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Abstract

In terms of modern applications of wireless sensor networks in smart cities, relay terminals can be employed to
simultaneously deliver both information and energy to a designated receiver by harvesting power via radio frequency
(RF). In this paper, we propose time switching aware channel (TSAC) protocol and consider a dual-hop full-duplex (FD)
relaying system, where the energy constrained relay node is powered by RF signals from the source using decode-
and-forward (DF) relaying protocols. In order to evaluate system performance, we provide an analytical expression of
the achievable throughput of two different communication modes, including instantaneous transmission and delay-
constrained transmission. In addition, the optimal harvested power allocation policies are studied for these transmission
modes. Most importantly, we propose a novel energy harvesting (EH) policy based on FD relaying which can substantially
boost the system throughput compared to the conventional half-duplex (HD) relaying architecture in other transmission
modes. Numerical results illustrate that our proposed protocol outperforms the conventional protocol under the
optimal received power for energy harvesting at relay. Our numerical findings verify the correctness of our derivations

and also prove the importance of FD transmission mode.

Keywords: Energy harvesting, Full-duplex, Decode-and-forward, Outage capacity, Delay-constrained

1 Introduction

It is undoubted that wireless communication systems
have attracted much research interest in recent years.
In particular, energy-aware radio access solutions can be
implemented to deal with the massive increase in the
consumption of energy in telecommunication networks
and the efficient use of power is important for energy
optimization. In addition, applications based on internet
of things networks have become increasingly popular, so
they require novel approaches for energy saving applied
in low-power devices. Energy harvesting is the amount of
energy available at the transceiver node powered by sur-
rounding energy sources such as solar, wave, vibration,
and radio frequency.
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Since energy harvesting plays an important role in relay-
ing regardless of power optimization at relays which are
assumed to be powered by ideal power sources. In sen-
sor networks and cellular networks, wireless devices using
rechargeable or replaceable batteries are often out of order
in a short period of time, as the battery powered devices in
such wireless networks usually suffer from limited oper-
ating times. Unlike portable devices, the maintenance
cost of sensor nodes is often higher in case they are
replaced or recharged. Additionally, it is noted that it
may be dangerous to replace batteries in toxic environ-
ments and powering medical sensors implanted inside
human bodies is also challenging. To supply a perpetual
power in such networks, energy harvesting is consid-
ered as a potential method to prolong lifetime of wireless
devices [1, 2]. To take advantage of information transfer
over wireless channels, receivers can scavenge power from
the transmitted signal. Since ambient radio signals can
carry energy and information, energy harvesting brings
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more major advantages compared to the conventional grid
power supply [3].

Since radio frequency (RF) signals are capable of car-
rying both information and energy, a new concept in
green wireless communications was put forward, namely
simultaneous wireless information and power transfer
(SWIPT). To take advantage of SWIPT, more practical
receiver architectures have been developed with two sep-
arated circuits to carry out energy harvesting and infor-
mation decoding [4, 5]. There are two major schemes in
the receiver, including time switching and power split-
ting. The authors in [4] presented performance of sys-
tem under capability of energy harvesting applied in a
simple single-input single-output scenario while multiple-
input multiple-output (MIMO) broadcasting scenarios
was introduced in [6].

In order to obtain practical insights in term of optimal
time and power allocation. The work in [7] focused on
time allocation policy for the two transmitters in case the
efficiency of energy transfer is maximized by an energy
beamformer under the impact of Channel State Informa-
tion (CSI) received in the uplink by the energy transmitter.
Furthermore, in [8], the time fraction in TSR impacts on
the optimal throughput and such parameter can be found
in a numerical method.

We next consider several system models regarding exist-
ing cooperative networks with capability of energy har-
vesting. Firstly, the employed relay in SWIPT networks
[9, 10] or the source terminal [11] can harvest energy from
the radiated signal of the source terminal or the employed
relay. Secondly, in multi-hop networks, energy is trans-
ferred to remote terminals via multi-hop [12, 13]. In multi-
hop systems, the high path loss of the energy-bearing
signal can be eliminated [12]. Unlike [12], the authors in
[13] investigated a multi-antenna relay adopting two sep-
arate terminals with capability of information processing
and power transfer, respectively, and the expressions of
the transmission rate and outage probability were pre-
sented under the impact of remote energy transfer. In
addition, relay selection is considered as solution to deter-
mine a tradeoff between the efficiency for the information
transmission and the amount of energy forwarded to the
energy receivers [14—16].

Furthermore, full-duplex (FD) mode was evaluated, in
which it allows transmitting and receiving signals at the
same frequency band at the same time slot. Various theo-
retical analysis and practical designs have been conducted
in terms of FD networks like in [17-21]. Thanks to the
use of FD mode, the resources are utilized more effi-
ciently and it can double the spectral efficiency compared
to half-duplex (HD) mode. However, due to practical con-
straints, the performance of FD communication can be
affected by the self-interference (SI) stemming from FD
node transmission.
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In addition, energy harvesting along with throughput
optimization has been mentioned in previous works. In
[22] and [23], throughput optimization with constraints
was studied under a static channel condition for obtaining
best efficiency of energy harvesting transmitters.

Moreover, energy harvesting based on power control
policies for wireless powered transmission over fading
channels suffer from several problems, i.e., the random-
ness of RF energy source, wireless fading channels and
the maximum power constraints. To address this situa-
tion, several existing works have considered offline opti-
mal power control designs for fading channels [24, 25].
The work in [25] considered that the offline optimiza-
tion in an efficient optimal solution was presented to
achieve optimal energy efficiency. Although the authors
in [26] investigated the offline scheduling and formulated
the corresponding performance optimization problems of
two-way relay networks, the statistics of energy and fading
channels are assumed to be parameters at the transmit-
ter, and optimal function can be derived in a numerical
manner under high computation.

The authors in [27] considered that the optimal time
splitting coefficients for the full-duplex dual-hop relay-
ing lead to enhance the system throughput in compari-
son with the traditional half-duplex relaying scheme for
all kinds of modes including instantaneous transmis-
sion, delay-constrained transmission, and delay-tolerant
transmission. The energy-constrained FD relay node can
be applied in the multiple-input single-output (MISO)
system; the optimal power allocation and beamform-
ing design are investigated in [28]. In another line of
research, the FD decode-and-forward system using the
time-switching protocol is embedded in the multiple
antenna-assisted relay to obtain more energy from the
source and transfer signal to the destination as in [29, 30].
Interestingly, in order to achieve the maximal through-
put performance, the optimal time switching coefficient
is adaptively selected based on channel state information
(CSI), accumulated energy, and threshold signal-to-noise
ratio (SNR) [31, 32] and [33].

