Chapter 7
Observer Design for Switched Linear Systems
with State Jumps

Aneel Tanwani, Hyungbo Shim and Daniel Liberzon

Abstract An observer design for switched linear systems with state resets is
proposed based on the geometric conditions for large-time observability from our
recent work. Without assuming the observability of individual subsystems, the basic
idea is to combine the maximal information available from each mode to obtain a
good estimate of the state after a certain time interval (over which the switched system
is observable) has passed. We first study systems where state reset maps at switching
instants are invertible, in which case it is possible to collect all the observable and
unobservable information separately at one time instant. One can then annihilate the
unobservable component of all the modes and obtain an estimate of the state by intro-
ducing an error correction map at that time instant. However, for the systems with
non-invertible jump maps, this approach needs to be modified and a recursion-based
error correction scheme is proposed. In both approaches, the criterion for choosing
the output injection matrices is given, which leads to the asymptotic recovery of the
system state.

7.1 Introduction

State estimation in dynamical systems is one of the classical control-theoretic
problems that relates to constructing estimates of the state of the system using the
measurements of the inputs and outputs. This chapter studies the problem of state
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estimation for a class of hybrid systems characterized by linear continuous-time
dynamics, switching vector fields, and state jumps, which are described as

X(t) = Agx(t) + Byu(t), 1 € [ty_1.1y), (7.1a)
x(tg) = Ggx(t;) + Hyv,, (7.1b)
Y1) = Cyx(t) + Dyu(t), 1€ ltg_1,1y) (7.1c)

where x : [tp,00) — R® is the state, y : [fy,00) — RY¥ is the output, v; €
RY and u : [fg,00) — R are the inputs, and u is a measurable function. The
index ¢ € N determines the active subsystem over the interval (7,1, f;) and the
system trajectories are right-continuous. It is assumed that there are a finite number
of switching times in any finite time interval, thus we rule out the Zeno phenomenon
in our problem formulation. The switching mode ¢ € N and the switching times
{t;} may be governed by a supervisory logic controller, or determined internally
depending on the system state, or considered as an external input. In any case, it is
assumed in this paper that the active subsystem and the switching times {,} as well
are known. For estimation of the active subsystem, one may be referred to, e.g., [4,
6, 8, 18, 25, 26].

Over the past decade and a half, the structural properties of switched systems
have been investigated by many researchers and observability along with observer
construction has been one of them. For switched systems, observability can be studied
from various perspectives. If we allow for the use of the differential operator in the
observer, then it may be desirable to determine the state of the system instantaneously
from the measured output. This in turn requires each subsystem to be observable;
however, the problem becomes nontrivial when the switching signal is treated as
a discrete state and simultaneous recovery of the discrete and continuous state is
required for observability. Some results on this problem are published in [2, 5, 25].

On the other hand, with the knowledge of switching signal, even though the
subsystems at individual modes are not observable, it is possible to recover the initial
state x (fg) when the output is observed over an interval [7o, T) that involves multiple
switching instants. This phenomenon is of particular interest for switched systems as
the notion of instantaneous observability and observability over an interval coincide
for linear time invariant systems. This variant of the observability in switched systems
has been studied most notably by [4, 9, 10, 17, 27], and we refer the reader to Chap. 8
for more references on different notions of observability. The observer design has
also received some attention in the literature [1, 3, 13], where authors have assumed
that each mode in the system is in fact observable, hence admitting a state observer,
and have treated the switching as a source of perturbation effect. This approach
immediately incurs the need of a common Lyapunov function for the switched error
dynamics, or a fixed amount of dwell-time between switching instants, because it is
intrinsically a stability problem of the error dynamics.

I See Definition 7.1 for precise meaning.
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The approach adopted for observer design in our work is based on the notion of
observability over an interval, and is conceptually similar to the work of [4]. This
relaxed notion of observability for switched systems does not require observability
of individual subsystems in the classical sense. As a result, one cannot simply take
the Luenberger observer for individual subsystem and work out the stability of the
error dynamics using slow switching, or common Lyapunov function approach. Since
the amount of observable information coming from different modes may vary, the
interesting aspect of this approach is to design an algorithm that recovers the maximal
possible information available from each mode and combines this information in an
appropriate manner that results in an asymptotically converging state estimate. This is
the fundamental idea behind our recent papers on observer design for switched linear
systems [19, 20], switched nonlinear systems [14, 15], and systems with switched
linear differential-algebraic equations [22].

In this chapter, we address the problem of observer design in the context of
switched systems with linear ordinary differential equations, and the technical content
is primarily based on our papers [19-21]. We focus only on the linear case because
this relatively simpler class of systems brings out our design methodology in the
most transparent manner. The construction of the observer is based on the necessary
and sufficient conditions of forward observability (see Definition 7.1), or what is
also called determinability in [17], and final-state observability in [16]. The detailed
treatment of this notion of observability is considered in Chap. 8 of this book, and
here in Sect. 7.2, for the sake of completeness, we will only recall the definition and
the related formulae that set-up the ground work for observer construction.

Section 7.3 then considers the construction of the observers. The key idea is to
combine the partial information available from each mode and collect them at one
instant of time to get the estimate of the state at that time. We show that under
mild assumptions, such estimates converges to the actual state of the plant. More
emphasis will be given to the case when the individual modes of the system (7.1) are
not observable (in the classical sense of linear time-invariant systems theory) since
it is obvious that the system becomes immediately observable when the system is
switched to the observable mode. The distinct feature of our observer design is that
we do not inject error in the continuous dynamics of the proposed observer, but rather
apply the error correction at discrete switching instants. This way the state estimation
error may grow in between two consecutive switches, but the error correction terms
are designed in a manner such that the error eventually converges to zero. One can
already see that, in contrast to slow switching, our approach would work only if the
switching is persistent and the estimation gets better if the frequency of switching
is high since we can apply error corrections more often in that case. We basically
treat two different cases: in the first case [19, 20], we assume that all the jump maps
G, are invertible, because it is relatively easier to do computations for this case. The
second case [21] allows for jump maps G, to be non-invertible, but the calculations
are more involved in this case. As a result the error correction term in the later case
is computed using a recursion-based algorithm instead of a direct formula.
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In the end, we give some concluding remarks on how the ideas presented in this
paper have been applied to more general classes of switched systems, and where the
proposed observer has been applied in practice.

