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Pion to photon transition form factors with basis light-front quantization
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We obtain the distribution amplitude (DA) of the pion from its light-front wave functions in the basis
light-front quantization framework. This light-front wave function of the pion is given by the lowest
eigenvector of a light-front effective Hamiltonian consisting a three-dimensional confinement potential and
the color-singlet Nambu-Jona-Lasinion interaction both between the constituent quark and antiquark. The
quantum chromodynamics evolution of the DA is subsequently given by the perturbative Efremov-
Radyushkin-Brodsky-Lepage evolution equation. Based on this DA, we then evaluate the singly and

doubly virtual transition form factors in the spacelike region for z° — y*y and z° — y*y* processes using
the hard-scattering formalism. Our prediction for the pion-photon transition form factor agrees well with
data reported by the Belle Collaboration. However, in the large Q? region it deviates from the rapid growth
reported by the BABAR Collaboration. Meanwhile, our result on the z° — y*y* transition form factor is also
consistent with other theoretical approaches and agrees with the scaling behavior predicted by perturbative

quantum chromodynamics.

DOI: 10.1103/PhysRevD.104.094034

I. INTRODUCTION

The parton distribution amplitudes (DAs) that play
essential roles in describing the various hard exclusive
processes of quantum chromodynamics (QCD) bound
states [1-3] via the factorization theorem [4] are among
the most basic structure functions. The DAs are therefore
complementary to the parton distribution functions (PDFs)
associated with inclusive processes [5—8]. Since the DAs
are longitudinal projections of the hadronic wave functions
obtained by integrating out the transverse momenta of the
partons [1,2,9], they carry information on QCD bound
states at the amplitude level. Specifically, the lowest
moments of the DAs for a quark and an antiquark inside
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a meson are closely related to decay constants and
transition form factors (TFFs) [10-13].

The meson-photon transitions with one or two virtual
photons are the simplest decay processes in QCD, reflecting
the structure of the meson. The associated TFFs are crucial
for determining important observables, for example the
hadronic light-by-light contribution to the Standard Model
prediction of the muon anomalous magnetic moment
[14-20], and the rates of rare pseudoscalar (P) decays: P —
II(1 = e, u) [21,22]. The single-virtual TFFs in the spacelike
regions up to a large momentum transfer (Q? ~ 40 GeV?)
have been measured experimentally by several collabora-
tions [23-28]. The results from the BABAR Collaboration
[27] demonstrate a rapid growth of Q*F,,(Q?) in the large
Q? region, [Fp,(Q*) being the meson to photon TFF].
However, the measurement by the Belle Collaboration [26]
shows that Q?F, (Q?%) — constant for Q% > 15 GeV2.
The data from the Belle Collaboration are consistent
with the prominent features of perturbative QCD (PQCD)
[1,29], where TFFs are expected to follow the asymptotic
behavior of, Q>F Py(QZ) — constant as Q% — co. Unlike
their results showing growth in Q?F,,(Q?), the BABAR data
[28] for the Q*F (), (Q?) appear consistent with the PQCD
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predication. The inconsistency between the Belle and the
BABAR data for Q?F,,(0Q?%) and the disparities in the
behaviors of Q*F,,(Q*) and Q*F,,)(Q?) at the high
Q? regime as reported by the BABAR Collaboration have led
to various theoretical studies [10,16,30-50].

While the measurements of the single-virtual TFFs
having been carried out by several collaborations,
information is less available on the double-virtual TFFs.
Recently, the BABAR Collaboration [51] has measured
for the first time the double-virtual y*(q,)y*(¢g.) — 7'
TFF, F,;,-(Q1, 03), in the spacelike region where Q%(z) =
—q%m > (0. Meanwhile, the meson (M) TFFs for the doubly

virtual M — y*y* transitions have been studied within the
Dyson-Schwinger and Bethe-Salpeter framework [52], the
chiral perturbation theory [53], a light-front quark model
[54], the anti—de Sitter (AdS)/QCD [55,56], and the lattice
QCD [16,57-60].