Motivated from the previous works [27], we focus on
optimal throughput of a two-hop case, where RF energy
harvesting powers the relay. In this paper, the impact of
FD transmission is investigated in terms of the system
throughput to determine the performance of RF energy
harvesting relaying system. The two-antenna configura-
tion is proposed in the FD mode, where the relay is
equipped with two antennas, one for transmitting signal
and the other one for receiving signal simultaneously. In
this paper, two different transmission modes are inves-
tigated, namely instantaneous transmission and delay-
constrained transmission. Furthermore, we examine the
throughput of DF relaying protocols and characterize
the fundamental trade-off between energy harvesting and
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system throughput. In order to compare with the effect
of the FD relaying architecture, the HD relaying architec-
ture is also investigated. The main aim of this paper is
that FD relaying is an attractive and promising solution
to enhance the throughput of RF energy harvesting-based
relaying systems.

Comparing to [27] and [28], although this work consider
a same system model with those works, our investiga-
tion also design a novel wireless power transfer strategy to
improve the system performance. The authors in [27] con-
sider a conventional time splitting protocol, in which relay
switches from energy harvesting to information transfer
with fixed EH fraction time allocated. While [28] design
a self-energy recycling strategy for energy harvesting at
relay, this EH manner can collect transmitted signal itself
and scavenge to energy. Contrarily, our work redesigns the
conventional time switching protocol as in [27] to a novel
EH schedule. The proposed EH will acquire the channel
state information (CSI) to allocate amount of EH time.
In particular, the relay transmission power can be preset
level. The magnitude of self interference at relay thus can
be controlled based on relay transmitted power, which can
improve the system performance.

The main contributions of our paper are summarized as
follows:

e A new protocol for wireless power transfer called
time switching aware channel protocol (TSAC) is
proposed in FD DF relaying networks and further
analysis is presented as well.

e We provide analytical expressions in instantaneous
transmission mode for both cases, i.e., one antenna
and dual antennas at relay node in EH-based
networks.

e The outage probability and average throughput for
delay-constrained transmission mode are derived in
closed-form expressions for tractable computation.
The optimal values can be achieved in various
simulation results.

e The advantages of the proposed protocol are also
compared with the previous works. The most critical
performance metric (i.e., optimal throughput
efficiency) is thoroughly analyzed and systematically
validated via comparative simulations.

e It can be seen that optimal power allocation leads to
enhance throughput and resulting in system
performance in comparison with non-power
allocation solution in the literature.

The remainder of the paper is organized as follows.
In Section 2, the energy harvesting cooperative scenario
with one source node equipped two antennas in FD
mode is considered and two different strategies for sin-
gle antenna or dual antennas for energy harvesting are
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investigated. In Section 3, the power allocation in instan-
taneous transmission is evaluated while outage probability
and optimal throughput in delay-constraint are given in
Section 4 for performance evaluation. Section 5 exam-
ines HD mode for performance comparison with FD relay.
Numerical results and useful insights are provided in
Section 6. Eventually, Section 7 draws a conclusion for
our paper.

2 System model and energy harvesting protocol
2.1 System model

As shown in Fig. 1a, we consider a two-hop relaying net-
work consisting of one source denoted by S, one destina-
tion denoted by D, and one intermediate node denoted as
R. It is assumed that the source and destination node are
equipped with single antenna, i.e., S and D are provided
with single antenna, while R is equipped with two anten-
nas, and operated in FD mode. In addition, the relay node
is assumed to have no extra embedded energy sources so
it requires to harvest energy from the received RF sig-
nal from the source node [2, 5, 8, 14, 20, 27-29, 32].
The TSAC protocol is shown in Fig. 1b, in which the
relay adjusts EH time to meet the installed transmit power
every block time. Therefore, at time slot ith, the relay node
will energy harvesting with o; T seconds.

Figure 2 shows basic block diagram for the SWIPT
system, where TSAC is deployed. The system has one
switching unit and one combining unit compared to con-
ventional systems as Fig. 2a or as system models intro-
duced in [5, 27]. As illustrated in Fig. 2b, we design an
architecture exploiting dual antennas to harvest energy at
relay during the energy harvesting phase as [27]. In this
scheme, we consider WPT phase in which the switching
units change the role of both transmitting and receiving
antenna to receive energy via RF signal as [27, 30]. Then,
those RF signals are combined and used to feed the energy
harvester. It is worth noting that case 2 is a natural choice,
since it fully exploits the available hardware resources (i.e.,
antenna components in multiple-input multiple-output
(MIMO) systems) to collect more energy [30]. Neverthe-
less, due to its straightforward implementation, case 1
could be more practical in certain applications.

2.2 Channel model

We assume that the S — R and R — D channel
links include both large-scale path loss and statistically
independent small-scale Rayleigh fading. We denote d;
is distance between source and relay node and d; is dis-
tance between relay and destination node. We also denote
the main channels such as /# and k are the links from
the source to first antenna and second antenna at relay,
respectively, and g is the channel from relay to destination
node. It is also assumed that the main channels experience
Rayleigh fading and remain constant over the block time
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Fig. 1 Two-hop relaying networks in full-duplex communication with SWIPT. a Describing two phases of cooperative relay energy harvesting
communications with two scenarios of energy harvesting at relay node. b TSAC protocol for energy harvesting full-duplex relaying network

T and varies independently and identically from one block
to the other.

In this paper, we also use character f to represent the
SI link at relay node as normal manner. Due to the short
distance of this link, the line-of-sight (LoS) path is likely
to represent to SI channel; hence, it can be shown that
the Rician distribution can handle such SI channel as [18].
However, due to the complicated Rician fading proba-
bility density function (PDF), the analytical expressions
become extremely difficult. Fortunately, the alternative
model of the Nakagami-m fading distribution provides a
very good approximation to the Rician distribution. Moti-
vated by this, and to simplify in the analysis, we adopt
the Nakagami-m fading with fading severity factor mi

and mean A; to model the loop interference channel in
this paper.

So that |/|% and |k|? are independent and identically dis-
tributed (i.i.d.), exponential random variables with mean
Ap and Ay, where Ay, = A, |g|2 is exponentially dis-
tributed with mean A,. The self-interference power link
at relay, i.e., |f ? is a Gamma random variable distributed
as I (mf, Af/mf), in this paper we also assume #1 is an
integer number.