Notation: For a matrix A, Z(A) denotes the column space (range space) of A.
The sum of two subspaces ¥ and 75 is defined as 71 + % = {vi +v2 1 v| €
Y1, v2 € Y5}, For a possibly non-invertible matrix A, the pre-image of a subspace
¥ under A is given by A™'7 = {x : Ax € ¥}. Let ker A := A~'{0}; then it
is seen that A~!'ker C = ker(CA) for a matrix C. For convenience of notation,
let A=Y = (AT)"!'¥ where AT is the transpose of A, and it is understood
that A2_1A1_1”1/ = A2_1(A1_17/). Also, we denote the products of matrices A; as

[Ti_; Ai == AjAj41... Ax when j < k, and Hf-‘:,- A;j == AjAj_y... Ax when
Jj > k. The notation col(Ay, ..., Ax) means the vertical stack of matrices Ay, ...,

Ay, thatis, [A], ..., A]]T.

7.2 Preliminaries: Observability Notion

As mentioned earlier, our observer design is based on geometric conditions for
forward observability. The related observability notions are treated in detail in this
chapter. For the sake of completeness, here we recall the definition, and the related
formulae that will be used in the design of observer. The notion of observability that
we consider is formulated as follows:

Definition 7.1 (Forward observability) The system (7.1) is said to be forward
observable if, and only if, for every pair of solutions (ul, vl y1 ,x! ), (uz, V2, y2, x2),
there exists 7' > 1o, such that the following implication holds:

@' vy =Wty = x[lT,oo):x[zT,oo)

where xET 0)’ i = 1,2, denotes the restriction of x! over the interval [T, 00).

Since the value of the state at time 7, x(7'), and the inputs (u,v) uniquely
determine x on [T, co) through the Eq.(7.1), forward observability is achieved if
and only if x(T), for some T > fy, is uniquely determined by the inputs and the
output. In case, all the jump maps are invertible, one can, in theory, recover x (fy)
from the knowledge of x(7') and in that case forward observability implies global
(in time) observability. However, if the state reset maps G, are not invertible, then
the two notions may not coincide. We refer the reader to Chap. 8 for more details
and examples related to this issue.

7.2.1 Characterization of Forward Observability

Roughly speaking, the switched system (7.1) is forward observable in the sense of
Definition 7.1 if there exists m € N such that x(¢,,) could be determined from the
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knowledge of external signals (u, v, y) measured over the interval [#g, #,,+1). Because
x(t, )= eAm+1Unt1=m) x (1, ) uncertainty in the knowledge of x(z,,) and x(t, 1)
is the same, so that, recovering x(#,,) is equivalent to recovering x(z,, +1). We now
proceed toward quantifying the unknown information about the state using the mea-
surements of (u, v, y) over a certain interval. Since Definition 7.1 does not require
individual subsystems to be observable, the basic idea in formulating the geometric
conditions that quantify the unknown information is to characterize how much infor-
mation could be extracted from each subsystem about the state by measuring the
output over a certain interval. To do so, it is seen that system (7.1) is an LTI system
between two consecutive switching times, so that its unobservable subspace on the
interval [#; 1, t;) is simply given by the largest A,-invariant subspace contained in
ker Cy4, i.e., ker O, where

. -1
0q4 1= col(Cy. CyAg. ... CqAL™D).

For system (7.1), let Jif]m be the subspace such that x(z,,) is determined modulo
JI{]’” using the knowledge of external signals (u, v, y) over the interval (7,1, ;).
We call </Vq’” the unobservable subspace for [t; 1, t;,) and compute it recursively as
follows, for g > 1:

Ny i=ker O,
N i=ker Ok N Grore™" 1 g1 <k <m, (7.2)

where 1, =ty — tr_1.

An alternative dual characterization of forward observability is possible by
inspecting whether the complete state information is available. This is achieved
in terms of the observable subspace 2™, defined in this chapter as the orthogonal
complement of Jﬁ{]’". It is noted that a recursive expression for QZ“ is given by

24 =2%(0,)

k T —Al k—1 T (7.3)

Qq =G e kflf"*la@q7 +%Z0,), q+1<k<m.
We characterize the observability of system (7.1) using these subspaces in the fol-
lowing result, which is essentially a restatement of [20, Theorem 2]:

Theorem 7.2 (Forward observability characterization) Consider the switched sys-
tem (7.1) with (u,v) = 0. Then, Ji{Im for some m > q > 1 characterizes the
unobservable space in the following sense:

Vigitw) =0 & x(tm—1) € A"
In particular, if there exists m > q such that A" = {0}, or equivalenily 2" = R®,

then the state x (t,,—1) (and hence the complete future trajectory) can be determined
Sfrom the knowledge of (u, v, y) on the interval [t;—1, ty).



