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Feedback Stabilization of Switched Linear
Systems With Unknown Disturbances
Under Data-Rate Constraints

Guosong Yang

Abstract—We study the problem of stabilizing a switched
linear system with a completely unknown disturbance us-
ing sampled and quantized state feedback. The switching
is assumed to be slow enough in the sense of combined
dwell time and average dwell time, each individual mode is
assumed to be stabilizable, and the data rate is assumed
to be large enough but finite. By extending the approach of
reachable-set approximation and propagation from an ear-
lier result on the disturbance-free case, we develop a com-
munication and control strategy that achieves a variant of
input-to-state stability with exponential decay. An estimate
of the disturbance bound is introduced to counteract the
unknown disturbance, and a novel algorithm is designed to
adjust the estimate and recover the state when it escapes
the range of quantization.

Index Terms—Input-to-state stability (ISS), Lyapunov
methods, quantized feedback, switched systems.

[. INTRODUCTION

EEDBACK control under data-rate constraints has been an
F active research area for years, as surveyed in [1] and [2].
In many application-related scenarios, it is important to limit
the information flow in the feedback loop due to cost concerns,
physical restrictions, security considerations, etc. Besides these
practical motivations, the question of how much information is
needed to achieve a certain control objective is fundamental and
intriguing from the theoretical viewpoint. In this work, a finite
data transmission rate is achieved by generating the control input
based on sampled and quantized state measurements, which is
a standard modeling framework in the literature (see, e.g., [3],
[4], and [5, Ch. 5]).

This paper studies the problem of feedback stabilization under
data-rate constraints in the presence of external disturbances. In
this context, the authors of [3] and [4] assumed known bounds
on the disturbances and addressed asymptotic stabilization with
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minimum data rates, while the authors of [6] and [7] avoided
such assumptions by alternating between “zooming-out” and
“zooming-in” stages and achieved input-to-state stability (ISS)
[8]. See also [9] and [10] for related results in a stochastic
setting.

The study of switched and hybrid systems has attracted a lot
of attention lately (particularly relevant results are discussed in
[5], [11], and [12] and many references therein). In stability
and stabilization of switched systems, it is a standard technique
to impose suitable slow-switching conditions, especially in the
sense of dwell time [13] and average dwell-time (ADT) [14].
This approach also plays a crucial role in our analysis.

Toward switched systems with disturbances, Hespanha and
Morse [14] showed that ISS can be achieved under the same
ADT condition as the one for stability in the disturbance-free
case. Their result was made explicit only for the case of switched
linear systems, and many similar results for switched nonlinear
systems have been established since then (see, e.g., [15] for ISS
with a dwell time, [16] for ISS and integral-ISS with an ADT,
and [17] for input/output-to-state stability with an ADT).

Early works on control under data-rate constraints in the con-
text of switched systems were devoted to quantized control of
Markov jump linear systems [18]-[20]. However, the discrete
modes in the results above were always known to the controller,
which would remove a major difficulty in our problem setup,
making the control problem essentially the same as the one
in the case without switching. The problem of asymptotically
stabilizing a switched linear system (without disturbance) using
sampled and quantized state feedback was studied in [21], which
also serves as the basis for this work. In [21], the controller was
assumed to have a partial knowledge of the switching, that is,
the active mode was unknown except at sampling times, and
the switching was subject to mild slow-switching conditions
characterized by a dwell time and an ADT. Assuming that the
data rate was large enough but finite, asymptotic stability was
achieved by propagating overapproximations of reachable sets
of the state over sampling intervals. See [22] for a related result
using output feedback.

This work generalizes the main result of [21] in the pres-
ence of a completely unknown disturbance. By extending the
approach of reachable-set approximation and propagation from
[21], we develop a communication and control strategy that
achieves a variant of ISS with exponential decay. Due to the un-
known disturbance, the state may be driven outside the approx-
imation of reachable set at a sampling time after it has already
been inside an earlier one (i.e., the state escapes the range of
quantization). Consequently, the closed-loop system may alter-
nate multiple times between stabilizing and searching stages.

0018-9286 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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An estimate of the disturbance bound is introduced in approxi-
mating reachable sets so that the state cannot escape unless the
disturbance is larger than the estimate. A novel algorithm is de-
signed to adjust the estimate and recover the state after escapes,
so that the total length of searching stages is finite and the system
eventually stays in a stabilizing stage, provided that the distur-
bance is globally essentially bounded (by an unknown value).

To the best of our knowledge, this work is the first result
that combines switching, disturbances, and data-rate constraints,
with the exception of its preliminary version [23] and our ear-
lier result [24] for the easier case of disturbances with known
bounds. This paper improves [23] by formulating continuous
gain functions in the main theorem, removing unnecessary con-
ditions, substantiating the results with complete proofs and clar-
ifying remarks, and providing a detailed simulation study.

This paper is organized as follows. Section II introduces the
system definition, the information structure, and the basic as-
sumptions. Our main result is stated in Section III. Section IV
explains the communication and control strategy, assuming
that suitable approximations of reachable sets are available.
Such approximations are constructed in Section V. Section VI
details the stability analysis with major steps summarized
as technical lemmas. The simulation study is provided in
Section VII. Section VIII concludes this paper with a summary
and an outlook on future research topics.

[I. PROBLEM FORMULATION

A. System Definition

We are interested in stabilizing a switched linear control sys-
tem modeled by

i =A,x+ B,u+ D,d, z(0) =z (1)

where x € R"= is the state, v € R" is the control, and d € R"¢
is the external disturbance. The set {(A,, B,, D, ) : p € P} de-
notes a collection of matrix triples defining the modes (subsys-
tems), where P is a finite index set. The function o : R>g — P
is aright-continuous piecewise constant switching signal, which
specifies the active mode o (t) at each time ¢. The solution z(+)
is absolutely continuous and satisfies the differential equation
(1) away from discontinuities of o (in particular, there is no
state jump). An admissible disturbance d(-) is a Lebesgue mea-
surable and locally essentially bounded function. The switching
signal o is fixed but unknown to the sensor and the controller a
priori. Discontinuities of o are called switching times, or sim-
ply switches. The number of switches on a time interval (7, ¢] is
denoted by N, (¢, 7).
Our first basic assumption is that the switching is slow in the
sense of combined dwell time and ADT.
Assumption I (Switching): The switching signal o admits
(1) adwell-time T4 > 0 such that N, (¢,7) < 1forallT > 0
andt € (7,7 + 74);
(2) an ADT 7, > 74 such that
t—T

No’(th) S N() +

Vt>7>0 (2)
with a constant Ny > 1.

The notions of dwell time [13] and ADT [14] have become
standard in the literature on switched systems. In Assumption 1,
the dwell-time condition (item 1) can be written in the form of (2)
with 7, = 75 and Ny = 1; meanwhile, the ADT condition (item
2) would be implied by the dwell-time condition if 7, < 7.

d J o
ty = kT
Switched Linear System | %

T = Asx + Bou+ Dyd

(73 x(tk)) U(tﬂ

Controller | ik, o (te) Sensor
i )
Decoder [#-jr====s-mmsrssenss 4 Channel -y --1_Encoder

Fig. 1. Information structure.

Switching signals satisfying Assumption 1 were referred to as
“hybrid dwell-time” signals in [25].

Our second basic assumption is that every individual mode is
stabilizable.

Assumption 2 (Stabilizability): For each p € P, the pair
(A,, By) is stabilizable, that is, there exists a state feedback
gain matrix K, such that A, + B, K, is Hurwitz.

In the following analysis, it is assumed that such a collection
of stabilizing gain matrices K, p € P has been selected and
fixed. However, even in the disturbance-free case, and when
all individual modes are stabilized via state feedback (or sta-
ble without feedback), stability of the switched system is not
necessarily guaranteed (see, e.g., [5, p. 19]).

Throughout this work, | -| denotes the oco-norm of
a vector, or the (induced) oo-norm of a matrix, that
is, |[v]| = [|v|leo := maxj<i<y, |vi| for v=(vi,...,v,)" €

R", and || M := | M = maxi i, S0, M| for M =
(M;;) € R"*". The left-sided limit of a piecewise absolutely
continuous function z approaching ¢ is denoted by z(¢7) :=
lim, ~ z(s).

We let 6, denote the essential supremum oo-norm of the
disturbance d, that is,

b4 = [dlloe := ess sup [ld(s)]| < oo 3

and call it the disturbance bound. In the following analysis, it
is assumed that J, is finite (as the state bound (6) in our main
result below holds trivially when §; = co). However, its value
is unknown to the sensor and the controller.