The transmit power of source and relay are represented
by Ps and Pg, respectively. Due to the shadowing effect,
the direct transmission between source node and desti-
nation node does not exist [2, 5, 8, 20, 27, 29, 32]. The
FD mode causes self-interference, which can be addressed

a b
1 AT
Switching Switching @ Switching
unit unit \I/ unit
E E
Rx nergy Tx Rx nerey Tx
. harvester . . harvester .
processing I processing processing I processing
and and
1 energy T 1 energy T
Rx message store unit Tx message Rx message store unit Tx message
Fig. 2 Receiver architecture of relay with energy harvesting. a Relay node with single antenna EH. b Relay node with dual antennas EH




Nguyen and Do EURASIP Journal on Wireless Communications and Networking (2017) 2017:152

by the novel methods in the literature as [17, 19] and
these algorithms are beyond the scope of our paper.
Unfortunately, the residual self-interference still exists
after interference suppression in the practical receiver
architecture and it also impairs the performance of FD
relay networks as [17-21, 27]. In this paper, we mainly
focus on the impact of the residual self-interference on
system performance in terms of the harvested power.

2.3 TSAC protocol description

In this subsection, the energy harvesting protocol is pre-
sented. In spirit of [31-33] suggesting adaptive time
switching strategies for SWIPT system, we redesigned TS
protocol related to CSI for FD relay transmission mode,
named TSAC protocol. The detail of modified TSAC pro-
tocol is described as below. The harvested energy is stored
in a rechargeable battery and then totally used to feed
power circuits and transmit information to the destination
node. Particularly in TSAC policy, each communication
block time is slit into two slots, including wireless power
transfer (WPT) slot and wireless information transfer
(WIT) slot as mentioned in [4-7, 11, 12, 27, 31-33]. In
each block time, WPT slot represents the first o;; T of block
time while the WIT slot stands for the rest of (1 — ;) T
of block time. During WIT phase, the source transmits its
symbol toward the intermediate relay simultaneously, the
cooperative relay retransmits its decoded symbol to des-
tination at the same time and bandwidth. The relay thus
suffers from loop interference (LI).

Before further description, some important symbols are
listed and defined in Table 1. Moreover, regarding the pro-
posed WPT policy, R will operate with the preset transmit
power, Pr, and thus R node needs to exactly determine
the time duration for WPT to harvest a sufficient amount
of preset energy, & = Pr (1 — ;) T.

This process can be done as steps below. Because relay
only harvests sufficient amount of energy, EZ-EH = f (o)
(where f («;) means that function of ¢;), one can exactly
determine the EH time by equaling amount of harvested
energy and that of preset energy, i.e., SfH = &;. Finally, the

Table 1 List of important symbols

Symbol Definition

Ps The fixed transmission power, preset at source node.

Pr The fixed transmission power, preset at relay node.

& The relay transmission energy during time slot ith
corresponding to preset power, Pg.

P%H/ The harvested power from EH at relay node at time
slot ith.

S,fH The relay transmission energy during time slot ith
corresponding to harvested power P%/.

o The duration time allocated to EH in time slot jth.
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EH time duration, «;, is derived. It is noted that the sug-
gested TSAC protocol does not require more additional
time slot since the total frame for communication is the
same as [27] (see Remark 1), and the preset relay trans-
mit power is a constant value (Pr) while the EH time is
a function of the random variable WPT channel gain(s)
as [31-33].

As aforementioned, to exactly determine this duration
of energy harvesting time, channel gain(s) of WPT link
is an important parameter(s). Therefore, we assume that
the channel state information (CSI) during the first hop is
available at source and relay node, which can be obtained
by using novel estimation algorithm. Interestingly, the
TSAC protocol adjusts the WPT time duration, «;, in
each time slot to satisfy amount of installed power Pg.
In contrast, the fixed-time allocation protocol in [5, 27],
the harvested power, Pg, vary in each block based on
channel gain.

2.4 Signal model

In wireless information transfer phase (WIT) of SWIPT
systems, the received signal at R, yr,; and D, yp ; are given
respectively as follows:

h; N
——/Psxi + fi/ PRA + R i (1)

IR, = \/W

and

= 7\/]%521‘ + np,. (2)

where i is the block time index, x; and %; are message sym-
bol at S and decoded symbol at R with unit power and
zero average, respectively. We also assume that the relay
decodes when & — R link does not suffer from outage. It
is assumed that ng ; and np; are additive white Gaussian
noise (AWGN) at S and D in block time ith, respectively.

From (1) and (2), the signal interference noise ratio
(SINR) at R and D in the time slot, ith are determined by

Ps |1
Vs ®)
Prdy |fi|” + dl'og,;
and
D Rigi|2
P=——EL @)

o dy' ‘7127,i ,
where noise terms at R and D are zero mean and vari-
ances of 0721,1«, 012”, respectively.
Based on the DF relaying scheme, the end-to-end SINR
at block time ith, is expressed as follow
yieze = min (yiR, )/L»D) . (5)
In WPT time slot of SWIPT, we investigate the perfor-
mance of two schemes based on the number of antennas
in EH phase at relay as [27], where (i) only one antenna is
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responsible for receiving signals and harvesting RF signals
in EH phase or (ii) either two antennas equipped for FD
communication can be used during the EH stage.

2.4.1 Single antenna for energy harvesting

In this case, only one antenna receives signals and it scav-
enges the RF signal to convert to DC signal. Therefore, the
received signal at the relay can be expressed by

n_ N
RN
In principle, the harvested energy can be stored in an
inexpensive capacitor and then entirely use for informa-
tion transmission. Thus, the harvested energy at R, EI«EH ,
is given by

Psx; +ngr,. (6)

2
EEH _ TIOliTPSd'Zl' ’
1

where 0 < n < 1 is the energy conversion efficiency that
depends on the rectification process and the energy har-
vesting circuitry. It is noted that we ignore the harvested
energy from noise. So that the harvested power can be
determined during (1 — «;) T as Pfff = éfH/(l —apT.