184 A. Tanwani et al.

We are often interested in deriving a direct formula for QZ’ instead of the recursive
one given in (7.2). For that, let us consider the matrix

dﬁf = Gj_jeth17-1 ...GjeAfo, k>j

which defines the flow of system (7.1) with zero inputs from #; 1 to #;_1, and assume
that, fork > g +2,i =1,2,...,k—q — 1, g € N, the following condition holds?:

®f_;(ker O N O AT = & ker Op i NOE_,_ AFTT (14

It is readily checked that, if (7.4) holds, then the sequential definition (7.2) leads to
another equivalent expression for Ji{lm, m > q > 1, given by:

A=) @7 kero,
j=m,....q
m—2 i+l (75)
=ker Oy NGporker(Op-1)N | () [] Gie*"Gikero; |,
i=q lI=m—1

where @,’(‘ denotes the identity matrix, and we used the fact that eAitiker G j =

ker G ;. Condition (7.4) indeed holds when each of the matrix G, ¢ € N, is invertible

because in that case the mapping @, for all j, k € N, k > j, is invertible.
Similarly, when (7.4) holds, Q:;n in (7.3) is equivalently expressed as:

m myL
2y =AM
m=2 i+l .
=> ] 6/ Te "G %0+ G, L %20, )+ %(0,). (16)

m—
i=q I=m—1

7.3 Observer Design

Using the geometric conditions for forward observability stated in the previous
section, we now proceed to design an observer. Our proposed observer is given
by:

X(t) = Agh(0) + Byu(t), 1 € [ty—1,1,), (7.7a)
(1) = Gq(R(t;) — &) + Hyvg. (7.7b)

2 Note that, A(¥; N ¥1) C A¥; N A5, and the equality does not hold in general. The necessary
and sufficient condition for equality to hold is that (¥; + #3) Nker A = ¥] Nker A + ¥ Nker A,
which is the case when A is invertible. For systems with non-invertible jump maps, the flow matrix

<1§ij is not necessarily invertible and (7.4) does not hold in general.
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with an arbitrary initial condition X(f9) € R” and the expression for &, will be
computed in the sequel. It is seen that the observer consists of a system copy and
unlike classical methods where the continuous dynamics of the estimate are driven by
an error injection term, the observer (7.7) updates the state estimate only at discrete
switching instants by an error correction vector &, . If for some g € N, &, equals the
state estimation error i(tq_ ) —x(t, ), then the Eq.(7.7) gives x(ty) = x(t4), and from
then onward we can recover the exact value of the trajectory x. However, in practice,
where we do not use the derivatives of the output, it is not easy to recover the exact
value of the state estimation error. Thus, our goal is to compute &,, for each ¢ € N,
such that it approximates the value of state estimation error at time ¢, which will
result in X (¢) converging to x(¢) as ¢ increases.

With this motivation, we introduce the state estimation error X := x — x, and the
error dynamics are given by

X(1) = Agx(t), 1 Elty_1,1y), (7.8a)
R(1g) = Gg(X(1;) — &). (7.8b)

The corresponding output error is defined as

V() = Cyx(t) + Dyu(t) — y(t) = Cyx(t), t € [ty—1,1y).
The basic idea in computing &, is to
e Firstly, identify the observable components of the individual subsystems that can

be estimated using classical state-estimation techniques. For subsystem g € N, let
g €EX (O(;r) denote the vector of such observable component.

e Secondly, derive an equation for x(z,) of the form?

i(t[;) = Eq(an Zq—lv e Zq—m*’ ‘S;:l]—la DR} gq—m*) (79)

for some m* € N.
e Finally, let

sq = Eq(2q7 2q—lv ceey 2q—m*’ éfq—h ceey %_q—m*)~ (7.10)

We will develop calculations for each of the aforementioned steps in detail and
arrive at a formal statement on error convergence that results from the observer. To
do that, we need to introduce some assumptions that allow us to follow this proposed
line of thought.

3 With slight abuse of notation, the vectors z j in (7.9) will be replaced by z; (t;7), so that the
notation z; will be used to denote a function. '
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The identification of observable components in the first step could be achieved
easily by Kalman-like decomposition without imposing any constraints on system
structure. For the second step, however, where we want to write )Z(tq_ ), for each
g € N, in terms of the observable components of the currently active mode and some
past modes, we need the following assumption on the switching signal and system
dynamics:

Assumption 7.3 The switched system (7.1) is persistently forward observable in
the sense that there exists an m* € N such that

dim 2] . =n, Vgzm'+1. (7.11)

The integer m* in Assumption 7.3 is interpreted as the minimal number of switches
required to gain forward observability.

For the third step, it is seen that if Z, closely approximates z,, and =, is globally
Lipschitz (in our calculations, it will be linear), then it follows from (7.8) that the
norm of the state estimation error at switching instants X (#;) becomes small. Since
there is no error correction between the switching instants, it is important to update
the estimate repeatedly for asymptotic convergence and also make sure that the error
does not get arbitrarily large between the two switching instants. This motivates us
to introduce the following assumptions for our observer design:

Assumption 7.4 The switching is persistent in the sense that a switch occurs at least
once in any time interval of length D; that is,

ty—t_1 <D, VgeN. (7.12)

Assumption 7.5 The induced matrix norms || A, || and || G || are uniformly bounded
forall g € N.

Note that Assumption 7.5 holds when A,, G, belong to a set of finite elements.
Assumption 7.4 is in contrast to the conditions proposed for observer designs in [1]
in the sense that we require the switching to be sufficiently fast and not too slow. This
is not surprising because the works like [1] assume the observability of individual
modes, so that the resulting error dynamics are stable for each subsystem, and a
result on stability of switched systems with slow switching could be invoked [7] to
show error convergence. In our work, however, since the individual subsystems are
not assumed to observable, so that the resulting error dynamics for a particular mode
are not necessarily stable, we need to switch fast enough between the unstable (or,
partly stable) switched systems to obtain error convergence.