B. Information Structure

The feedback loop consists of a sensor and a controller.
The sensor measures two sequences of data—quantized
measurements (samples) of the state x(¢; ), and indices of the
active modes o (¢ )—and transmits them to the controller at
sampling times t;, = k7, where k is a nonnegative integer and
Ts > 0 is the sampling period. Each sample is encoded by an
integer 75, from 0 to N"+, where N is an odd integer (so that the
equilibrium at the origin is preserved). The controller generates
the control input u(+) to the switched linear system (1) based on
the decoded data. As o(t;) € P and i, € {0,1,...,N"* }, the
data transmission rate between the encoder and the decoder is

logy [N"s + 1] + log, |P|

Ts

R

bits per unit of time, where |P| is the cardinality of the index
set P (i.e., the number of modes). As illustrated in Fig. 1, this
information structure allows us to separate the sensing and the
control tasks in the following sense: the sensor does not have
access to the exact control objective, and the controller does not
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have access to the exact state. The communication and control
strategy is explained in detail in Section IV.

The sampling period 7, is assumed to be no larger than the
dwell time 74 in Assumption 1, that is,

Ts < T4 €]

so that there is at most one switch on each sampling interval
(i, ti+1]- Due to the ADT 7, > 74 in Assumption 1, switches
actually occur less often than once per sampling period.
Our last basic assumption is a lower bound on the data rate.
Assumption 3 (Data rate): The sampling period 7, satisfies

A, = e ™| <N VpeP. (5)

The inequality in (5) can be interpreted as a lower bound
on the data rate R since it requires 75 to be sufficiently small
with respect to N. This bound is the same as the one for the
disturbance-free case in [21, Assumption 3], and similar data-
rate bounds appeared in [3], [4], and [26] for stabilizing non-
switched linear systems; see [7, Sec. V] and [21, Sec. 2.2] for
more discussions on their relation.

[ll. MAIN RESULT

The control objective is to stabilize the system defined in
Section II-A under the data-rate constraint described in Section
II-B in a robust sense. More precisely, we intend to establish the
following ISS-like property.

Theorem 1 (Exponential decay): Consider the switched
linear control system (1). Suppose that Assumptions 1-3 and
inequality (4) hold. Then, there is a communication and con-
trol strategy that yields the following property: provided that
the ADT 7, is large enough, there exist a constant A > 0 and
gain functions g, h : R>y — R such that for all initial states
9 € R" and disturbances d : R>y — R"?, we have

@l < e g(llwol) +h(lldllw) — YE=0. (6

The communication and control strategy is described in
Section IV. The lower bound on 7, is given by (49) in
Section VI-A3. The exponential decay rate A is given by (64),
and the nonlinear gain functions ¢ and & are given by (65), both
in Section VI-C3. From the proof, it will be clear that both g
and h can be made continuous and strictly increasing. However,
¢(0) > 0 due to the sampling and quantization, h(0) > 0 due
to the unknown disturbance, and both ¢(s) and h(s) have su-
perlinear growth rates as s — oo, which is consistent with [27,
Cor. 2.3]. Consequently, the state bound (6) does not give the
standard ISS [8], but rather the input-to-state practical stability
[28] with exponential decay, that is,

@) < e 72 ([zol) +a(lld]l) + C
with the gain functions 7, v4 € K defined by'

Ya(s) :=g(s) —9(0), ~a(s) :=h(s) = h(0)  (7)

and the constant

Vit>0

C := g(0) + h(0) > 0. (8)

Remark 1: Along the lines of [29, Sec. VI], the state bound
(6) can be restated as ISS with respect to a set. More specifically,
(6) implies that the uniform asymptotic gain (UAG) property

'A function f:Rsg — Rsq is of class Ko if it is continuous, positive
definite, strictly increasing, and unbounded.

[29] holds for the set A := {v € R" : |jv]| < h(0)}, that is,
for each pair of constants €, > 0, there exists a time 7. 5 :=
max{In(g(h(0) + 6)/e)/x, 0} such that if ||zg||4 < 0, then
llz(t)||a < ~a(]|d||oo) + € for all ¢ > T 5 with the gain func-
tion 74 € Ko defined in (7), where ||v]| 4 := inf,eq [Jv — V||
is the (Chebyshev) distance from a point v to the set .A. In the
context of nonswitched systems, it has been shown that if UAG
holds for A, then the system is ISS with respect to the closure
of the reachable set from A with d = 0 [29, Lemma V1.2].

The state bound (6) implies the following stability property.

Corollary 2 (Practical stability): In particular, the commu-
nication and control strategy in Theorem 1 yields the following
property: provided that the ADT 7, is large enough, the system
(1) is practically stable, that is, for each £ > 0, there exists a
small enough 6 > 0 such that for all initial states xy € R"+ and
disturbances d : R>g — R"?, we have

o]l Il < 6= swplla(n) <c+C )

with the constant C' defined by (8).

Corollary 2 shows that, if the initial state and the disturbance
are both small, then the solution is confined within a neigh-
borhood of the hypercube of radius C' centered at the origin. In
Section VI-D, we will establish practical stability with a smaller
constant C' through a more direct approach.

IV. COMMUNICATION AND CONTROL STRATEGY

In this section, we describe the communication and con-
trol strategy in detail, assuming that suitable approximations
of reachable sets of the state are available at all sampling times.
(Such approximations are derived in the next section.)

The initial state x( is unknown. At ¢y = 0, the sensor and
the controller are both provided with x; = 0 and arbitrarily
selected initial estimates Ey > 0 and dy > 0 (for ||z || and the
disturbance bound 6,4 defined in (3), respectively). Starting from
to = 0, at each sampling time ¢, the sensor determines if the
state (¢ ) is inside the hypercube of radius Ej, centered at x}
denoted by

Sp:={veR"™ :||lv—u;| < E}
or equivalently, if

ll(t) — i || < Ej. (10)

The hypercube S is the approximation of the reachable set
at t;, which is also used as the range of quantization. If (10)
holds (i.e., if z(¢;) € Si), we say that the state is visible, and
the system is in a stabilizing stage described in Section IV-A.
Otherwise, the state is lost, and the system is in a searching
stage described in Section I'V-B.

To compensate for the unknown disturbance, we introduce
an estimate ¢y, of the disturbance bound ¢, in calculating Ej. ;.
Note that if J; < d4, then it is possible that z(t;) € S; but
x(tg+1) € Sk+1 (unlike in the disturbance-free case, where
x(tr) € S implies that x(;) € S; for all I > k).

If the state is visible at ¢, then the system is in a stabilizing
stage until the first sampling time ¢; > t;, such that z(¢;) ¢ S;;
in this case, we say that the state escapes at t;. Likewise, if
the state is lost at tj, then the system is in a searching stage
until the first sampling time ¢; > ¢; such that z(t;) € S;; in
this case, we say that the state is recovered at t;. Due to the
unknown disturbance, the system may alternate multiple times
between stabilizing and searching stages. The rules for adjusting
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the estimate Jj, so that there are only a finite number of escapes
are explained in Section I'V-C.

A. Stabilizing Stage

At each sampling time ¢; in a stabilizing stage, the encoder
divides the hypercube S, into N"+ equal hypercubic boxes, NV
per dimension, encodes each box by a unique integer index from
1to N™=, and transmits the index 7, of the box containing x ()
to the decoder, along with the active mode o (¢}, ). The controller
learns that (10) holds upon receiving iy € {1,..., N"=}. The
decoder follows the same predefined indexing protocol as the
encoder, so that it is able to reconstruct the center ¢; of the
hypercubic box containing x(¢;) from 4. Simple calculation
shows that

-1

1 *
lz(te) = exll < 7w, llew — 2kl < Ey. (11

The controller then generates the control input u(t) = K ,)
@(t) for t € [t,tr41), where K, 4, ) is the state feedback gain
matrix in Assumption 2, and £ is the state of the auxiliary system

&= Ag (1) &+ Bor) u = (Aot,) + B Kor)) & (12)
with the boundary condition
Li'(tk) = Ck- (13)

In particular, the auxiliary state & is reset to ¢, at each sampling
time ¢;, in a stabilizing stage. Both the sensor and the controller
then use two functions F' and G to calculate

Tppy = Flo(ty),o(teer), cr)
Eyy1 = G(o(tr),o0(tky1), vy, By, 0r)

for the next sampling time ¢;,; without further communication.
The functions F' and G are designed so that

[2(te1) = 2| < Glo(tr), o (thra), 21, Bk, da)

and G is strictly increasing in the last argument, which is J;
in (14) and J,; in (15). Hence, the state may escape at tj.1
only if §; < 4. (However, 2(t;11) € Sk+1 does not imply that
Or > 64.) The formulas for F' and G are derived in Section V-A.