We consider the fixed time scheme assigned for power
transfer duration in [5], in which power collected at relay
depends on CSI. Contrarily, in our proposed TSAC pro-
tocol, the power transmission at relay denoted by Pr
corresponding with optimal throughput is preset before
the transmission energy at relay thus can be calculated by

E=Pr(1—-—o)T. (8)

7)

Finally, in order to calculate the fraction EH time, we
setting (7) equal to (8), i.e., 5fH = &, the allocated frac-
tion of time for power transfer in case of single antenna at
any block time is computed as

Prdy’
o = .
nPs |hi|* + Prd}"

)

2.4.2 Dual antennas for energy harvesting

In case of FD communication, the expected relay node
is provided with two antennas to receive and transmit
signals and such operations are utilized thanks to the col-
lection of RF signal in EH duration. Thus, the received
signal at relay node in this stage can be expressed by

n_ (hi+ ki)
Ri = =
Vi

Similarly, the harvested and transmitted energy regard-
less of the harvested energy from noise at R is given by

Psx; + nr,i. (10)

Ps (Jhil* + kil?
EEH _ naiT%-
1
In order to determined EH time, one setting (8) equal
to (11), the fraction of time for power transfer in dual

(11)
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antennas mode for energy harvesting at any block times is
determined as

Prd?
@ = 12 2 m’
nPs (|hz| + |kl )+PRd1

(12)

Remarks 1 In (9) and (12), the duration of time allo-
cated in energy harvesting phase is a function of some
variables, including channel gains, optimal power at relay
node , the distance between S and R, i.e. d1, energy har-
vesting coefficient and power transmission at source, ie.
Ps. Specifically, this time fraction is always less than one,
ie, i < 1, which implies the allocated time which is
required for simultaneous wireless information and power
transfer.

Remarks 2 Cousider energy harvesting time in (9) and
(12), to convenience in represent we use two characters
fmgle and (xl?i”“l to denote ; in (9) and (12), respectively.
We can observe that, since |ki|2 > 0 and other parame-
ters are invariable then afmgle > ozid”“l. This implies that
the time EH with dual antennas is less than that with sin-
gle antenna. In other words, the amount of WIT time with
dual antennas EH case is greater than that with single

antenna EH case.

o

Remarks 3 The proposed modifying TSAC protocol for
ED cooperative relaying system is not more require addi-
tional time slot since the total frame for communication
is as same as [27] (see Remark 1), and the prior installed
relay transmit power is a constant value (Pr) while the EH
time is a function of the random variable WPT channel
gain(s) as [31-33].

It is worth noting that the Tables 2 and 3 confirmed that
our study aims to find power allocation to obtain optimal
performance in energy harvesting networks. Such scheme
relies on calculation of CSI feedback signal and so-called
offline power allocation due to requiring low complexity
in design of real applications.

3 Optimal power allocation for maximized
instantaneous throughput
Energy harvesting is an effective method to enhance the
performance of the power-constrained relay with avail-
able RF signals, in which the transmission power at relay
is allocated to maximize the instantaneous throughput.
In this paper, the optimal transmitted power in energy
harvesting scheme is proposed for FD relay networks.
The instantaneous throughput of FD relay can be
expressed by

C=(1-alog, (1+ ). (13)
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Table 2 The previous relevant works and their contributions

Reference EH protocol Transmission mode Relay mode Works area

Nasir et al. [5] TS, PS Half duplex AF Throughput analysis

Nasir et al. [33] Continues and discrete TS Half duplex AF, DF Throughput analysis

Chenetal. [17] Non EH Full duplex DF Optimal power allocation

Zeng and Zhang [28] TS with energy recycling Full duplex AF Optimizing relay transmission power

Zhong et al. [27] TS Full duplex AF, DF Optimizing throughput

Ding et al. [32] Adaptive TS Half duplex AF, DF Optimizing throughput

Dingetal.[15] PS with storage Half duplex DF Outage performance analysis

Krikidis [16] PS with storage Half duplex DF Outage performance analysis

Our work TS aware channel Full duplex DF Optimizing transmit power at relay
Throughput analysis.

The optimal transmit power allocated for relay node is

formulated as
P;’gt = argmax {C (PRr)},
Pr (14)
s.t.0 < Pg.

3.1 Energy harvested by single antenna

Substituting (3), (4), (5), and (9) into (13), the instanta-
neous throughput is the function of relay transmit power
which can be written as follow

P’Rd;lﬂ
Cory = (1- -2
nPs |kl +P72d1

Ps ||? Pr g’
x logy | 1 + min 52| | , 7;}g2| .
Prdl [f| + d;ng% dy'op

(15)

Theorem 1 The optimum transmitted power at the
energy-constrained relay for maximizing instantaneous
throughput is calculated by

where W (x) can be found due to the problem solving of
Wexp W) = x.

Proof Please see in Appendix A. O
3.2 Energy harvested by dual antennas

Similarly, substituting (3), (4), (5), and (12) into (13), the
instantaneous throughput can be formulated as below

CPr)=1|\1 1
rR)=|1-
nPs (Ihl2 + |k|2) + PRrdy’

Ps | Pr g’
x log, | 1 4+ min 82| | > Z‘gj .
Prd!|f[" +di'or 430D

(17)

The optimal relay transmission power is derived in the
same way as (14).

Theorem 2 The optimal allocation of transmit power
at relay in case of two antennas equipped for EH for
maximizing instantaneous mode is given by

W<M>+1_ T3l _ (L*l) _
P%]t _ e;izl, eW( a3 >+1 < nz%lno +1, P;’gt _ ewziigﬂq, ew(%f*l)-q—l - nz\/gT_lﬂo ey
én_lno ’ otherwise. éT_lm’ , otherwise.
(16) (18)
I _ oy — arf? — le|® _ nPs|h? ﬂps(\h\2+|k\2>
WHETE 0 = 5 2 ™1 = Bgp?” 2 dyiol’ 73 4" 7 where my = ———_m—— and other related parameters
A= ng + %, and W (x) is the Lambert function in [34],  gre defined as in Théorem 1.
Table 3 CSl requirement for proposed TSAC protocol schemes
EH type Transmission mode CSIrequirements Channel information
Single antennas Instantaneous High [hil?, 1gil?, |f,|2
Single antennas Delay-constrained Medium |hil?, and distributions of |g;|?, |f }2
Dual antennas Instantaneous High 1hil?, 112, 1gil?, |fi|2

Dual antennas Delay-constrained Medium |hi12, 1ki|?, and distributions of |g;]?, |f,~|2
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Proof The Theorem can be explained by using in a
similar way to Theorem 1. O

Remarks 4 In practical wireless system, only causal
channel information and harvested energy are useful in
calculation of power allocation. Unfortunately, the offline
power allocation policy is not readily applicable in reality.
Considering at a given time slot, the CSI in the second hop
of the relaying network and the upcoming harvested energy
are not known in advance and hence power allocation is
evaluated in stochastic circumstance. However, such solu-
tion only requires low complexity when comparing online
power allocation which is high computational complexity
and may not be implementable in practice.

