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Abstract

A new and generalized statistical model, called Málaga or simplyM distribution, has been derived recently to
characterize the irradiance fluctuations of an unbounded optical wavefront propagating through a turbulent medium
under all irradiance fluctuation conditions. The aforementioned model extends and unifies in a simple analytical
closed-form expression most of the proposed statistical models for free-space optical (FSO) communications widely
employed until now in the scientific literature. Based on thatMmodel, we have studied some important features
associated to its fade statistics and expressed in terms of the expected number of fades per second. The derived
expressions become relevant for many aspects in a FSO system, especially those ones related to determine the
optimum threshold in a receiver based on a direct detection scheme employing a fixed detection threshold.

1 Introduction
In the last decades, free-space optical (FSO) commu-
nication systems are receiving considerable attention
[1–8] especially thanks to their inherent potential trans-
mission capacity, much higher than that offered by
radio transmission technologies. In addition, their nar-
row beamwidths and their inherent license-free operation
allows FSO systems to become appropriate candidates
for secure, high-data-rate, cost-effective, wide-bandwidth
communications.
However, even in clear sky conditions, FSO links may

experience fading of the received signal intensity —called
scintillation— associated to the interaction of light with
turbulent atmosphere [1]. That turbulent-induced scintil-
lation is seen as a statistic process and can seriously impair
the behavior of a FSO link in terms of bit error rate or
burst error rate, for example.
To minimize its degrading effect, we can design differ-

ent techniques both in the transmitter side and/or in the
receiver side. To this end, the behavior of any FSO sys-
tem based on intensity modulation can be deduced from
the probability density function (PDF) of the irradiance.
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Particularly in this type of scenario, most widely accepted
irradiance PDF models have led to the consideration of a
conditional random process [1, 6–8]. Among the efforts
made to obtain the most realistic statistical model valid
in all turbulent regimes, a new and generalized statisti-
cal model, called Málaga or simply M distribution, was
recently derived and validated [7, 8] to characterize the
irradiance fluctuations of an unbounded optical wave-
front (plane and spherical waves) propagating through a
turbulent medium under all irradiance fluctuation condi-
tions in homogeneous, isotropic turbulence. This Málaga
distribution unifies most of the irradiance statistical mod-
els for FSO communications proposed in literature in a
closed-form expression. Its conditional random process is
made by a Gamma and a compound of a Nakagami-m
distribution and a Rayleigh random phasor.
In this paper, we perform a study focused on an atmo-

spheric optical system affected by a Málaga turbulence.
This PDF model will allow to predict the probability of
fade associated to that system, i.e., the probability of hav-
ing crossings below an established threshold level in the
receiver side. Hence, after a brief introduction of the
Málaga statistical model (Section 2) and about the system
model considered through this work (Section 3), since the
optical beam will fluctuate randomly following the latter
model, the expected number of fades per second affect-
ing a FSO system is studied in Section 4, showing some
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interesting features associated to the M distribution. In
fact, the Málaga PDF is shown to model any turbulent
condition, covering the gaps in the, until now, existing dis-
tributions. This fact is clearly shown when analyzing that
last parameter, showing that a system can be affected by a
larger or smaller number of fades although the normalized
irradiance variance will be maintained at a same constant
level. Other widely extended distributions as, for instance,
the lognormal and the gamma-gamma, will be unable to
explain this aspect.

2 Málaga statistical model for the turbulence
Málaga distribution is based on a new small-scale propa-
gation scheme including a new scattering component for
the observed field, UC

S coupled to the line-of-sight (LOS)
field term, UL. The propagation scheme is illustrated in
([7] Fig. 1) (we recommend to read that work for a detailed
description). Following notation of [7], the average power
of the LOS term is represented by � while the average
power of the total scatter components is denoted by 2b0 =
E

[∣∣UC
S
∣∣2 + ∣∣UG

S
∣∣2], with UG

S being the classic scattering
field independent of the LOS contribution. Accordingly,
the average power of every single scatter component is
given by E

[∣∣UC
S
∣∣2] = ρ2b0 and E

[∣∣UG
S

∣∣2] = (1 − ρ)