Our theoretical framework for meson structures is based
on basis light front quantization (BLFQ), which provides
an approach for solving relativistic many-body bound state
structure in quantum field theories [61-77]. In this work,
we evaluate the DA of the pion using the light-front wave
functions (LFWFs) based on BLFQ [61], within the
valence Fock sector of the pion. We then evaluate the
singly and doubly virtual TFFs in the spacelike region for
7% = y*y and 7z° — y*y* transitions following the hard-
scattering formalism. The effective Hamiltonian includes a
three-dimensional confining potential consisting of the
light-front holography in the transverse direction [78],
a longitudinal confinement [65,66], and the color-singlet
Nambu-Jona-Lasinio (NJL) interactions [79,80]. The color-
singlet NJL interactions account for the dynamical chiral
symmetry breaking of QCD. The nonperturbative solutions
for the LFWFs given by the recent BLFQ study of light
mesons [67] have been applied successfully to predict the
electromagnetic form factors and associated charge radii,
PDFs, structure functions and generalized parton distribu-
tions of the pion [67-70]. Here, we extend our investiga-
tions of the pion to compute its singly and doubly virtual
photon TFFs.

II. BLFQ-NJL MODEL FOR THE LIGHT MESONS

The structures of the bound states are embedded in the
LFWFs obtainable as the solutions of the eigenvalue
equation of the Hamiltonian H.;|¥) = M?|¥), where
H. is the effective Hamiltonian, with M? being the mass
squared eigenvalue of the state |¥). Within the current
modeling of the meson structure through the framework of
BLFQ [61], we consider an effective light-front Hamiltonian
and solve for its mass eigenvalues and eigenstates at the
model scale suitable for low-resolution probes. In the
valence Fock sector, the effective Hamiltonian for the light
mesons from Ref. [67] is given by

n_l_c)i—i—mé_i_la—i—m% i
off = 1= L
K4 eff
—max(x(l —x)0,) + Hyp. (1)
q q

where m,, (m;) is the mass of the quark (antiquark), and k L8
the relative transverse momentum. The parameter x repre-
sents the strength of the confinement. The transverse
confinement is adopted from the light-front holography,

where the holographic variable is defined as Z =
/x(1 —=x)7, [78]. The variable 7, is conjugated to lﬁ
and measures the transverse separation between the quark
and antiquark. The x derivative in the longitudinal confining

potential [65] is defined as O, f (x, El) = Of (x, EL)/8x|5l.

The effective Hamiltonian also includes H that corre-
sponds to the color-singlet NJL interaction to account for the
chiral dynamics [79]. For the positively charged pion, the
NIJL interaction is given by [67]

HeNfgL,n = Gﬂ{ﬁusl/(pll)uusl (pl )7_}ds2(p2)vds2’(p/2)
+ g1 (P77 5ttt (P1) Dasa (P2) 75V as2 (P5)
+ 251 (P)75Va52 (P5) Vas2 (P2)7sUs1 (P1)

(2)

which is obtained from the NJL Lagrangian in the two flavor
NJL model after the Legendre transform [79,81-83]. The
nonitalic and italic subscripts in the Dirac spinors, u(p)
and v (p), respectively, represent the flavors and the spins.
Meanwhile, p; and p, are the momenta of the valence quark
and the valence antiquark, respectively. The coefficient G, is
the coupling constant of the NIJL interaction. In this
interaction, only the combinations of Dirac bilinears relevant
to the valence Fock sector LFWFs of the pion have been
included with the instantaneous terms due to the NIJL
interactions neglected. The explicit expressions for the
matrix elements of the NJL interactions within the BLFQ
framework can be found in Ref. [67].

To compute the Hamiltonian matrix we follow BLFQ
[61] and adopt the two-dimensional (2D) harmonic oscil-
lator basis functions, to describe the transverse degrees of
freedom, which are defined as [65]

I B R AN
¢nm(qJ_’K)_; (n—|—|m|)'<1<>

P) )
q m| (4 im
X exXp <—2—’j2>LL <K—é)e ?. (3)

mi

with tan(g) = ¢,/q,, L» (z) is the associated Laguerre
polynomial, n and m are the radial and the angular quantum
numbers, respectively. On the other hand, the basis func-
tions in the longitudinal direction are defined as [65]
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DU+ DI +a+ptl) 5

rn(xap)=/4x2l +a + p + 1)\/

Tl +a+ DI(I+p+1)

(1= x)a2P P (2x = 1), (4)

where Pga’ﬁ >(z) is the Jacobi polynomial with the dimensionless parameters o = 2mg(m, —l—mq)/KQ,

S = 2mq(mq + mq)/K2, and /[ =0,1,2,....
in a given spin combination is expanded as

Wrs(xJ—éL) = Z< ’

n.m,l

where the coefficients (n, ) represent the LFWFs
in our BLFQ basis representation obtained from diagonal-
izing the truncated Hamiltonian. We truncate the infinite
dimensional Hilbert space of the valence Fock sector to a
finite dimension by imposing the following restrictions on
the quantum numbers [67]:

0 <n < Npaxs -2<m<2, 0<I<Ly, (6)
where L, specifies the basis resolution in the longitudinal
direction, while N,,,, controls the transverse momentum
covered by 2D harmonic oscillator functions. Since the
NIJL interactions do not couple to |m| > 3 basis states, we

have a natural truncation for m [67]. The LFWFs of the
mesons v (x, k 1) are normalized as

I dx P2k R
Z[) 2)6(1 _x) / (271_;3 |1//r5(x, ki)|2 = 1. (7)

Parameters in the BLFQ-NJL model have been fixed to
generate the ground state masses of the light pseudoscalar
as well as the vector mesons and the charge radii of the z™
and the K* [67]. The LFWFs in this model provide a high
quality description of the electromagnetic form factors [67],
PDFs for the pion and the kaon and pion-nucleus induced
Drell-Yan cross sections [68,69]. The coefficient
(n,m,l,r,s|ly) for the neutral pion is assumed to be
identical to that of the charged pion, resulting in the only
difference between their wave functions being flavor.

III. PARTON DISTRIBUTION AMPLITUDE

The DAs are defined using the lightlike separated gauge
invariant vacuum-to-meson matrix elements. Explicitly in
the light-front formalism, the leading-twist DAs ¢y, (x; u)
in the light cone gauge for a pseudoscalar are defined by
[1,84]

2)|M(p)),
L
=it /O e 6Dy )z o (8)

Ol (2)yTrsw (-

Using basis functions specified in Egs. (3) and (4), the valence wave function

-

Y) Bum <ﬁ ; K))(l (x:a. B, ()

where f), are the decay constants. The nonlocal matrix
elements as well as the DAs depend on the scale y, the
renormalization scale which we take to be the UV cutoff.
Following these definitions, the DAs are normalized to
unity:

A "dxp(aip) = 1. (9)

In terms of LFWEF, the DAs of pseudoscalar states can be
written as [1]

2\/2N 1
v/x(1 =x)

T
2022 V1 1 (kL)

$(x, o) =

(10)

where yy|_ 1 = (w4, —w 4)/V2and N, is the number of
colors. In the BLFQ-NJL model, we use N, = 3. We
compute the DA of the pion at the model scale using the
LFWFs given in Eq. (5). Recall that the flavor wave
function of the neutral pion is the only difference compared
to the wave function of the charged pion in the BLFQ-
NJL model.

The QCD evolution of the DA is specified by the
Efremov-Radyushkin-Brodsky-Lepage (ERBL) equations
[1,9,85]. In a Gegenbauer basis, one has [86]

Bl = 6(1 - 2) S G2 - D), (1)

3
where C(2x — 1) is a Gegenbauer polynomial and

2n+3 ag(u) \ 77/ 2o
1)(n +2) (as(ﬂo))

x /O dxCy/?(2x = 1)p(x, po). (12)

an(p) —é(

with

094034-3



MONDAL, NAIR, JIA, ZHAO, and VARY

PHYS. REV. D 104, 094034 (2021)

W = —2Ck (3 + ° 4%1}
A N S [C RS R

11 2

Po :?CA—gnf, (13)
in the leading order (LO). Here, the color factors are given
by Cg = %and C, = 3. We take n; = 3 to be the number of

active flavors. The strong running coupling is given by

iy 4

B Poln (ﬂz/A(ngD) ’ (14)

as(p)

with Agep = 0.204 GeV being the QCD scale parameter.
It is also useful to compute the moments in order to
quantitatively compare with other theoretical predictions.
The pth moment of the DA is defined as

(<)) = / iz (xp). (15)

where z=(2x—1) when p >1 and z=x for p = —1.
Meanwhile, the moments of the DA are directly related to
the Gegenbauer coefficients in Eq. (11). The second,
fourth, and sixth moments are expressed as [44]

12 1

(z2) = gaz +§’ (16)
3 3 8
(z4) = 35 T35% T 77 9% (17)
1 12 120 64
gt ——a.. (1
(o) =51+ 7792 F 1001 % T 21g5%  (18)

$(X,Ho)