4 Analysis of outage probability and throughput
in delay-constrained transmission mode

In this section, we consider the optimal throughput
and outage probability of two-hop relaying networks in
FD transmission mode. In this scenario, the system is
designed with the fixed transmission rate or the preset
SNR threshold yp. In particular, the system suffers from
outage when the SNR performance, i.e., yfze drops below
the threshold value. Therefore, the expression of outage
probability can be obtained by

OPZ. = Pr {)/;326 < )/0} = Pr {mln ()/iR, le) < VO} )
(19)

and the expected value of outage probability can be
obtained by substituting (3) and (4) into (19).

As aforementioned in protocol description subsec-
tion 2.3, since the relay node will harvest a sufficient
amount of energy, &, before operating WIT phase, it is
noted that the relay be certainly performed because the
harvesting energy time is always less than 1, see Remark 1.
Therefore, the relay transmit power Py is a constant value
during the transmission duration, see Remark 3. This
quantity of power is preset before (such as by technicians).
It is worth noting that the yiR, yiD are independent in term
of P as in [31-33].

With the fact that such channel is independent to each
other, it can be shown that [17, 20]

E{OP} =1-E,. 0 {pr (yl.R - yo)} X Ep, 2 {Pr <yiD > yo)]
> Vo) }

(20)

Ps|hil?
:l_E\h-\zlf\z Pr - 32| il —
PRAY|fi]" +diog

PR\gi|2
X E, 12{Pr s~ >0 (-
lgil dyol .

where E {.} is the expectation function.
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In the delay-constrained transmission mode, the
throughput efficient in the time slot ith, which is the func-
tion of outage probability and the EH duration time, can

be formulated by
PC=1-0P)1—w). (21)

Therefore, the average throughput efficient of system is
written by

PC = E [r,.DC] —E{1— OP}—E{(1— OP)a;}. (22)

The optimal value of transmit power for throughput
optimization can be presented as below

P%%' — arg max {PC€ (P
R g e { ( R)} (23)
s.t 0 < Px.

4.1 Energy harvested by single antenna
The system throughput in this case can be determined as
(22) and the next theorem is proposed.

Theorem 3 When the relay uses single antenna to har-
vest energy, then the average throughput efficient of the

system is given by
am 2 9 " —my
D€ — exp (- 10929D | exp( )(“’J‘H)
PR Ay Mgy
. my 1 . X+ v
Ei(- H(——+—=))-Ei(-
* 1( ot )<w)\f+)\h)> 1< A )}

Y ( Y ) |: (Mf o 19)>
— 2 exp| =) x |exp| ———
Al Al WAf

(24)
where y = Pﬁ,iin , 0 = <
exponential integral function as (Eq. 8.211) in [35], and

A il X\ 1., m
w= D ﬁexP(Ah)El( (X+ﬂ)<)~h+w)\f>>
i i ik K 1 my xK
§ - - —+ —= d
+k_1 k)Y /exP( x<kh+wkf>>x+x "
= 7

Proof The detailed explanation of the Theorem 3 is
provided in Appendix B. O

Prd” d" o2 ..
Vopﬁ,ﬂ = yopliR, Ei is the

Alternatively, we can use the following closed-form
when the SI channel modeled by Rayleigh fading as fol-
lowing corollary.

Corollary 1 When my = 1 (or the Sl link at relay expe-
rience Rayleigh fading model) the throughput performance
in case of single antenna for EH at relay node is given as
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ayo W A
PC — exp _n%h 9 {exp (_7) _ M
AgPR A ) Ap+ whs
9
+ X e (L) Ei(-2E
A An An
9
X exp X+ + LS Ei|—
Al whf An

Proof The Corollary 1 can be obtained easily by substi-
tuting m, = 1 into the expression in Theorem 3. O

x+o x40
whf Ay '
(25)

Extracting (23) by using (24), the optimal transfer power
at relay with the aim of optimizing the system throughput
can be obtained. Since tpc (PR) is a concave function of
Py, the optimal value P;’éﬂ can be obtained by solving the
equation dtpc (Pr)/dPr = 0. Although the derivation of
closed-form optimal expressions is challenging, the opti-
mal value can be obtained by using numerical simulations
which are presented in the next section.

4.2 Energy harvested by dual antennas
In this case, we also study the throughput in the delay-
constrained mode with the following theorem.

Theorem 4 We consider a cooperative scenario with
two-hop source-relay-destination pair and two antennas
provided at energy harvesting relays, the throughput can
be determined as

—my
)

Aol » A
PC — exp _ndyop |\ exp(——) <ﬂ+
AePR Ay Mgy
X X 9+ x . 9+ x
. 2 —— L)+ Ei|-——2
?»heXp<lk)X’ keXP( Ak )+( 0 1( Ak )

A A s
XﬂEi<—L+X)—ﬂexp<7mf( +X)>
my Ak my whf

9
x Ei <7 @+ x) <)\i + ﬂ))}Jrexp (M) X r43},
k wAf wAf

(26)

where x, w, ¥, Ei is defined below Theorem 3, and

myg—1

A 1( my ‘ ; ;. OhfAy
= - — —D'(3 - J =
=) i!(wxf> [( )@+ why + mon

i=1
1 my U+ x
<loe (- (5 ) o 0)m (5F)
1 1 my
—Ei (@ +X) )Tk—i—ﬁ_'_wikf

: i i—k i i
+k§(k><—(ﬂ+x>> /tkexp<—x(kh+

wA
D+x f
xE1 (i) dx} .
Ak
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Proof Please see in Appendix C. O

When the SI channel is modeled by Rayleigh fading con-
nection, the throughput performance of system is given as
corollary below.

Corollary 2 When my = 1 (or the Sl link at relay expe-

rience Rayleigh fading model) the throughput performance
in case of dual antenna for EH at relay node is given as

dy'o} ¥ A
D€ — exp [~ 10929 X{exp<_)h
AgPR A ) Ap+ @As
—Lexp X X | Ak exp —ﬂ+X
An Ak Ak
U+
+(19+x)Ei(— X)
Ak
( (z?+x> ( 0+ x 19+x>
—wis|exp| — JEi| —— —
a))»f Ak a)kf
3
()
Ak

Proof 1t is easy to obtain the Corollary 2 by substituting
my = 1 into the expression in Theorem 4. O

(27)

Remarks 5 Regarding impact of self-interference (SI)
cancellation, the active SI suppression methods were shown
experimentally to be capable of facilitating FD at short
range communication. To apply energy harvesting in a real
FD system, it is critical to accurately measure and suppress
the SI in such FD networks. In this paper, we investigate
SI in system performance through numerical simulation
results.