In the remainder of this section, the above thought process is formalized by follow-
ing the steps outlined earlier to compute the correction vector &,. The identification
of observable components for individual subsystems is carried out in Sect.7.3.1. For
the computation of the map &, we will discuss two cases separately: in the first
case, we assume that all the jump maps G, g € N, are invertible and in the second
case, we allow for non-invertible jump maps. For each of these cases, we show that
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the resulting state estimation error converges to zero (Theorems 7.6 and 7.7, respec-
tively) if the observable components are estimated accurately enough. Followed by
the theorem statements, we will arrive at a specific criteria for obtaining the estimates
by carrying out the error analysis for each case. Our computations are summed up
in Algorithm 7.1 (for invertible jump maps) and Algorithm 7.2 (for non-invertible
jump maps).

7.3.1 Observability Decomposition of Error Dynamics

As a first step in computing &,, ¢ € N, we want to write X in terms of observable
components of individual subsystems. To do that, we first find a coordinate change for
eachmode, similar to the Kalman decomposition. Foreachg € N, choose a matrix Z,
such that its columns are an orthonormal basis of ,%’(0;r ),sothat Z(Z,) = # (0; ).
Similarly, choose a matrix W, such that its columns are an orthonormal basis of
ker O . From the construction, there are matrices S; € R’¢*’¢ and R, € RY*'s,
where r, = rank Oy, such that ZqTAq =8 ZqT and C; = Ry Z T, and that the pair
(S84, Ry) is observable. Let z, := Z(;r)? € R and wy := WqT)? € R™ "4, So, for the
interval [#; 1, ;), we obtain,

tg =2 Agk = Sy24. §=Cy¥ = Ryz,. (7.13a)

2q(tg1) = Z Z(tg—1). (7.13b)

Since z,; is observable over the interval [7,_1, t,), a standard Luenberger observer is
designed as

Zq = Sqiq + Lo — RyZy), 1€ ltgo1uty), (7.14a)
Z4(tg—1) =0, (7.14b)

whose role is to estimate z, (1) at the end of the interval. Note that we have fixed
the initial condition of the estimator to be zero for each interval. A consequence of
introducing the observable and unobservable components is that the vector )?(tq_ )
can be written as,

ZT —1 _
X)) = [Wﬂ [;qq((ttqq_))} = Zyz4(t;) + Wowgy(t,), (7.13)

where wy (tq’ ) on the right-hand side remains unknown. Our objective now is to write
)?(tq’ ) only in terms of known or recoverable quantities, that is, only as a function of
thevectorszj(t;),j =q,q—1,...,g—m*,and &, k=g —1,...,q —m*, for

m* given in Assumption 7.3. The calculations for arriving at such a formula for the
general case are given in Sect.7.3.3, but for the case when all jumps are invertible,
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one can derive a simpler formula. Because of simplicity, and to give an intuition

about the calculations leading up to the computable expression for &;, we choose to
treat the case with invertible jumps first in the following section.

7.3.2 Error Correction with Invertible State Reset Maps

The goal of this subsection is to derive an expression of the form (7.9) when the jump
maps G, are invertible. For that, we first define the state-flow matrix llfg ,P,q €N,

p <gq,as

lI/g = oM quAq"f‘f“ Gg—1,---, eAp+1Tpt Gp.

which transports )Z(t;) to i(tq_) along (7.8) by
q—1
R(ty) = WiE(,) - Z wle, (7.16)
k=p

where for convenience, we let 'Iqu to be the identity matrix. For ¢ > m*, we now
have the following series of equivalent expressions for x(z,"):

)?(t(;) = Zqzq(1y) + Wawq (1)
= 'Ijqqflzq—IZq—l(tq_,l) + 'J/qq,]Wq—lwq—l(tq_,l) - lIqu,]éq—l

2
= 'P;,gzquzqu(t;,z) + qu,ZWq72wq72(tq_,2) - Z wj_k%'qfk
k=1
qg—1
= lll/qqu* qum*qum* (t;,m*) + W(;I,m* qum* Wq —m* (t;,m*) - Z lp]?ék
k=q—m*

(7.17)

In these equations, the vector x (7,") is not only expressed in terms of the observable
and unobservable components of mode g € N, but also those of previously active
g — m* modes. In other words, for each ¢ — m* < k < ¢, the term lI/,f Zrzi(ty,)
transports the observable information of the kth mode from the interval [fx_1, %)
to the time instant tq_ . However, in each equation, there is an added unknown term

wy (). Thus, in order to obtain an explicit expression for fc(tq_ ) in terms of zg,
k=g,qg—1,...,g —m", we must

o first, eliminate wy (¢, ) from each equation in (7.17), and
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e secondly, make sure that the resulting set of equations is not under-determined
with )E(tq_ ) as the unknown.

To achieve the first objective, we introduce the matrices @Z whose columns form
the basis of the subspace % (lllkq Wk)J-; that is,

RO = RWPIWHT, k=qg-m" ... q.
Then, for each equality in (7.17), we obtain the relation

g—1
T~, _ T _
ol i) =06} w,fzkxk(tk)—Zw].qgj , k=g-m*...,q. (7.18)
j=k

It now follows that if the matrix

qT

T._ A
8, =col(®] ,0]_,,.