(14)

5)

B. Searching Stage

At each sampling time ¢; in a searching stage, there is an
unknown D;, such that

Ep < ||z(ty) — 21| < Dy. (16)

For example, if the state escapes at ¢;, then (15) implies that
Dj = G(U(tjfl), O'(tj), (E;_l s Ej,1 s 5(1), while if it is lost at
to = 0, then Dy = ||z;||. The encoder sends i = 0, the “over-
flow symbol,” to the decoder. Upon receiving ¢;; = 0, the con-

troller learns the state is lost and sets the control input to be
u = 0on [t;, t;+1). Both the sensor and the controller then use

a function G to calculate
o}y =}
By = Glap, (1 +ep)Ey, 61) (17)

for the next sampling time ¢;,; without further communication,
where e > 0 is an arbitrary design parameter. The function G

is designed so that
l(trs1) = 2hyn || < Gk, Di, 6a) (18)

and it is strictly increasing in the last two arguments. Note that
the second argument of G in (18) is ﬁk, whereas the one in
(17)is (1 + e ) E).. With the additional coefficient 1 + e, it is
ensured that the growth rate of £ dominates that of ﬁk; thus,
the state will be recovered in a finite time, as shown in Section
V-B following the derivation of G.

C. Adjusting the Estimate of the Disturbance Bound

When the state escapes at a sampling time ¢;, the sensor and
the controller learn that §;_; < J4 and adjust the estimate by
enlarging it to 0; = (1 4 &5)d;_1, where ¢; > 0 is an arbitrary
design parameter. The estimate remains unchanged in all other
cases; in particular, it is adjusted once per searching stage.
Thus, it is ensured that there is a finite number of searching
stages in total, as the estimate becomes greater than or equal to
the disturbance bound 4, after finitely many adjustments, and
the state cannot escape after that.

V. APPROXIMATION OF REACHABLE SETS

In this section, we derive the recursive formulas needed
to implement the communication and control strategy. In
Section V-A, we consider a stabilizing stage and formulate the
functions F' and G in (14) so that (15) holds. In Section V-B,
we consider a searching stage, formulate the function G in (17)
so that (18) holds, and prove that the state will be recovered in
a finite time.

A. Stabilizing Stage

Suppose that the state is visible at a sampling time ¢, that is,
(10) holds.
1) Sampling Interval With No Switch: When
otr) =p = o(tres1) (19)

for some p € P, there is no switch on (¢4, ¢ 1] due to (4).
Combining the switched linear system (1) and the auxiliary
system (12), we obtain that

&= A,z + Byu+ D,d
z = A&+ Byu.
The error e := x — z satisfies that

1
le@)ll = lle(tn) — el < 7B

on [tg, tx+1), where the boundary condition follows from (11)
and (13). Hence

é=Aye+ Dyd,

T
le(ti, Il = ||ed™ e(ta) + / M0 Dy d(r)dr

23

et + ( I |eAvSDp||ds>5d
0

A .
< WpEk + (I)p<7—s)6d = DkJrl

< flete

with the constant A, in (5) and the increasing function @, :
[0,7s] — R defined by

t
D, (t) == /U et*D,|ds. (20)
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Therefore, we set

; A
Eyp1 = G(p,p,xy, By, 01) := WpEk + @, (75)0y.

As x is continuous, (15) holds with z}_, ; set as the auxiliary
state & approaching ¢ 1, that is,

2L

$Z+1 = F(p’pa Ck‘) = ‘%(t];rl) = Spck' (22)
with the matrix S, := e(4» 5, K, )7s
2) Sampling Interval With a Switch: When
o(ty) =p# q=o0(tr1) (23)

for some p, g € P, there is exactly one switch on (¢, ;1] due
to (4). Let t;, + t with ¢ € (0, 75] denote the unknown switching

time. Then
D te
ot)=<""
q, te

Before the switch, mode p is active on [ty, ¢ + ©). Following
essentially the calculations for the case with no switch, we see
that the error e = x — 7 satisfies that

[t tr + 1)
[tk + ﬂ tk+1]'

le 1]

le(te + DIl < ——Ek + &, (£)d4

with the function ®, defined by (20). As ¢; + ¢ is unknown,

we estimate z(t; +%) by comparing it with #({; +t') =
e(Ar By Kp)t' e, of the auxiliary system (12) at an arbitrarily se-

lected time t;, + t' € [ty,tr41] via the triangle inequality. First

I12(tk +1) = 2(te + t)]]

< He(A,mLBPKp)E A, +B,K,)t

!
— e e |

< [ ArtBaKp)T _ o4y +B, K )t (sz” n N]\_flEk>
where the last inequality follows partially from (11). Then
|(ty +8) — &ty + 1))
< [l (t +1) = &t + 1) + et + )]

- g - 7 N_ 1
< et — elare e (g + L )

N

= D’k,H(t',f, 54).-

After the switch, mode q is active on [ty + ¢, 1]. Combin-
ing the switched linear system (1) and the auxiliary system (12)
with v = K, &, we obtain that

(24)

= Apyz+ Dyd
for z := (x",27)T € R?"+ with the matrices
— — Aq B(]KP D _ |: Dq :|
pq - p 0 )
OTIJ XNy Ap + Bpr Mgy XNg

Combining it with a second auxiliary system

F=Ay5 At +t) = (2t +1) 2, +1)T)T (25)

we obtain that
z= /ipqz + qu
P=A,%
with the boundary condition
l2(tk +1) — 2(tx +1)||
= max{||z(ty +1) — &t + )|, |2t + ) — 2(tx + )|}
< Djyr (', 64)

where the first inequality follows from the property that the
oo-norms of two vectors v, w and their concatenation satisfy

(v, w ") T = max{]|v]], [[wl]|}. (26)
Hence
llz(tiy 1) — 2(tksr — t+1)]
- ~ 7 _
— equ (Ts —f)z(tk + ﬂ +/ equ(tk+1—T)qu(T)dT
t/,-JrLT

— M D 51y + 1)

<l ™Dzt +8) = 2t + 2]

Ts—1 B B
+ (/ ||6A”5Dq||ds) 84
0

< ||ees (D) D1 (F,F,6a) + ®pq (s — )34

with the increasing function ®,, : [0, 75] — R defined by

¢ T _
) :/ leAra® D, |ds.
0

Again, we estimate z(t, | ) by comparing it with Z(t; + ") =

eAra (") 2(1, + #') of the second auxiliary system (25) at an

arbitrarily selected time t;, + t” € [ty t)+1] via the triangle in-
equality. First
[2(th+1 — T+ t/) - 2(tk + ")

Dzt + )]

< Heﬁp,,(‘rsff) _ eAM(t —t') ”H@ AF+Bpr)t’H

N -1
3 —F
(il + )

where the last inequality follows partially from (11) and (26).
Then

l2(tey) — 2tk + ")
< lz(tpi) = 2t —t+ 1))
+ | 2(tgr —t+ 1) — 2(tk + ")

< HeAP'/(Ts*f) _ Ap(

IN

et T Dy (8,7, da) + et (7270 — e (00

/ N —1 _
> He(prLBpr)t I <||;EZ|| + NE]"> + @, (15 — t)04

=Dy (¢, 1,64). (27)
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To remove Ehe dependence on the unknown #, we take the supre-
mum over t (with fixed ¢’ and ¢") and obtain that

|2(te,q) — 2(tk + ") < sup DYy (¢,¢",F,04) = Dy
te(0,7,]

Therefore, we set ;.1 by first replacing the disturbance bound

dq¢in Dy | (t',t",t,04) with the estimate 0;, and then taking the

maximum over ¢, that is,

Ek+1 = G(p7Q7xZaEk75k) = SsSup D;c/Jrl(t/vt”?{v 51{)

te(0,7,]

(28)
(Clearly, the design parameters ¢ and ¢” should be selected so
that Fj, is minimized. However, their optimal values can-
not be determined without imposing further constraints on the
matrices {A,, By, D), K, : p € P}.) As z is continuous, (15)
holds with x| set as the projection of the second auxiliary
state 2z approaching t;. + ¢” onto the x-component, that is,

xz+1 = F(pa q, Ck) = (In, XNy On, XMy )2(tk + t”) = Hpqck
(29)
with the matrix

HP(I = (Iﬂ Xxn 077 Xn )@A?!“I(tﬂftl) (Inatxn">6(A1;+Bl;Kzz)t/.
Lo XMy Mg XNy

In., XNy

In the remainder of this subsection, we derive a simpler but
more conservative bound for E}. .1, which is more useful for
computations. First, the norm of the difference of two matrix
exponentials can be simplified via the following lemma.?
Lemma 1: For all square matrices X and Y, we have