5 Half-duplex relaying networks
In HD transmission mode, the relay node uses single
antenna for energy harvesting and information process-
ing. In order to compare with the FD relaying systems,
we consider different transmission modes. Some of the
results have been derived in [31-33]; however, we present
here to make our work self-contained.

In this scenario, the received signal at relay in HD mode
is presented as

4

YR = NG Psx; + ngr,;, (28)
1
And the SNR at relay node given by
Ps |kl
p=sll (29)
di'oR;
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5.1 Instantaneous transmission mode
In this scenario, the instantaneous throughput can be
illustrated as

1
Crp = 5 (1= o) log, (1 + ye%). (30)

The optimal allocation for power transmission at relay
is similar to (14)

Theorem 5 The optimal power allocation in HD relay-
ing networks for instantaneous transmission mode can be
calculated as

21960 —1
W(iﬁ >+1 (27:2071)
_ W(=2—)+1
e L METM Ly

otherwise.

opt
Pr = e
1

o2’

(31)

where 6 = 3 in case of single antenna, 6 = 4 in case
of dual antennas. And g, 73, 3, 74 are defined as below
Theorem 1.

Proof The proof is similar to that of Theorem 1. O

5.2 Delay-constrained transmission mode

The throughput of HD relaying can be obtained as
1

PC = 51— OP) (1 — ;).

14

(32)

In comparison with the calculation of throughput in FD
mode, in (21), the factor 2 can be seen by the denom-
inator denoting as transmission efficiency. In following
calculation, we can obtain two theorem which are solved
similarly as that in Theorem 4.

Theorem 6 In the HD mode relaying, the throughput in
case of single antenna given by

1 HdeO'2 Hde02
D — e (Y0 229D ) oy (TR
2 AgPR Ay Ps

X1 X1\ .. { Oa+71)
A AV g (-7
+kh eXp<?~h> 1( A >}

Theorem 7 In case that the energy is harvested by dual
antennas, the throughput of HD relaying networks can be
determined as

1 Hde(72 HdeO_2
D — Zoxp (122D ) Loy (Y0 _T1OR
2 PR MiPs

1%
S exp Y o g exp (-2 + X (34)
Anhi Ak Ak

+ 91+ x)E (—M)“
Ak

(33)
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where x; = %,ﬁl = %.
6 Numerical results
In this section, numerical simulation results are demon-
strated to validate analytical expressions as concerns in
the previous section, and the impact of key system param-
eters is investigated in detail in terms of system through-
put. The energy harvesting efficiency is set n = 0.8,
while the path loss exponent is set m = 3. The dis-
tances, d; and dy are normalized values which are set
di = 3 and dj =1, respectively. The simulation envi-
ronments are associated with the detailed parameters as
¥o =10dB,Af = 0.0, 4 = 1, Ax = L) = 1,Ps = 26 dB
and noise terms as 03 = —5 dB,c% = —10 dB. In
this subsection, we present simulation results to verify the
analytical results. The throughput performance is calcu-
lated by averaging the throughput values over a 100,000
blocks, while fading channels for each block is perfectly
independent.

Figure 3 illustrates the impact of received power at
relay node on the instantaneous throughput. To com-
pare the performance of FD and HD relay, we set
If|> = 0.05,|h> =12, |g|" =14, k> = 1. The figure
proves that the analytical results based on curves match
well with the simulation results. It is noted that the
optimal received power at relay for single antenna in HD
case and FD case is smaller than those schemes with dual
antennas, and the highest instantaneous throughput of
FD case outperforms the HD case. When the received
power is small, more energy can be collected to facilitate
the information transmission while more received power
or strong loop-back interference is produced such as
the excessive amount of harvested energy, which is the
primary cause of worse system performance.

55 T T
= Simulation: dual antenna
----- Simulation: single antenna|
O Max C: Simulation
¥ Max C: Analysis

Instantaneous Throughput - C

PR (dB)

Fig. 3 Instantaneous throughput versus the received power at the relay
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The average throughput in delay constraint mode is pre-
sented in Fig. 4. It can be observed that the dual antenna
case outperforms the single antenna case in terms of the
received power at relay. In fact, the dual antennas case
can harvest more energy with less transmit power. How-
ever, when the transmit power is larger than the optimal
harvested power, it results in lower average throughput
caused by loop-back interference. On the other hand, the
gap between throughput of single antenna and dual anten-
nas is still trivial due to short time for energy harvesting.
In general, there should be a balance between energy har-
vesting capability and noise processing. One can increase
Pp to the optimal value, at approximately 10 dB to achieve
optimal throughput. As the previous illustration, it is con-
firmed that FD relay is better than HD relay when the
received power at relay is small.

Next, it can be observed that throughput performance
improves as increasing transmit power of the source node
as in Fig. 5. To evaluate the impacts of the factor my in
Nakagami channel of SI on system performance, in this
experience we set Ay = 0.1 and P = Ps — 10 (dB).
The smallest of my brings the highest throughput per-
formance. A general observation is that the dual antenna
model significantly outperforms the single antenna coun-
terpart at any values of transmit power of the source.
Interestingly, when the transmit power overcome about
40 dB, the throughput still remain the peak value in
stable floor.

To illustrate the impact of noise variance at relay and
destination node in case of optimal throughput, Figs. 6
and 7 also show that dual antennas in FD mode outper-
form FD single antenna. This can be explained as follows:
A lower noise variance decreases the outage probability
and and hence we obtain more throughput. Conversely, as
for higher noise variance, the outage probability increases
while the throughput falls dramatically. Thus, the system

0.45 T
041
0.35
e
I
> 03
o
c
.0
o =
= 0.25
()
3 02f
<
(=2}
p=3
_g 0.151 b
= HD '
01r —— Simulation .
@ Analysis: dual antenna
0.05¢ 4 Analysis: single antenna
: * Maxt
0 i
0 5 10 15 20
P_ (dB)
R
Fig. 4 Throughput efficiency versus Pg in FD relay with m¢ =1

(2017) 2017:152 Page 11 0of 16

0.12 T T T
@® Analysis: dual antenna >
o € Analysis: single antenna
| 0.1 { = Simulation
>
0
g 008 1
-
9 3
&
@ 006 >
J
Fu)
2 4
S 004
o
=}
¢}
&
£ 0.02r
Py
v v
0 10 20 30 40 50 60
P_ (dB)
S
Fig. 5 Throughput efficiency versus Ps with difference case of my,
A =0.1and PR = Ps — 10 (dB)

performance is affected more by erroneous information
processing, leading to a waste of resources during the
whole block time. In addition, it can be seen that the
impact of noise term at relay affects the noise term at
destination more. As a result, throughput performance in
Fig. 7 declines sharply when noise varies from — 5 to 5 dB.

