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Directional flow in a trapped, dissipative Bose-Einstein condensate (BEC) signals the non-Hermitian skin effect.

Public summary

m A Bose-Einstein condensate of ultracold atoms, subject to a dissipative spin-orbit coupling, acquires the non-Hermitian
skin effect, which is driven by the interplay of spin-orbit coupling and the laser-induced atom loss.

m The non-Hermitian skin effect leads to a directional flow of atoms in the trapping potential, detectable under typical
experimental conditions.

m The mean-field interactions can enhance or suppress the directional flow, suggesting the interplay of interaction and the
non-Hermitian skin effect.
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Abstract: We study a Bose-Einstein condensate of ultracold atoms subject to a non-Hermitian spin-orbit coupling, where
the system acquires the non-Hermitian skin effect under the interplay of spin-orbit coupling and laser-induced atom loss.
The presence of the non-Hermitian skin effect is confirmed through its key signatures in terms of the spectral winding
under the periodic boundary condition, the accumulation of eigen wavefunctions at boundaries under an open boundary
condition, and bulk dynamics signaled by a directional flow. We show that bulk dynamics, in particular, serves as a con-
venient signal for experimental detection. The impact of interaction and trapping potentials is also discussed based on the
non-Hermitian Gross-Pitaevskii equations. Our work demonstrates that the non-Hermitian skin effect and its rich implica-
tions in topology, dynamics, and beyond are well within the reach of current cold-atom experiments.

Keywords: non-Hermitian physics; open systems; non-Hermitian skin effect; ultracold atoms
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1 Introduction sequently lost under spontaneous emission””. For atoms that
remain, their dynamics is driven by a non-Hermitian Hamilto-
nian featuring a non-Hermitian spin-orbit coupling and spec-
tral singularity. While the experiment focused on the chiral

The non-Hermitian skin effect is an intriguing phenomenon in
open systems, in which eigen wavefunctions exponentially

localize near boundaries'. It has a profound impact on a wide parametric transport close to the spectral singularity known as
range of properties of an open system: while the non-Her- the exceptional point, theoretical studies have revealed the
mitian skin effect directly modifies the topology, spectral hidden non-Hermitian skin effect under the same configura-
symmetry, and bulk dynamics in systems described by non- tion**1, However, questions remain regarding amenable de-
Hermitian effective Hamiltonians'™"", it also manifests in the tection schemes, as well as the impact of interaction and trap-
long-time  density-matrix dynamics driven by the master ping potentials that are present under typical experimental

equation"* . Over the past three years, the non-Hermitian conditions.
skin effect and its many consequences have been experiment- In this work, we address these questions by studying a
ally confirmed in classical or photonic systems'**", but not in Bose-Einstein condensate of cold atoms under the recently
a quantum many-body environment. realized experimental setup. First, we confirm the results in
In recent studies, it has been pointed out that the non-Her- Refs. [22, 23], demonstrating the spectral winding and accu-
mitian skin effect can be induced by non-Hermitian spin- mulation of eigen wavefunctions at boundaries by solving a
orbit coupling in cold atoms"*. Therein, two hyperfine single-body problem. In particular, under the periodic bound-
ground states of an atom are coupled by a two-photon Raman ary condition (PBC), the single-body eigenspectrum of a
process, under which a spin flip is accompanied by a change finite-size system features closed loops on the complex plane.
in the atomic center-of-mass momentum. Such coupling Whereas under the open boundary condition (OBC), the
between the atomic spin and external orbital degrees of free- eigenspectrum reduces to open arcs within the loops. Such is
dom has been the subject of intense study over the past the topological origin of the non-Hermitian skin effect .
decade™ ™, because of its highly non-trivial influence over We then demonstrate the directional dynamics of wave pack-
the system band topology"”, as well as the possibility of indu- ets in a homogeneous condensate with interactions turned off,
cing exotic few- and many-body states” . In a very recent that is, the wavefunction propagates along the direction of the
experiment, a Raman-induced spin-orbit coupling was fur- non-Hermitian ~ spin-orbit coupling. This unidirectional
ther dressed by laser-induced atom loss"™. For this purpose, propagation is the direct consequence of a persistent bulk cur-
an additional laser selectively couples one of the hyperfine rent, which is the driving force behind the namesake phe-
spin states to an electronically excited state that is sub- nomenon of the non-Hermitian skin effect —the accumula-
2-1 DOI: 10.52396/JUSTC-2022-0003
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Non-Hermitian skin effect in an atomic condensate
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tion of wavefunctions at boundaries. Note that in our system,
the bulk current, or the non-Hermitian skin effect, is due to
the interplay of spin-orbit coupling and atom loss, which can
be related to models with non-reciprocal inter-spin coupling
through a spin rotation.