2b0, for the coupled-to-LOS scattering term and for the
classic scattering component received by off-axis eddies,
respectively. The parameter ρ shows the amount of scat-
tering power coupled to the LOS component, ranging
from 0 to 1.
Then, the M PDF of the received irradiance I is repre-

sented by:
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In Eq. (1), β ∈ N is the shape parameter of the
Nakagami distribution representing the amount of fad-
ing factor, with �

′ = � + ρ2b0 representing the average
power from the coherent contributions, whereas Kν(·)
is the modified Bessel function of the second kind and
order ν. Finally, α is a positive parameter related to the
effective number of large-scale cells of the scattering pro-
cess [6], and arisen from the gamma approximation to a
lognormal distribution. In the interest of clarity, the alge-
braic manipulation to prove this result can be consulted in
([7]App. A).

A generalized PDF expression was also obtained in [7, 8]
when β ∈ R, though the inherent degree of freedom asso-
ciated to the proposed distribution allows tomodel almost
any behavior with the case of β being a natural number.

3 Systemmodel
Consider an intensity modulation/direct detection
(IM/DD) link using on-off keying (OOK). In these type
of systems, and in absence of turbulence, the electrical
current signal induced in the receiver by the action of the
received optical wave can be written as:

i = iS + iN , (2)

after the integration of the received photocurrent for an
interval T0 ≤ Tb, with Tb being the bit interval of the
OOK system [9]. In Eq. (2), iN represents the shot noise
caused by ambient light much stronger than the desired
signal and/or by thermal noise in the electronics follow-
ing the photodetector. Since it is considered as statistically
independent to the desired signal, iS, then it is supposed to
be modeled as a zero-mean additive white Gaussian noise
(AWGN) described by the following PDF:

fn(i) = 1√
2πσN

exp
(

− i2

2σ 2
N

)
, (3)

with σ 2
N representing the variance of the noise. Since

an OOK modulation scheme is used, then the instanta-
neous transmitted power is either 0 or 2Pt , with Pt being
the average transmitted optical power. In this respect,
iS = 2RPt denotes the electrical current associated to
the received signal light, with R being the responsivity
whereas Pt is the aforementioned average of transmitted
optical power. Accordingly, the total electrical current sig-
nal induced in the receiver, i = iS + iN , is also governed by
the following non-zero mean Gaussian PDF:

fs+n(i) = 1√
2πσN

exp
[
− (i − iS)2

2σ 2
N

]
. (4)

In the presence of atmospheric turbulence, the instan-
taneous transmitted optical power, 2Pt , suffers from a
fluctuation in signal intensity. Hence, iS will suffer that
aforementioned fluctuation too. From (2) it is straightfor-
ward to see that we have considered a receiving aperture
smaller than the correlation length of the irradiance fluc-
tuations, i.e., the aperture behaves essentially as a point
detector [1] and ignores intersymbol interference, then
the receiver detects signal light only when an ‘on’ state
is transmitted. Assuming a point detector implies that
the dark current can be neglected in the noise consider-
ations. Indeed, and as indicated in [10], the dark current
is reduced by cooling the detector or by reducing the
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physical size of the detector. Thus, if we consider a point
detector, then dark current can be definitively neglected.

4 Expected number of fades
In FSO links, fades are associated with fluctuations in
pressure of the atmosphere also induces in refractive index
irregularities. Thus, the introduction of the atmosphere
between source and receiver, and its inherent random
refractive index variations, can lead to power losses at the
receiver and eventually it produces spatial and temporal
fluctuations in the received irradiance, i.e., turbulence-
induced signal power fading [1]. Such fluctuations can
produce an increase in the link error probability limiting
the performance of communication systems. In this par-
ticular scenario, the turbulence-induced fading is called
scintillation. Since the scintillation sequence represents
the effect of the intensity fluctuations on the transmit-
ted signal, its adverse effect is notorious when an inten-
sity modulated and direct detection (IM/DD) system is
employed, especially when the detection threshold is fixed
to a concrete value. The received signal will vary in inten-
sity, and a number of undesired crossings to this threshold
detection is recorded. The higher the intensity of the tur-
bulence, the deeper the fades involved in the process and
the larger the number of undesired crossings, increasing
each undesired crossing the number of wrongly detected
bits. Then, the bit error rate (BER) associated with these
systems is directly affected.
In this section, we derive the analytical expression to

obtain the number of non-desired crossings below a given
threshold by the output current per unit time, represented
by < n(iu) >, under M turbulence. For a stationary pro-
cess and for a high signal-to-noise ratio conditions at the
detector, it was demonstrated [11, 12] that this < n(iu) >

can be defined by:

< n(iu) >= 0.5
∫ ∞

−∞
∣∣i′∣∣ fi,i′

(
i, i′

)
di′, (5)

where i′ = di
dt , with fi,i′

(
i, i′

)
representing the joint PDF

of the received current i affected by the turbulent process
and its time derivative i′. Furthermore, the noise contribu-
tion to the expected number of fades has been neglected
in Eq. (5).
As indicated in [1, 11, 12], the time derivative of a ran-

dom process and the process itself are uncorrelated, but
not necessarily independent. Nevertheless, we can assume
the assumption made in [1] for the gamma-gamma in
which it was discussed that, although the conditional PDF
of i′ is not known, however, based on physical grounds, it
can be approximated to a zero-mean Gaussian PDF. Sup-
porting that statement, and as detailed in [13], the Málaga
distribution tends to a zero-mean Gaussian PDF if α → 1,
β → 1, and mk = 1, with mk representing the probability

that certain portion of the transmitted optical power trav-
els through the k-th optical path, for which the probability
of the optical power to be coupled to the line-of-sight
component is established by an additional factor inherent
tomk , as shown in [14].
Thus, the joint PDF, fi,i′

(
i, i′

)
, could be expressed as:

fi,i′
(
i, i′

) = fi(i)fi′
(
i′|i) , (6)

and based on the mentioned previous assumption, the
PDF of i′ can be approximated as a Gaussian one. Conse-
quently, from [1],

fi′(i′) = 1√
2πb

exp
(

− i′2

2b

)
, (7)

where b = − < I > B′′
I (0)/4 represents the standard

deviation of the time derivative of a Gaussian random
process, with B′′

I (x) being the second derivative of the
covariance function of received irradiance whereas < >

represents the ensemble average operator. Finally, fi(i) is
the irradiance PDF written in (1).
After rearranging terms, the resolution of (5) is reduced

to solve the following integrate:
∫ ∞

−∞
|t| exp (−t2

)
dt = 1. (8)

Hence, we can deduce that:

< n (iu) > =
√
2b√
π
A
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ak
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Now we can take into account the concept of quasi-
frequency, ν0, defined as the frequency of fades when
iu = iS and, consequently, seen as a measure of the effec-
tive bandwidth of the current signal in the receiver. This
magnitude expressed in terms of b, as:

ν0 = 1
2π

√
−B′′

I (0)
BI(0)

= 1
πσI

√
b

< I >
[Hz], (10)

In [15], a Gaussian model for the temporal covariance
function of the irradiance, BI(·)was presented in the form:

BI(τ ) = σ 2
I exp

(
−τ 2

τ 20

)
, (11)

where τ0 =
√

λL
u⊥ is the turbulence correlation time, λ is the

optical wavelength, and L is the propagation path length
satisfying that l0 < L < L0, with l0 and L0 being the
inner scale and the outer scale of the turbulence. Finally,
u⊥ represents average wind speed transverse to the prop-
agation direction. As an additional explanation provided
in [16], that τ0 parameter denotes the time required for
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an inhomogeneity moving with velocity u⊥ to cover a dis-
tance

√
λL, with this last distance representing the fading

correlation length [9]. In (11), it was assumed that the
Taylor’s hypothesis of frozen turbulence [17, 18] is satis-
fied. Under this hypothesis, eddies do not change signif-
icantly during the time they drift through the beam, i.e.,
the collection of atmospheric eddies formed in the atmo-
sphere following, for instance, the Kolmogorov cascade
theory [1], will remain frozen in relation to one another,
while the entire collection is transported as a whole along
some direction by the wind. Furthermore, based on the
Taylor frozen turbulence hypothesis, spatial and temporal
statistics are completely related by knowledge of the mean
wind speed transverse to the direction of propagation, u⊥.
Now, calculating the second derivative to (11),