4T
y O )

has full column rank equal to n, then the set of equations (7.18) can be solved
for )?(tq’ ). It can be shown that the matrix ©,, ¢ > m*, has rank n if, and only if,

Assumption 7.3 holds. Indeed, @;' has full column rank n if, and only if, ker((~)(;r ) =
{0}, or equivalently,

RO + RO )+ -+ RO o) =R

Using the fact that Z(Wy)* = (ker Ox)*t = Z(0]), e—Akak%(o,j) = Z0]),
and the expression (7.6), it follows under Assumption 7.3 that

RW) ™+ B Wy )+ + B Wy )™
. q=2 i+l .
=ehin(zo)+6, 20+ Y [] 6 e G TR0]))
i=q—mi=qg—1
= e_A;[rT‘I QZ*II‘I* = Rn,
(7.19)
where we recall from Sect.7.2.1 that the second to last equality only holds when the

jump maps G are invertible. Thus, the matrix @qT is left-invertible, so that (@(;r )y =
(O4 @qT )_l@q, where 1 denotes the left-pseudo-inverse. Let us now introduce the
matrix

.
q q —
Of Wl Zgzq(17)

T
4 q - q—1 q
Oqu* (qum*Zq_m*zq_m* (tqu*) - Zl:q—m* lI/I él)
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so that the arguments of the matrix ‘ngm* are z, (tq_ ), Zg—1 (tqi] )s e s Zg—mt (tqim*)
and &, 1, ..., &;_nr. It then follows that
21 = O R 1)), 2w (U ) Eg 1o g
= Bg(zq(y ), -, Zq—m*(lq__m*)» g1, Eg—m¥). (7.20)

Once again, it is seen from (7.20) that, if we can estimate zx (¢, ), k = g — m*,

.., g, without error, then by (7.20) the plant state x (tq_ ) is exactly recovered because

X (tq_ )=1x (tq_ )—X (tq_ ), and both entities on the right side of the equation are known.
However, since this is not the case, we set &, to be an estimate of i(tq_ ) through

Eq = Eq(zq(tq_)v 2q—1(t[;_1)1 cees 2q—m*(t¢;,m*)v ‘Eq—lv cees éq—m*)v q > m*

(7.21)

and for 1 < g <m* we let £, = 0. The following theorem now states that if the
estimates used in (7.21) are good enough, then the resulting estimate converges to
the actual state asymptotically.

Theorem 7.6 Consider the observer proposed in (7.7) under Assumptions 7.3-7.5
and also assume that the jump maps G4, q € N, are invertible. If the error correction
vector &, is computed using (1.21) inwhich Z;, j = q, ..., q —m* are obtained from
the Luenberger observers (7.14), then the output injection gains L ; in (7.14) can be

chosen such that
tlim |X(®) — x()| = 0.
— 00

To complete the design procedure, we need to choose the gain matrices Ly, g € N.
This is done in Sect.7.3.2.1, where we analyze the state estimation error resulting
from injecting the expression for &, from (7.21) in Eq. (7.8).

7.3.2.1 Error Analysis and Gain Criterion

The gain matrices L, g € N, are basically chosen such that X(#;) converges to zero
as g increases, because it follows from (7.8) and Assumptions 7.4 and 7.5 that the
estimation error X (¢) for the interval [t,, ;1) is bounded by

()] =l R (1] < "% (1))
with constant a such that |A, || < a, and thus,
[£(0)] < e*P1E(1)).
Therefore, if |X(#;)| — 0 as ¢ — oo, then we achieve that

lim |Z(7)| = 0. (7.22)
—> 00
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Since the operator .Qme* is linear in its arguments, it is noted that,

X(tq) = Gq(x(t;) — &) (7.23a)
= Gy (Fq g ), 2w (O ) Byt )

— BgCqlty)s o 2gme () £t sq—_m*)) (7.23b)

= GO 2 Gt Zgm (1 ) 0, 0) (7.230)

A

where Z; :=2; —2j, j =4, ...,q —m*. It follows from (7.13) and (7.14) that

Ziltjo) =2j(tj-1) —zj(tj_1) = 0— Z] 2 (t;_1),
and

~ — _LR .~ _LR . T,.,
Zj(tj)ze(sf J /)szj(tjq):—e(sf i /)Tijx(tjfl).

Plugging this expression in (7.23), and introducing the matrices M?, for j =
qg,.q —1,...,q —m*, as follows:

(M, M\, MY ] =G (0]) %
.
blockdiag (©f . O Wi, ..ol Lwl w)
(7.24)
we obtain
q
Ry = D MIZje S RNz 5@ ), (7.25)
j=q—m*
where we note that the argument of every n X n matrix M; 1 j=qg—m* -, q,is
the vector (7, ..., Ty—m++1) because of the matrices llfq in the deﬁnmon

In order to bound the norm of X (#,), one can always ﬁnd the constants o, y; > 0
such that ||Zje(S/_LfR-f)T-/ Z;rll < aje”Vi%i. With constants )\‘JI. > 0 denoting the
induced norm of M;.I, we get

q
)l < D7 Maje TR ). (7.26)
j=q—m*
If for each ¢ > m*, and j = g —m®*, ..., g, the gains L are chosen such that
1

A?aje_yfff <c<

m* + 1
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(such a choice is always feasible [12, Lemma 1]), then

q
Bl <c D 1R -1

Jj=q—m*

One can now use [19, Lemma 1] to conclude that lim,_, o |X(#;)| = 0.

Algorithm 7.1 Implementation of hybrid observer for invertible jump maps
Require: u, v, y

Ensure: Run (7.7) for ¢ € [fg, tm*+1) With some x (#9)

1: forallg > m* 4+ 1 do

2: for j =g —m*toqgdo

3: Compute the injection gain L ; such that

1MIZje S LiRT 7T < ¢ < (7.27)

m*+1°

Obtain Z; (t;7) by running the individual observer (7.14) for the j-th mode.
end for
Compute &, from (7.21) , to implement (7.7).
Compute % (z,) using (7.7) and run (7.7) over the interval [z, 7,41).
end for

RNk

7.3.3 Error Correction for Non-invertible State Reset Maps

The formula for &, computed in Sect.7.3.2 is only valid for the case of invertible
jump maps. To derive a more general formula, which is also valid for the case of
non-invertible jump maps, we basically follow the same procedure but the details are
slightly more involved.