X

FIG. 1.
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The LFWFs of the valence quarks in the light mesons
have been solved in the BLFQ framework using the NJL
interactions as discussed in the Sec. II. We employ the wave
functions obtained with truncated basis to compute the DA
of the pion using Eq. (10). On the left panel of Fig. 1, we
show the valence quark DA of the pion at the model scale
using the basis truncation N,,, = 8 with L,, = 8,32, and
extrapolation to oo. The oscillations on the DA are
numerical artifacts, while with increasing L, the DA
tends toward a smooth function with decreasing oscillation
amplitude about a single-peaked function. The DA for
L ax — oo is therefore fitted to the following functional
form [67]:

x4(1=x)b
W) = gy (19)

a+1,b+1)°

with a = b = 0.6, where B(a + 1, b + 1) is the Euler beta
function. We illustrate the pion valence quark DA after
QCD evolution on the right panel of Fig. 1. Explicitly,
we evolve our input DA from the model scale p3 =
0.120 £0.012 GeV? [69] to the experimental scale of
the FNAL-E-791 experiment, 10 GeV? [87]. The initial
scale was determined by requiring the PDF result after
QCD evolution utilizing the LO DGLAP equation to fit the
pion valence quark PDF data from the FNAL-E-615
experiment [88]. As can be seen, our evolved DA is in
excellent agreement with the FNAL-E-791 data. On the
other hand, the pion DA in the BLFQ-NJL model is very
close to the asymptotic DA already at u> = 10 GeV?.
The numerical values of the first three nonvanishing
moments and the inverse moment of the pion DA in the
BLFQ-NJL model are presented in Table I. We compare
our predictions with the results obtained from various
theoretical approaches. Our predictions for z, and/or zy4

15} 0
3 1.0
<
<
0.5F
-------- Asymptotic
..... Initial DA, FNAL-E-791 \
1
— Evolved DA \
0.0 . . . . {5
0.0 0.2 0.4 0.6 0.8 1.0
X

The valence quark DA of the pion in the BLFQ-NJL model. Left panel: the DAs for L, = 8 (blue dashed) L,,, = 32 (red

dash dotted) and extrapolated to L, — oo that fits to Eq. (19) with a = b = 0.62 (black solid) at the model scale. Right panel: the
evolved DA from the initial scale (43 = 0.120 + 0.012 GeV?) using ERBL equations to the experimental scale of 10 GeV?. The black
dashed line corresponds to the DA at the initial scale, while the blue solid line represents the evolved DA. Our result is compared with the
FNAL-E-791 data [87] and the asymptotic DA (magenta dotted): 6x(1 — x) [86].
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TABLE L.  Our predictions for the first three nonvanishing moments and inverse moment of the pion DA, compared to other theoretical
predictions.

1(GeV) (22) (z4) (z6) (")
BLFQ-NIJL (this work) 1,2 0.221, 0.217 0.099, 0.097 0.057, 0.055 3.21, 3.17
Playkurtic [90] 2 0.220700% 0.098-0.008 - 3.131014
NLC sum rules [93] 2 0.2481 1% 0.1081093 e 3.16(9)
LF quark model [44] ~1 0.24(22) 0.11(9) 0.07(5) e
Sum rules [91] 1 0.24 0.11 e e
AdS/QCD [55] ~1 0.25 0.125 0.078 3.98
LF holographic (B = 0) [46] 1,2 0.180, 0.185 0.067, 0.071 2.81, 2.85
LF holographic (B > 1) [46] 1,2 0.200, 0.200 0.085, 0.085 2.93, 295
Renormalon model [98] 1 0.28 0.13 e e
Instanton vacuum (MIA 1) [92] 1,2 0.237, 0.218 0.112, 0.094 0.066, 0.052
Instanton vacuum (MIA 2) [92] 1,2 0.239, 0.220 0.113, 0.096 0.067, 0.053 e
Sum rules [2] 2 0.343 0.181 4.25
Dyson-Schwinger [RL, DB] [99] 2 0.280, 0.251 0.151, 0.128 5.5, 4.6
QCD background field theory sum rule [47] 1 0.271(13) 0.138(10) 0.087(6) 3.95
QCD background field theory sum rule [47] 2 0.254(10) 0.125(7) 0.077(6) 3.33
Lattice QCD [100] 2 0.28(1)(2) .- e
Lattice QCD [94] 2 0.2361(41)(39)
Lattice QCD [101] 2 0.27(4)
Lattice QCD [95] 2 0.2077(43)
Lattice QCD [96] 2 0.234(6)(6)
Lattice QCD [97] 2 0.244(30) e e e
Asymptotic QCD © 0.200 0.086 0.048 3.00
roughly agree with those in Refs. [44,46,89-97]. For zg, the FABI(0) 1 (20)
numerical values are compared with Refs. [44,47,55,92], i 2212 fo ’

with our predictions being close to the results evaluated
from the QCD instanton vacuum [92]. The inverse moment
of the pion DA in the BLFQ-NJL model is in good
agreement with Refs. [90,93], while differing from other
predictions summarized in Table 1.

