:

E [|(f. BY)["] < Cllfllger (1/N® +1/N%).
Then, it holds:

|INT|—1 12 . 1 112
N\ (2 § : N\ |4 2
E ngn<la[)]\(fTJ ’<f7 Rk >‘ } < ’ et E U(f? Rk: >‘ ] ‘ < CHfHCQW* {N’? + NSB—l] :
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By (26), A5, and Lemma 8,

N 4
E[| Y viwi) -,
=1

N
| <MY B (VW) €]

=1

N
< NIfllgane D E [+ W) E [lekl'] < Cllfllgan. N*.
i=1

Thus, one deduces that

|INT|—1

1/2
E[0<k<LNT ’N”Bzvf W) } ’ Z EHNHB va W) - H
12 VN
‘N4+450”fHC2 7*N5‘ < CHngQ’,Y*W
Plugging all these previous bounds in (67) implies (65). -

2.2.3 CONVERGENCE TO THE LIMIT EQUATION (10)

This section is devoted to prove Proposition 18 where we show that any limit point of
(1Y) N>1 in D(R4, Py (R?)) satisfies a.s. (10).

For t € Ry and f € C7(RY), we introduce the function A¢[f] : D(R4,P,(RY)) = R
defined by

At[.ﬂ Tm <f7 mt) - <f7 ,U'O> _/O /Xxya(y - <0'*(,.%'),m5>)<Vf ’ VJ*(-,x),ms>7r(da:,dy)ds

To prove that any limit point of the sequence (1’¥)y>1 in the space D(R., P, (R?)) satis-
fies (10), we study the continuity of the function A;[f]. This is the purpose of Lemma 17.

Lemma 17 For any t € Ry and f € CY(RY), the function A4[f] is well defined. In
addition, let (m™)y>1 be such that m™ — m in D(R+, Py(R?)). Then, for all continuity
points t € Ry of m, Ay[f](mN) — As[f](m) as N — +oc.

Proof In the following C' > 0 is a constant independent of f € C'V(R%), s € [0,], x € X,
and y € Y, which can change from one occurence to another. By A4

()l =] [ H 0 uPoldw)] < 0+ Bl (70

The following result (Villani, 2009, Theorem 6.9) will be used many times in the following:

is bounded.

(71)

fin, — o in Py (R iff (g, pun) — (g, ) for all g : R? — R continuous s.t.

g
L+ ]|
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In particular u > 0+ (1+]-[?,my) € D(R+, R) and thus sup,ecjo4 [(1+]-[7, my)| < +o0 for
all t > 0. Define the function ¢35 (m) = a(y — (0. (-, ), ms) ) (Vf-Vo.(-,z), ms). Using A2,
one has for s € [0, t]:

|35 (m)| < C(1+ |yl) . [+ malll fllero (72)
uel0,

Using also A3, this proves that A;[f] is well defined.

Let us now consider (m®")y>1 such that m™ — m in D(R4,P,(R%)). Denote by
C(m) C Ry the set of continuity points of m. From (Ethier and Kurtz, 2009, Proposition
5.2 in Chapter 3), we have that for all t € C(m), m¥ — my in P,(R%), and thus, for all
t € C(m), according to (71),

<f7miv> N_> <f’mt>'
—00

For the same reasons, for all s € [0,{]NC(m) and = € X,
<0—*('7x)7mév> N—> <O'*(',.’I,'),ms> and <va0'*(,l'),mév> N—> <vaa*(7$)7m8>
—00

—00

Since R4 \C(m) is at most countable (see (Ethier and Kurtz, 2009, Lemma 5.1 in Chapter
3)), it holds a.e. on [0,¢] x X x Y, ¢s¥(mY) — ¢5s¥(m). Note that using (Ethier and Kurtz,

2009, Item (b) in Proposition 5.3 in Chapter 3) together with the triangular inequality:
(117, m) = W (G0, mLY) < (W (f0, may) +Wo(may, m )], XY Ry = Ry, w0,

u

one deduces that there exists C' > 0, for all N > 1 and s € [0,¢], [(1 4 |- [",m)| < C.
Together with (72), one has using the dominated convergence theorem,

t t
/ %Y (mMN)r(dz, dy)ds — / / %Y (m)w(dz, dy)ds.
0 JXxY 0 JAXx)Yy

This proves the desired result. |

We are now in position to prove that any limit point of the sequence (,uN )n>1 in the
space D(R, P, (RY)) satisfies (10).

Proposition 18 Let 3 > 1/2 and assume A1-A5. Let u* be a limit point of (u™)n>1 in
DRy, Py(RY). Then, a.s., u* satisfies (10).

Proof Up to extracting a subsequence, we assume that in distribution ¥ — p* in
DR, P, (RY). Let t € Ry and f € C*(R%). By (25) and Lemma 9, we have:

E [At[f] (MN)]
[Nt]-1 INt|-1 N

= B[[(7.m)) ~ (o) + MY+ V) + S0 RN+ sy S VA <
k=0 k=0 =1

|Nt|—1

< B[S, md) = (0} 1]+ B VO + ELL MY+ E|| Y (7R
k=0

INt|]-1 N

+\ Bl DD IGUA ] = lflleen |

1 1 1 1
TN+N+W+W}
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where the bound E[|(f, ud") — (f, 1o)|] < C||fll¢2 /V'N follows from (70) and the fact that
the initial coefficients are i.i.d. (see A4). Therefore, since f > 1/2, for all t € R4 and
fece®Y),

Jim B [Af)] = 0. (73)

By (Ethier and Kurtz, 2009, Lemma 7.7 in Chapter 3), the complementary of the set

Cp") ={t =0, P(y- = py) = 1}

is at most countable. Let t, € C(u*). Denoting by D(Ay,[f]) the set of discontinuity points
of Ay, [f], we recall that from Lemma 17, m ¢ D(Ay,[f]) if m is continuous at ¢,. Then, we
have:

P(i* € D(Ay,[f]) = 0.
By (Billingsley, 1999, Theorem 2.7), it then holds:

N/li)n_lmo A [f16) = Ag, [f](1*) in distribution, Vi, € C(u*). (74)
By uniqueness of the limit in distribution, (73) and (74) imply that for all ¢, € C(u*) and
f € C*(RY), as. Ay [f](u*) = 0. It then remains to show that a.s. for all ¢ € R, and
f € C(RY), Ay[f](1*) = 0. To do so we use a standard continuity argument.

First of all, for all m € D(R4,P,(R?)) and f € C*(RY), the function t € Ry —
A¢[f](m) is right-continuous. Moreover, there exists a countable subset R« of C(1*) such
that for all + > 0 and € > 0, there exists s € R+, s € [t,t +&]. Thus, for all f € C*(R%),
it holds a.s. for all ¢t € Ry A4[f](p*) = 0.

Secondly, for all m € D(R4,P,(R%)) and ¢t > 0, using the dominated convergence
theorem, the function f € HL7Y(R?) — A[f](m) is continuous (because H™7(R%)
CL7(RY), by (6)). Furthermore, H%7(R?) admits a dense and countable subset of elements
in C>°(R%). Thus, a.s. for all f € HEY(R?) and all t € Ry Ay[f](p*) = 0.

Note also that C°(R?) € HL7(RY) since 2y > d. This ends the proof of the proposition.
|

Note that we have not used Proposition 15 in the proof of Proposition 18.

2.3 Uniqueness of the limit equation in C(R,,P;(R?)) and proof of Theorem 1
2.3.1 UNIQUENESS OF THE LIMIT EQUATION IN C(R,,P;(R%))

Proposition 19 There exists a unique solution to (10) in the space C(R,P1(R%)).
Proof We have already proved the existence. Let us now prove that there is at most one

solution to (10) in C(R,P1(R?)). The proof of the uniqueness of (10) relies on arguments
developed in (Piccoli and Rossi, 2016; Piccoli et al., 2015) and is divided into several steps.

Step 1. Preliminary considerations.
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If p* is solution to (10), then for all f € C*(R?), s > 0+ Jaxy @y = (o 2), W)V f -
Vo.(-,z), ws)m(dz, dy) is continuous (by the dominated convergence theorem). This implies
that for all f € C2°(RY) and t € Ry,

d
Gl = [ V1) Vi @)
where V : € P(R?) — V][] is defined by

V] :we R — aly — (o4(-, @), 1)) Vo (w, z)n(dz, dy) € RE
Xx)Y

Adopting the terminology of (Santambrogio, 2015, Section 4.1.2), p* is thus a weak solution®
of the measure-valued equation

{atu? = div (V[u;]u7) (75)

pg = Ho-
Therefore, to prove the uniqueness result in Proposition 19, it is enough to show that (75)
has a unique weak solution in C(R,P;(R%)). To this end, we consider two solutions
pl = {t pu},t >0} and p? = {t = p2,t > 0} of (75) in C(Ry,P;(R?)), and we introduce
the following mappings

vl (t,z) € Ry x R — V[,u%](x) and v2: (t,z) € Ry x R — V[,u?](a:)

Step 2. In this step, we prove some basic regularity properties of V, v!, and v?2.

Let us first prove that the velocity fields v! and v? are globally Lipschitz continuous over
R, x R Let p € {u', p?} and set v(t,z) = V]u](z). For 0 < s <t and wy,ws € RY, we
have

[u(t,wy) — v(s,ws)| < Ju(t,wr) — v(t,we)| + |v(t, we) — v(s,ws)l.

By A2, the function w +— V[u](w) is smooth and |[VV|u](w)| < C for some C' > 0 inde-
pendent of p and w. Thus, it holds

ot wr) — v(t,ws)| = [V (wr) — Vi (ws)] < Cluwy — 1w,

for some C' > 0 independent of ¢, wy, and we. Secondly, for any = € X, considering (10)
with f = 0.(+,x), we obtain

(s ), s — )| </S /M|a<y— (02 2) o)) (Vo) - Vo ('), i) | m(da, dy)dr
SC’t_S‘a

leading to

”U(t,'LUQ) - U(va2)‘ = ’/ 04<0*('795)7Ms - ut>VJ*(w2,x)7r(dx,dy) < C|t - S|.
X XY

3. We mention that according to (Santambrogio, 2015, Proposition 4.2), the two notions of solutions of (75)
(namely the weak solution and the distributional solution) are equivalent.
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Thus, there exists C' > 0 such that for 0 < s < t and wy, w2 € RY, |v(t,w1) — v(s,ws)| <
C(|t — s| + w1 — wa]), which proves that v is globally Lipschitz. Now we claim that there
exists L' > 0 such that for every p,v € Pi(RY),

IVIu] = VY]l := sup, Vg (w) = VIr)(w)] < L'Wi (g, v). (76)

By A2, there exists C' > 0 such that for all p, v € P;(R?) and all w € RY,
|\ZU4(HO _>‘[h4(uﬂ|:: L/; };a(<a*b,x),u>——<0*(,x),p})VRVog(uuaﬁw(dx,dy)
X
<C

|<U*an)ay>‘_ QT*C,x),M>|W(d$,dy) 5;(7VV1(M,V),
XxY
where the last inequality is obtained by the Lipschitz continuity of o, (-, z) (which is uniform
inzelX).

Step 3. End of the proof of Proposition 19.