The unidirectional bulk dynamics offers a convenient sig-
nal for the detection of the non-Hermitian skin effect, both for
a homogeneous condensate and, more importantly, for a
trapped one. We illustrate this by calculating the growth rate
of the condensate!-*), which, in a homogeneous setup, cor-
responds to the Lyapunov exponent in the infinitely long-time
limit. At finite times, the growth rates provide a qualitative
measure of the Lyapunov exponent, and more importantly,
can characterize the non-Hermitian skin effect. In particular,
the peak location of the growth rate (the so-called shift velo-
city) characterizes the propagation of the condensate wave-
function. We show that in the presence of a trapping potential,
a condensate initialized in the ground state at the trap center
would flow along the direction of the non-Hermitian spin-
orbit coupling, either in the same direction or opposite to that
of the momentum transfer. The condensate wavefunction is
squeezed and eventually localized off-center, balanced by the
higher potential energy towards the trap edge. We further
consider the impact of mean-field interactions on the uni-
directional flow, and demonstrate that a repulsive (attractive)
interaction enhances (suppresses) the average velocity of the
flow, suggesting a stronger (weaker) non-Hermitian skin
effect for a repulsively (attractively) interacting condensate.
Our results illustrate bulk dynamics and growth rate as viable
signals for the experimental detection of the non-Hermitian
skin effect in cold atoms. Based on the flexible controls
therein, it would be exciting to further explore the impact of
the non-Hermitian skin effect on the quantum many-body
system of cold gases.

The remainder of this paper is organized as follows: In
Section 2, we present the model and characterize its single-
body properties. We study the bulk dynamics of the condens-
ate in Section 3, both with and without trapping potentials, by
evolving the Gross-Pitaevskii equations. In Section 4, we in-
vestigate the impact of interactions on the non-Hermitian skin
effect. We summarize the study in Section 5.

2 Model

We consider the recently implemented non-Hermitian spin-
orbit coupling in cold atoms®, where the single-body
Hamiltonian is given by

H=HU+%(0'Z—1)I“Z -

L Cinvankeoy+0o + i@ -nr. (1)
2m 2
Here Q and 2hk, are respectively the effective Rabi fre-
quency and momentum transfer of the Raman process,
0., 0,, 0, are the Pauli operators for the two hyperfine spin
species, m is the atomic mass, and I, is the laser-induced loss
rate for the spin-down atoms.

The non-Hermitian Hamiltonian governs the conditional
i

thg+

dynamics of the Lindblad equation dp/dr = —%H0p+

2-2

I.SpS’, where p is the atomic density matrix, and S is the
quantum jump operator describing the laser-induced, spin-
selective loss. Specifically, the dynamics of the system is
driven by the non-Hermitian Hamiltonian H, when the
quantum jump terms are dropped™. Experimentally, such a
conditional dynamics is implemented by probing only the
atoms that remain in the system. The description is exact in
the absence of interactions and when the spontaneous emis-
sion back into the two hyperfine spin states can be neglected.

For our numerical simulations below, we use parameters
that are of similar magnitude to those in spin-orbit coupled
¥Rb atoms™!. For instance, we take E, = fiw, as the unit of
energy, with w, = 100 Hz. Correspondingly, the unit of time
is 1/w, ~ 10 ms, and the unit of length x, = VA/(mw,). For
the spin-orbit-coupling parameters, we take the recoil energy
E,~2mx2.2 kHz, which corresponds to E,./E,=447m and
k.x, =16.62.

While the experiment focuses on the parity-time symmetry
and spectral singularity (the exceptional point) of the
Hamiltonian (1), the system also has the non-Hermitian skin
effect, despite being a continuous model. To confirm this, we
calculate the single-particle eigenspectra of Eq. (1) under both
PBC and OBC, for a one-dimensional gas along the z direc-
tion, which is the direction of the spin-orbit coupling.