Based on the BLFQ-NJL model, the decay constant for
the pion is given in Table II. In order to gain a clear
impression on how basis truncation affects the decay
constant, we include the numerical values with basis cutoffs
Npax = 8 with L. =8, 16, and 32 to demonstrate a
good convergence trend. With L, . =32 we predict
f. = 1453 MeV, while the experimental data is f5 "= =
130.2 MeV [102]. Note that the decay constants computed
here differ from the results presented in Ref. [67], where an
overall factor (v/2) was erroneously included.

We now use the Alder-Bell-Jackiw anomaly relations
[103,104] to compute the pion-photon TFF at zero momen-
tum transfer as follows [42,46]:

TABLE II.

so that we can evaluate the radiative decay width using

T

Fﬂ—’}’}’ = 4

agy Mz |Fr (0).

(21)

Our results are presented in Table II, where we find
reasonable agreement with the experimental value [102].
With the largest basis size in our current calculation,
i€, Npx =38 and Ly, =32, we obtain I, =
6.98 x 1073 keV, whereas the experimentally measured
value is T, = 7.82 x 1077 keV.

With the original model parameters given in Ref. [67],
our prediction for the pion decay constant is somewhat
larger than the experimental data, which effectively leads to
a slightly smaller radiative decay width compared to the
experimental value. However, if we relax the constraint
from the charge radius, we can modify the model

Our predictions for the decay constant, f, of the pion and the radiative decay width, I";_,,,, compared

to the measured values from Particle Data Group (PDG) [102]. The BLFQ-NJL model results are quoted using the
LFWFs at the basis cutoff N, = 8 and L, = 8, 16, and 32, respectively.

[Nmax: Lmax] = (8, 8] (8, 16] (8, 32] Experimental data [102]
£, (MeV) 142.8 144.8 145.3 130.2
[, (keV) 7.22 x 1073 7.03 x 1073 6.98 x 1073 (7.82 £0.22) x1073
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parameters into m, = 356.77 MeV, k = 182.35 MeV, and
G, = 2.6573 x 107 MeV for the basis cutoff N, = 8
and L., = 32 in order to reproduce the experimental
decay constant.

IV. PION TO PHOTONS TRANSITION
FORM FACTORS

The meson-photon TFF, Fy,(Q?), of a pseudoscalar
meson (M) for the M — y*y decay is defined through the
matrix element of electromagnetic current as [1]
(P = @) IM(P)) = =ie?Fyy, ()" P,c,q,.  (22)
where P and ¢ are the momenta of the meson and the
virtual photon, respectively. The invariant 4-momentum
transfer squared Q* = —¢*> > 0 and ¢, is the transverse
polarization vector of the final (on shell) photon. The TFF,
Fy,(Q%), can be evaluated from the convolution of a
hard scattering amplitude (HSA), Ty (x, Q?), calculable in

perturbation theory, with a nonperturbative DA [1,55,105]
using

V2

OF (@) =0 [ iTu(x. Q)b (1-0)0). (23

where Ty(x, Q%) to the next-to-leading order (NLO) is
given by [29,106-109],
=
2

+1n?(1 = x) + {3+ 2In(1 —x)}ln(zﬂ.

R

1
1—x

1 as(ﬂR) 1—x

+4ir

Ty(x, Q%) = - Cr In(1—x)

X

For simplicity, the regularization scale, u3, is taken as
uk = Q2 to eliminate large logarithm terms. At leading
order, only the first term in Eq. (24) contributes to the TFF.
Using the standard hard scattering approach, the NLO
corrections have been studied in Refs. [29,106—-109] under
the assumption that ¢(x, (1 — x)Q) ~ ¢(x, Q). The replace-
ment is reasonable for the behavior at the asymptotic limit
0? — 0. However, this approximation is not well justified
for the calculation below the asymptotic region, where one
needs to take into account the ERBL evolution effects.
A proper treatment of the NLO calculations with the
evolution effects and ¢(x, (1 — x)Q) has been illustrated
in Ref. [55].