Since v is globally Lipschitz, we can introduce the flows (gbtl)te[oﬂ and ((b%)tE[O,T] with
respect to p! and p?. By (Villani, 2003, Theorem 5.34), one has

pt = ¢y #po, B = i, Yt > 0. (77)

The symbol # stands for the pushforward of a measure. Let L > 0 be a constant such
that [v}(w;) — vi(wy)| < L|wy — we| for all i = 1,2, t € Ry and wy,ws € R? (which exists
by the previous step). Then by (Piccoli and Rossi, 2016, Proposition 4), it holds for all
n,v € Pr(RY),

Lt

sup lvg — vZ|oo- (78)

0<s<t

VV1(¢%##M7¢%##V) S;eLtvvl(M,y)-+ ¢

We are now in position to prove that u' = 2. We use the techniques introduced in (Piccoli
et al., 2015). Let us now consider T > 0, and introduce

to := inf{t € [0,T], Wy (s}, u2) # O}.

We shall prove that tg = T. Assume that to < 7. By (77) and (78), we have, for 0 < s <
71_'t0>
1 2 Ls 1,2 els -1 1 2
Wi (g4 < € Waludyo ) + S0 sup ot 22
to<t<to+s
By continuity, W1 (Mtlo7 ,ufo) = 0. For s small enough such that e’* — 1 < 2Ls, we obtain,
using (76),

1 2 1 2
Wi (L 45 Hgg4s) < 28L’t s Wl z)-
0TS0

Then, for 0 < ¢ < s <min(1/2L',T — ty), applying the last inequality for s’ gives

1 2 1 2
Wi (fgy a0 Higrsr) < sup Wi(pr, pi7),
to<t<to+s
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which is not possible. Hence, ty = T, and again, by continuity, we conclude that W1 (u}, u?) =
0, Vt € [0,T]. Therefore, u' = 2. We have thus proved that (10) admits a unique solution
in C(R4,P1(R%)), which is the desired result. [ |

2.3.2 END OF THE PROOF OF THEOREM 1

We can now prove Theorem 1.

Proof [Proof of Theorem 1] By Proposition 10, the sequence (1) y>1 is relatively compact
in D(R4,P,(RY)). Let a! and % be two limit points of (uV)y>1 in D(R4, Py (RY)). Let
j €{1,2}. By Lemma 15, a.s. i/ € C(R4,P1(R%)). According to Proposition 18, /i’ satis-
fies a.s. (10). Let p* € C(Ry,P1(R?)) be the unique solution of (10) (see Proposition 19).
Therefore, one has that a.s. @/ = p* in C(Ry,P1(R%)). Note that this implies also that
p* € D(Ry,Py(R?)) and then that a.s. @/ = p* in D(R4, P, (R?)). Therefore, (u™)n>1
converges in distribution to u* in D(R4, P, (R?)) (and then the convergence holds in prob-
ability). This ends the proof of Theorem 1. [ |

3. Proof of Theorem 2

In this section, we prove Theorem 2. Recall that fi € C(R., H~17(R%)) is given by Corol-
lary 1 and that the fluctuation process is defined by (see (11)):

N =VNEN —p), N>1
Throughout this section, we assume that A1-A7 hold.

3.1 Relative compactness of (7")y>1 in D(R,, H~/0tLio(RY))

To prove the relative compactness of (n™V)y>1 in D(R4, H~/0T1io(R2)), we will use Propo-
sition 38 with H; = H7 =140 (R%) and Hy = H’272(R?). Mimicking the proof of (Sznitman,
1991, Theorem 1.1), there exists a unique, trajectorial and in law, solution of
dXt =« fXX)J(y - <O-*(.7 .15)7 [Lt>)VWO'*(Xt, .'B)W(dx, dy)dta (79)
Xo ~ Mo, ;&t = LaW<Xt)
Denote by i € P(C(Ry,R?)) this solution. The mapping ¢t > 0 + fi; satisfies Equa-
tion (10). In addition, using A2, it is straightforward to show that the function ¢ — [, lies
in C(R,P1(R%)). Since fi is the unique solution of (10) (see Proposition 19), fi = ji. There-
fore, we introduce, as it is customary, the particle system defined as follows: for N > 1, let
Xi={t— X/ ,te Ry} (i €{l,...,N}) be the N independent processes satisfying:

{Xz’ = Wit Jo @ funy(® = (01 2), i) Viwou (X5, )m(de, dy)ds, LRy o
fy = Law(X}).
We then introduce its empirical measure:
N
ﬂiVZNZ(%‘(;, N>1, t€Ry. (81)

i=1
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By A2, there exists Cp > 0 such that a.s. for all 0 < s <, it holds for all s € {1,..., N}:
| X} — X1 < Colt — s). (82)

In particular, t € Ry — X} € R? is a.s. continuous for all i € {1,...,N}. Because pq is
compactly supported (see indeed A6), one deduces that there exists C' > 0 such that a.s.
for all T'> 0 and for all i € {1,..., N}:

sup |Xi| < C(1+7T). (53)
te€[0,7)
Thus, for any 8 > 0, a.s. 7V € C(R4,CHP(R?)). We now define, for N > 1,
TV .= VNN — i) and OV .= VN(@E"N — ). (84)
It then holds:
V=1V +em. (85)

For all N > 1 and for any 3 > 0, since a.s. uV € D(R,C%3(R?)’), one has
as. TV € DR, CHP(RYY).

In particular a.s. TV € D(R4, H1~7171(RY)) because H/1~171 (R?) — €171 (R?) (according
to (4) and since J; — 1 > d/2 4+ 1). On the other hand, since i € C(R4, H 17(RY)) (see
Corollary 1) and since a.s. @V € C(Ry, L7 (R4)), it holds for all N > 1:

as. O € C(Ry, H 7 (RY)). (86)
We start with the following lemma.
Lemma 20 Let 5 > 3/4 and assume A1-A7. Then, for all T > 0, we have

sup sup E[|O)3 5 + [T (15, 0.00] < +o0.
N>1t€[0,T]

In particular, sup n>1 SUPe(o 1] E[anVH;,Jl,jl] < +00.

Proof Let T > 0. In all this proof, f € H7171(R%) and {f,}a>1 is an orthonormal basis
of #7111 (R%). In the following, C' denotes a constant independent of N > 1, ¢t € [0, 7],
(z,y) € X x Y, and the test function f, which can change from one occurence to another.
The proof is divided into two steps.

Step 1. Upper bound on E [H@fv\@rhm]

Since X!, ..., XY are i.i.d. with law fis (see (80)), using (83), the fact that
i € C(Ry, HBY(R?)) (see Corollary 1), and HPV(R?) — CO7Y(R), it holds for all ¢ €
[0, T7:

&) — ()]

-
M=

Il
—

B[(7,6)] = B[(f VNG ) | = B

%

B[ (X)) ~ .0

I
2|~
™=

1

-
I

IN
2|
N

E[|f(XDP] +1{f, 5 < CllfIF e
1

-
Il
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Taking f = f, in the previous inequality, summing over a € N*, and using the fact that
HILIN(R) —ps. HEY(RY), one deduces that:

sup sup E[[0)]3 ,,.,,] <C. (87)
N>1tel0,T)

Step 2. Upper bound on E [HT{VH%,JNI].

Recall that a.s. YN € DRy, H! 77171 (RY)). Thus, as. TV € DRy, H /171 (RY)). We
then have for all t € R,

—+o00
NN =i = D fa T2 (88)

a=1

For all i € {1,...,N}, as. t € Ry — f(X}) € C*(R4). Indeed, f € C'(RY) and a.s.
t € Ry — X/ (see (80)) is C! (because a.s.

sERy = afy )y — (o4 (-, 2), jis)) Vo (XL, x)m(dx, dy) is continuous by the dominated
convergence theorem). Therefore, it holds (f, u¥) = (f, i)’ —l—f(f %(f, iY)ds and therefore,

oY) = () + / / oy — (02, 2), i)V f - Vou(-r2), i yr(de, dy)ds.  (89)
0 JAXXY

Thus, by definition of T (see (84)) and using also (25), we have:

() = VN (1 — 1)
—_——

=0
+VN / / oy — (o 2) BNV f - V(e ), 1 yr(de, dy)ds
0 JXXY

[Nt]—1 JN [Nt]-1 N ' '
+VNEMY) + VNV VN Y LR + s D0 D VWD) el
k=0 k=0 i=1 (90)
Furthermore, it holds,
\/N(y - <U*(" ‘T)v M§>)<Vf : VU*(W@»H%
= (y - <g*(,x),,uév>)<Vf : VU*("'T)’ Tév> - <O'*("‘T)7 T§><Vf : Vo'*(~,x),/jév>
+VN(y = (0u( ), fis) = (0 @), 1)) = i)V f - Vo (- x), 1)) (91)
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Consequently, plugging (91) in (90), we obtain for t € R :

t
<f7T£V> :/ /Xxya Yy — U* ',.f y N>)<VfVJ*(,.’L'>,T:]9V>7F(d.’E,dy)dS

// (o MWV Vo, z), BN (dz, dy)ds
XxY
- / [ alona) VR = g) (V1 - Vo), n(dr, dy)ds
0 XxY
[Vt]—1 VN INt|-1 N
VN M) +VNEVM VN Y R + 5 DL D VA
k=0 k=0 =1
(92)

By Lemma 41 (in Appendix B, see also Remark 42), one then has for all t € R:

(£, 10 < AN [+ BN, (93)
where
Al _2//)”, a{f, TNy = (ol @), i)V f - Vo (-, 2), T )m(da, dy)ds
_2/ /X N ol f, TN o, (- 2), YOV f - Vo, (., x), iY)r(dz, dy)ds
_2/ /X % f7TN U* )f(u _ﬂ3)><vf'VU*(',x),ﬂéV>7T(d$,dy)dS
SEAUESAITES Sl
and

|Nt|—1

BIl= 3 20500, OV (M) + AN MY
=0
L t-1

3 2000 VN RY) + NI RY)P|
k=0
[Nt]—1
'2\F
+ kZ:O _N1+5<fv k+1 ;Vf Wk NH_QQ‘ZVJC sz ekz‘]
INt)—1
T 2f, 7Y, )al 1)+ 4la [ —2f/ LY
k=0

k+1

LY = [ aly—(ou(oa) ) VSTl ). i n(de.dy) and ad(f] = VA [ LY (7las
XxY N
(94)
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Using (93) and (88),
+o0 +o00
TV < D AN fal + ) BY[fal: (95)
a=1 a=1

By Lemma 39, detailed in Appendix B, and since 8 > 3/4, one has for all f € H/171(R%)
and t € R4,

B[BY1/]) < (17 + B | [ i v )

Thus, recalling H’/171 (RY) —»y.g. HY7(R?) and (88), we obtain,
+00 t
> BBl < C+C [ BN s (96)
a=1

Let us now provide a similar upper bound on "> AN[f,]. By (83) and because H7(R?) —
€27 (RY) (see (6)),

N - . Cllf oz .
(VF - Vo). i) = |2 S VAED - Vo (%) | < Tl Sh 4 i)

=1 =1
< Olfla (97)

Then, using A2 and since j; > d/2, it holds: we have using (97):

t
9 / / lf, TNV (0w (1 2) YNV f - Voo (-, ), 1Y e(de, dy)ds
0 JXXY
t
< o / /X (4 O s V) By 1Y ) el s
X

t
<c /O (£ TN 4+ U 1TV 12,0 ) ds

Thus, SN E[JN[f]] < C [y E[ITY|2,,, ., ]ds. Let us now study >+ KN[f]. Since

X! ..., XN areiid. with law fis (see (80)) and because o, is bounded (see A2), we have:
l

1 -
= 17 2B [(0u(Xh2) = (ou (), )] <
1=1

B [(0u(,0),5Y — )] = B[ ia*@;} 7) = {0, 2), i)
=1

2|0
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Hence, E[(0,(-, ), VN (i — fis))?] < C. Thus, using in addition (97), one deduces that
B2/ [ Xya<f, 0 o). VN — VS Vo), e, s

<o [ [ (BT 4R [l VG )9S Vo ] el i
<o [ | B B [(o ) VNG ] L1} (, awas

<C [ {BUSTIV)+ 1} .