B′′
I (τ ) = −2σ 2

I
τ 20

exp
(

−τ 2

τ 20

) [
1 + 2τ 2

τ 20

]
, (12)

and substituting its expression in addition to the expres-
sion of the temporal covariance function into (10), the
value of b can be obtained:

b = (ν0πσI)
2 < I > . (13)

On another note, if we evaluate (12) in τ = 0, then we
can obtain

B′′
I (0) = −2σ 2

I
τ 20

. (14)

Then, substituting (14) in (12) then we can obtain a rela-
tionship between the quasi-frequency and the turbulence
correlation time:

ν0 = 1
πτ0

√
2

(15)

Hence, the expected number of fades below the thresh-
old can be written as:

< n(iu) > = σI
√

< I >

τ0
√

π
A

β∑
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ak
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Figure 1 displays the expected number of fades associ-
ated to aMálaga turbulence as a function of fade threshold
parameter, FT = 10 · log10(<I>

iu ). In that Fig. 1, we have
assumed a propagation path length of 200 m, an optical
wavelength of 1550 nm, and a wind speed transverse to
the propagation direction of u⊥ = 10 m/s. Additionally,
we have considered the intensities of turbulence and tur-
bulent channel parameters included in Table 1, offering
a wide range of turbulence regimes, from very weak to
strong turbulence conditions. We must indicate that for
the case of very weak turbulence (σ 2

I = 0.061), we have
not registered undesired threshold crossings. For the sake

of clarity, it is embed in the same figure but with the Y-axis
in linear scale. Some numerical results obtained by Monte
Carlo simulation are provided. For that numerical simu-
lation, it is assumed that a same scintillation coefficient
is maintained during the interval of time defined by the
atmospheric time of coherence, τ0.
After observing Fig. 1, and recalling that it was obtained

for a high signal-to-noise ratio conditions at the detec-
tor, we can verify that the optimum threshold to minimize
the expected number of undesired fadings is achieved
when FT → 0, i.e., when the threshold is placed near the
position associated to a binary logic ‘0’.
Conversely, we can obtain the critical threshold value

associated with each turbulence regime so that the maxi-
mum number of threshold crossings occurs. These critical
thresholds represent the worst case of operation for each
turbulence regime. In this respect, Table 2 shows such val-
ues considering that the transmitted peak power per pulse
was established to iS = 0.6μW. There, the desired sig-
nal is written as iS = Kiu, with iu denoting the detection
threshold, and withK being a positive parameter.
As we can observe, the weaker the turbulence strength

is, the closer the critical threshold value is with respect
to the mean received electrical current signal induced
in the receiver. On the contrary, when the turbulence-
induced fluctuation becomes stronger, a displacement
of the critical threshold towards the value represent-
ing the transmitted binary logic ‘0’ is observed . This is
the expected behavior, especially considering the initial
hypothesis involving Eq. (5) that the AWGN noise con-
tribution to the expected number of fades affecting the
system can be neglected, i.e., the signal-to-noise ratio at
the detector stage is sufficiently high. In this regard, the
weaker the turbulence, the narrower the PDF associated
to the scintillation process and the more concentrated
around its mean value. Precisely, a threshold established
around that mean value will cause the maximum expected
number of threshold crossings, as it is shown in Fig. 1 and
Table 2. For that reason, and assuming a high SNR opera-
tion mode, to minimize the missed detection probability,
Pr(0|1), the optimal threshold must be placed out of this
critical zone in the PDF.
Conversely, if the turbulence intensity becomes

stronger, then its associated PDF becomes wider and the
set of potential values for the received level of power
corresponding to a binary logic ‘1’ is increased. There-
fore, the stronger the turbulence, the further from the
ideal logic ‘1’ mean value the critical threshold is situ-
ated, where that critical threshold represents, again, that
one with which Pr(0|1) is maximized. Figure 2 shows
a scintillation sequence with a σ 2

I = 1.21 and obtained
with a u⊥ = 10 m/s. The amplitude is normalized to
the transmitted power level associated with an ‘on’ state.
It is also shown, following Table 2, the critical threshold
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Fig. 1 Expected number of fades versus FT = 10 · log10( <I>
iu