For p,q € Nwith p < g, let Q(II, and Ng be matrices such that their columns are

.
an orthonormal basis of ¢~ ™ Q?, and e4% N/, respectively. The corresponding
projections of )E(tq’ ) onto these subspaces are defined by letting xg = Q?,T)E(tq’ )

and v?, = NgTi(tq_ ). Thus, it is seen that in addition to (7.15), another way of
expressing X (z,") is:

—1
.
04 [x]q)

P q} = Qhx} 4+ Nivi. (7.28)
Ny Vp

i(tq_) =

The definition of XZ implies that it contains the information of the error )E(tq_ ),
which we are able to extract from the output on the interval [¢,_1, t,) as given by the
observability space ,"27,. For ¢ > m*, the forward observability assumption ensures
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that ngm* contains all information of %(z,); in fact ngm* is then an invertible
matrix, and hence the equation x;]_m* = QZ_Tm*)?(tq’ ) is uniquely solvable for )E(tq’ ).
Thus, once again we are interested in representing Xx(z,) only in terms of
the known vectors X;[, and eliminate its dependency over the terms involving
v?, j =4q,q9—1,...,q —m*. For that, we once again introduce the matrix @}
whose columns form the basis of the subspace ,@(eAq“ Wt G, Ng)L; that is,

01T a1t G, N 0, (7.29)
Compared to the case treated earlier, the key difference is that we do not transport

the observable components of the individual subsystems to one time instant through
the state-transition matrix. Instead, we gather all the observable information for

i(t;_l) over the interval [t,_1, t,_1) into the vector x,‘f—l, p < g, and combine it
with the local observability information z, (1) for )E(tq’ ) obtained on the interval
[t4—1.1;) in order to recover more information for )E(tq_ ), represented by X[q,. For

that, the following relationship between )?(tq’ ) and xg_l, p < q,1s crucial:
f(l‘q_) = M Gq—l(i(t,;,l) - ";:qfl)
= MGy (Q‘,’flxﬂ_l +NZ_11);],_1 —5,171). (7.30)

Combining this with (7.15) we obtain

Z,;r o Zq(tq_)
= 1T - -
ot )=o)
g—1

and hence we have more information about )E(tq‘ ) by combining z4(7,) and xp
accordingly. Now, consider a full column rank matrix U,q, such that

124, 057 Uf = 09,
Such a matrix always exists because from the definition of Qg and Z,, we have
-1
RO =R(Zy, 05 D).
From x} = Q?,T)E(tq’ ), it now follows that

|z,
xp=Up |: qEIT:|i(lq)
Op
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Zq(l;)
vl T g (7.31)
P (@Z 1 (eAqquq_l (Q;’, IXZ 1_5‘1_1))
T _
_yiT | L - ( Fazally) ) (7.32)
0 |@Z_1 eAqthq_l Q;]? X? - sq—l
2 1824z + K5 (05 08 —801). (7.33)

Note that (7.32) expresses the vector Xg recursively in terms of Xg_l . Recall that
Qg = R(O;)J- = #(Z)), hence we can assume Qg = Z, and we have the “initial
value” for the recursion (7.32) given by x ,f = Zp.

If 24w, ..., zg were known, then we would be able to compute the error )?(tq_ )
exactly and would pick &, = )E(tq’ ). Since this is not the case, we work with the
estimates qum*, R 2q to compute &;.

In summary, having introduced the matrices Z, as in (7.15), Q% as in (7.28), and
@Z asin (7.29), for g € N, we let

0, 1<g<m*
= o e 7.34

where )25:,1:[*’ fork =m* — 1, ..., 0, is computed recursively as follows:

Ky = g (7.35)

~q—k —k ~ —k —k—1 ~qg—k—1 :

e = I ZgiZamk + K e (QIAT R0 — E4mim).
and

zT 0
-k pq—k 1. g—k T | “q—k
9 . K" :=U0", e T . (7.36)

Using the formula for &, in (7.34), we can again state a result very similar to
Theorem 7.6, but this time we do not place any constraints on the jump maps.

Theorem 7.7 Consider observer (7.7) under Assumptions 7.3-7.5. If the error cor-
rection vector &, is computed using (7.34) in which ngm* is computed in a recursive
manner from Egs. (7.35) and (7.36), then the output injection gains L j in (7.14) can
be chosen such that

lim |£(f) — x(t)] = 0.
=00
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It just remains to show how well i;’fm* should approximate x;tm* by appropriate
choice of gains L, j € N. Once again we motivate the gain criterion by analyzing
the error.

7.3.3.1 Error Analysis and Gain Criterion

As in Sect.7.3.2.1, we want to derive a gain criterion for L;, j € N, such that
lim,_, o [X(t;)| = 0. It is noted that, for ¢ > m*:

F(tg) = Gg(F(1;) — &) = Gg O (X e — %)
= —Gg0f w i e (7.37)
where )Zg_m* = )A(g_m* - qu_m*- In the sequel, we will derive an expression for

)Zg_m* for a fixed ¢ > m* and plug it in (7.37) to show that |X(¢,)| converges to zero
as g increases for appropriate choice of the matrices L, j € N.

Toward this end, we first compute the difference 7, := Z, — z4, for ¢ € N as
follows:

Z(ty) =24 (1)) — 2q (1) = €S 7Ha ROz (1, 1) = = A, Z, K1y ),

Sl] _L‘I R‘]

where we define A, := el )% As a first step in arriving at the expression for

79 . weobserve that 77 ™ =%, _a(t_.) and we compute 77 ™ T as follows:
qum*’ qum* =Z2g—m g—m* p qum* .