For a one-dimensional gas, the single-particle eigenspec-
trum in the momentum space is given by

I,
E.(k) :Ek+E,—i7“J_r

2

\/4EkE, +2EE,T. - % + ()
where E, = i’k*/(2m), and k is the momentum along the z dir-
ection. The eigenspectrum corresponds to the green curves in
Fig. 1, where the two branches E. (k) are self-connected at in-
finite |ReE|, forming closed loops on the complex energy
plane. For a finite system but still under PBC, the loop struc-
tures are easier to observe (blue curves). This is consistent
with the spectral winding, which is the topological origin of
the non-Hermitian skin effect. By contrast, under an OBC, the
eigenspectra collapse into open arcs (red curves) within the
spectral loop under the PBC. Correspondingly, the spatial dis-
tribution of the eigen wavefunctions accumulates at the open
boundary, as shown in Fig. 1b. Here the position of the local-
ization (the left or right boundary) is tunable through the
parameters of the spin-selective loss or the spin-orbit coup-
ling. Note that we denote the wavefunctions for the two spin
species as ¢,,(z), which are normalized according to
Sl @F +lex(2)F1dz = 1.

3 Dynamic signal of the non-Hermitian
skin effect

In cold atomic gases, a sharp open boundary is typically diffi-
cult to engineer, and the eigenspectrum is not easy to probe,
unlike in classical or photonic simulators. Therefore, the most
prominent signatures of the non-Hermitian skin effect, as
demonstrated in Fig. 1, can be experimentally elusive.
However, systems with non-Hermitian skin effects also
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possess unique signatures in the bulk dynamics, which, as we
reveal in this section, serve as convenient dynamic signals of
the non-Hermitian skin effect.

We first consider the non-interacting case, where the post-
selection principle underlying the non-Hermiticity of the
Hamiltonian is valid, and the atoms that remain in the system
evolve according to (1). In Fig. 2a, we show the numerically
simulated propagation of the condensate wavefunction. The
initial state is a Guassian wave packet ¥,,(x,y,z;t=0)
exp[—(x* +y* +7°)/w*], with w =3 and normalized to unity.
We evolve the wavefunction in real space using the
Schrédinger’s equation

¥ ¥,
o )=u()

ihi(

dr ¥,
where ¥, ¥, are the wavefunctions of the two spin species.
For numerical calculations, we discretize the spatial coordin-
ates along z into 480 segments in the range z € [-30,30] and
those along x and y into 32 segments in the range
x,y € [-12,12]. The spatial derivatives in the Hamiltonian are
then translated into finite differences.

In Fig. 2a, we show the evolution of the wavefunction
along the z-axis with (x =0,y =0). The directional propaga-
tion of the wavefunction suggests a persistent bulk current
that lies at the origin of the non-Hermitian skin effect. In pre-
viously studied lattice models, the non-Hermitian skin effect
was often associated with non-reciprocal hopping!. It is im-
portant to note that the non-Hermitian spin-orbit coupling

3)

with a manifestly spin-selective loss (Qa't +1?0';) is related
to a non-reciprocal model through a spin rotation U = e'+"".
To provide a quantitative measure of the unidirectional
propagation, we define the wavefunction growth rate as
_ ln|¢1(0a052 = Vt;t)'

AW = ———

(4)

where v denotes the shift velocity. In the long-time limit
t — oo, the growth rate converges to the Lyapunov exponent
of a homogeneous system"'l. As shown in Fig. 2b, the peak of
A(v,1) lies at a finite shift velocity v, = 19.1 at t = 0.7, which
is essentially the average propagation velocity of the wave-
packet peak in Fig. 2a at the given time. By contrast, with
vanishing spin-orbit coupling (2 =0) or atom loss (I". = 0),
the growth rate peaks at v,, =0 (see Fig. 2¢c, d) at r=0.7,

2-3

v v
Fig. 2. (a) Propagation of the condensate wavefunction in the bulk, with
Q=0.5E, and I', = 2E,. (b) Growth rate as a function of the shift velocity
under the parameters of (a). (¢) Growth rate with Q=0 and I', = 2E,, eval-
uated at r=0.7. (d) Growth rate with Q=0.5E, and I, =0, valuated at
t=0.7. The unit of time is 1/w, = 10 ms.

indicating the absence of bulk current and non-Hermitian skin
effect. Note that without a trapping potential, the peak loca-
tion of A(v,7) already converges to a finite v,, in our numeric-
al simulations of a finite-time evolution.