X7 = X < XYy,

Proof: See Appendix A. ]
Based on Lemma 1 and the property that

¥ M € R™"

e || < eI ls VseR

the definition (28) implies that

B < apgllill + Bpg Br + YpgO (30
with the constants
Qpg = e”/iw s llAp + By K [ max{r, , 2t"}
x ||A, + B, K, || max{r, — ¢, t'}
+ eHAM |max{ry,2(t"—t"), 7s +2(t'—t")} Hqu ||
% max{t” _ t/, o + t— t//}||e(A,,+B,,Kp)tr”
N -1 1 a A )
ﬁpq = Tapq + N@(” pall+11Ap D 7s
Vpgq = eHAp'/ |75 (I)p (Ts) + (i)pq (7—.5’)~ (31)

Remark 2: 1f we set t” = t' = 0, then (30) becomes

Epi1 < apolleill + By Er + g

2Using Lemma 1 instead of the inequality that ||[M — I|| < ||M]| + 1 for
all square matrices M as in [21, eq. (20)] ensures that o,y — 0 as 75 — 0, a
property we will use in the comparison to [14] in Remark 4. However, for a
large enough T, it is possible that the bound in Lemma 1 is worse.

with the constants

0 ._ ‘|A17q“7.¢ |Ap+B, Ky ||7s
a,, =e (e

Ay + B, Ky |75 + | Apg || 7

N -1 1 5
0 . 0 Ay ll+11A 2
70[17(1 + Ne(u pall+114p D7 .

e = (32)

Although this choice of ¢’ and ¢” considerably simplifies the
formula of the bound, it does not necessarily minimize Ej, .

B. Searching Stage

Suppose that the state is lost at a sampling time ¢, that is,
(16) holds.

1) Reachable-Set Approximation: Let p = o(t;), and
consider an arbitrary ¢ € (¢, ty4+1]. If o(t) = p, then there is
no switch on (¢, t] due to (4); thus

[ (t) = .|

¢
eAr (=) p(t,) 4 / et Dod(T)dr — )

th

< Jlet 7 — Il |+ flet O la(te) — o)

t—tp
- (/ ||eA1’SDp|ds)6d
0

< Dl|z; || + AD, + ®4,

with the constants

Pim  max et 1|

tG[O,TS], peP
A= At >

te[[)g'lﬁ,xpep He ” - (33)
®:= max P,(t) = max P, (7).

tel0,75], peP peEP

If o(t) = q # p, then there is exactly one switch on (¢, t] due
to (4); thus

[ (t) — i |

eAq(t—tk 7f)m(tk + {) + /

Ly +1

t
et Dyd(r)dr — )

< et U — ]| + et O et + €) —

t—t), —t
+ </ ||eA«SDq||ds> b4
0

< Dllagll + Alle(ty +1) — x| + 04
< T|jxp|| + ATz || + ADy + ®64) + B,
< (A +D)T)z;|| + A’Dy + (A + 1)®d,

where t;, + t denotes the unknown switching time. As A>1,
the bound for the second case holds for both cases, that is,

|z(t) — 2} || < @llzpl| + BDy + 304 = Dpey (34)

forall ¢ € (t,t,+1] with the constants

a:=A+1I, B:=A% ~5:=A+1)9.
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From 3 = A2 > 1, it follows that D, > Dj.. In order to dom-
inate the growth rate of Dj.. 1, we set

Ers1 = G(z}, (1 +egp)Ey, 6)
= al|zy|| + (1 + ep)BEx + 0k

with the arbitrary design parameter e > 0.

2) Recovery in a Finite Time: Suppose that the state es-
capes at a sampling time ¢; (or it is lost at £; = £y = 0) and
remains lost at ;. 1,...,¢;_1. Then, the disturbance estimate

(35)

satisfies that 0 =--- =041 =0; = (1 +€5)0;—1. From
the recursive formulas (34) and (35), it follows that
. . k=i _ 1
mmjg+éél(m@wwm
Ak —j Bkij B ]‘ *
E,=p JEj+ﬁ(5‘ijH+’_76j) (36)

with the constant?
B = (1+eg)B > B.

Let ¢5 := (B3—1)/(B—1), and consider the integer-valued
functions 1z, 15 : Rsg — Z>( defined by

() = [logy ., 5], s>1
TEEEA o, 0<s<1

! ‘ 1
ns(s) = { [logy.., (css)], s> )

0, 0<s<1

where [-] : R — Z denotes the ceiling function, that is, [s] :=
min{m € Z : m > s}. Consider the integer

K = j + max{ng (D;/E;), ns(3a/5;)}-
First, it holds that
BEIE; > BN (1 4 ep)me P/ ED B > B D)
Second, if ¢ < d;, then

Bk’fj _ 15. - Bk’;] —1
g-1 7 p-1

due to 3 > Band k' > j; otherwise

pro—1. B -1p-1
g—1 77 B-1 p-1

3= _13-1 , i
>55—121“+@VM”W®> o1 o

Hence, E,. > ﬁkr, that is, the state is recovered no later than
t-. Denote by t; the sampling time of recovery. Then*

i —j < max{ng(D;/E;), 15(34/6;)}.

3From (33), it follows that 5 = A2 > 1, and A = 1 only if all eigenvalues
of all A;, have nonpositive real parts. In the following analysis, we assume that
3 > 1 (so that the first formula in (36) is well defined), which can be achieved
by letting 3 = max{A?, 1 + £} foran arbitrary ¢ > 0 if necessary. The special
case where 3 = 1 can be treated using similar arguments and is omitted here
for brevity.

4The function 75 is piecewise defined since if 57 < & ;j in (38)—which is pos-
sible as the escape only implies 64 > ;1 = 0; /(1 + £5)—then the second

0q

(1 + €E)klij5j

Bk’f}' -1

(38)

However, ¢, being unknown implies that neither the sensor nor
the controller is able to predict how long it will take to recover
the state.

VI. STABILITY ANALYSIS

In this section, we show that the communication and control
strategy described in Section I'V fulfills the claims of Theorem 1.
In Section VI-A, we formulate a Lyapunov-based bound with
exponential decay for stabilizing stages. Then, we derive its
exponential growth for searching stages in Section VI-B. In
Section VI-C, we calculate the maximum number of searching
stages and prove the ISS-like property in Theorem 1. A stronger
version of Corollary 2 is established in Section VI-D.

A. Stabilizing Stage
1) Sampling Interval With No Switch: Consider a sam-
pling interval (¢, t; 1] such that (19) holds, as in Section V-A1.
As A, + B, K, is Hurwitz, for S, in (22), there exist positive-
definite matrices B,, @, € R"+*"+ such that
S, P,S, — P, = —Q, <0. (39)

Let A(M) and A(M) denote the largest and smallest eigenvalues
of a matrix M, respectively, and define

_ 228 B,S, P

40
AQ,) @0

Xp - +nm|\S;PpS,,||.

Due to the inequality in (5), there exists a sufficiently small
constant ¢y > 0 such that (1 + ¢1)A%, < N? for all p’ € P.

Then, for each p', there exists a sufficiently large constant p, >
0 such that

(1+¢1)A2

(N — 1)2 Xp'

]\72 pp’

<1 1)

Consider a family of positive-definite functions V), : R"+ x
R>9 — R defined by

Vo(2,E) =2 Pyx+pyE*, peP. (42
For the sampling interval (¢, t4 1] with no switch, the following
lemma provides a bound for V, (. (., Er+1) in terms of
Vi (t,) (@, Ey) and the disturbance estimate 6y,

Lemma 2: Consider a sampling interval (¢, ¢z 1] such that
(10) and (19) hold. Then

%(xltJrhEkJrl) < VV;?(‘T;;?Ek)'i_Vdél% (43)

term on the right-hand side of the second formula in (36) is larger than or equal
to that of the first formula for all £ > j. Similarly, the function 7 is piecewise
defined since if Dy = [|[zo || < Ep in (57), then there is no searching stage at
the beginning.
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with the constants’

Vi=maxr,

peP
N 1) L+¢)A2 2
yp'max{(g)Xer( ¢21) p71(Qp)}
N Py N 21(P,)
1
Proof: See Appendix B. |

2) Sampling Interval With a Switch: Consider a sampling
interval (¢, ¢ 1] such that (23) holds, as in Section V-A2. Let
hpq be the largest singular value of H,, in (29), that is,

hpq = \JA(Hy Hyq).

Consider the functions V), and V, defined by (42). For the
sampling interval (tj,t;.1] with a switch, the following
lemma provides a bound for V. (2}, , Ery1) in terms
of V,(+,)(x}, £ ) and the disturbance estimate Jy.