~g—m*+1 _ ~g-m*+1 g—m*+1
Xg—m+ = Xg—m* — Xg—m*

R . - g-m'+1 . -
= Jq,m* qum*+lzqu*+l(tq_m*+1) + qum* 2w Zg—mt (tq,m*)

1
q—m*+1 T =~
- E (Vq—m*,q—m*+i Zg—wr+i Ag—m*+i Zq_m*+ix(tq—m*+i—l)),
i=0

where
qg—m*+1 . pg—mt+1
Vq_m*’q_m* = Kq_m* (7.38a)
q—m*+1 . pq—m*+1
Vq—m*,q—m*-H = Jq_m* . (7.38b)
Finally, by introducing the matrices,g > m*, k =m*—2,...,0andi =0, ..., m*—
k—1
—k —k
V. gk = (7.38¢)

q—k 9k ~Nqg—k—1:,q—k—1
qum*,qu*Jri T Kq— *Qq—m* qum*,qu*+i (7'38d)
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the expression for )ZZ__,];*, k=m"—1,...,0, is derived recursively:

~q—k _ ~q—k q—k
Xq m*_Xq m*_Xq —m*

k S - —k
= Jqq_m* Zq—kzq—k(lq_k) + K] 00"

q—m*

—k— l~q —k—1
g—m* qm*

T ~
- 2 V—m*q m* i q m*+iAqu*JriZq_m*.H‘x(tqu*Jrifl)~

Plugging this expression for )ZZ_m* in (7.37), we now obtain

(ty) = G40 . Z GZiAZ] E (). (7.39)
_q —m*
If, for each k = 0,...,m*, and ¢ > m*, the output injection matrices Ly are

chosen to minimize the norm of A, _x such that

1G g O eV eyt Zg—k Mgk Zg 4l < € < m*1+1’ (7.40)
then it follows that .
Rl <c D FE-1I.
i=q—m*
We can again invoke Lemma 1 from [19] to obtain lim,_,~ |%(#;)| = 0, which

proves the desired result.

Algorithm 7.2 Hybrid observer for systems with non-invertible jump maps
Require: u, v,y
Ensure: Run (7.7) for ¢ € [tg, t*+1) With some X (zp)
1: forallg > m* + 1 do
2: for j =g —m*toqdo
Compute the injection gain L ; such that (7.40) holds.
Obtain Z; (zj‘) by running the individual observer (7.14) for the j-th mode.
end for
Compute &, from (7.34), (7.35), and (7.36), to implement (7.7).

Compute X(z,) using (7.7) and run (7.7) over the interval [z, 1441).
end for

IR ANNARE S
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7.4 Illustrative Examples

‘We will now apply our results for two academic examples. The first one considers the
case without any state resets, and in the second case, we consider switching dynamics
with non-invertible state reset maps.

7.4.1 Invertible State Reset Maps

Consider a switched system given by:

00 01
Agg—1 = |:O O]’ Ag = |:_1 0}, k=1

Cu—1=[10],  Cu=[00], k=1

with Gy =1, H, =0, B =0, and D; = 0 foreach k > 1.

We assume that each mode is activated for t seconds and t # km for any k € N.
For simplicity, let us call [(2k —2)7, (2k—1)7), k € N, an odd interval, and the mode
active on the odd intervals as the odd mode. Similarly, the intervals [(2k — 1)7, 2kT),
k € N are called even intervals, and the mode active on these intervals is called the
even mode. We also use the notation g, k, for odd positive integers and ge, ke for
even positive integers. It can be verified that the system is forward observable over a
time interval that involves the mode sequence odd — even — odd. Hence, we pick
m* = 3 so that Assumption 7.3 holds. With an arbitrary initial condition x(0), the
observer to be implemented is:

10 = Auif) 2k —2)T, 2k — 1 41
(1) = Com1 (1) ] t €2k =27, 2k = Do), (7.41a)
)é(t) = Ay x (1) e a p
() =C2k£(t)]’ t € [2k = Dz, 2k1), (7.41b)
B) =2(t) — &, keN (7.410)

In order to determine the value of &, we start off with the estimators for the observable
part of each subsystem, denoted by z, in (7.13). Note that the odd mode has a
one-dimensional unobservable subspace, whereas for even mode, the unobservable
subspace is R?. Let 74, represent the partial information obtained from the odd mode,
and z4, be a null vector as no information is gathered from the even mode. So the
one-dimensional partial observer in (7.14) is implemented only for odd intervals.
Also, for the odd mode, we obtain:

10 0 1
0q0:|:00:|’ quz |:1j|’ Z‘io:|:0j|’
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so that S, = 0 and R;, = 1, which yields the observer in (7.14) as

é‘]0 = _lqnzqn + lqoj;’ re [(qO - ])T, qOT),

with the initial condition 2%((q0 — 1)7) = 0, and y being the difference between
the measured output and the estimated output of (7.41). The gain /;, will be chosen
later (see (7.42)). For the even mode, we get W,, = Irx2, and Oy, = 02x2, so that
Zgy., Sq.» and R, are null-matrices.

The next step is to use the value of Z,, (15,) to compute &, k € N, using the
procedure outlined in Sect.7.3.2. The matrices appearing in the computation of &
are given as follows. For every g. > 3:

wh [ cos2t sin2r _ @t . — | cos 27
ge=3 —sin 27 cos 27 qe—3 —sin27 |’
ge __ | cosT sint e _

Yoer = | = sint cost | Oge—2 = null,

gle | COST sinT| g | cosT
ge—1 —sinT cosT ge—1 —sint |’

Wl = Ly = ©F¢ = null

where, as a convention, we have taken @73 as a null matrix whenever Z (¥ j‘.]e w j)l =

{0}. Using the matrices @?e, Jj =¢e—3,...,qe, we obtain for every g. > 3:

COST COS2T
Oy, = [@qe o ] —| ST
e qe—1 “ge—3 —sint —sin2t

Thus, for every ge > 3, the error correction term &, can be computed by the formula:
6 o 2ge 1t ) — g1 (D)
9T e | 2 3(t,_3) — Ego3(1) — [cos T —sinT](Ege 2 + Eg1) |’

where we use the notation &, () to denote the jth component of the vector &,. Next,
for every g, > 3, we repeat the same calculations and obtain

1 cost
o _ | @4 9o _
Ogo = [Oq" O‘IO_Z] - |:O —sin ri|

which further gives

— T
éq" - Oqo

Zg,(t50) i| .