Therefore, 3"+ E[KN[f.] < C+C fg [HTNHH 7.5, ]ds. Tt remains to study > 52 IV [f,].
To this end, for € X, introduce the bounded linear operator

Te: feH I (RY) = Vf-Vo,(-,z) e H1 LR, (99)
Then, one has:
+o00 N 400 N
;I fa Z / /X fa, - <U*(""L‘)vﬂs >)< afar T > (dl‘ dy)d
+oo
= aly — (o.(-,z), ¥ TN s x
=2 [ [ et o) i) S ) Tk ) d)s

- 2/0 /Xxy oz(y— <U*('7x)’uév>) <TL]§VaT*TN> Ji dﬂj dy)d

Since o, is bounded, this implies that:

ZEIt <0 [ B[ [l o i TN e, )] as

X><y
<0 ['B[[ (ol + O T s () as
XxY

By Lemma 40, detailed in Appendix B, and since a.s. YV € D(R,,H!~/171(R%)), there
exists C' > 0 such that for all z € X, (YN, T:TV) ;0] < C’HTéVHg_l_Jl,h. Hence, since
E[|y|] < 400, we deduce that:

+oo
> B 7]) < ¢ [ el ] o

We have thus proved that > 7S E[AN[f,]] < C + Cfo HTNHH 71,5, Jds. In conclusion,

using also (96) and (95), we have E[HTNHH ) SC+ Cfo HTNHH 7,.5,)ds. By Gron-
wall’s Lemma, we get:

sup sup E[||TN3, ] < +oc.
N>1te[0,T]
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Together with the first step, this ends the proof of the Lemma (recall the decomposition
N =71N + 0V, see (85)). [ |

Lemma 21 Assume A1-A7. Introduce the following o -algebra (see (9)):
V.= fﬁm, teRy.
Then, for all f € C>7*(RY), the two processes
Nt|-1 N
{ Z Z fOVE) €4, te R+} and {t»—> (f,MN) t e R+} are Y -martingale.
e (100)

Proof Recall that by Lemma 8, the first process in (100) is integrable. By (36) and (23),
the second process in (100) is integrable. For 0 < s < t, we write

[Nt]-1 N [Ns|-1 N

Bl Y S viwh-els| = Y SB[V el F N+ /AL (01
k=0 =1 k=0 =1
where
[Nt]-1 N
if [Nt] = [Ns]: R[f] =0, and if [Nt] > |Ns]: Z ZEVfWk )kl Fiive) )
k=|Ns| i=1

When |Nt] > [Ns], since the W}’s are F}¥-measurable (see (2) and (9)) and the &i’s are
centered and independent of 7V (see A5), we have, for k > |Ns| and i € {1,...,N}:
E[VS (W) k7] = B[VFOW) - EELFN|[FY, ] = 0.

Hence, for all 0 < s < t, %%[f] = 0. Furthermore, for 0 <k < |[Ns|]—1landi€ {1,...,N},
V(W) e is fﬁ_l—measurable and thus is F; ﬁv s J—measurable. Therefore, (101) reduces to

|Nt]—1

N
E[ SOV,

k=0 i=1

This proves that {t — ZLN” ! PR VW) ei, t € Ry} is a §P -martingale. Let us now
prove that the process {t — (f, M}),t € Ry} is a §}-martingale (see (23)). We have, for
0<s<t,

[Ns|—-1

E[(f,MM)FY] = > E[f, MY)|FN. ]+ eNlf

k=0
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where
|Nt|—1
if [Nt] = |Ns|: €Y[f] =0, and if [Nt] > |[Ns|: €)[f] = Z E[(f, M) FN]-
k=|Ns]

When |Nt| > | Ns|, we have for k£ > | Ns|, by (41):
E[(f, M) FNy] = B[E[(f, MY)FY] |7y | = 0.
Hence, for all 0 < s < ¢, €[f] = 0. In addition, for k < [Ns| — 1, (f, M) is F -

measurable and thus is }—ﬁvs J—measurable. In conclusion, {t = (f, MN),t € R+} is a
FN-martingale. This ends the proof of Lemma 21. [

The following lemma provides the compact containment condition needed to prove that
(n™V)n>1 is relatively compact in D(R, H~7o+1J0(R4)).

Lemma 22 Let 8 > 3/4 and assume A1-AT7. Then, for all T > 0,
sup B sup (|12, 5,0 | < +o0. (102)
N>1  le0,T)

Proof Let T > 0. All along the proof, C' > 0 denotes a constant indendent of ¢ € [0, 7]
and N > 1, which can change from one occurence to another. Recall that n¥ = TV + @V,
see (85). By (92) and Jensen’s inequality, it holds for f € H/272(R?) (recall H”272(RY) —
HI1I1(RY), see (14)),

sup (f,TV2 <
te[0,77]

/ / (y — (ox(-y ), >)<Vf'VU*(‘,SU),TéVMQ?T(dS,dy)dS
Xx)Y

// (00(,2), TNV f - Vo (-, 2), i) | w(de, dy)ds
XxY

2
[ ol VNG )9S Vo) i) (s
0 XxY
|Nt|—1 )
N sup (MNP N sup [V 4N sup [ 32458
te[0,7) tel0,T tel0,7]1"
[Nt|-1 N
sup V(W)
N1+2ﬁ tE[OT]‘ kZO ; k) ]
(103)

We now consider successively each term in the right-hand-side of (103). By Lemma 20, for
0 < s < T, we have using also A2 and E[|y|?] < +oco (see A3):

B[/ = (o) TS - Vo), X, dy)
<CE| /X 5 DI -9 ) T2 13, 510 (dz, dy)|

< Ol 10 BUT - ) < O - (104)
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Let us now study the second term in (103). By (97) and since sup ¢y ||« (-, )|/ < +00
(because j; > d/2 and o, € C°(R? x X) by A2), for 0 <s < T,

_ 2
E ||(0(,2), YNV - Vo, (), i) ] < ClLARwa® [TV 1] < ClF 1w (105)
Let us now consider the third term in (103). By (97) and (98), we have for 0 < s < T,
E[(0.(,2), VN(EY = 5)(Vf - Vo 2), )] < Cllf e (106)

Let us now deal with the fourth term in (103). By Lemma 21, we have using Doob’s
maximal inequality, E[sup;c(o11(f, MN)?] < CE[(f, M¥)?]. Then by Lemma 9 and since
HEY(RE) — €27+ (RY) (recall indeed (6)), we obtain

NE| sup (£, M| < Cllfa. < Cllf I (107)
te[0,7)

Using (50) and again (6), the fifth term in (103) satisfies:

NE| sup (£, V)] < ONTV2) Ry, (108)
t€[0,T]

Using (52), the sixth term in (103) satisfies:

|Nt]—1

B[Nowpicr| S (BN ] < ClLAn (N + N2 /N9,
k=0

Let us deal with the last term in the right-hand side of (103) for which we need a more
accurate upper bound than (53). By Lemma 21 and Doob’s maximal inequality, we have
using (47) and HP(R?) — C27+(RY),

[Nt|-1 N INT|-1 N

} N1+2ﬁ H Z szf Wi)-

< R N

1

w32 3V

Collecting these bounds, we obtain, from (103), for f € H/272(R%),

E| sup (£, 11| < C (If13m e + 1 13n) - (109)
t€[0,T]

We now turn to the study of E[supycpo 71 (f, OM)?] for f € H'272(R?). By (89) and Corollary
1, we have, for all t € [0, 7] (recall that OF = /N (¥ — fi;), see (84)),

t
(f,0N) = (,00) + /0 /X 00— (0.2, (TS Vo 0), 00 m(dr, dyhds. (110)
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By Jensen’s inequality together with A2 and (87), one has:
o aup (7.0
t€[0,T]
T
< CE[|(f.65)P] +C / / (lyI* + DE[(V] - Vou (-, ), 0,)?] m(dz, dy)ds
0 Jaxy
< Cl A1 BUIO 17011
g N
w0 [ D IVE T ) B IOF o] s
X
< O f 3410, - (111)
Let {f2}a>1 be an orthonormal basis of #7272 (R?). Let us recall that (see (14)) H/272(R?) <y,

HAFLIN(RA) and HHLIH(RY) — HEY(RY). Then, by (109) and (111), we obtain, since
B=3/4,

E sup]llan!i—Jg,jg]ZE[ sup Z(fa,mNﬂ SZE[ sup}<fa,niv>2]

tel0, T te[0,T] ;> a>1 tel0,T

§22<E[ sup <fa,T§V>2] +E[ sup (fa,G)feV>2D

a>1 te[0,T] te(0,7)
<CY  (fallyai 150 + I fall3en) < C.
a>1
This concludes the proof of the lemma. |

The following result provides the regularity condition needed to prove that () N>1 1S
relatively compact in D(R, H~/0TLio(R%)).

Lemma 23 Let 5 > 3/4 and assume A1-A7. Let T > 0. Then, there exists C > 0 such
that for all 0 >0 and 0 < r <t <T such thatt —r <, one has

2 N6+1 1 1 1 N§+1
E [Hniv - n,{VHH,Jm} <C [52 + 5t N + (N6§ + 1)2(W + N45—1) s ]
(112)

Proof Let T' > 0. In the following, C' > 0 is a constant independent of § > 0,0 <r <t < T,
N >1,and f € H/272(R?) which can change from one occurence to another. In what follows
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t—7r <. Recall pV = TN 4OV, see (85). Using (92) and the Jensen’s inequality, one has:
2

§C (t—r)/ /Xxy\(y—<a*(~,f€),uiv>)<vf-VU*(',w),TiV>|27T(ds,dy)dS
—-r a* N O 0Ny 27r x S
(t //” J TNV F - Vo), i) 2 r(da, dy)d

we=n) [ ] o) VR = 09 o) wlan

|Nt|—1
FNREMY MO NV VPN S (B[
k=|Nr]|
INt]-1 N
+yiem| 3 S vim) el ] (113
k=|Nr| i=1

We now study each term of the right-hand side of (113). By (104), we bound the first term
n (113) as follows:

Bl-n) [ [ 10 (o) )T T ), T s, dp)ds] < o

Using (105), we bound the second term of (113) as follows:

t
E[(t—r)/ /Xxy‘(o—*(-,x),TiV)(Vf.Va*(-,:n),,aévﬂQw(dm,dy)ds} < CO|| 120

Using (106), we have the following bound on the third term of (113):

N ~ ~N 2 2 2
[ / | ) VNG = ) (95 - Vot i)l an)as] < O 1
X

In addition, we have, using (43), (36), and HLV(RY) — C*7*(R?) (see (6)),

LNJ 1 ) [Nt]—1
Bl MY - MY = NE[| Y (M) =N Y B[t M’

k=|Nr] k=|Nr|
< ON(INt] = [Nr DI flIg2q /N? < C(NS + )| fl5z-/N. (114)
The fifth term of (113) is bounded as follows using (108):
E [N[(f,V;") = (£, V)I?] <2NE[(f, V;Y) I+ 2NE[[VV 1] < ClI 13,2, /VN -

Let us consider the sixth term in the right-hand side of (113). By (26), (51), and because
HEY(RY) — 27+ (R?), we have that:

[Nt]—1 |Nt|—1
E[N‘k%@ £, B[] < N(ve] ~ Ivr) k%@E (f R

< ON(NS + 1) 30 (L/N* + 1/N*).
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Let us consider the last term in the right-hand side of (113). Using (45) and (46), we have:

LNtJ 1 N [Nt]-1 N
B rrms| 2 S VAW <l ] = NH% > S E[VIW) el
k=|Nr] i=1 =|Nr| i=1
<1 x C\| 120 N(NG+1) = ”f”H“ (NG +1).
= N1+28 HE N28

Let {fu}a>1 be an orthonormal basis of H”272(R%). Gathering the previous bounds, we
obtain, using also (14),

B[ = TV s, ZE[ o XY = (s T

No+1 1 1 1 No+1

2

SC[5+ +——=+ (N§ +1)? (N3+N45—1>+ e ]
(115)

By (110) and using the same arguments leading to (111), we obtain for f € H”/272(R9),

t
E[|(f.07) — (f,oM)]?] < 05/ E IV 15050 108 [3-5.00] ds < OO fI3 010 -

Considering an orthonormal basis of H”272(R%), and using the fact that H/272(R%) <>y
H/ LI (RT), we obtain E[|©) — O3 _,, ,,] < C6%. Combining this result with (115),
we obtain (112). This concludes the proof of the lemma. [ |

Now, we collect the results of Lemmata 22 and 23 to prove the following result.