Lemma 3: Consider a sampling interval (¢, t; 1] such that
(10) and (23) hold. Then

Vy(@ii1s Bryr) < Vo (2h, Bi) + pady (45)
with the constants
K= ;r(l]%’f, Fpq
{ QX(Pq)th (2 + (b?)a]?aqpq
Hpq = Max
A(By) A(P)
(N _ 1)2 2n7X(Pq)h]27q i (2 + ¢2) quq }
N2 Pp Pp
1+ 2 2 (46)
‘= max —
i p,q€P ®2 Pipg
where ¢2 > 0 is an arbitrary design parameter.
Proof: See Appendix C. |

Remark 3: From the definitions of v in (44) and the inequal-
ity (41), it follows that v < 1. Meanwhile, if we sett’ =" = 0
in (29), then hy,, = 1 for all p, ¢ € P, and from the definition
of 1 in (46), it follows that x > 1 > v. While this may not hold
for general ¢/, t" € [0, 5], we are able to ensure

u>v @7)

by letting ;o = 1ifall y1,,, < 1. Meanwhile, the relation between
1q and v, depends on the values of ¢ and ¢. Since (45) holds
for all ¢2 > 0, given an arbitrary ¢, a sufficiently small ¢
(e.g., »2 = ¢1) can be selected so that

(48)

(Alternatively, we can simply replace 11 with max{pug, v4} if
necessary.) In the following analysis, we assume the inequalities
(47) and (48) hold. Consequently, the bound in (45) holds for all

Hd = V.

5The denominator in the second term of the maximum in the definition of
v), in (44) is reduced to 1/n, of the corresponding term in [21, eq. (34)]. This
improvement is due to the more suitable inequalities (67) and (68) from linear
algebra. The first numerator in the first term of the maximum in the definition
of fiq in (46) is reduced to 1/n, of the corresponding term in [21, eq. (37)]
for the same reason.

sampling intervals in stabilizing stages, regardless of whether
there is a switch.

3) Combined Bound at Sampling Times: Combining the
bounds (43) and (45), we derive a condition on the ADT 7, in (2)
that ensures a bound with exponential decay for V) (z}, E)
at sampling times ?;, in a stabilizing stage.

Lemma 4: Consider a sequence of consecutive sampling
times ¢;, ..., t;_; in a stabilizing stage. Suppose that the ADT
T, satisfies

In p
Ta > <1+1H(1/V))TS 49)

There exists a sufficiently small constant ¢3 € (0, 1) such that

Vo) (@h, Br) < ON(0F7V, ) (27, By) + ©467)  (50)
with the constants N in (2) and
g Wtos(l- V)pa/va)™ '™ <1
(v + ¢3(1 —v))7s /a1
2 (1 —
0. Kt $3(1 — v)pa/va 51
v+¢3(1—v)
I

Q4= ——, d- 51
1 ¢3(1_V)V1+M1 (1)
Proof: See Appendix D. |

Remark 4: In [14], the authors considered switched linear
systems with inputs (disturbances) and derived a lower bound
on the ADT that ensured a variant of ISS with exponential
decay.® The lower bound (49) on the ADT 7, in Lemma 4, in the
absence of sampling and quantization, is consistent with the one
in [14, Th. 2]. More specifically, the case without sampling and
quantization can be approximated by letting 7, — 0 and N —
oo. Consequently, S, — I + (A, + B,K,)7,in(22), H,; — I
in (29), and ay,q, By — 01in (31); thus
Q)

v —1—min = ,
peP 2A(Fp)

in (44) and (46) with large enough p, for all p € P. Moreover,
the first-order approximation in 7, of the Lyapunov equation
(39) is given by

((Ap + Bpr)TPp + B (4 + BPKI?))TS = —Qp.

As the index set P is finite, from Assumption 2, it follows that
there exists a constant Ao > 0 such that all A, + B, K, + Aol
are Hurwitz; thus, the (approximated) Lyapunov equation above
holds with P, satisfying

(Ay + ByK, + A1) P, + P, (A, + B,K, + A1) = —1

and Q, = (21 P, + I)7;. Then, (49) can be approximated by

2%(P,)
— max
p,q€P &(Pp)

In(2/0")
Ta >
' min p(MPp) 2)»[)+ 71 )
rP\anp) T 2K(E,)

with p* := max;, sep, p2q AM(P,)/A(P,) which is in a similar
form as the lower bound

*

In p
20

To > Th >

%More precisely, the result in [14] is stated in terms of “input-to-state e*' -
weighted, £+-induced norm,” which ensures an exponential decay rate.
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in [14] (see [5, p. 59, eq. (3.10)] for an explicit bound on 7).
The additional terms result from the more complex Lyapunov
functions (42) we used due to the sampling and quantization. In
particular, the additional coefficients in the numerator and the
first term of the denominator are generated when completing the
squares. Meanwhile, we can made A(P,) arbitrarily large (and
thus the second term of the denominator arbitrarily small) by
selecting a sufficiently small Ag.

B. Searching Stage

1) Recovery: Suppose that the state escapes at a sampling
time ¢; and is recovered at ¢;, as in Section V-B. Then, [¢;,?;) is
a searching stage, while the sampling period [t;_1,%;) belongs
to a stabilizing stage. At ¢;, from (15) and (16), it follows that

Ej <|l=(tj) — il < D

with

(o(tj-1),0(t;), 251, Ej1,6a)
(o(tj-1),0(t;), 251, Ej1,6j-1).

D;
E »Vi—1>
From formulas (21) and (28) of G, it follows that

G
G
D;j/E; < 64/8;-1 = (1+25)84/6;.

Let ¢ :=max{l+¢; (3—1)/(8—1)}
integer-valued function 1 : R>y — Z> by

and define an

n(s) := max{ng ((1+&5)s), ns(s)}
[log, ., (ces)], s>1
= qMog ., (T+e5)s)], (I+es) ' <s<1
0, 0<s<(1+es)7 "
(52)

From (38), it follows that

i— 5 <n(6a/6;) (53)
which, combined with (36), implies that
Ai—j 3277 - 1 — * —
B, = BB + ——— (| +79))
< (2l + B+ 51 )
3 - B -
< and/a,)(ﬂ et + By + =L 5) (54)

For the searching stage [¢;,¢;), the following lemma pro-
vides a bound for V, )(x E ) at the recovery in terms of
Vs (t,)(z}, E;) at the escape and 04, d;.

Lemma 5: Suppose that the state escapes at a sampling time
t; and is recovered at ¢;. Then

Voo (@h, Bi) < 1000 WV (2], By) + wad?)  (55)

o115
with
=
e oA f)42)f(i.?;q)» e
v (1 ;4 ) ﬁ (56)

where ¢4 > 0 is an arbitrary design parameter.
Proof: See Appendix E. |
2) Initial Capture: The case where the state is lost at ty = 0
and is recovered at t;, for the first time can be analyzed in a

similar manner. From (38) with j = Oand Dy = ||z |, it follows
that

io < ne([[zoll/Eo) +ns(da/00)
which, combined with (36) and z;; = 0, implies that

5
3—150>'

For the searching stage [0, ¢;, ), the following lemma provides
a bound for Vg(%)(o, E;,) at the first recovery in terms of
Vg(o) (0, Eo) = pg(())Eg att = 0 and ||£C0 ||7 Ey,04,9.

Lemma 6: Suppose that the state is lost at {p = 0 and is
recovered at ¢;,. Then

‘G(t%o ) (07 Elo) S

(57)

B, < fe Ueol/Ba)ns 6 /) (Eo n

BQ(UE o ll/Eo)+ns(6a/d0))

% (wo Vi (0)(0, Ey) 4+ wadp) (58)

with

1
wo::max(l—&—@) P < —w
q€P 2 ) poo) ~ 2

where ¢, is the design parameter in (56).
Proof: The proof is essentially the same as the one of
Lemma 5 and is omitted here. |

C. Exponential Decay

1) Number of Searching Stages: As explained in
Section IV-C, the closed-loop system alternates between a fi-
nite number of searching and stabilizing stages and eventu-
ally stays in a stabilizing stage. Let 0 = jo <19 < j1 < %1 <

- < jn, <in, be such that [t; ,t¢; ) denotes a searching
stage and [7”1, i1 ) denotes a stablhzlng stage for each
m € {0,..., Ny} " As the estimate is enlarged by a factor of
14¢€5 every time the state escapes, it satisfies

0 = (1 4+e5)™do Vk‘E{jm,...,jm+1—1}.

Hence, Ny < N;(04) with the integer-valued function N, :
R>g — Z>( defined by

{ [10g1+55 (5/50)17 5> 50

Ny(s) :=
a(s) 0, 0<s<6.

(59)

"There is a searching stage at the beginning (i.e., ip > 0) if and only if
||zo|| > Ej; for the final stabilizing stage to be well defined, we let jy, 41 :=

occandtj, ., 1= oc.
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2) Global Bound at Sampling Times: Combining the
bound in Lemma 4 for stabilizing stages and the ones in
Lemmas 5 and 6 for searching stages, we establish a global
bound for V (;, y(z}., £} ) in stabilizing stages in terms of p, (g)
att = O and ||£U0||, E(), (Sd, 5().