In Fig. 8, the simulation results present the throughput
efficiency versus yp and compare with existing protocols
in [27] and [28]. The main observation is the effect of
threshold SNR on throughput in delay constraint mode
using TSAC, which is investigated with different quanti-
ties of antennas, especially in comparison with traditional
energy harvesting protocols. The simulation parameters
are installed as « = 0.2,Pg = 10 dB. The throughput
in case of TSAC is better than the traditional case due
to optimal time for energy harvesting which is solved in

0.9, T T

= Simulation
0.8F @ Analysis: dual antenna ]
4 Analysis: single antenna

0.7 1

06t : : : : 4

0.4 1

0.3 1

Optimal Throughput efficiency - 7T

0 i i i i i i i
-30 -25 -20 -15 -10 -5 0 5 10

2
s (dB)

Fig. 6 Throughput efficiency versus o% withmg =1
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'04f 1
>
g
9‘ 0.35[ q
1) L
o osf ‘ : ' , 1
W
o
o 0.25 q
=)
&
3 0.2 q
=3
2
5 o1sp : : : |
=
o 01r Simulation ]
E @® Analysis: dual antenna
§ 0.051 4 Analysis: single antenna 1

o i i i i i i i
-30 -25 -20 -15 -10 -5 0 5 10
2
GR (dB)
Fig. 7 Throughput efficiency versus 5723 with mg =1

the proposed TSAC. In case of yy described below 14 dB,
the proposed protocol related to the optimal throughput
efficiency outperforms the existing protocols. However,
in high threshold regime, the self-energy recycling proto-
col proposed in [28] is slightly better than those schemes.
In general, this figure reveals that the FD relay has worse
performance at higher threshold SNR, which means the
system may require higher bit per channel.

As depicted in Fig. 9, the dual antenna FD relay based on
TSAC outperforms the single antenna in terms of resid-
ual self-interference. When the residual self-interference
is greater than —5 dB, throughput decreases signifi-
cantly, since this loop-back noise impairs the overall
performance. Therefore, the self-interference should be
remained lower than acceptable value to satisfy system
performance and the FD transmission is only beneficial, if

T T
—@— FD: dual antenna

—»— FD: single antenna
—&— Exist protocol in [27]
—W¥— Exist protocol in [28]
—— HD: dual antenna |
—&— HD: single antenna

0.3

0.2

0.1

Optimal Throughput efficiency - 7T

v, (dB)

Fig. 8 Throughput efficiency versus yy and the comparison with
existing protocols in [27, 28] with A = —20dBand ms = 1

0.65 T

—@— Analysis: dual antenna

0.68 —4— Analysis: single antenna
. —&— Exist protocol in [27]

—W— Exist protocol in [28]

Optimal Throughput efficiency - 71

HD mode
0.3 - b
° ¢ ° ¢ ° ¢ °
v v v v v v v
0.25 . - .
-20 -15 -10 -5 0

kf (dB)

Fig. 9 The impact of residual self-interference on the throughput and
in comparison with existing protocols in [27, 28] with yp = 5 dB and

mg=1

the loop-back noise is eliminated. When SI factor ranges
from —20 to —5 dB, the performance of TSAC scheme is
superior to the existing protocols, but when SI parame-
ters are greater than —5 dB, the optimal throughput of the
proposed protocol in [28] is a prime candidate. Thanks to
the EH protocol proposed in [28], the loop interference
at relay is reused for self-energy recycling. As a result,
part of the energy (loop energy) is used for information
transmission by the relay and it improves the scheme’s
performance.

According to Fig. 10, the throughput changes dramat-
ically when we move the relay node in several positions
between the source and destination node. The results are
then obtained by setting d; = 0.2 — 3.8, dy = 4 — d.

0.9

0.8

0.6

041

0.3

Throughput efficiency — ©

0.2

Simulation
@ Analysis: dual antenna 4
4 Analysis: single antenna

0.1

0 i i i i i i i
0 0.5 1 1.5 2 25 3 3.5 4

Distance S to R (dl)

Fig. 10 Throughput efficiency versus the distance of the first hop in
FD relay with mg =1




Nguyen and Do EURASIP Journal on Wireless Communications and Networking (2017) 2017:152

The distance between relay and source has a capabil-
ity of energy harvesting which can illustrate how much
energy can be obtained via wireless channel. It can be seen
clearly that opposite trends for optimal throughput with
the received power at relay, Pr = 3 dB and Pr = 12 dB.

7 Conclusion

In this paper, the throughput of FD and HD relaying in RF
energy harvesting systems is investigated. Interestingly,
the number of antennas equipped at each relay has sig-
nificant influence to throughput performance due to the
harvested energy at the relay node. Regarding optimal
throughput, analytical expressions for the outage proba-
bility and throughput capacity of the system were derived.
Therefore, the optimal time switching of energy harvest-
ing was comprehensively evaluated. It is confirmed that
by employing dual antennas at relay for energy harvest-
ing is beneficial, and the throughput gain is significant
when transmit power at source and the received power
at relay are carefully calculated. In addition, in compari-
son with HD relaying networks, our results indicate that
ED relaying can substantially boost the system throughput
with optimal power allocation policy at energy harvesting-
enabled relay. Via mathematical and numerical analysis,
the optimal throughput in both instantaneous transmis-
sion mode and delay constraint transmission mode can
be obtained. More importantly, in order to compute opti-
mal time switching fractions in energy harvesting protocol
so-called TSAC, it solely relies on the channel statistics
without the need of instantaneous CSI, and it has become
an attractive solution to implement in future RF energy
harvesting cooperative systems. Finally, for enhancing
energy harvesting efficiency, future works should take into
account the extra energy with multiple antenna system
model (MIMO) to transmit wireless power.