Experimentally, condensates are typically subject to a har-
monic trapping potential, which provides a natural boundary,
though not as sharp as that of an ideal OBC. For a condens-
ate initialized in the ground state, that is, near the center of the
trap, we expect the directional flow to persist in systems with
the non-Hermitian skin effect. However, when the condens-
ate moves off-center, the soft boundary provided by the har-
monic trap impacts the wavefunction propagation and eventu-
ally stops it near the edge of the trap.

Such an intuitive picture is indeed confirmed in Fig. 3,
where the dynamics is governed by

¥ )
230

(1

1
where V(r) = —mw’r* with the trapping frequency w.

d
ih—

5 )

)= 1+ von(

First, in Fig. 3a, d, we show the typical spatial distribution
(along the z-axis) of eigenstate wavefunctions for H + V(r),
with trapping frequencies w = w, and w = 2w,, respectively.
The off-center distribution is a direct manifestation of the non-
Hermitian skin effect in a harmonic trap.

We then numerically evolve the ground state, where a dir-
ectional propagation of the wavefunction is observed [see
Fig. 3b, e], consistent with the dynamics in the homogeneous
case of Fig. 2. However, in a trapping potential, the direction-
al propagation slows down, and is eventually stopped by the
trap edge, which is apparent by comparing the dynamics un-
der different trapping frequencies (see Fig. 3b, ). What we
observe here is essentially the dynamic accumulation of
wavefunctions at boundaries, driven by the non-Hermitian
skin effect. Under our parameters (taken from typical ¥Rb ex-
periments), starting with a condensate of 5x 10° atom, the fi-
nal atom number at 1 =0.6 (~ 6 ms) is estimated to be ~ 60
for Fig.3b, and ~ 100 for Fig.3e. Alternatively, at
t = 0.4 (~ 4 ms), the remaining atom number is ~ 10° for both
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Fig. 3. (a, d) Spatial distribution of eigen wavefunctions along the z direction in an isotropic harmonic trap, with Q = 0.5E, and I, = 5E,. For the numerical
calculations here, we take a cylindrical coordinate, discretizing z € [-30,30] into 480 segments, and the radial coordinate p € [0,4] into 8 segments. We plot
the radial-integrated spatial distribution of the 800 eigenstates with the smallest real components, colored according to Re(E) (see color bar). Specifically,
¥ (z) =27 [ pdpyi (p,2). (b, ) Propagation of the condensate wavefunction in the bulk. (c, f) Growth rate as a function of the shift velocity at r=0.6. The

peak shift velocity v, ~
time is 10 ms, so the longest evolution time in (b, €) is 6 ms.

cases, while the directional propagation is still visible in
Fig. 3b, e.

In Fig. 3c, f, we show the growth rates under different trap-
ping frequencies. At short times, the growth rate peaks at a fi-
nite v,, consistent with the presence of the non-Hermitian
skin effect. After a sufficiently long time (¢ > 0.37 under our
parameters), another peak emerges in A(v,) see Fig. 3f, indic-
ating the backflow of condensate atoms, as they are reflected
from the boundary (the boundary to the right in this case).
Such an effect is more apparent for deeper traps, as illus-
trated in Fig. 3c, f. Following a sufficiently long time evolu-
tion (not shown), the peak velocity v,, of the growth rate uni-
formly drops to zero, as the propagation is stopped by the
boundary. As the time required for v, to vanish is typically
much longer than 7 = 0.7 (~ 7 ms), the vanishing of v,, is diffi-
cult to be observed directly due to the small number of re-
maining atoms at long times.

As such, a trapped condensate offers an intriguing scenario
for the dynamic detection of the non-Hermitian skin effect,
where the short-time dynamics is dominated by the direction-
al bulk current, whereas the long-time dynamics is dominated
by the accumulation of atoms towards the boundary.