Lemma 7: Consider a sampling time ¢;, such that (10) holds.
Then

Vg(f,k ) (’Iz7 Ek) S @N[) \I/Nd((s,])d}?Ld (84) (9k¢2Lr (Nlzo )

X (wopa<o>E§ + wady) + Cd(fsd)‘sg)

with the functions LI, Ld : RZ() — ZZ() and Cd : RZU — R>()

defined by?®
L.(s) :=ng(s/Ey)

N,[(.s
La(s) :=ns(s/d0) +

(1 +¢e5)7"s/d)
=1
Na(s)

Ca(s) =04 + (O +wy) Z

and the constants
V=072 Ui=weNo 4y = (14¢5)2/0

where 7 and 7; are defined by (37), n by (52), and N, by (59).
Proof: See Appendix F. |
Remark 5: The gain functions Ny, L,,L;, and C; in

Lemma 7 are piecewise constant and satisfy that L, (s) = 0 for

all 0 < s < Ej and that Ny (s) = Ly(s) = 0forall0 < s < .

A more conservative bound that depends continuously on ||z |

and d 4 can be established by replacing them with continuous

strictly increasing gain functions. First, N;(s) < Ny(s) for all

s > 0 with Ny € K defined by

_ 1+logy, ., (s/d0), s>
Nd(s) =
8/507 0 S S S (50.
Second, L, (s) < L,(s) forall s > 0 with L, € K., defined by
- 1+1logy. ., (s/Ey), s>E
S s/ E, 0<s<E,.

Third, Ly(s) < Lg(s) for all s > 0 with Ly € K, defined by
Lq(s) :=logy ., (css/d0) + (Na(s) — 1)logy ., (c-5/)
+log;, ., (s/00) + Ny(s)+1
— (Na(s)(Na(s) +1)/2 = 1) log, ., (1 +¢5)
for s > dy; and
La(s) == (2 +logy.., )3/,
for 0 < s < §y. Finally, Cy(s) < Cy(s) for all s > 0 with the

continuous strictly increasing function Cy : R>g — Ry de-
fined by’
_ 1— 1\7,1(5)
Ca(s) =0, + d Ya(Og + wq)
1=y

8The sum L, (||lzo||) + Lq(d4) gives a bound for the total length of all
searching stages (in terms of sampling intervals).

9For C to be well defined, the design parameter 5 should be selected so that
1y # 1. The special case where ©; = 1 can be treated via similar arguments
and is omitted here for brevity (cf., footnote 3).

3) Intersample Bound: First, consider an arbitrary ¢ in a
stabilizing stage, that is, t € [tj,t;+1] such that (10) holds.
Following similar arguments as in Section V-A2 with ¢’ = " =
0, we estimate x(¢) by comparing it with ¢, in (11), the center of
the hypercubic box containing (¢ ), via the triangle inequality.
If there is no switch on (,t], then (24) holds with ¢ — ¢; in
place of t; thus

2(t) — ci || = lz(t) — 2(t)|| < Djpyr (0,8 — ty.).
Otherwise, there is exactly one switch on (g, t] due to (4), and
(27) holds with ¢ in place of ¢, ; (and # € (0, — ;] denoting
the unknown switching time); thus

|2 (t) = cill < [l2(t) = 2(tx)]| < Dily 10,0, —ty)

where the first inequality follows from (26). Comparing the
corresponding coefficients in (24), (27), (31), and (32), we see
that in both cases

|z(t) — || < °l|zf|| + B°Er + 704

with
o’ := max o’ A := max 3° Y = max v,,. (60)
p,q€P P p,q€P P p,q€P pa
Applying the triangle inequality, we obtain
@I < llerl] + [l () — cxll
N -1
< @+ Dl + (5 + ) B
where the second inequality follows from (11). Let
P . P ._ =
}“mln = 2’16171)1&(})[7)7 A= Ill;lea;{}‘(Pp)
min -— i 5 = 61
p i py, P = maxp, (61)
and define
E — mln (ﬂ() + 1-— l/N)2
. Pmin (ao + 1)2
_ (41  (8°+1-1/N)?
== v + o .

From Young’s inequality with &, it follows that!®

2
(@@ + Dl + (8 + T ) 81

0 2 * (12 1 0 N_l 2 9
<@+ + 1)l |” + I+z A+ =) Ei
= E ( mln”‘rk”2 +pm1nEk)

SE V(tk)(x;;7Ek)~

Hence |z(t)|| <= t2) (@, Ex) +vdq which, combined
with Lemma 7 and Remark 5, implies that

()] < E@No/Q\I/Nd(M)/ZwEd(&z) (gk/Qwir(HmoH)
x (ywopEy + /wado) + 1/ Cd(5d)5o) + 764

0Foran e > 0, Young’s inequality with ¢ states that ab < ca? /2 + b? /(2¢)
forall a,b € R. When e = 1, the term “with ” is omitted for brevity.



YANG AND LIBERZON: FEEDBACK STABILIZATION OF SWITCHED LINEAR SYSTEMS WITH UNKNOWN DISTURBANCES

2117

where the last inequality follows partially from the property

Va+b<Va+ Vb
Moreover, due to t € [t,t;+1] and < 1, it holds that
01{/2 S 971/20t/(27§)'

Ya,b>0. (62)

Second, consider an arbitrary ¢ € [t;, ,t; ). From (34), it
follows that

[l (t) —
Following similar arguments as in the first case, we obtain

@) < [la7, | + Ei

<E,.

tm

zj, | < Di

Jm

m

N —1
< (@ + 1), | + (B” 4 )E

N
<2\ WVoru, (@, . Bi)

< 2OV /2gNi(0a)/2 yLa (6 (th/% (lzo )

X (ywopEy + /wado) + 011(5(1)50) + 764
in which

eiin/Z S at/(ZT'>) < 0—1/291‘,/(27'5).

Combining the results above, we obtain

BON 2 N00)/2, L (50) gt/ 2m2) L (o )
T t < \I] d(0d d0d 0 Ts z ([|To
l=ll < =75 ghaO0 (g107)y

x (ywopEy + v/wado) + 4/ Od(5d)50) + 704

(63)

for all £ > 0. From Young’s inequality with an arbitrary design
parameter ¢ > 0, it follows that

1 6 5 .
< [ —y2Lalzoll) o ZgyNa(0a),)2La(da)
oo < (ggu2er b + Gudtooy

x 027 (\foopEq + v/wado)
+ E@Nu/Z\I;N,I(5d)/2¢E(z(5d)

E2eN/2
Vo

Ca(84)60 + 4

1 20MN/2

“% Ve (V@opEo + v/wqdy )y Ee (I gt/ (2r)
¢ 2ON /2 Nu(84) 2La (6

+§T(\/WE0+\ﬁ5o)‘l’ 1000) g2 La00)

+ZOMN/2\[Cy(8a)50 N 02l 0) a6,

forall ¢t > 0.

Remark 6: Here, Young’s inequality is applied to restate the
state bound (63) in the standard ISS form (6). However, be-
sides increasing the value of the state bound, it also has the
following consequence. If there is no disturbance and the sensor
and the controller know that, then d; = 6y = 0; thus, (63) be-
comes ||z(t)|| < ZON/2\ /wyp/0E 0" P )apLalzol) | that is,
it reduces to a similar form as the one for the disturbance-free
case [21, eq. (5)]. Meanwhile, (6) cannot be reduced to the

same form since h(dy)

= ¢p=0ON /2, fwyp/0E, /2 > 0 even if

dg =6 = 0.
Hence, (6) holds with the exponential decay rate
Iné
=25 (64)
27,
and the gain functions g, h : Ry — R defined by
1 =ON/2
g(s) == % Vi (V@opEy + v/wado)?
ZeN /2 s
(o) = & 20 (ool 4 ) e
Vo
+EON/2 /Oy (5)8) W) 2L () s (65)

D. Practical Stability

Following essentially the calculations from [21, Sec. 5.5] and
Sections V-A, VI-A3, and VI-C3, we establish a stronger version
of Corollary 2 with a smaller constant C'.

Proposition 3 (Practical stability): Consider the switched
linear control system (1). Suppose that Assumptions 1-3 and
inequality (4) hold. Then, the communication and control strat-
egy in Theorem 1 yields the following property: provided that
the ADT 7, satisfies (49), for each € > 0, there exists a small
enough 0 > 0 such that (9) holds for all initial states xy € R"*
and disturbances d : R>y — R"? with the constant

C =z20M/2,/6,6. (66)
Proof: See Appendix G. |
In particular, from
9(0) + h(0)
- VwopEy + \Jwqd
= @Av/2(<2¢+ ) ue Oﬂ 0 \/@d50>

>=0M/2,/0,45

it follows that the constant C' in Proposition 3 is smaller than
the one in Corollary 2.