Proposition 24 Let B > 3/4 and assume A1-AT. Then, the sequence (n™)n>1 is rela-
tively compact in D(R., H~7otLio(RY)).

Proof Recall H/0~1J0(RY) <yg. H/292(RY) (by (14)). Using Markov’s inequality, Lemma
22 implies item 1 in Proposition 38. In addition, according to Lemma 23, item 2 in Proposi-
tion 38 is satisfied. Consequently, (n™)x>1 is relatively compact in D(R.y, H~/oF1do(R4)).
The result follows from Proposition 38. |

To prove Proposition 24, we mention that one could also have used (Jakubowski, 1986,
Theorem 4.6) with £ = H~0FtLio(RY) and F = {Ls,f € C*(R?)} where Ly : ® €
’H—Jo-FLJO(Rd) = (f, @) Jo—1.50-

3.2 Relative compactness of (v NMY)y>1 in D(R, H 7070 (RY))

We begin this section with the compact containment condition on the sequence {t —
VNMN t € Ri}n>1 (see (21) and (23)).

Lemma 25 Let 8 > 3/4 and assume A1-AT. Then, for all T > 0,

supE{ sup H\ﬁMNHH Jln] < +o00.
N>1  Lliefo,T)
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Proof Let T >0 and f € H/1/1(R%). Then, according to (107), we have:

E| sup (f, VNM")?| <C|fI3z.-
te[0,7)

The proof of the lemma is complete considering an orthonormal basis { f, }4>1 of
HIVI(RY) —ps. HEY(RY) (see (14)). [ |
Let us now turn to the regularity condition on the process {t — v NM}N,t € Ry} n>1.

Lemma 26 Let 5 > 3/4 and assume A1-A7. Fiz T > 0. Then, there exists C > 0 such
that for all 0 >0 and 0 < r <t <T such thatt —r < 0§, one has

2
B[|VNaY - VMY | ,}chﬁ+y
T lyg=J1.01 N
Proof This lemma is a direct consequence of (114) (which also holds for f € H/191(R4))
together with the embedding #7171 (RY) <y s, HEY(R?) (see (14)). [ |

Proposition 27 Let f > 3/4 and assume A1-AT. Then, the sequence {t — VNMN t €
R }n>1 is relatively compact in D(Ry, H~7090(RY)).

Proof It is a direct consequence of Proposition 38, Lemmata 25 and 26, together with the
embedding H7090 (RY) g5, H/171(R?) (see (14)). [ |

3.3 Regularity of the limit points
Lemma 28 Let 8 > 3/4 and assume A1-AT. Then, for all T > 0,

I E[ A l:‘ 11
i B sup i = |- snin | =0 (116)

In particular, any limit point of (0™ )n>1 in D(Ry, H~7ot190(RY)) belongs a.s. to
CR. A0 (RY))

Proof Let T >0 and f € H7~170(RY). We have (see (85)):

N N |2 N N2 N N 2
sup || —77t—||7.[40+1,j0 <2 sup |7y —TfHH—JoH,jo +2 sup |6 —@tfHH—JoH,jm
te[0,7] t€[0,T] t€[0,T]

According to (86) and since H70~170(R9) < HL7(RY) (see (14)), one has a.s. forallt € R
and N > 1,
H@i\f - @i\l ||H*10+1vj0 = 0.

Since a.s. iV € C(Ry,H L7 (RY)), by definition of TV (see (84)), it follows that a.s. for
all N > 1,

sup (f, XY = TNV =N sup (f,ul — pl)?
te[0,T] te[0,T]
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From (65) and the fact that H27(R%) — C?7+(R?), we obtain

1 1 1 3
E{ YN YN 2} < Z [— ~5 1+ 7853 Nﬁw]'
teSE(l),pT]<f t t )| < CHfHHLm N + N5 + N86-3 TNz

Using H70~170(RY) »y5. HEY(RY) (see (14)), we deduce that

1 1 1 5
N _ ~N 2 ] - - - =—-2p
E[tes[%g“} [R Tt—IIHfJoH,JO} < C[\F +\/ 75 + verms T ]

Because 5 > 3/4, this ends the proof of (116). The second statement in Lemma 28 follows
from Proposition 24, (116), and (Jacod and Shiryaev, 1987, Condition 3.28 in Proposition
3.26). The proof of Lemma 28 is complete. |

Lemma 29 Let 8 > 3/4 and assume A1-AT. Then, for all T > 0:

lim E NMN - VNMY |2, .]:. 11
Gl tesfé?ﬂ”\ﬁ N = VNMYZ, 50| =0 (117)

In particular, any limit point of (VNM™)y>1 in D(Ry,H™ 7090 (RY)) belongs a.s. to
C(R,, H- "0 (R)).

Proof Let T > 0 and f € H70J90(RY). The function t € [0,7T] — (f,VNM}) € R has
| NT'| discontinuities, located at the times %, %, e % For k € {1,...,|NT|}, its k-th
discontinuity is equal to VN (f, M év_ 1) Thus,

sup <f,\/NMt]\_f —VNMNY? =N max (f, M}N)2
t€[0,1] 0<k<|NT|

Then, using (69) and because HX7(R?) «— €27 (R?) (see indeed (6)),

E[ sup (f, VNM} —VNM")?| < C||f|z2n. VN < C| fl300/VN.  (118)

t€[0,T

Considering an orthonormal basis of #7070 (R?) and #7090 (R?) g, HEY(RY) (by (14)),
we obtain

E[ sup H\/NMtN—\/NMtJYH%,JOJO < C/VN,
t€[0,T]

for some C' > 0 independent of N > 1 and f. This proves (117). The second statement
in Lemma 29 is a consequence of Proposition 27, (117), and condition 3.28 of (Jacod and
Shiryaev, 1987, Proposition 3.26). The proof of Lemma 29 is complete. |

49



DEScoOuRrs, GUILLIN, MICHEL AND NECTOUX

3.4 Convergence of (VNM")y>; to a G-process

The aim of this section is to prove Proposition 32 below which states that {t — vV NM} ¢ €
R, }n>1 (see (21) and (23)) converges towards a G-process (see Definition 1). To this end,
we first show the convergence of this process against test functions.

Proposition 30 Let 3 > 3/4 and assume A1-AT. Then, for every f € C*Y(RY) the
sequence {t — VN {f, MN),t € Ry }n>1 (see (23)) converges in distribution in D(R4,R)
towards a process X! € C(R4+,R) that has independent Gaussian increments. Moreover,
forallt € Ry,

E[th] =0 and Var(th) = o’E |:|Boo’:| /0 Var(Qs[f](x,y))ds,

where we recall Qs[f](x,y) = (y — (ox(-, ), fis) )(Vf - Vou (-, x), is) (see Definition 1).
Proof Let f € C27(R?). Set for ease of notation
my [f] = VN, M),

To prove Proposition 30 we apply the martingale central limit theorem (Ethier and Kurtz,
2009, Theorem 7.1.4) to the sequence {t — m{¥[f],# € Ry }n>1. To this end, let 7 > 0. Let
us first show that Condition (a) in (Ethier and Kurtz, 2009, Theorem 7.1.4) holds. First of
all, by (Ethier and Kurtz, 2009, Remark 7.1.5) and (23), the covariation matrix of m{¥[f] is

alV[f] = NZLNtJ Y, M}N)? and therefore alY [f] — al¥[f] > 0if ¢ > s. On the other hand,
by (118) and (6), we have:

N _
ngnooE[t:Eér;]\mt f1- mtf[fH]—O- (119)

Thus Condition (a) in (Ethier and Kurtz, 2009, Theorem 7.1.4) holds. Let us now prove
the last required condition in (Ethier and Kurtz, 2009, Theorem 7.1.4), namely that for
all t € Ry, al[f] & ¢[f] where ¢ satisfies the assumptions of (Ethier and Kurtz, 2009,
Theorem 7.1.1), i.e., t € Ry +— ¢[f] continuous, ¢o[f] = 0, and ¢;[f] — ¢s[f] > 0if t > s.
Recall the definition of the o-algebra F}Y in (9). For ¢t € R,

|Nt]—1 1

LVt]—
=N Z [ MOAFET+N D0 (MY =B MT?FT) . (120)
k=0
We start by studying the first term in the right-hand side of (120). Recall that (see (42))
QN[f](x? Y, {le}l) = (y - <0*('7 :B), Vl]cv>)<vf ’ VU*('? iL‘), V]]{V>’

and set (see (20))

MWD = [ Q¥ (Wi (e, dy) = (7, DY),

Xx)Y
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Using that (’Bk‘v ((x;gLvy]?))nZl) 1L ‘Fliv7 ’Bk‘ AL ((x};L?yl?))nZl (See Al)a and (Wk17 .- 7Wl£\7)
is ]-",ﬁv -measurable, it holds:

Blpr 2 (QUUIGk (W) - QW)

1<n<m<|By]|
(QNm(zk S W) = QNIAAWN) )| 7Y
=~ 2 B (QF UGk W) - QYW

o1 1 i<ncm<g
(QNm(xk iAW) = QYW )| 7]
-Y 5 Y Elime, (QNm (et {wkh) — QV[A1{wi )

q>1 1<n<m=<q

< (QVIAIGR w fwkd) - QA )|
:Z% Z E[15,=

q
E|(Q[A(f i {wh}) — QVIA({wi )
(@I i {wid) - Q [f]({w:;}n)}

{wi}i={Wi}i

X

{wiyi={Wi}ti

{widi={Wi}i
% E|QVIf] (@i ui {wi}i) QN[f]({w;;}n]
=0.