Inserting the evolved DA from Eq. (11) into Eq. (23) we
evaluate Q*F,,(Q?) with the ERBL evolution considered.
Figure 2 (left panel) shows our results for the pion to
photon TFF, Q*F,,(Q?), in the BLFQ-NJL model and
compares with the available experimental data from the
Belle [26], the BABAR [27], the CLEO [110], and the
CELLO [111] Collaborations. The gray band corresponds
to the correction in the TFF due to the a; order correction
in the HSA in Eq. (24). We need to set (1 —x)Q = y for
(I = x)Q < po to ensure the convergence of the integration
in Eq. (23). We obtain the TFF results with the BLFQ basis
truncation: N, = 8 with L., = 32 and find good agree-
ment of our calculated pion TFF with the experiments
performed by the Belle [26], the CLEO [110], and the
CELLO [111] Collaborations. However, it deviates from
the rapid growth in the large Q7 region reported by the
BABAR Collaboration [27]. There are also theoretical
studies suggesting that the BABAR data are incompatible
with QCD calculations [36,112—-114]. It has also been
demonstrated in Ref. [55] that the explanation of BABAR
data at large Q with the QCD calculations using the
asymptotic QCD, AdS/QCD, and Chernyak-Zhitnitsky

(24) models for the pion DA is not possible, but can be
0.30 With QCD evolution 0.30f With QCD evolution
0.25} + 0.25}
= s
& o0.20f — f 1 & o020}
5 =P SRRy 3
9; 0.15f it ] 9; 0.15}
5 y
0.10¢ o Belle12' 1 0.10f LO-HSA + ¢(x,Q) o Belle12' ]
~ BABAR09']  ydtt o NLO-HSA + ¢(x,Q) » BABAR 09'
0.05¢ — 1O-HSA o CLEO98' ] 0.05¢ — LO-HSA + ¢(x,(1-x)Q) o CLEO98' ]
_____ - CELLO 91' ----- NLO-HSA + ¢(x,(1- CELLO 91'
0.00F . NLO-HSA . E 0.00E . A I .
0 10 20 30 40 0 10 20 30 40
Q* [GeV?] Q* [GeV?]

FIG. 2. The z° — y*y transition form factor with BLFQ basis truncation N,z = 8 and L, = 32. Left panel: the solid and dashed
lines correspond to the results with LO and NLO hard scattering amplitudes, respectively. Right panel: comparison of the TFFs
evaluated with the DAs ¢(x, Q) (magenta lines) and ¢(x, (1 — x)Q) (black lines) in Eq. (23). Effect of the scale evolution is considered

following Eq. (11).
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0.30 With QCD evolution
0.25F
s
O 0.20F
< o.15}
LLT
NO‘ 0.10F -
— LO-HSA (Set-I) o Bellel2'
oostff 0 - NLO-HSA (Set-I) & BABAR 09" ]
' — LO-HSA (Set-1I) o CLEO 98'
----- NLO-HSA (Set-II) CELLO 91'
0.00F . ! . ]
0 10 20 30 40
Q* [GeV?)

FIG. 3. Comparison of the z° — y*y transition form factors
evaluated with the original model parameters (Set-I) given in
Ref. [67] (black lines) and the readjusted parameters (Set-II) that
fit the pion experimental pion decay constant (magenta lines)
both with BLFQ basis truncation N, = 8 and L, = 32.

accommodated by a flat modeling of the pion DA [10,55].
However, the calculations with such a DA underestimate
significantly the pion TFF at low Q2. Such a DA also shows
a trend that would appear to violate the Brodsky-Lepage
limit of QZF,W(Q2 — o0) = 2f, [55]. Except those using
the flat modeling of the pion DA [10,31,115,116], there
exist phenomenological studies reproducing the BABAR
data for the pion to photon TFF [33,34,117-122].

In Fig. 2 (right panel), we compare the results calculated
using ¢(x, (1 —x)Q) and ¢(x, Q) in Eq. (23). We notice
that it is a reasonable approximation to use ¢(x, Q) in
the perturbative regime, where both ¢(x, (1 —x)Q) and
¢(x, Q) lead to almost identical pion TFF. However, using
¢(x, Q) fails to reproduce the experimental data at low Q?
region, particularly for the Q? < 10 GeV?, whereas the
results using ¢(x, (1 —x)Q) agree well with the avail-
able data.