4 Interaction effect

We now consider the impact of interactions, particularly on
the dynamic signal of the wavefunction propagation. While
the non-Hermitian description based on post-selection can be
questionable when interatomic interactions are considered, we
assume that the condensate is always in a coherent state,
which is an eigenstate of the jump operator and hence a stead
state of the dynamics. This is a good approximation under
weak interactions when the quantum depletion is small. It also
requires that there are still a significant number of atoms in
the condensate, despite the constant atom loss. We may then
write the Gross-Pitaevskii equation as

2-4

16.04 in (c) and v,, ~ 13.33 in (f). The trapping potential is w = wp = 100 Hz in (a, b, ¢), and w = 2w, =200 Hz in (d, e, f). The unit of

() (v)
- = v 6
(4 )=t ma( ). ©6)
with the mean-field interaction term given by
glyP 0 )
Hinl = . 7
( 0 gl M

Here g is the interaction rate, and we have neglected inter-
species interactions. For our numerical simulations, the unit
of the interaction rate is taken as g, =4mhi’a,/m, where
a, = 1004, (a, is the Bohr radius). We initialize a condensate
of N=5x10° atoms, in the absence of atom loss and spin-
orbit coupling. This is achieved using an imaginary time evol-
ution. During the time evolution, the atomic number continu-
ously decreases owing to the atom loss. The interaction effect
therefore also becomes diminishingly small over time.

In Fig. 4a, we show the numerically simulated average ve-
locity of the wavefunction propagation along the z-axis with
(x =0,y =0), which is defined as

[ 2,(0,0,2;1)Pdz

([ 101(0.0,z:0)Pdz’ (8)

v=
where we fix 1=0.7 for the time evolution. When the trap-
ping frequency vanishes, the average velocity converges, re-
gardless of the interaction strength g. This is consistent with
the convergence of v, in Fig. 2a, b. By contrast, for a suffi-
ciently large trapping frequency (or a sufficiently long evolu-
tion time), ¥ vanishes, indicating the accumulation of wave-
function at the trap edge, which is consistent with the results
in Fig. 3. More importantly, a repulsive (attractive) interac-
tion facilitates (suppresses) the wavefunction propagation, as
indicated by Fig. 4a. This is direct evidence of the interplay
between interactions and non-Hermitian skin effects. The in-
teraction effect is also more apparent under larger trapping
frequencies owing to the increased average density.
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Fig. 4. Effect of condensate interaction on the non-Hermitian skin effect
in a trapped gas, evaluated at z = 0.7 (~ 7 ms). See main text for the defini-
tion of the average propagation speed ¥ in (a), and the integrated propaga-
tion speed ¥y, in (b). Other parameters are the same as those in Fig. 3.

While ¥ is directly related to the growth rate in Fig. 3, it is
typically difficult to measure experimentally. Instead, in
Fig. 4b, we calculate the integrated propagation speed ¥,
defined as

_ Ja(x,y,z:0ldxdydz
"ty (xy,z; HPdxdydz

)

These results are qualitatively consistent with those in
Fig. 4b, whereas ¥,, can be in principle be detected by meas-
uring the overall propagation of the condensate along the dir-
ection of the spin-orbit coupling.

5 Conclusions

We show that the non-Hermitian skin effect emerges in a con-
densate of cold atoms under synthetic spin-orbit coupling and
laser-induced atom loss. The non-Hermitian skin effect can be
dynamically detected through the directional propagation of
wavefunctions in the bulk, as well as the dynamic accumula-
tion of atoms near the edge of the harmonic trapping poten-
tial. We also demonstrate that the mean-field interaction can
have a detectable impact on the directional propagation, offer-
ing an experimentally relevant example wherein the interplay
of interaction and non-Hermiticity can be directly probed. For
future studies, it would be interesting to examine the mani-
festation of non-Hermitian skin effects in a Fermi gas. The
experiment of Ref. [36] has indeed laid the foundation for
such studies. In the experiment, chiral spin transfer was ob-
served in a dissipative Fermi gas, when the atoms were ma-
nipulated to encircle an exceptional point embedded in the
momentum space. As the non-Hermitian Hamiltonian imple-
mented therein is essentially the same as that studied here,
one would expect the non-Hermitian skin effect to emerge in
the same experimental setup as well. In principle, the signals
discussed here can in principle be measured by probing the in
situ density evolution within the trapping potential. Whether
the interplay of Fermi-Dirac statistics and the non-Hermitian
skin effect would bring more exotic dynamic behavior is an
interesting open question which we leave to future studies.
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