{wi}i={Wi};

where we have used A3 at the two last equalities. We also have with the same arguments:

| Bi|
B[ 2 2 QI (WD) - QAW P

1 ¢ .
2 7 LBl B[ QY[R s fwkh) = QVUICkb | Ly )

n

1 & ‘
_ zlfgmgﬂ (1@ (wlh) — QYA
= [ 1]€|]Var7T (z,y, {Wk} ))
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The notation Cov, means that we consider the expectation only w.r.t. (z,y) ~ 7 (see A3)
. We then have, for k£ > 0 (see (21)),

a2 . _ .
E[<f,MlgV>2yf,gV]:mEHB1k| > [QN[fo,y,{W,z}n—QN[f]({W,z}»]ﬁféV}

(x,y)€By
a2 IBkl . i |
g [|Blk,2 > QYU v Wik - QYW 7Y
n=1

a2 1 7
- E [‘B ’] Var (QY[f](x.y, {Wi})

Then, one has:

|Nt|—1 INt|-1 k41 )
N E[(f, MN)2|FN] = o? NE[}VWN Ly (Wi I))d
> B MR =" 2 L. B ) Vere (@ W o)
t 1 ;
= [ [ Vo (@ W

— 0&2/L E |: ! :| Var, (QN[f]($7yv {WENSJ }”L))ds
(121)

Using A7, a dominated convergence theorem, and the same arguments as those used in
the proof of Lemma 17, we prove that if m® — m in D(R4,P,(R%), we have for all
feC*>(RY and t € Ry, as N — 400,

[ Bl o= @ coms Vo am)
/ (Y — (o (), mI)(V f - Vo, ),mé\/)ﬁ(df,dy’)]zﬂ(dx,dy)ds
XxY

> [ Bl - etomnr Totam)
/ (y' = (ou(-,2"),me))(Vf - Vou(-, )m5>71'(d$/,dy/)r7r(dx,dy)ds.
XxY

Recall that by Theorem 1, u & [ in DR, P,(R%)). Therefore, using the continuous
mapping theorem, we have for all t € R and f € C?7(R%):

N U IV
«Q /0 E|:’BLNSJ|:|V Q™ [fI( ay;{WLNsJ}Z))d 5 olf]

= [ B[] Vet s

Note that t € R4 +— ¢[f] is locally Lipschitz continuous since for all s € [0, ¢],

Var(Qs[f](z,y)) < C (ly* + D (dz, dy)l| f131 sup [(1+]-[7), s) |
XxY s€[0,1]
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Let us now consider the second term in the right-hand side of (121). Using (37) and
Lemma 8, E[|QN[f](z,y, {Wj}:)[}] < C||f||22.,- Consequently, it holds:

|13UVQ‘ N—oo

EHoz2/;VNJE[ ! [ Vare QI , (Wi }2))ds|] ——>0.

We have thus shown that

|Nt]—1 )

AR (BT ) 2ot [ ]| ver@uaas

At this point, the study of the first term in the right-hand side of (120) is complete. It
remains to study the second term in the right-hand side of (120). Using (68), we obtain:

Nt]-1 |Nt|—1
NQEH > ) —E[(f,MéVF\f,ﬁV]]?}:NQ 3 EH<f,M,§V>2—E[<f,M,gV>2|f,gV])2}
k=0 k=0
|Nt|—1
<CN? ) E[(f. M) < ON?||f|ige. /N? = 0.
k=0

In conclusion, we have proved that for every t € Ry,
aM[f] L [f] as N = +o0. (122)

By (Ethier and Kurtz, 2009, Theorem 7.1.4), the proof of Proposition 30 is complete.
|

Proposition 31 Let § > 3/4 and assume A1-A7. Consider a family F = {fa}ta>1 of
elements of C>7(RY). Then, for k > 1, the sequence

{t = (VN{fi,MN), ... VN, M)t € RyYys:

converges in distribution in D(R,R¥) towards a process V;7 = {t — (Y;},...,YF)T t €
R.} € C(Ry,RF¥) with zero-mean and independent Gaussian increments (which is thus a
martingale). In addition, for all 0 < s <'t,

Cov(ygﬁgj) — ’E [!B J / Cov(Qu[fil(z,y), Qulfi](z,y))dv, 1<4,5 <k (123)

[ee]

Notice that (123) is exactly (15).
Proof Set for ease of notation, .#Y = (VN{fi, MN),....v/N{fu, MN)T, t € R,. We
have /N = ST N where €Y = (VN(f1, MY), ..., VN (i, MM)T (see indeed (23)).
From (Ethier and Kurtz, 2009, Remark 7.1.5), the covariation matrix of ;" i

|Nt|—1 |Nt|—1
N f =N YD NENT =N Y (o MU F5 MY )i =1,k
q=0 q=0
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It > s, we have N [fi,..., fil = N[ fr,..., fi] = N S0 eley > 0. By (119), Condi-

tion (a) in (Ethier and Kurtz, 2009, Theorem 7.1.4) is satisfied for .#". Secondly, condition
(1.19) in (Ethier and Kurtz, 2009, Theorem 7.1.4) is satisfied, using the decomposition

|Nt|—1

N Rl =N O MY (. MY
=0
INt-1 !
=N D St £ M) = (fi M) = (f5, M7))
q=0
(at [f’b—i_fj} aiv[fz] _aljtv[fj])
(celfi + fi] = el fi] = el f5]) (by (122))

[\3\,_.1\3\'—‘

t 1
_ 2 / E L BOOJ Cov(Qulf) (. 3), Qulfy] (2. 1))dv = (€.

It remains to check that € satisfies the assumptions of (Ethier and Kurtz, 2009, Theorem
7.1.1). Clearly €(0) = 0 and ¢t € R4 +— €; is continuous. In addition, if 0 < s <,

ei—e.=a( [ B[] cov@uisiz. . il )

=1,k
o /ELB{A] E[Z,(z, 5)E7 (2, y)]dv,

where Z,(z,v); = Qulfil(z,y) — E[Qu[fi](z,v)], i € {1,...,k}. Thus, € — €, is symmetric

and non negative definite. The proof of Proposition 31 is complete. |

Proposition 32 Let 8 > 3/4 and assume that A1-A7 hold. Then, the sequence
(VNMN)y>1 converges in distribution in D(R.y, H™ 7090 (R9)) to a G-process 4 €
C(R.y,H~P090(R%)) (see Definition 1).

To prove Proposition 32, we will prove that there is a unique limit point of the sequence
(VNMY)y>1 in D(Ry, H™7090(R?)) (recall that this sequence is relatively compact in this
space, see Proposition 27), so that the whole sequence converges in distribution. Propo-
sition 31 will then imply that this unique limit point is a G-process. Before, we need to
introduce some definitions. For a family .% = {f,}4>1 of elements of #7070 (R?), we define,
for k > 1, the projection

D(R+aH_JO’jO(Rd)) - D<R+7R)kv mi— (<f17m>7 s <fk7m>)T

The function ﬂ;? is continuous. In the following, ## = {hq}e>1 is an orthonormal basis
of H7Jo(RY). Let dg be a metric for the Skorohod topology on D(R.y,R). Introduce
the space D(Ry,R)™ defined as the set of sequences taking values in D(R;,R). We
endow D(R4,R)>® with the metric p(u,v) = >~ 27*min(1, dr(uq, vq)). We consider on
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D(R.,R)> the topology associated with p. We have that p(u’¥,u) — 0 if and only if
dr(ul,uy) — 0 for all a > 1. Notice with that with this metric p, D(R, R)> is separable,
since D(R4,R) is separable (Ethier and Kurtz, 2009, Theorem 3.5.6). We now define the
map

II: DRy, H P RY)) = DRy, R)®, m e ((ha,m)) L.

This map is injective (because . is a basis of H7070(R%)) and continuous. The map II
depends on the orthonormal basis .77 but, for ease of notation, we have omitted to write
it. Finally, we introduce the continuous function

P DRy, R)™ = DRy, R, (ma)lay s (mas ... )T

It holds

F}jf = pg o IL.

We now introduce the set
C:={p;'(H), HeBDR.R)"), k>1} c DR, R)™,

where B(D(R.;, R)¥) denotes the Borel a-algebra of D(R., R)*. The continuity of pj, im-
plies that C C B(D(R4,R)*>). The following result shows that C is a separating class of
(D(R4+,R)*, B(D(R4+,R)*)), where we recall that this means by definition that two prob-
ability measures on B(D(R,R)>°) which agree on C necessarily agree on B(D(R;,R)*>).

Lemma 33 The set C is a separating class of (D(R4+,R)>®, B(D(R4+,R)™)).

Proof We recall that any subset of B(D(R4,R)*°) which is a m-system (i.e. closed under
finite intersection) and which generates the o-algebra B(D(R4,R)>) is a separating class
(see (Billingsley, 1999, Page 9)). Let us first prove that C is a w-system. Notice that
it holds p; '(H) = pj}1(H x D(R4,R)). Thus, if A and A’ € C (write A = p, ' (H) and
A" = p ' (H"), and assume that k' > k), then ANA" = p.'(HxD(R4+,R)...xD(Ry,R))N
H') € C. Consequently C is a m-system. It remains to show that the o-algebra generated
by C is equal to B(D(R4,R)*°). To prove it, it is sufficient to prove that any open set of
D(R4+,R)™ is a countable union of sets in C. Introduce, for z € D(Ry,R)*, k > 1 and
e >0,

Nie(z) :={y € D(R4,R)*; dr(zq,va) <€, 1 <a <k} CC. (124)

By straightforward arguments Ny (z) is open in (D(R{,R)*>,p). Remark that for all
y € Ny.(x), it holds p(z,y) < €+ 27%. Given r > 0, choose ¢ > 0 and k > 1 such that
e+27% < 7. Then, Ny ((z) C By(z,7) where B,(x,) is the open ball of center x and radius
r for the metric p of D(R4,R)>. The space D(R, R)™ is separable and we consider D a
dense and countable subset of (D(R4,R)>, p). Let O be an open subset of (D(R+,R)>, p).
We claim that
O = Np where Np = U Ni.e(2).
zeDNO, k>1
e€QNR?, Ny (x)CO

We have Np C O. Let us now show that O C Np. To this end, pick y € O and ¢y > 0 such
that B,(y,r0) C O. Choose kg > 1 such that

_ To
9 ko 29
4
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Consider, for n > 1, 2™ € D such that p(y,z™) < 1/n. Choose n > 1 such that

ko

%+%<r0and27<%0.
Since for all a > 1, dr(yq,x) — 0 as n — 400 (by definition of p), we choose if necessary
n > 1 larger so that min(1, dr(ya,z2)) = dr(ya, zlt) for all a = 1,..., k. Finally, choose
€hom = 2k0 /n € Q. We have for all a = 1,..., ko, dr(2%,9.) < p(a™,y)2% < p(z™,y)2k <
2k0 /= €g, n, SO that y € Nko’ekoyn(x"). It just remains to check that Nko,EkO,n (") C O
to ensure that Ny, ¢, . (2") C No. We have p(y,2") < €xyn + 27k < ro/d+10/4 = 10/2
and thus Nko’ekom(ac”) C B,(a™,19/2). Since 1/n + ry/2 < rg, by triangular inequality,
By(2",10/2) C By(y,7m0) C O. Thus, Ny e, ,(2") C O, which proves that Ny, ¢, . (2") C
No. Consequently, we have proved that y € Nk07€k0,n(xn) C Np, and then that O C Np.
Thus, O = Np. In conclusion, every open set O is a countable union of sets of the form (124).
This implies that o(C) = B(D(R4,R)*) and therefore C is a separating class. |

Proposition 34 Let P,Q be two probability measures on D(R, H~7070(RY)) such that
P =rQ for allk > 1. Then, P = Q.

Proof The equality WffP = ﬂfo for all £ > 1, writes pi o I[IP = pg o I1Q. By Lemma 33,
IIP = IIQ. Since II is injective it admits a left inverse II™!, and therefore P = Q. The
proof is complete. u

We are now in position to prove Proposition 32.
Proof [Proof of Proposition 32] By Proposition 27, (v NM™)y>1 is relatively compact in
D(R, H~/030(R%)). Let .4* be one of its limit point. Let us show that .#* is independent
of the extracted subsequence, say of N’. Since W}jf is continuous for all £ > 1, the continuous

mapping theorem implies that in D(R, R)*,
7 (VN'MN'Y = 77 (") in distribution, as N’ — +oc.