[2q0—2(tq_0_2) —&4,2(1) —[cost —sinT]&; |
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To compute the gain [, , we note that ng, Mg:fz are null matrices, and

sin 27 0 1 0

qe _ si qe _ -

MQe—l - [& ():| and qu—3 - |:_09l 0:| :
sin T sin T

Also, for ¢, > 3, M;’:fl and M;’:]LS are null matrices, and
L T1o0 . 0 0
M = [M O] and M , = [_.; 0:|.
sSintT SiIn Tt

By taking /,, equal to  for each g,, and computing the induced 2-norm of the matrix,
itis seen that, max,—3<j<g, j:odd,g>3 ||M;? Z1eSi=IRDT ZiT || = ¢! /| sin 7|. So, the
lower bound for the gain /, is obtained as follows:

el 1 1 o L4
< = — > —1n .
|sint] m*4+1 4 T |sint|

(7.42)

It can be seen that the singularity occurs when t is an integer multiple of .
Moreover, if T approaches this singularity, then the gain required for convergence
gets arbitrarily large. This shows that even though the condition sin T # 0 guarantees
observability, it may cause some difficulty in practice if sin T & 0. This also explains
why the knowledge of the switching signal is required in general to compute the
observer gains.

Fig. 7.1 State estimation error in xj and x,
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The results of simulations with T = 1, and [ = 2, are illustrated in Fig.7.1. The
error initially evolves according to the (marginally stable) system dynamics as no
correction is applied till #4. When the error correction is applied, there is a jump in the
state estimation error, which highlights the hybrid nature of the proposed observer.

7.4.2 Non-invertible State Reset Maps

We next consider an academic example of a third order (n = 3) switched system
with three modes where A, B;, H;, Dy, q € N, are zero matrices of appropriate
dimensions. The output measurements are given by:

Cyk—2=[100], C3-1=[010], Cx=[001], k=1,

and the state reset maps are:
110
G3k—2 = G3k = I3x3, G3p—1 = [(1)(1)?], k>1.

For this system, it can be checked that the Assumption 7.3 indeed holds, that is,
dim Qq_m* = 3, for each ¢ > 2, where we take m* = 2. The observer (7.7) is now
implemented to obtain the state estimate in which we let §; = & = 0.

For g > 3, the following expressions are obtained for the vector &, using the
calculations in Sect.7.3.3:

Z3k—2 + Z3k—1 &Ek—2(1) + &1 (1) + E3k—-1(2)
Gr=|Zk—2+2m-1 | — | HBr2D+E (D +E312) |, k=1,
23k 0
et FE() = 5E(2)
G = 0 ) | HEw@ - ) |, k=1,
3k £1(3)
Z3k+1 &r+1(1)
Ekt2 = | Z3k+2 | — 0 L k> 1,
23k &r113) + &31(3)

where the short-hand Z, is used to denote Z, (tq_ ), which for each ¢ € N is obtained
from the following equation:

2,0 = —1,5(0), t€lty_1,1y), 5(tg_1) =0.

For simplicity, if we let [, =/, and 7, = 7 for some /, T > 0 and each ¢ € N, then
the condition (7.40) boils down to:
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Fig. 7.2 The plot shows the state estimates X;, i = 1, 2, 3 (dashed lines in blue) converging to the
actual states of the plant x;, i = 1, 2, 3 (solid lines in red)

1 log3+/2
Vioetr Loy 32
3 T
For t = 1, the simulation results are shown in Fig.7.2. The plot shows the

continuous and discrete nature of the error dynamics where the estimate does not
improve between the two switching instants and only when the correction &, is
applied, the estimate gets closer to the actual state value.

7.5 Conclusions

This chapter has addressed the problems of observer design for switched linear
systems with state reset maps based on a notion of observability, which does not nec-
essarily require the observability of individual subsystems in the classical sense. The
proposed state estimators apply error correction only at discrete switching instants
and are inherently hybrid in nature. The examples considered in this chapter are
purely academic, but it is not difficult to encounter practical systems where such
techniques could be applied. First and foremost application that comes to mind are
the electrical circuits: Multicellular converters could be modeled as switched systems
where each mode is not observable. Our observer design has been used to study diag-
nostic problems in such systems [24]. Another instance of the utility of our observer
design in a power converter has been reported in [11].
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Although, we only consider the linear systems with ordinary differential equations
in this chapter, the ideas presented in this chapter have been applied to a more
general class of systems. The first of these extensions has been studied for the case
when the dynamics of individual subsystems are represented by differential-algebraic
equations [22]. Such systems have more structure because the solution only evolves
in the consistency space determined by the algebraic constraints of individual modes.
The state jumps in these systems are also determined by the algebraic constraints,
and moreover the solutions of such systems may contain derivatives of jumps for
which we adopt the distributional framework proposed in [23].

In another related work, we have used similar ideas to study the problem of
observer design in switched nonlinear systems [14, 15]. The major difficulty in deal-
ing with nonlinear systems is that one cannot explicitly solve the system equations to
transport the observable information from one time instant to another and neither this
map is expected to be linear. Thus, we have to introduce some additional assump-
tions on the dynamics of individual subsystems that allow for previously recovered
information (or part of it) to flow through the unobservable manifold of the following
subsystems without being perturbed by the unknown variables. This approach leads
to a sufficient condition for forward observability, and the observer design based on
this approach has somewhat different structure than the one proposed in this chapter,
as one would expect it to be the case when making transition from linear to nonlinear
systems.
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