Proposition 3 also improves the practical stability result in
[23, Th. 1]. Moreover, from the proof, it will be clear that the
additional bound in [23, eq. (39)] on the ADT 7, is not necessary
for establishing practical stability.

VII. SIMULATION STUDY

Our communication and control strategy is simulated with
the following data: P = {1, 2},

ey 8] me i s o

_01 H Bg[?], K, =[0 -1].

and 7, =05, N=5,7,=1.05, 7, =7.55, and Ny =5 so
that the basic Assumptions 1-3 hold. We set ¢ =¢" =0 in
(28), eg = 0.8 in (17) and €5 = 1 in (59). The disturbance d
is kept 0 most of the time and turned on for two sampling in-
tervals with the constant value 10 when the state stays small
(more specifically, when ||z|| < 2 for ten consecutive sampling

|
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—
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~Td
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Fig. 2. Simulation example.
40 T T T T
—
304 —
O capture
20 [ ]
10 i
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Fig. 3. With a constant estimate §,. = J, the state x -~ 0 evenif d = 0.
40 T - T T
—
304 —- 1
O capture
20 1 ]
10 ik
0
-10 : . .
0 10 20 30 40 50
Fig. 4. With a converging estimate ¢, — 0, the state @ — 0 when
d— 0.

intervals). The initial estimate is 6y = 2. Fig. 2 plots a typical
behavior of the first component 1 of the continuous state (in
orange solid line) and the corresponding component Z; of the
auxiliary state (in blue dash-dot line). Switching times are de-
noted by vertical gray dotted lines, and sampling times when the
disturbance is turned on by vertical yellow dashed lines; cap-
tures are marked by red circles, and escapes by green crosses.
Observe the searching stages at ¢ = 0 (the state is lost due to
llzo|l > Ep) and ¢ = 20.5 and 31 (the state escapes due to the
disturbance), and the nonsmooth behavior of x when Z expe-
riences a jump. The value of 7, is empirically selected to be
large enough to provide consistent convergence in simulations.
For this example, the theoretical lower bound (49) on the ADT
T, 1s approximately 28.13, which is rather conservative. How-
ever, our result is significantly less conservative than the one
in [21, Sec. 6] for the disturbance-free case, which generated
a theoretical bound of 7, > 85.5 while consistent convergence
was observed with 7, = 7.55 as well. The improvement is due
to the more careful calculations in the stability analysis, such as
the ones explained by footnotes 2 and 5.

Fig. 3 exhibits the case where the unknown disturbance d is
transient or d = 0, so that once the state is captured it will never
escape. Due to the nonzero initial estimate d;, the state x will
converge to the set A= {v € R"* : ||v]| < h(0)} (visualized
by the shaded area) instead of the origin. Following essentially
the idea of “zooming-in” from [6], we are able to make the

state converge to the origin by halving the estimate d;, every ten
sampling intervals, as shown in Fig. 4. We conjecture that, for
general disturbances, a similar modification to our communi-
cation and control strategy can be made to establish ISS with
respect to the origin.

VIIl. CONCLUDING REMARKS

In this paper, we studied the feedback stabilization of a
switched linear system with a completely unknown disturbance
under data-rate constraints. A finite data transmission rate was
achieved via sampled and quantized state measurements. We ex-
tended the approach of reachable-set approximation and propa-
gation from [21] by introducing an estimate of the disturbance
bound to compensate for the disturbance. A communication and
control strategy was designed to achieve a variant of ISS with
exponential decay, based on a novel algorithm for adjusting the
estimate and recovering the state when it escapes the range of
quantization.

As discussed in Section VII, we intend to advance our result
via the “zooming-in” technique from [6] to establish ISS with
respect to the origin. However, reducing the estimate in stabi-
lizing stages can lead to an unbounded number of searching
stages, and further work is needed to establish convergence for
the communication and control strategy.

For a nonswitched linear control system, the minimum data
rate for feedback stabilization equals the topological entropy
[30] of the open-loop system [3], [4]. In the context of switched
systems, neither the topological entropy nor the minimum data
rate for feedback stabilization has been well established. (See
[31, Ch. 6] for some initial results on the topological entropy of
switched linear systems.) These two notions and their relation
could become intriguing topics for future research.

APPENDIX A
PROOF OF LEMMA 1

For all square matrices X and Y, we have

HeXJrY o €X||

=(> %((XJrY)m —X™)
m=0 ’

1m m—iy/i
- (7

m=1

i 1 ’”z_:l <m_ 1) Xm—l-jyi+l
B (m-1' =\ j j+1

m=1
<3 LS (g
T = (m-1)! = J

= X+ Y.

APPENDIX B
PROOF OF LEMMA 2

We first recall the following useful facts from linear algebra.
From the definition of co-norm, it follows that
[v]]* < ',

vi vz < nflur||flozll (67)
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for all vectors v, vy, v € R". Also

Vo e R"\{0} (68)

for all symmetric matrices S € R"*" (i.e., ST = 9).
At tj.. 1, from (19), it follows that

Vo (@hi1s Brvr) = (»TZH)TPPIEZ:H + PpE13+1

with xj  , given by (22) and £}, given by (21). First, (22)
can be rewritten as x, ; = S,cx = Sp(x} + Ap) with Ay, =
¢t — .. Then
(k1 )TP T
= (z})'S, P, Sy} + 2(x
( ) (P — Qp)ry,
+ 20, |2 1S, By Syl Ak + 72 1S, By Sy 1Ak

1S PyS, AL + ALS) P, S, A

where the last inequality follows from (39) and (67). Moreover,
(67) and (68) imply that

Combining the inequalities above and completing the square,
we obtain that

($Z+1)Tpp$2+1
M)\ oy Tp L :
<<1—§ﬂé5>uwTBwk—§MQﬁimV
20, 2 115 By S, 1Ak + s 1) oS, 1A
(@)

<(1-
(y/32@lei

&(QP) * * (N - 1)2
< <1 - m) («}) " Py + TXpEzz

where the last inequality follows partially from (11). Second,
from (21) and Young’s inequality with ¢y, it follows that

) i) Bt +

w%ﬂﬁa&nm”f
- 0 k
A(Q))

A 2
E/%+1 = (WPE/C + (I)p(Ts)ék>

1+¢ 1
< L+ oDh, b Nl) LE? + (1+E>q>p(75)25,3.

Therefore
Vo (@rt1s Erin)

< (1- 2 )iy i+ (T2

(1+¢1)A2 1
+Tp PPEIE"‘ 1+E Pp Py

which in turn implies (43).

(75)2513

APPENDIX C
PROOF OF LEMMA 3

At t; . 1, from (23), it follows that
Vo(@hsrs Br1) = @hy1) " Pyigy + po By
with z} | given by (29) and E}., 1 given by (28). First, (29) can
be rewritten as x},, = Hyqcp = Hyq(xy, + Ap) with Ay =
¢, — 3. Then
(xk+1) Py
SMP)R, (xh + Ap) T (zh + Ap)
PR, (@) @) + 20, (Py)h2,
2MP)h2, ¢ (N — 1)
T ()T Pt 4
< Tap) TR

where the inequalities follows from (11), (67), (68), and Young’s
inequality. Second, from (30) and Young’s inequality with ¢o,
it follows that

Ep < (opgllzill + Bog Er + vpg0r)’

IN

1A

2n, A(Py)h:, B}

s@+@x@mﬁW+@¢m+( @)m@

(wp) "o <

for every ¢ >0, in which |z;|* <
(z3)" P,x} /A(P,) due to (67) and (68). Therefore

‘/(I(xk+1aEk’+1)

QX(Pq)hQ (2 + ¢2)Oé2 Py ) )
< (Sxmr et e Bai

(N =12 20 A(P)R, 2+ 8206000 o
4 52 P + P Pp Lo
'D P

2
+ (1+ ¢ >pq7pq5k

which in turn implies (45).
APPENDIX D
PROOF OF LEMMA 4
First, consider the function ¢ : [0,1) — R defined by

o In(p+s(1— v)pa/va)
) =1+ N s -0

From (47) and (48), it follows that ©® > 1 in (51), and that
¢ is continuous and increasing. Moreover, as ((0) =1+
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In(p)/In(1/v) < 7,/7s due to (49), there exists a sufficiently ~ withz] = z7} and £; bounded by (54). First, from (68), it follows
small constant ¢35 € (0, 1) such that {(¢3) < 7, /75; thus,§ < 1  that

in (51). —

The remaining proof follows in principle from the arguments (x})" Pz} < ML) (z3)" Py
in [17] and [32]. If there is an integer | € {4,...,k — 1} such AP !
that ) Second, following (54) and Young’s inequality with ¢4, we