For k > 1, introduce the following continuous and bijective mapping 2, : D(R4,RF) —
D(R.,R)” defined by: m + (m-eq,...,m-ex)’, where {e1,..., e} denotes the canonical
basis of R*. By Proposition 31 applied with f, = hq, a € {1,...,k} (recall H7oJo(R?) C
C%7(R%)), it holds in D(R4,RF),

VE>1, 2,0 77 (WVN'MN') = Y in distribution, as N’ — +o0.

Since 2}, is continuous, one then has in D(R.,, R)*,

Vk > 1, VN' MY - 2,.(Y,7%) in distribution, as N’ — +oo0.
k k

It follows that ¥ (.#*) = 24(Y;’") in distribution. By Proposition 34, the distribution
of .#* is fully determined by the collection of distributions of the processes 77,{” (),

for kK > 1. Thus, .#* is independent of the subsequence, and therefore the whole se-
quence (V' NMN)ysi convergences to .#* in D(R,, H 7070 (R%)). By Lemma 29, .Z* €
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C(Ry,H /090 (R%)). Let us now consider a family .# = {f,}a>1 of elements of H70J0(R?).

Since 7, and 7 are continuous, and by Proposition 31, one has that .Qk_l o (M¥)

Yk"@ € C(R4,RF) in distribution. The proof of Proposition 32 is complete.

~—

3.5 Limit points of (n"V)y>; and end of the proof of Theorem 2
3.5.1 ON THE LIMIT POINTS OF THE SEQUENCE (n’V, v/ NM¥Y)yN>;

Lemma 35 Assume A1-A7. Then, the sequence (n))n>1 converges in distribution in
H—JotLio(RY) towards a variable vy which is the unique (in distribution) H~7o+1Jjo(R%)-
valued random variable such that for all k > 1 and f1 ..., fr € H/o~LIo(RY),

((f1,20)s - (fes o)) ~ N(O,T(f1, ..., fx)), where T(f1,..., fr) is the covariance matriz
of the vector (fi(Wg),..., fe(WI)T.

Proof The sequence (n))n>1 is tight in H~7o+Ldo(RY). Let F = {f,}a>1 be a family of
elements of H70~1J0(R%). Define, for k > 1, the projection

PR SR, moes ((fum) (from)).

The map @,‘fz is continuous. By the standard vectorial central limit theorem, for k > 1,
27 () = N(O,T(f1,-.., fr)) in distribution. In addition, we show with the same argu-
ments as those used to prove Lemma 33 and Proposition 34, that when % is an orthonormal

basis of H7/0~1Jo(R?), the distribution of a H~/0*1Jo(R%)-valued random variable v is fully
determined by the collection of the distributions {2 (v),k > 1}. Hence, (n))n>1 has a
unique limit point v in distribution which is the unique (in distribution) H~7/+1Jo(R%)-
valued random variable such that for all k > 1, 227 (vp) ~ N'(0,T(f1,. .., fr)). In particular,
the whole sequence (név )n>1 converges in distribution towards 1. The proof of the lemma
is complete. |

Set
& := DRy, H 0tLio(RY)) x D(R,, H™ 7070 (RY)). (125)

According to Propositions 24 and 27, (n™V, v/ N M) x> is tight in &. Let (n*,%9*) be one
of its limit point in &. Along some subsequence, it holds:

(N VN MY = (n*,9%), as N' — +oc.
Considering the marginal distributions, and according to Lemmata 28 and 29, it holds a.s.
n* € C(Ry, H~7otbio(RY)) and ¥* € C(Ry, H™ 7070 (RY)). (126)
By uniqueness of the limit in distribution, using Lemma 35 (together with the fact that
the projection m € DRy, H~0+Lio(RY)) s my € H~/oFLio(RY) is continuous) and

Proposition 32, it also holds:

no = vo and ¥* = ¢, in distribution. (127)
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Proposition 36 Let 5 > 3/4 and assume A1-A7. Then, n* is a weak solution of (16)
(see Definition 2) with initial distribution vy (see Lemma 35).

Proof Let us introduce, for ® € H=/0FTLio(RY), f € HI040(RY), and s > 0:

UL [f](®) = /X 00 = (0.2 (TS Vo) Dl dy) (129
and
V.[f)(@) = /X ) BTS T2, el dy). (129)

Recall ) = v/ N(ul¥ — fi¢) (see (11)). Using (25) and Corollary 1, it holds:

<f,niv>—<f,név>—/0 (Us[ 1) = V[ Al))ds — (. VNMY) = =’ [f],  (130)

where

. 0'* O x N7T T S
et . \/>/ /XX)) T ><Vf \% (7 )7773> (d 7dy)d

[Nt]-1 N INt|—-1 N
—VN(f,V) = VN kz (f, RY) W Z Zw W) -
=0 =

In what follows, f € H70(R?) and ¢t € Ry are fixed.

Step 1. In this step we study the continuity of the mapping
¢
Bi[f] : m € DRy, H PHO(RT)) o (f,my) — / (Us[f1(ms) = Vs[f](ms))ds € R.
0

Let (m™)y>1 such that m" — m in D(Ry, H~7o+1J0(R9)). Recall that
sup,cx [|0x (-, @) ||3g00-1.40 < +00 (by A2 and because jo > d/2). Then, for all N > 1 and
s € 10,t], it holds:

|(y = (0:( @), 1)V f - Vou (- ), my)|

< Clyl+ DIl sup sup 1 N340 +1.50 < 400
N2>1 s€0,t]

and since f € #7090 (RY) — C17(RY),

‘(U*(',x),méVNVf-VU*(-,QC),/]S)‘ < C'sup sup ||miv||H*Jo+1do
N2>1 s€0,t]
X || fll370.9505uPsepo,g (L 4+ | - [7), f1s)| < +o0,
for some C' > 0 independent of N > 1, f € H7Wo(R%), s > 0, and (z,y) € X x V.

With these two upper bounds, and using the same arguments as those used in the proof
of Lemma 17, one deduces that for all continuity points t € Ry of {t — my,t € R;}, we
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have By[f](m) — By[f](m) as N — +o0. Consequently, using (126) and the continuous
mapping theorem (Billingsley, 1999, Theorem 2.7), for all f € H7J0(R?) and t € R, it
holds in distribution and as N' — +o0:

B[ f)(N) = (fimo ) = (f, VN M) = Bl f1(r) = (f.m5) — (- 47). (131)
Step 2. In this step we prove that for any t € R, and f € #7070 (R):
E[!eiv[fm — 0 as N — +o0. (132)

By (102), we have since f € H70J0(R9) s HT2H172(RY) (because Jy > Jo + 1 and ja > jo,
see (12) and (13)),

—E [{ow(,2), n )V f - Vou (-, 2),n )|m(de, dy)ds
o) IV - o ()0 (de, dy)
CtHVfllwm 2
< ———L——E| sup |n Ty
B s I
< Gl sz oo N s toe.
v N

Using Lemma 9, we also have since f € H/0J0(R%) — C27+(R4),

|Nt)—1 |Nt|—

E[[VN(/ 1Y) = VN kZ_O (f,RY) - W Z ZW Wy -

< Cllflean. [ S + VN[ N126]+\]/\7§}'

The right-hand-side of the previous term goes to 0 as N — +oo, since § > 3/4. This
proves (132).

Step 3. End of the proof of Proposition 36. By (131), (132), and (130), we deduce that
for all f € #7090 (R?) and ¢t € R*, it holds a.s. B[f](n*) — (f,n5) — (f, %) = 0. Since
#7090 (R?) and R, are separable, we conclude by a standard continuity argument that a.s.
for all f € H7090(RY) and t € RY, By[f](n*) — (f,n8) — (f,¥4) = 0. Hence, n* is a weak
solution of (16) (see Definition 2) with initial distribution v (see (127)). This ends the
proof of Proposition 36. |

Inspired by the proof of (Delarue et al., 2019, Corollary 5.7) (see also (Kurtz and Xiong,
2004)), to end the proof of Theorem 2, we will show that (16) has a unique strong solution.
This is the purpose of the next section, where we also conclude the proof of Theorem 2.

3.5.2 PATHWISE UNIQUENESS

Proposition 37 Let 5> 3/4 and assume A1-A7. Then strong uniqueness holds for (16),
namely, on a fized probability space, given a H~70+t130(RY)-valued random variable v and a
G-process 4 € C(Ry, H™ 7070 (RY)), there exists at most one C(R.y, H~7o+t1Lio(RY))-valued
process 1 solution to (16) with ny = v almost surely.
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Proof By linearity of the involved operators in (16), it is enough to consider a
C(R, H~/otLio(R%))-valued process n solution to (16) when a.s. v = 0 and ¥ = 0, i.e.,
for every f € H70J0(R?) and t € R,

{<f, m) = Jo(Ualf)(ne) = Vil f)(n))ds = 0, (133)

<f> 770> = Oa
where U and V are defined respectively in (128) and (129) Plck T > 0. By (133), a.s. for all
f € HPodo(RY) and t € [0,T), we have (f, ;)% = 2f0 V[ fl(ns))(f,ns)ds. Recall

supgeqo, (1 + - [7), iis)| < o0 (because i € D(R+,73 (Rd))) and HXY(RY) — CLHY(RY).
Then, by Cauchy-Schwarz inequality, a.s. for all f € H770(R%) and t € [0, T):

- [ Vi nas
o [ [t [ o) n VS Vo) e (e dy)|ds
0 %Y
<C [ [t e By e . (134)
0

Let {f4}a>1 be an orthonormal basis of #7070 (R?). Using the operator T, : f € H770(RY)
Vf-Vo(,z) € HPo~14o(R?) defined for all x € X and Lemma 40, we have a.s. for all
te[0,T):

Z/ Us[fal (1) (fas ms)ds

a>1

//Xxy (y = (o )Ms>)(Z<fa,7]s><Txfaa773>)7T(dm,dy)ds

a>1

= / / a(y - <U*('7x)vﬂs>)<n57T;nS>H*JOJO7r(dxvdy)dS
XxY

t
<c /O 17612, 10 5. (135)

Therefore, using the bounds (134) and (135), together with #7070 (RY) <5, HLV(R?), we
have a.s. for all t € [0,77:

t
20 = S i) < © /0 19212,y s

a>1

By Gronwall’s lemma, a.s. ||1]|5-7.50 = 0 for all ¢ € [0,7]. This concludes the proof of
Proposition 37. [ |
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3.5.3 END OF THE PROOF OF THEOREM 2

Proof [Proof of Theorem 2]

Let ¢ € {1,2} and Ny be such that in distribution n™¢ — 5’ in D(R.y, H~ 0+ 1Lio(R%)) (see
Proposition 24). By Lemma 28, a.s. n° € C(Ry, H~70+1J40(R%)). Consider now (n®*,4%*)
a limit point of (n™V¢, /Ny MY¢)n,>1 in &. Up to extracting a subsequence from N, we
assume that in distribution and as N, — +oo,

(nN", v/ Ny MN") — (nz’*,ge’*) in &.

Considering the marginal distributions, we then have by uniqueness of the limit in distri-
bution, for £ = 1,2 (see also Proposition 32):

nfv* = 77@, and ¢5* = ¢ in distribution. (136)

* 2%

By Proposition 36, n'* and n?* are two weak solutions of (16) with initial distribution 1
(see also Lemma 35). Since strong uniqueness for (16) (see Proposition 37) implies weak
uniqueness for (16), we deduce that n'* = n?>* in distribution. By (136), this implies
that n' = 52 in distribution and then, that the whole sequence (n™)y>; converges in
distribution in D(R.,, H~7/0F1Jo(R9)). Denoting by n* its limit, we have proved that 7* has
the same distribution as the unique weak solution n* of (16) with initial distribution vy.
This concludes the proof of Theorem 2.

|

3.6 The case when = 3/4

In this section, we assume that d = 1. Recall f : 2 € R ~ |2|2, which belongs to H7+°(R)
because jo —2=3—2> 1/2 (see (12)).