) for a Málaga turbulence model. Turbulent channel parameters (α,β ,�, ρ) were taken
from Table 1. Inset shows the same figure but with the Y-axis in linear scale

corresponding that intensity of turbulence: iu = 1
2.3121 ,

i.e.,K = 2.3121. As it can be observed, the larger number
of undesired threshold crossings occurs in the value
represented by that critical threshold.
On another note, Fig. 3 shows a comparative of the

expected number of fades when the crosswind speed is
reduced to u⊥ = 10 m/s to u⊥ = 1 m/s. It is straightfor-
ward to check that a larger mean wind speed transverse
to the light propagation direction induces a larger num-
ber of expected fades since the atmospheric correlation
time, τ0 becomes smaller and thus, the mean width of
each fading is being reduced when the crosswind speed
is increased. Approximately, there are ten times more
expected fades for u⊥ = 10 m/s than for the case of
u⊥ = 1 m/s. This feature is completely expected from Eq.
(16), where an inverse relationship between the expected
number of fades and the turbulence correlation time, τ0,

Table 1 Some illustrative scenarios following a Málaga statistical
model and employed to obtain Fig. 1

α β � ρ σ 2
I

1 1 0.8333 0.82 3.00

4 3 0.39 0.33 1.21

8 2 0.87 0.890 0.70

10 5 0.99 0.75 0.32

11 10 0.9999 0.9999 0.20

200 20 0.95 0.94 0.061

was established. Consequently, there is a direct relation-
ship between the expected number of fades wind speed
transverse to the propagation direction, u⊥, since τ0 =√

λL/u⊥. As indicated before, for the case of very weak
turbulence (σ 2

I = 0.061), we have not observed any
undesired threshold crossing for both wind velocities.
Finally, we have evaluated the difference in behavior

associated with the Málaga PDF for a same turbulence
intensity. Figure 4 shows the expected number of fades
per second for up to six different scintillation sequences
following a M statistical model. The variance is fixed to
σ 2
I = 1.21 for all cases. We have evaluated five cases in

which the average power of the LOS term is established to
a same value (� = 0.39), whereas the amount of scatter-
ing power coupled to the LOS component, ρ varies from
0.12 to 0.82. For the case of Fig. 4a, a direct relationship
can be determined between ρ and the expected number of

Table 2 Worst-case threshold for OOK and Málaga atmospheric
channel, with u⊥ = 10 m/s and iS = 0.6μW

σ 2
I iu K FT

3.00 7.225 · 10−8 11.3501 10.55

1.21 3.5466 · 10−7 2.3121 3.64

0.70 · 10−1 5.0935 · 10−7 1.6099 2.068

0.32 · 10−2 6.5135 · 10−7 1.2589 1.00

0.20 · 10−2 7.0755 · 10−7 1.1589 .6405

0.061 · 10−3 No crossings → 1 → 0
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Fig. 2 Typical Málaga scintillation sequence with an ensemble average of 1 and a variance fixed to 1.21. The critical threshold is represented with a
dash line and its value is coincident with the expected one shown in Table 2

fades per second. Hence, when there exists a higher con-
tribution of the scattering component that travels coupled
to the LOS field term, then the system is less affected by
fading when FT is sufficiently high (for this particular sce-
nario, FT > 9 dB). On the contrary, if the scattering power

is mostly seen as a component independent to the line-
of-sight one, then the number of threshold crossings will
increase. These effects are more remarkable when FT is
larger. For instance, for the case of FT = 18 dB, then the
difference oscillates between 47.56 and 27.58 for the cases

Fig. 3 Expected number of fades versus FT = 10 · log10( <I>
iu

) for a Málaga turbulence model for two different crosswind speeds: u⊥ = 1 and
u⊥ = 10 m/s. Turbulent channel parameters (α,β ,�, ρ) were taken from Table 1
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a

b

Fig. 4 Different behaviors of the Málaga PDF for a same intensity of
turbulence σ 2