Vo) (25, Br) > ———— 167 69) obtain
() (@1, Er) PR (69) ) ) 2
then (43) implies that E? < 32n0a/oi) (/3 = ; =3Il + E; + %(g—)
Vo (@i Brn) < (v 4 @3(1 = v))Vou) (27, Er) . 52
. B o S/éﬂn(éd/é_;) 24 ) —— H%HQ‘FEQ
if o(t;41) = o(t;), whereas (45) implies that (B —1)2
%(t1>1)($?+17El+1) (/-‘+¢3(1_V):ud/yd) t()(xlvEl) <1+ 2 ) ’72 52)
o) (-12"

if o(t;41) # o(t;). Hence, for two integers I’,1” such that ¢ <
" < 1" <k and that (69) holds for all [ € {I',...,I" — 1}, we

have for every ¢y >0, in which [z} < ()72} <
(z )TP 7 /L(P,) due to (67) and (68). Therefore
V(T(tln) (‘T;”’ EZ”)
‘B
< (et a1 = w)pafrg) ) e )
iy (s MP)) (24 gu)aPp,
x (v + & 1—v I"—I'"—N, (t,//,tll)vg ) m*r,El S IgQ!}(Od/(SJ) (( q + * P x*
(0 (=) ) S0 G ) e B
— l/+ 1 — v l”*l’@]\f,7 tynty Vg— ) x*/,E,/ ,
v+ ¢3(1—v)) (1) (@5 Er) +(2+¢4)pqp ( 3) e 2)
< (V + ¢3(1 _ I/))l —1 @]\o+(l )75/ Ta Vo(t,,)(x7/7 El’) 0y p (b
=g" oM Vot (@, Err) which, in turn, implies (55).
where N, (¢;7,t;) denotes the number of switches on (¢, t;],
and the last inequality follows from © > 1 and the ADT con- APPENDIX F
dition (2). Therefore, if (69) holds for all I € {4,...,k — 1}, PROOF OF LEMMA 7
then Let [t;, ,t;, ., ) denote the stabilizing stage containing ,
Voio) @h, Ei) < 0° 10NV, (2F, B;). that is, i,,, <k < j,, -1 — 1. Substituting (50) with i = 4,, and

k = jm41 into (55) with 7 = j,,+1 and ¢ = 4,, 1, We obtain
Otherwise, for k' := max {l <k—1:Voq) (2], £y) <

vad?/(¢3(1 — v))} it holds that Vot @i, 0 Biny)
* * 520 (0a /0 m ) * .
‘/;T(tg»/+1>(mk’+17Ek'+l) S /’LV(T(tk/)(‘rk’?Ek')—’_udéz’ < 6 ] e (WV( lm+1)('rjm+l’Ej7”+1)+wd677n+1)
221 (84 /0; N m+1—lm *
H Vd5k/ " Hd(sk' _ dai/ < n(8a /0iy, 1) (w@ 0 (9] 41 Va(t,m )(%m JE; )

B ¢3( v)

0,(1 R 2m62 1 2(m+1)62
(see also Remark 3); thus +8a(l+e5) )erd( +es) 0)

_ \11,3277 6d/0i, 1) (91m+1 ~im ot )(m;fm B )

Vg(tk_)(l‘;;,Ek) < Gk’k”l@NOVU(tk,H)(IZ/H,Ek’H)
+ (04 + thawa) (1 +£5)*™ &5)

< oMo,

as (69) holds for all 1 € { +1,...,k —1}. The proof of in which ¢n+1=in < ginsi=in g=10/% 1) due to (53) and
Lemma 4 is completed by combining the bounds for the two 0 < 1.Hence
cases and noticing that §; = ¢; forall [ € {4,..., k —1}. X
teme ! {Z } VU(tjm+l)(xin,+|’Ei111+])

APPENDIX E < \IJI327](6,1/6¢”1+1 9Lm+1 lm —1(8a/6jm )Vﬂ(fim )( ;.‘m 7Eim>
PROOF OF LEMMA 5

Let p, ¢ € P denote the active modes at sampling times ¢;, t;, )
respectively. At the sampling time ¢; of recovery, we have < \If¢2"1(0d/ Oimy1) (Qim+1~im Voo (@] Ei)

T

(

+ (04 + Yawa) (1 +e5)°" 67
I
(1

Vy(a}, E;) = (7)) Py + py E? + (Oa + Yawa) (1 + €5)*™67).
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Based on this recursive bound, it is straightforward to derive
Vo, (@i, 5 Ei, )
< \ij27](6d [Oim ) (gim —lim -1 \]:11/}27/(6(1 [8in 1) (gim 1= -2
X Vo, (@i, Ei, ) + (O + Yawa)
x (1+€5)2"7D88) + (O + thawa) (1 + €5)* " 1 5E)
< \1121#2(77(5,1/017" )+n(8a /i, 1))
% (gim —lm 2 V(r(tzm . ) (l.;ﬂm L Eim . )
+ (Oa + awa) (1 +1ba) (1 + e5)2m 2 67)
< .« e
< M w2271:1 n(da/di;) (gim —ig Va(t,,o ) (0’ Eio )

+ (04 + Yawa) (L + g + -+ 1)57),

< @7’L¢22;'L1 n(da/di,) (g’iw —ig V{r(tlo ) (O, Eio)

m—1
+ (Oa + Pawa)d) Y %)

=0

which, combined with (57) and (58), implies that
Vo), Ei,)
< Po? Sl n(8a/8i)) <92 —io g2(nz (Izoll/Eo)+ns (84/40))
X (wo Vi (0)(0, Eo) + wadp)
m—1
+ (84 + Yawa) 5y Z lﬁfz)
1=0

S \Ijm w2(7]6 (511 /60)4‘21’”: 1 7](6d/51, )) (9@71 r(/JQUE (H(”;U H/EU)

m—1
X (wopo(0)EG +wady) + (O + tawa )} Z ¢fi>~

=0

Finally, substituting the previous bound into (50) with ¢ = 4,,,
we obtain

Voo (@, Ex)
<ON (05 V(@ B ) + 0467 )

2 Tm m

< @NO (gkiim \I/m Q/}?("]ri (611/50)+Z;”:1 77(6(1/6i1 )) <0im

12 00 (i, ) BB 4 wa8?)

m—1

+«m+www%§:%>+®dl+aWW@

=0

< @M \I;mwﬂm‘ (04 /00)+321" 1 n(8a/di)))

% <9k¢2n5 (lzoll/Eo) (WOPU(O)ES + Wd(sg)

+ (@d >l +wg Zw;)ag).
=0 =1

The proof of Lemma 7 is completed by replacing m with its
upper bound Ny (dy).

APPENDIX G
PROOF OF PROPOSITION 3

First, suppose ||zo]| <6 < Ep and §; < 6 < dy. Then, the
system is always in the stabilizing stage, and the estimate of the
disturbance bound is always &y. Suppose also that there is an
integer k1 > 1 such that ¢, = 0 (i.e., the state x(t;) is inside
the central hypercubic box) for all £ < k; — 1. Then, similar
arguments as in Sections V-Al and V-A2 show that © = 0 on
[0,tr,) and zj = 0 forall k € {0, ...,k }; thus

Amin

Ep 1> N Ey Vke{O,...,kl—l}

(70)

with Ayi, = minyep Ay, due to (21) and (28).
Second, following similar analysis on state bounds when u =
0 as in Section V-B, for each £ < ky, we have
2 B -1_
()] < B |||l + =704
6—1
Third, following similar arguments as in Section VI-C3, for
each k > kq, we have

Vt<t,. (71)

e < E\/ Vo) (@h, Bx) + 700 VT € [tr, tos]

which, combined with (50) for ¢ = 0 and (62), implies that

[x(t)]| < ZON/2(0% \/pEy + /©udo) +70a V>t
(72)
with p in (61).

Finally, the proof of Lemma 3 is completed via the following
three steps. First, given an arbitrary € > 0, from (66) and (72),
it follows that if ZON0/2¢%1 /pEy + 46, < e then ||z(t)|| <
e+ C for all ¢ > ¢, . Second, taking E; as fixed, calculate a
sufficiently large k; such that 2©No/2gk VPEy < £/2. Third,
calculate a sufficiently small § such that 7§ < £/2 and

2 Bkl -1
(o + 5=

which, combined with (71), implies that ||z (t)|| < e for all ¢ <
t, ; and that 6 < ¢y and

2k —1 k1—1
2k —1 u — < Amin &
(oS () 5

which, combined with (70) and (71), implies that ¢;, = 0 for all
k < k; — 1 (and that the systems is always in the stabilizing
stage), making the analysis above valid.

7>5<6
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