Parameters in the BLFQ-NJL model have been fixed
to fit the charge radius of the pion [67], while they lead
to a slightly larger pion decay constant compared to the
experimental data as summarized in Table II. However, the
experimental the decay constant can be obtained by adjust-
ing the model parameters into those mentioned by the end
of Sec. III. In order to gain a clear impression on how the
change in parameters affects Q*F,, (Q?), in Fig. 3 we
present a comparison of the singly virtual pion to two
photon TFF computed using the original model’s param-
eters given in Ref. [67] and the modified parameters. We
find that the two sets of parameters provide qualitatively
similar results for this TFF at small Q. However, F,(Q?)
with new parameters is narrower than that obtained using
the original model’s parameters, which accounts for the
difference in the TFF for large Q°.

The sensitivity of the BLFQ-NJL model prediction to
basis truncation is shown in Fig. 4, where we present the
results for {Np. Lma ) = {8,8}, {8,16}, and {8,32}.
The results show a good convergence trend over the
range of Q? as evident by finding that the L, = 16
and L, = 32 results nearly coincide with each other in
contrast to the L, = 8 results presented in Fig. 4. This
observed convergence in the TFFs is reassuring since the
DAs are also reasonably well converged as can be seen
in the left panel of Fig. 1. The difference between the
Lax = 32 and 8 values is presented as our uncertainty
estimate in the pion TFF.

We now turn our attention to the case in which the
photons as decay products are both off mass shell, i.e., for
the TFF F,,-(Q7. 03). This pion to doubly virtual photons
(n° = y*y*) TFF can be obtained by replacing the hard-
scattering amplitude 7 in the previous analysis with an
appropriate expression. The TFF, Fy,,-( 2,03), can be
expressed from the convolution of a HSA, Ty(x, 0%, 03)
with a nonperturbative DA [1,55,105],

0.30F With QCD evolution 0.30 With QCD evolution
0.25} 0.25}
2 2
O 0.20f 1 © 0.20f
S S
= 0.15} 1 = 0.15p
e
& &
0.10f o Belle12’ 1 ~ 0.10f o Belle12' ]
oostll Limax=8 (LO-HSA) » BABAR 09' ] P Linax=8 (NLO-HSA) 4 BABAR 09' ]
S Limax=16 (LO-HSA) » CLEO 98' St 2 — Linax=16 (NLO-HSA) o CLEO98'
—— Ljax=32 (LO-HSA CELLO 91" —— Ljjax=32 (NLO-HSA CELLO 91"
0.00F . a2 ¢ - d 0.0k . a0 ¢ - e
0 10 20 30 40 0 10 20 30 40
Q* [GeV?] Q* [GeV?)

FIG. 4. Sensitivity of the z° — y*y transition form factor to BLFQ basis truncation. The magenta dot-dashed, red dashed, and black
solid lines correspond to the {N .., Linax } = {8. 8}, {8, 16}, and {8, 32}, respectively. Left and right panels represent the results with

LO and NLO hard scattering amplitude, respectively.
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TABLEIIL  The transition form factors F,-(Q?}. 03) (in units of 107> GeV~") for some (Q?, 03) values (in units
of GeV?) compared with the LFQM [54], the vector meson dominance (VMD) model [54], and the PQCD
predictions. The first and second values for each row entry in the second and third columns correspond to the basis
truncations L., = 8 and 32, respectively. The difference between the L., = 8 and 32 values are presented as our

uncertainty estimate.

Fg;z F}I:’;:O PQCD PQCD
(01.03) (this work) (this work) LO NLO LFQM [54] VMD [54]
(6.48, 6.48) 10.39-10.56 9.59-9.75 9.52 8.78 9.08 1.957 £0.022
(16.85, 16.85) 3.99-4.06 3.73-3.79 3.66 2.69 3.58 0.322 £ 0.004
(14.83, 4.27) 7.55-1.72 7.00-7.14 6.91 6.39 6.76 1.301 +0.014
(38.11, 14.95) 2.65-2.69 2.48-2.52 242 2.27 2.40 0.163 £ 0.002
(45.63, 45.63) 1.47-1.50 1.39-1.41 1.35 133 1.33 0.046 =+ 0.001

V2

1 ) —
Fa (010 = f, [ asT(r ™ (.03 03 (. 0)

(25)

where we assume Q = (1 — x)Q, + xQ, and at the leading
order Ty has the form

1

o x, 0%, 03) = .
H ( 1.03) (1-x)0% + x03

(26)

Note that the singly virtual TFF F,,(Q?) can be obtained
by setting one of the momentum transfers to zero in
Eq. (25). While the F,,(Q?) is sensitive to the shape of
the pion DA, the doubly virtual TFF F-(Qf, 03) when
Q? # 0 and Q3 # 0 is much less sensitive to the end point
behavior of the pion DA, since the HSA in Eq. (26) is
well behaved at the end points, x = {0, 1}. It can also be
noted that, for the kinematic region satisfying Q3 = Q3, the
HSA becomes independent of x and thus Q1F,,- (07, 07)
only depends on the normalization of the pion DA,
which is scale and model independent. One then has

(Q*+QA F Q% Q.7 [GeV]

5
Q% [GeV?]

FIG. 5.