I = 1.21 and a crosswind speed of a 10 m/s, and b 1 m/s

of ρ = 0.82 and ρ = 0.12, respectively. However, for the
case of FT < 9 dB, the tendency is inverted. Thus, for the
case of FT = 3.64 dB, the number of expected fades varies
from 167.5 for the case of ρ = 0.82; to 153.8 for the case
of ρ = 0.12.
This difference in behaviors is directly related to dif-

ferent temporal realizations for every Málaga scintillation
sequence studied in Fig. 4. This effect is clearly seen when
we represent the histograms. Accordingly, we have dis-
played in Fig. 5 several histograms corresponding to the
significant cases of ρ = 0.12 (Fig. 5a), ρ = 0.48 (Fig. 5b),
and ρ = 0.82 (Fig. 5c); the three of them with � = 0.39
whereas Fig. 5d represents the case of ρ = 0.4583 but with
� = 0.7.
When the amount of power traveling through the

line-of-sight propagation path is increased (the case of
� = 0.7), the resulting curve is not similar to the anal-
ogous one for � = 0.39 and similar value of ρ; on the

contrary, its behavior is more related to the case of � =
0.39 and ρ = 0.82. In fact, for this last case, the total
amount of power (from LOS contribution and from the
scattering-coupled-to-LOS component) is closer (0.95) to
the curve of � = 0.7, with that fact being a plausible
explanation of this effect.
In addition, we can confirm another meaningful fea-

ture affecting all the curves (including the blue one with
a higher LOS power): the critical threshold detection, the
point where a higher number of expected fades is regis-
tered, is placed at the same position, that is exactly the
value calculated in Table 2: FT = 3.64, or, in other words,
iu =< I > /2.3121. Hence, this critical threshold does not
depend on the set of parameters from theMálaga PDF but
it depends on solely its variance. Hence, for a concrete tur-
bulence regime characterized by a particular σ 2

I , nomatter
how much power will be traveling through the LOS path,
and no matter which amount of scattering power is cou-
pled to the LOS term, the critical threshold detection is
always maintained at the same value.
Eventually, similar conclusions can be derived for Fig. 4b

when u⊥ was reduced to 1 m/s.

5 Conclusions
In this paper, we have presented new different features
involving the M generalized statistical model. First, we
have analyzed the performance of an IM/DD optical
system employing an OOK scheme when the detection
threshold is fixed. In that case, the system is unable to
adapt itself to the varying conditions of the channel, and
a limit in terms of error floor is obtained. In particular,
the analytical closed-form expression for that error rate
was derived in this paper for different turbulent regimes
showing that is precisely its intensity, in terms of σ 2

I , the
parameter that determines the value of the error floor.
Hence, the less intensity the turbulent process is, the lower
the error floor is reached in terms of bit error rate.
Next, for any optical system employing a threshold

detection, we have calculated the expected number of
fades affecting the receiver considering, as in the whole
paper, the M atmospheric model. Obtained equations
were related to the value of the mean wind speed trans-
verse to the light propagation direction. We have demon-
strated that a higher wind speed induces a larger number
of fades per second in the system. Certainly, and providing
that the Taylor’s hypothesis of frozen turbulence [17, 18] is
satisfied, that increase in the mean wind speed transverse
to the propagation path will not affect the bit error rate
since this one is a first-order statistic; but a figure of merit
expressed in terms of burst error rate will be completely
affected.
On another note, we have calculated the critical detec-

tion threshold in the system, seen it as the threshold value
so that the missed detection probability is maximized
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a c

b d

Fig. 5 Different histograms of a Málaga PDF. In subfigures a–c, the LOS power was established to 0.39, and ρ was taking, respectively, the following
values: 0.12, 0.48, and 0.82. In subfigure d, the LOS power was increased to 0.7. In all cases, σ 2

I = 1.21

because it suffers the largest number of undesired cross-
ings. The weaker the turbulence variance is registered, the
closer to the ideal mean ‘on’-level the threshold is placed.
Finally, we have displayed a feature associated to the

Málaga PDF, showing its robustness and universality. For
a same value of σ 2

I , we can obtain different behaviors both
depending on the amount of scattering power coupled to
the line of sight and depending on the amount of non-
scattering power traveling through the LOS path. Hence,
the expected number of fades per second shows some dif-
ferences, more remarkable when FT is becoming larger.
Nevertheless, the critical threshold is always obtained at
the same point, being solely affected by the intensity of
turbulence. This fact can facilitate the design of new opti-
cal systems because regardless of the complexity inherent
to the turbulence process, however, the rough knowledge
of its intensity is sufficient to avoid the threshold area
affected by a larger number of fades per second.
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