Appendix
A Proof of Theorerr; 1 ) )
~ _ dllop _ 4l _ _
Setting 79 = ol and 71 = AT Ty = 20T T3 =
2
"Pjithl, the formula (15) can be re-expressed as
1
C(P)—(l— Pr >><1 <1+ '(71 P))
R) = P, og, min 7To+7T1PRY7T2 R
(35)
n (35), two cases can be calculated as below
C(Pr) ”3+P7z logy (1 + moPr), if 12Pr < Tmre
R) = .
- +P72 log, (1 + W) otherwise.
(36)
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1 .
In case myPp ‘< ToTmPR and. combine the poweF at
relay, e.g Pr, is the non-negative number, we achieve
VA-mo
Takmg the derlvatlve of C (Pr) with respect to P and
setting equal zero, we have

7ty In(1+mPR)

_ (37)
1+ mPr w3 + Pr

After some algebraic manipulations, we have
oy — 1 { (1—}—7‘[2])73)} (1—|—7T2P72>
— =exp{ln| —————— ) In| ————— ).
e e e
(38)

Using the form of Lambert function, (38) can be written as

In(l +7T2P73) — W <7T27T3 — 1) '
e e

With (39), after some algebraic manipulations, we get

(39)

mon3z—1
o ew(ie )+1_1
PR = . (40)
%)

In case 2, where noPp or Prp >

1
- <
mo+m PR -

% the instantaneous throughput is C(Pr) =
log, (1 + m) w+p5 - Getting the first coefficient of

throughput, C (Pr) with respect of Pr variable, we have

3 {C (PRr)} 0 1
= — D 10g2 1 +
0Pr (3 + PRr) o + M PR
1 T 3
In (2) (w0 + mPR) (1o + mPr + 1) 73 + PR

(41)

In (41), the derivative expression involves a negative
value. Hence, C (Pg) is the restrictive function with the
increase in variable, Pk . Therefore, the optimal power can
be obtained as

VA -

2m

Popt

R = (42)

This is end of proof.
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B Proof of Theorem 3
Substituting (9), (20) into (22), then putting x =

am 2
® = < and ¥ WO R | as thus the average
throughput of system can be expressed

P’Rigl|
|gf|2{P (wn%l >V°)}

thC
2 2
X Elhi\Z,M|2 [Pr <|hi| > a)[f,| + 19)}

DC
i)

Prdl
nPs ’

yoPRrd!"

DC _

12 12 X
ey (P (8 > ol +0) g |
obe
(43)

The first item could be evaluated with the fact that the
2 . e .
| gi| channel experience exponential distribution, yields

_E| 2 [Pr (PR|g,| > yody' GD>]
Aam Ao (44)
= Flgp néop =exp (- 9272 )
g }\gPR )\.gPR

where Fy (x) is the cumulative distribution function (cdf)
function of random variable X.
And the second item can be obtained as

D¢ A i {Pr (\hi|2 > olfi]* + 19)}
- /F|hi|2 (wx + 19)flﬂ|z (x) dx

0

m o0
(@ 1 my
= exp ( > fxmf exp <—x ( >> dx
r (mf A}“f ) Mo Af

b A "
Qexp(——)(wf +1
mg Ay

(45)

where fx (x) is the pdf of random variable X, step (a) is
done by [f,|2 following the gamma distribution and |4;|?
experience exponential distribution, stage (b) is revealed
by using (eq. 3.381.4) in [35].
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Finally, the third element is determined as

X
1:3 = |h 21 {Pr(a)wz < \h,‘l2 —19) \hi|2+X }

-0
7>f\hi|2 (x) dx

o0
_ X x
_[x+xFlﬂ|2(
k]

_47 (_1> . <_w>
_)»h exp o exp oy
b
'f i
> () - >l) .
i\ whs X

(46)

where the step (a) can be derived by applying given in
([35], Eq. 3.352.2). The last item in (46) can be reduced as

k
+ mf)) X dx.
(U)Lf X+ X

(47)

i X o0 1
+ kz (/L() (=1)ipi=k / exp (—x ()\h
=1 9

Substituting (44), (45), (46), and (47) into (43),
Theorem 3 is simply derived. This ends the proof.

C Proof of Theorem 4
Substituting (12), (20), into (22) the average throughput of
system can be expressed
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P
e _p Lo (Pl
lei dmo',Dl

DC
51

)

A By (P (1l > ol + )

DC
5]

2 12 X
Bt (P 008 > o+ 0) g |

DC
T

(48)

The first and second elements (1 e. rf)c, rzDC) can be

obtained as (44), (45) in Appendix 7, respectively. And the
third item can be expressed as

DC A . 2_g) X
LR W{ (oMl < =) \k’|2+|h*|2+x]
[o¢]

- [ (55
o0
X x—1 —x x+ X x+x
=2 |F
)»h/ Vi|2< 2 )eXp<>~h>eXp( A )E1< Ak )dx
9

9+
- X exp (L> X {141 — exp (Wlf()()> X (Ta2 + 1’43)] ,
* Y why

(49)

)fh|2()/t+ e S (©) dtdx

in which the terms 747 and 747 can be derived as

o) 00 V+x
A t t t
= Eil—)dt= | E1| — ) dt — E dt
s / ! (M) / ! (M) / ! (Ak)
0 0

D4x
9 + 9+
XY 4@+ 0E (22X,
Ak Ak

= Ak €xp (—
(50)

The integral can be derived with help of (Eq. 5.221.8)
and (Eq. 6.224.1) given in [35] and

¢ met
A _
T4o = / exp ( w)y) Eq ()Lk) dt

D+x

¢ mft o Mft t
= [exp ——)E; ( >dt — / expl ——— ) E1 <—) dt
J wkf Ak ; wkf Ak
:L}V o _Wlf(ﬁ-FX) E <ﬂ+x>
my P wkf ! Ak

1 mg
—E] (17"1‘)() ﬁ—i_a)i}uf ’

(51)
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mffl i o)
- LOmr )i i R 2
= i!(wkf> D'+ x) /exp( ()‘h + w)y)) El(kk>dx

D+x

S [ 1" t
+Z(k)(—(7?+x)) /teXP —X E+@ El(ﬁ>dx ,

P+x

and

00
1 m t
T431 E / exp <—x ( + l )) E; () dx
A wAf g
PFx
WhfAp

- @y + mghy {exp< (Kh * f) @+ X)>
v+x 1 myp
XEl( " ) (('HX)( Ah+wkf)>}’

(53)
where the last integral can be derived by applying
(Eq. 3.352.2) given in [35] To this end, pulling everything
together and after some simple mathematical manipula-
tions, Theorem 4 is derived. This is the end of the proof.
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