Q*F,,-(0* 0% —>‘(T§ fz- For this transition to two off

shell photons, the PQCD expression of T% " =7 at NLO can
be found in Ref. [29].

The numerical results for F,,,-(Q7, Q3) within the BLFQ-
NJL model calculated at LO and NLO for selected (Q7, 03)
values are given in Table III. We compare our results with
results from the light-front quark model (LFQM) and with
results from LO and NLO PQCD [54]. We find that our
predictions are close to these results as summarized in
Table III. On the other hand, our predictions are very
different from the VMD model [51,54]:

F,,(0,0)
(1+01/A2)(1+ Q3/A2)

FIYP(01.03) = (27)

where A, =775 MeV corresponding to the p pole, and
F,,(0,0) = 0.272(3) GeV~' [102]. The different behavior
between our BLFQ-NJL model result and the VMD model
prediction can be attributed to the fact that the TFF in the
BLFQ-NJL model exhibits F,, (0%, Q%) ~ 1/(0% + 03)
when (Q3%, Q3) — oo, which is consistent with the PQCD

QP+ Q) F Q% Q) [GeV]

5
Q% [GeV?]

The three-dimensional plots for the z° — y*y* transition form factor obtained from Eq. (25) with BLFQ basis truncation

Npax = 8 and L, = 32. Left and right panels represent the results with LO and NLO hard scattering amplitude, respectively. Note the
difference in the scales on the vertical axes. The effect of the scale evolution in the DA is considered following Eq. (11).
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prediction [1,29], while the TFF in the VMD model behaves
as FMP(07,03) ~1/(Q703). The consistency between
our BLFQ-NJL result and PQCD is expected as the
factorization formula in Eq. (25) is applied in our method.
Interestingly, for the singly virtual TFF, i.e., for Q% =0or
Q% = 0, both the models show the expected scaling behavior
F,(0%0)~1/0Q?* at the large Q? regime.

We show the three-dimensional plots for (Q% +
Q3})F,,- (01, 03) calculated at LO and NLO in Fig. 5.
The qualitative behavior is found to be consistent with the
LFQM result [54]. As can be seen from the figure, our
BLFQ-NJL model results also show the same scaling
behavior as predicted by PQCD [1,29].

V. SUMMARY

We have evaluated the valence-quark distribution ampli-
tude from the LFWFs of the pion in the framework of the
BLFQ. Our result is based on the wave functions as the
eigenfunctions of an effective Hamiltonian which includes
the confinement potentials and the color-singlet Nambu-
Jona-Lasinio interactions. The meson DA then evolves
according to the ERBL evolution equation from PQCD. We
have analyzed the QCD evolution of our pion DA and
found that it agrees well with the FNAL-E-791 data. At the
scale of 10 GeV?, our DA is close to the asymptotic QCD
prediction.

The nonvanishing moments of the DA in BLFQ frame-
work have been found to be consistent with various
theoretical predictions. We have also investigated the
sensitivity of the pion DA, decay constants, and the
radiative decay width to the BLFQ basis size and found
good convergence towards the experimental data with
increasing longitudinal basis size.

We have calculated the singly and doubly virtual pion-
photon TFFs for z° — y*y and z° — y*y* transitions using

the DA with the hard-scattering formalism. We have taken
into account the LO evolution effects of the pion DA and
NLO corrections to the HSA for the calculations at finite
Q% We have found that our prediction for Q?F,, (Q?%)
agrees reasonably well with the Belle Collaboration data,
but it disagrees with the rapid growth of the large Q? pion-
photon TFF data reported by the BABAR Collaboration. In
the meantime, we have observed that the doubly virtual
pion-photon TFF in the BLFQ-NJL model is consistent
with the LFQM and the PQCD predictions. Our BLFQ-
NJL model result for the doubly virtual TFF manifests as
F, (07, 03) ~ 1/(07 + Q3) when (03, Q3) — o0, which
agrees with the PQCD prediction.
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