Proof [Proof of Proposition 7| Assume § = 3/4. The proof of Proposition 7 is divided into
two steps.

Step 1. Let f € H/0%(R). When 8 = 3/4, it appears that for non affine test functions
f, the term (f, Rév ) is not negligible any more. In this step we simply rewrite (130) by
decomposing the term (f, RY) into two terms: (f, RY) = (f, %)+ (f, BY) where (f, Z})
will be negligible and (f, Z.) will not be negligible. More precisely, by (19) and (2), it
holds

1 N

(FBY) = 53 > Wiy = WPF(W)
=1

N .
1 o i g
= on Ll wimy 2 W@ Vwa W)+ | )
=1 (z,y)E€By

= ([.Z)+ (f. BY),
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where
N 1 al o N i 2 1 (1170
A = g5 2| wEy 2 W) we. W] £
=1 k‘(x,y)EBk
N i
iy Sy g, @) Vo (Wi o)~ /()
N N . Wi WO k‘? N3/4 k
=1 (x,y)EBk
and

<f <%l€> 2N5/QZ| k‘ f” Wk)

From (130), one then has:

(fomiV)y = (fomd') — /O (Us[f1(nd) = Vo[£l ))ds — (f, VN M) = —&[f]

|Nt]—1

+VN Y (LAY,
=

where

= / /X o) ) (VS Vo), s
[Vt]-1 VN INt|—-1 N

—VN(EVY) = VN Y LAY — s Z Zw Wi)e
k=0 i=

Step 2. Let 7 be a limit point of (™) y>1 in D(R4, H~/0FL0(R)). Let N’ be such that
in distribution n™¥" — 5 as N’ — 4-o0c. In this step, we pass to the limit in (137) with the test
function fy : z € R +— |z|2. By Propositions 24 and 27, the sequence (nV', \/WMN/)N/E
is tight in & (see (125)). Let (n*,%9*) be one of its limit point in &. Up to extracting a
subsequence from N’ it holds:

(N VN MN') = (n*,9*), as N' — +oc.
Considering the marginal distributions, it holds in distribution,
n* =nand 9* =9 € C(Ry,H 7°(R)).

Introduce C(n*) C R4, whose complementary in R4 is at most countable, such that for all
u€C*),sec Ry n € HPotio(R) is a.s. continuous at u. Then, with the same
arguments as those used to derive (131) and using also the fact that 0 € C(n*), one has for
all ¢t € C(n*) and in distribution,

Bilf1™) — (£, — (FVNMN'Y = Bi[f1() — (fom5) — (£, %) as N' — +oo. (138)
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Let us now deal with the two terms in the right-hand side of (137). Using (26), (27) and A3,

B[ \ (s — o8, (2) Vo (Wi, w)ef |
k‘ 7y)€Bk
<2E[‘Bk’ xy};B (= ot (@) Vwo. (Wi o) | + 2B 4]

SC[E[’Bl‘ > (|y!2+1)]+1} <.

(z,y)EBy,

We now set f = fy. Then, we have E[|(f2, Z))|] < C(N~2 + N~7/%). Using also the lines
below (132) and Lemma 9, it holds:

B[j8) )] < CUN +N3/2(N2 + Ni/él) + ﬁ} (139)

On the other hand, using A5 and the law of large number, it holds a.s. as N — +o0,

|Nt]—1 |Nt|— INt]-1 N

VN S (B = o > Z!k! 2 LIk~ tElel. (o)
k=0

Therefore, using (138),(139) and (140), it holds for all ¢ € C(n*), a.s. B[f2](n*) — (f2,n5) —
(fo,9) = tE[|e}|?]. The mapping? s € Ry — B;lfa](n*) is right continuous and s — (fy, 47)
is continuous. By a standard continuity argument (the same as the one used in Proposition
18), it holds a.s. for all t € Ry, By[fa](n*) — (f2,n) — (f2,%) = tE[|e1]|?]. The proof of
Proposition 7 is complete. u
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Appendix A. A note on relative compactness

In this section, we prove, in our Hilbert setting, that the condition (4.21) in (Kurtz, 1975,
Theorem (4.20)) can be replaced by the slightly modified condition, namely the regularity
condition of item 2 in Proposition 38 below.

In the following H; and Hs are two Hilbert spaces (whose duals are respectively denoted
by ’Hl_l and H;l) such that H; — g Ho.

Proposition 38 Let (u™V)n>1 C D(R+,H2_1) be a sequence of processes satisfying the
following two conditions:

1. Compact containment condition : for every T > 0 and n > 0, there exists C' > 0 such
that

N2
sup P (sup 1 >0) <.
Rt ( tG[O,T]H:ut ||7_[21 ) n

2. Regularity condition : for every 6 >0, N > 1, 0 <t <T and 0 <u < (T —1t)AJ,
there exists Fy(0) < oo such that

E (i — o121 | < Fn(d),

with lim limsup Fy(0) = 0.
6—0  N>1

Then, the sequence (™ )n>1 C DRy, Hit) is relatively compact.

Proof To prove this result, we follow the proof of (Kurtz, 1975, Theorem (4.20)). More
precisely, we show that the assumptions of (Kurtz, 1975, Theorem 1) are satisfied (namely
conditions (4.2) and (4.3) there), when E = H ' there.

Step 1. The condition (4.2) in (Kurtz, 1975, Theorem 1) is satisfied (when F = H '
there).

We have that H; is compactly embedded in Ho (since a Hilbert-Schmidt embedding is
compact). By Schauder’s theorem, H; 1 is compactly embedded in ’Hl_l. Thus, for all
C > 0, the set {¢p € H{", ||¢>||H2_1 < C} is compact. Therefore, the condition (4.2) in

(Kurtz, 1975) is satisfied.

Step 2. The condition (4.3) in (Kurtz, 1975, Theorem 1) is satisfied (when F = H '
there).

By (Kurtz, 1975, Lemma 4.4), {t > pu¥,t € Ry} > is relatively compact in D(R, H; ")
if for all € > 0, there exists a tight sequence {t — .t € R, }n>1 € D(Ry,H ') which
is e-close to {t — ui¥,t € Ry}n>1. Following (Kurtz, 1975), we define, for ¢ > 0, the
sequence {t — pul© t € Ri}n>1 € D(Ry, Hi') in D(Ry,Hy ') of pure jump processes as

3

follows. Let us first introduce, for N > 1 and € > 0, Tév’ :=0 and, for £ > 0:

N, . N,
7%= inf{t > 0% |l — Mi\g\ﬁ”%;l > e},
SJkV:E = sup{t < Tév’s . ||,uiv - MZN’EHHEI > e}
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Then we define, for € > 0,

Ne { pd for t< %( +71N8)

7 N 1, Ne 1/.Ne N,e
t ,uTé\,’E for §(sk —|—Tk )§t<§(8k+1+7k+1)-

We claim that for any ¢ > 0, the sequence {t — ,u “,t € Ry}n>1 verifies condition
(4.2) of (Kurtz, 1975, Theorem 4.1) when E = H|* there Indeed, by the discussion
in the first step above, this follows from the compact containment condition verified by
{t s pu],t € RyIy>y in DRy, Hy ') (see item 1 in Proposition 38) together with the fact
that sup,cg | — MiV’EH’}-[;l < Coe, where the constant Cy > 0 is independent of N and e.

It remains to prove that for any ¢ > 0, {t — pi\] “,t € Ry}ny>1 satisfies the condition
(4.3) in (Kurtz, 1975, Theorem 4.1) when E = 7-[1_1 there (so that it will be tight for each
£ > 0). Since H; ' < HT', it is enough to show that for any € > 0, {t — u°,t € Ry }n>1
satisfies the condition (4.3) in (Kurtz, 1975, Theorem 4.1) when E = H,' there. By
(Kurtz, 1975, Lemma 4.5) (and its note) and the construction of {t — ,uiv’g, teRytN>1, it
is sufficient to bound § — P (71 < §) and & ~— P(TkJrl siv’s < ) by a function 6 — G%(9)
such that for every € > 0,

lim limsup G%(d) = 0. (141)
0—0 N

Let us prove that we can indeed bound these two terms by such G% () satisfying (141)
Recall that by item 2 in Proposition 38, for every 6 > 0, N > 1, 0 <t <T and 0 < u <
(T —t) N9,

E [Huﬁu - ui\[l!igl} < Fin(6), with lim lim sup Fy(8) = 0.

Now, introduce as in (Kurtz, 1975), the distance r on ’H;l defined by (¢!, p?) = min(1, ||¢'—
(PQH;_[;l). We thus have:

2
E |:7" (:ui\j-uhuiv) } < FN<5)7 (142)
On the one hand, we have, for 0 < e < 1,

1
P(r"° <0) = P ey = 10 gz > €) = P(r(uve o m0) > €) < ;QE[T(MiVlN,EM,MéV)Z]'

(143)
On the other hand, we have, for k> 1 and 0 < e < 1,
N,
P(Tk+i - Sk ° < ) < P(Tk+1 - Tk °< ) = P( (uTkAzfl (TN,5+5)7N5_V]€N,S) > 6)
1 2
< =E . M) 144
—52 [ (Mlﬁ—l/\(k +5)7M7-év*)} ( )

From (142), and because the stopping times appearing in (143) and (144) can be approx-
imated by sequences of decreasmg dlscrete stopping times, we can indeed bound § —
P(TlN"2 <) and § — P(Tk+1 - s,C © < §) by Fn(d) which satisfies (141). Consequently,
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for each 0 < £ < 1, the condition (4.3) in (Kurtz, 1975, Theorem 4.1) is satisfied for the
sequence {t — ,uiv’g,t € Ry}n>1 when E = H;l there. We can thus apply (Kurtz, 1975,
Theorem 4.1) to {t — uiv’g,t € Ry }n>1, which is therefore tight in D(R,H ') for each
0 < e < 1. Using (Kurtz, 1975, Lemma 4.4) (with £ = 7—[1_1 there), this concludes the proof
of the lemma. |

Appendix B. Technical lemmata

In this section we state and prove Lemma 39, Lemma 40 and Lemma 41.

Lemma 39 Let 8 > 1/2 and assume A1-A7. Recall H7'71(R?) — HEY(RY) (see (14)).
Then, for all T > 0, there exists C > 0 such that for all f € H/VI'(RY), N > 1, and
t € 10,7, it holds:

(i
|Nt|—1
E| > 2Ty, )\/N<f,MéV>+4N<f7M;§V>2 <Ol f13 e
k=0
(i1
INt|—1
2V N
E Z N1+6< k+1 va Wk N1+26‘va Wk)
k=0
C
.
(iii)
INt|—1 ) N2
B| 30 NI RN <Ol et )
(iv)
LNH ' N 2 1 N3 ! N\2
B 3 (TN YRR < Ol k| B | [
(v)
INt|-1 .
B S (1Y, el - VN [ ]| < Ol
k=0 0
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(vi)
|Nt]—1

E| > 1ay[f1?| <Clfl5e

k=0

Proof Let T > 0 and f € H/1J/1(R%). In what follows, C > 0 is a constant, independent
of N>1,t€[0,T], f,and k € {0,..., | NT| — 1} which can change from one occurence to
another. We recall that for N > 1 and k > 1, 7 is the o- algebra generated by {WilY
Bj and (e )Z L for 5 =0,...,k — 1, and that 7Y := o{{W¢}! 1} see (9). Recall also
the deﬁmtlons of M} and Rév in (21) and (19) respectively, of al¥ and LY in (94), and
that for N > 1 and t € Ry, YN = VN(u) — ) (see also (81)). We start by proving
item (i) in Lemma 39. For all ¢ € [0,T], because for all a € N and b € {1,...,N}, W2 is
FN_measurable and €% 1l FN (see A5) together with the fact that X? is FV-measurable
(for all s > 0), one has using also (41):

[Nt]-1 [Nt|-1
<f7 k+1 >\/N<f7Mk }:N Z E|: faML—_ﬂ&><f7Mév>}
k=0 k=0 N N
|Nt|—-1
=N E[(f,vy)E [(f, M) FY] ]
k=0

[Nt
- N Etle[ B (£, M) FY | = 0. (145)
k=0

N

By (36) E [(f, M}N)?] < CIf113,z.,/N?. Together with (145), we deduce item (7).
Let us now prove item (7). We have, using A5,

N
B[(f.TY, ZVfWk el = VNE[(f0) = (F. k) Y VW) -]
=1

=VN ZE[ (1,0 = (£ B )V O] - Blef) =0,

On the other hand, using (46), H™7(R%) < C?7*(R%) (see (6)), and the same arguments
as those used in (47), it holds:

N N
E[| Y VW) ci] = Y E[|[VFW)) - ei*] < ON|flZsn. < ON|IFI.-
= =1

This ends the proof of item (). Item (iii) is a direct consequence of (51) and HL7(R?) —
C?7+(RY).
Let us now prove item (iv). We have that

|Nt|—1 |Nt]—1 1 |Nt)—1
> YL VNULRD) < 30 GUTE -+ 30 NALRDE (146)
k=0 k=0 k=0
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On the one hand, by item (%),

|Nt]—1

3
B[ 3 N RNP] < OB 55+ vas ) (147)
k=0
On the other hand, we have
LVt |Nt]—1 [Nt]-1 kp1
[T e S e =] S [T ()
0 k=0 k=0 N
[Nt]—1 %
< Z /k ’(f,T§V>2—(f,T],YH,)2’ds
k=0 “N N
Let0§k<LNtJandS€( Etl). We have
(T = A0 = N () = (D) = () = ()]
= N [20 ) (i) = D) + () = (A )
= N[205,0) (4. l) = (.2
+ (Y = (£ AR (AN + (£ k) | (148)

N
(o) = ()] = ];,;f(Xi;l) £
1 N _ . _ _ . _ . _ _ .
< S [So1FL — KIVARDI+ CIXL, - XIP sup (V21X + (- X))
i—1 N N te(0,1) N
_c N .. C
Sl llenn S0 1K — Xil+ Kb — i < Sl (149)

=1

Going back to (148), and using also (83), we have:

[0 TN ] < Ol (124 [ + (£ )

)

)+ Cllf ez )

N
f 2,7vx ’L
< Clflhern (022 51 4w

=1
Therefore, using Lemma &8, we have shown that

|Nt] |Nt|—1 |Nt|—1

Bl| [T oadas- Y Ui <> / .02 = ey, 2 Jas

k=0
< CHfHHLwa
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so that
Nt L)
Bl S 0¥ < U, +E[ [ T xas).
k=0

On the other hand, using (48), (83), and HY7(RY) — C?7+(RY),
1 N

eIl

i=1

N
< CN[Hngg,W + %E[Z If(Xf)IQ]]
=1

E[(f,1)?) < ON [E[(f,u})?] + E[(£.i)?]| < ON [I£122n. +

< ON|fll3.-
Therefore, it holds: E[f@(f, TN)2ds] < CIfI3,z..- Hence,
N

|Nt|-1 1 .
B[ > Y] < U, + B[ [ (0] (150)
k=0

Item (iv) is then a consequence of (146), (147), and (150).
Let us now prove item (v). We have (see (94))

|Nt|-1 e
[ > (AT Hl ) N[f]—x/ﬁ/ <f,TgV>L§[f]ds}
k=0 0
|Nt]—1

—VE Y /kN (1Y) = (7)) LY (1] s
k=0 N

Using (149), for s € (% %) it holds:

ol

(£ 8 -) = (AT = VNS = (Rl | < 05 227,

and using (34), Lemma 8, and H7(R%) < C%27*(RY), one deduces that:

E[[LYA[*] < Ollf 3.
Thus,
[Nt]-1 Nt]

EH Z (£,Y k+1 [f]—\/ﬁ/ " <f,Ti,V>LéV[f]d5H

0

LNtJ 1

<\F Z / CHfHHLwd SCHng.[L,w-
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In addition we have:

\ﬁ‘% N f,’rN LN[ ]ds < VN v \/E[|<f,T§V>|2]\/E[|L§V[f]2

< ClIf 13-
We have thus proved item (v).
Finally,
INt| -1 IN-1 ki 2 |Nt| -1
Nig2] — Ny Ny
E[Z \ak[f]y}_NE[Z )/k L s < Z/ E[ILY[f]2ds
k=0 k=0 N
< Cllf 13z
which proves item (vi). This ends the proof of the lemma. [ |

Lemma 40 Let J > 1 and v > 0. For x € X, recall the definition of T, (see (99)),
To: fEHIRY) = VS -Vou(-,2) € H/=W(RY). Then, there exists C > 0 such that for
any T € H=/HY(RY) and z € X,

(0, Ta T3] < CIT NG s (151)

This result is stronger than what one obtains with the Cauchy-Schwarz inequality. Indeed,
the Cauchy-Schwarz inequality only implies

(T, Te D) 300 | < Tl I TE X N300 < ClT 344 1Tl lgg=r425-

Let us mention that Lemma 40 extends (Sirignano and Spiliopoulos, 2020a, Lemma B.1) to
the non compact and weighted case.

Proof Let z € X and T € H~/t17(R?) — H~/7(R?). By the Riesz representation
theorem, there exists a unique ¥ € H»7(R?) such that,

(f;X) = (f, W)y, for f € H(RT).
We set F(Y) = . The density of C*(R%) in H’7(R%) implies that {YT € H~/7(R?) :
F(T) € C*(R%)} is dense in H™77(R?). Tt is thus sufficient to show (151) for Y such that
¥ =F(Y) € C°(R%). We have
(T, ToX)gy—gm = (U, T2X) = (T,0,T) = (T, 0, W)y (152)
Let us prove that [(T, W, W), | < C[|9]3 ,,, for ¥ e C*(RY). By definition, we have

1

|k|<J
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In the previous sum, the only terms involving derivatives of W of order greater than J are
the terms for which |k| = J. Therefore, it is sufficient to only deal with such k. Pick a
multi-index k such that |k| = J. For all z € X', we have

dw
O@JD%vwwowwuww»D“WwﬂX1+wwv
DFU (w
/ D’“(Z@\If )0 (w w)) X m;,gldw
DF ¥ (w)

= Dk U (w)0;04 —
Z (U (w)0iox(w,x)) X T+ [wp w

Let us consider the case when ¢ = 1 and k = (J,0...,0). The other cases can be treated
similarly. For all z € X,

DM (w)
. LE )
[ Dt o) < 200

0{ W (w)
— J 1
= Jes 07 (019 (w)Ohok(w, x)) X T w2

0 W (w)
_ J4+1
_/ 8 + \II( )610'*(11/ ZE) X 11—|—|7w‘2’7
0 ¥ (w)
< > / 8j+1 8J J+10'*(w,1') X de (153)

Since o, and all its derivatives are bounded, one has:

().

j=0

; i 0 U (w)
1 J 1
8{4’ \I/(UJ)al It J*(w’l') X 11_|-T|27 dw < CH\IJH'HJVY

Let us now deal with the first term in the right-hand side of (153). By Fubini’s theorem :

0 W (w)

J+1 1

/Rd 07 T W (w) 004 (w, x) X T+ wp

:/ / O (2, w0104 (2,0, 1) X Md dw'.
RSt T T (5w

An integration by parts yields, for all w’ € R%!, using that ¥ is compactly supported,

oW (z,w)
2 Ty ! * ! T v
/Rﬁl (z,w")0104(2, W', ) x 1+ (2, w')|2Y &
Oou(z,w' 2) ]t hos (2,0, 2)
_ J\Ij N2 1Y\ M, ) / J\I/ 2 2
|:81 (Z,w)’ 1+‘(Z w)|2'y ‘61 Z 'U))‘ 61 1+|(Z’wl)’2’y dz

2’)/ 2 _ / / 2,)/
_/ 107 (2, w2 x 2vz|(z, W) [P 20104 (2, W', ) 810*(Z,w,x)(1+](2,w)] )dz.
(1 +[(z,w) )
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Therefore,

0f ¥ (w)

J+1
’/Rd 07T U (w) 0104 (w, x) X T+ w2

2(/Rd/|a1 (2,02

L 2wl )1 2000u (2,0, w) — Do (2, 0, 2) (1 |(2,w))[*7)
(1 +|(z,w)P)?

|6J\I/zw |2 , 9
<C x dzdw' < C||w .
/Rd 1/1+|zw|27 2dw’ < Ol ¥[3,

dzdw’

To summarize, we have shown the existence of C' < oo (independent of z) such that for
any ¥ € C®(R?), (T, ¥, ¥)yu,| < C||¥|3,,,. Consequently, by (152), (T, T3X)s-s.] <
CHTH?_LM. This completes the proof of the lemma. [ |

Lemma 41 Let N > 1 and f : Ry — R be a piecewise continuous function whose jumps

occur only at the times k/N, k > 1. Introduce the function g : R4+ — R defined by, for all

t>0,g(t) = ,EZSJ_I ag where for all k > 0, oy, € R (recall the convention 21;:10 =0).

Set fort >0,
¢
= /0 f(s)ds and ¥(t) = F(t) + g(t).

Then, for allt > 0,

t L LN N/ k41 2
wt>2=2/0 F(s)p(s)ds + Z o2 + 2 Z o) (o(55) —a(%)):
=ay,
Proof Forall k>0 and t € [£, 1) it holds ¢ (t)? — ¢(£)2 =2 fk s)ds. Letting
t — 517 we obtain
k41712 ke \2 e
oY (£ =2 / ¥/ (s)0h(s)ds. (154)

Since F is continuous and by definition of g, it holds (&4 )2 = (F(5) 4 g(£))2. Hence,

(5 ) —uly) = rCR) R () () (P () - F(F)):

Therefore, (154) reads (using also that ¢’(s) = 0 for all s € (£, k—;{,l))

P r() (e () - (5)) =2 [ st
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Now, for all ¢ > 0, denoting k = [ Nt],

t k—1 e t
2 [ f<s>¢<s>ds=j202 /N F(s)(s)ds + 2 /ﬁf(s)ws)ds
k—1 .

A SR 6 ()
+2g(%)F(%) () - w(z]ir)Q

Hence,

ot =2 [ oo £ 25 e (E () -a(3)

Using that g(0) = 0, one can write g(%)? = 075 |axl* + 22525 (9(57) — 9(%))9().
This yields,

w0 =2 [ ssies it 423 () 1 (D)) -5(3)
Jj=0 j=0

which is the desired formula. [ |

Remark 42 Notice by Lemma 41 and (26) (with m = 4 there), if ay, = ol + a3 + o + af,
1t holds

4 |Nt]-1 4 |Nt]-1

(1)’ <2 /0 FEs)ds 43 S lafPe2Y Y afu( ).

=1 k=0 (=1 k=0
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