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Abstract

The problem of input-to-state stability (ISS) and its integral version (iISS) are con-
sidered for switched nonlinear systems with inputs, resets and possibly unstable
subsystems. For the dissipation inequalities associated with the Lyapunov function
of each subsystem, it is assumed that the supply functions, which characterize the
decay rate and ISS/iISS gains of the subsystems, are nonlinear. The change in the
value of Lyapunov functions at switching instants is described by a sum of growth
and gain functions, which are also nonlinear. Using the notion of average dwell-time
(ADT) to limit the number of switching instants on an interval, and the notion of aver-
age activation time (AAT) to limit the activation time for unstable systems, a formula
relating ADT and AAT is derived to guarantee ISS/iISS of the switched system. Case
studies of switched systems with saturating dynamics and switched bilinear systems
are included for illustration of the results.
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1 Introduction

Switched systems—comprising a family of dynamical subsystems orchestrated by a
piecewise constant switching signal—provide a mathematical framework for model-
ing systems where the state trajectories exhibit sudden transitions, either due to instant
change in the vector field or due to jumps in some of the state variables [16,17]. A
canonical approach for stability analysis of such systems is to develop characteriza-
tions based on the stability properties of the individual subsystems, and the effects
observed at switching times. When all subsystems are stable, the undesired instabil-
ity effects may occur at switching times. In such cases, if one restricts the frequency
of switching times over an interval, then the decay in the norm of state trajectories
can overcome the growth at switching times. Such slow switching results are usually
obtained by imposing lower bounds on the dwell-time or average dwell-time (ADT)
between switching instances [13]. In the case when some subsystems are unstable, one
needs to restrict the activation time or average activation time (AAT) of these unsta-
ble subsystems in order for the resulting switched system to be stable, and this has
been studied in [21,34,35]. For switched linear systems, stability conditions based on
matrix measure can also be used to determine stability when the switching signals are
periodic [23], and this criterion is later extended to switching signals satisfying asymp-
totic AAT constraints [33]. Meanwhile, it is also possible to consider cases where the
continuous dynamics of all the individual subsystems are unstable, but the impulsive
effects from switching between these subsystems stabilize the system [30]. Conditions
describing how fast such stabilizing impulsive effects must occur are captured under
the notion of reverse average dwell-time (r-ADT), introduced in [12].

An additional important element that we incorporate in our stability analysis of
switched systems is the presence of inputs or disturbances. For nonlinear systems,
in general, quantitative relationships between the norm of the state trajectories and
the magnitude of the inputs are appropriately captured by the notion of input-to-state
stability (ISS), or its integral variant, integral input-to-state stability (iISS). These
notions have been pioneered in [26] and [28], and since their inception, these tools
have been used for analysis and design purposes in many control-related problems. In
the context of switched systems under arbitrary switching, converse results regarding
the existence of ISS and iISS Lyapunov functions first appeared in [19], and some
implications relating ISS and iISS for switched systems have been developed in [8].
Switching dynamics with reset maps can also be captured by the framework of hybrid
systems [7], and ISS characterizations via Lyapunov functions for hybrid systems
have been developed in [3,4]. Relaxing certain assumptions in these works, along with
some developments based on converse results, iISS characterizations via Lyapunov
functions for hybrid systems appear in [22]. However, these results do not explicitly
work out the stability conditions for switched systems in terms of the data associated
with individual subsystems.

Combining the aforementioned two directions of research, it is rather natural to ask
whether the Lyapunov characterizations for individual subsystems can be combined
with ADT and AAT notions to obtain sufficient conditions for ISS/ISS of switched
systems with inputs. This question has indeed been addressed in the literature in dif-
ferent settings. When a switched system has only one mode, it becomes an impulsive
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system, for which the ISS and iISS properties are studied in [12,20]. While the result
[12, Theorem 6] provides conditions for the impulsive system to be iISS under arbi-
trary switching even if the decay rate is nonlinear, growth in the Lyapunov function
when impulses occur is not allowed in that result. On the other hand, the work [20]
relaxes both the decay and growth rates to be nonlinear, and concludes sufficient con-
ditions on the impulse sequence so that the time-varying impulsive system is ISS. For
switched systems with multiple modes, the paper [31] provides a lower bound on the
dwell-time and the paper [29] provides a lower bound on the ADT in terms of the
data associated with individual ISS subsystems so that the switched system is ISS.
Later the paper [21] relaxes the assumption of all ISS subsystems and allows possi-
ble unstable subsystems. A result on ISS switched system is concluded in that work
when the switching signal satisfies both ADT and AAT conditions. Nevertheless, a
major restriction of these works on switched systems is that the results require the
assumption that both the decay rates in the inequalities associated with the derivative
of Lyapunov functions and the growth rate in the value of the Lyapunov functions at
switching instants are linear. This assumption becomes overly restrictive when study-
ing iISS.

Compared to the aforementioned references, the major contribution of this work
is to study ISS and iISS of switched systems with nonlinear decay rate in the dissi-
pation inequalities associated with the Lyapunov functions of individual subsystems.
In other words, using the terminology from [27], we consider Lyapunov functions
for each subsystem with nonlinear supply functions. Moreover, the change in the
value of Lyapunov function at switching times is also described by nonlinear growth
function. This setup was, in particular, adopted in the conference version of this
paper [18], and the previous independent work of the authors [25,36]. While [36]
provides the construction of an ISS Lyapunov function to find the lower bounds
on ADT for stability of cascade interconnections, the present work uses a concep-
tually similar approach for a broader class of switched systems and extends the
study to iISS. In contrast to [25], where the analysis is carried out using trajectory-
based methods with nested comparison functions, this paper makes transition from
dwell-time conditions to a more quantitative ADT estimate. In our conference paper
[18], we only study switched systems whose subsystems are all (i)ISS and the
growth of the Lyapunov functions at the switching times is not allowed to depend
on the input. Such assumptions have been relaxed in this work and consequently,
a generalization of the results in [21] is obtained with a Lyapunov-function-based
approach that allows us to handle additional nonlinearities in the supply func-
tions.

The rest of the paper is organized as follows. After some necessary preliminaries
about switched systems given in Sect. 2, our main result is stated in Sect. 3 with some
discussions about the validity of its assumptions. Section 4 contains the technical
tools used to prove our main result. Case studies of switched systems with saturating
dynamics and switched bilinear systems are provided in Sect. 5 for illustration of the
results, followed by the conclusion in Sect. 6.
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2 Preliminaries

In this section, we introduce the basic notation of comparison functions, the definition
of switched systems and switching signals, and the definitions of ISS and iISS of
switched systems.

Comparison functions A function o : R>9 — R is said to be positive definite if it
is continuous, «(0) = 0 and «a(s) > O for all s > 0. If « is also strictly increasing,
then it is said to be of class K. In addition if « is also unbounded, then it is said to be
of class Koo A function § : R>o x R>g — Rxq is said to be of class ICL if B(-, 1)
is of class K for each r € R, B(s, -) is continuously decreasing and (s, t) — 0 as
t — oo for each fixed s € Rxq; see [14, Chapter 4] for their use in formulation of
common stability notions. In addition, we require class LL functions: A function
B 1 Rsp x Rsp X Rxo — Ry is a class LLL function if B(-, -, j) is a class KL
function for each j > 0 and S(-, t, -) is a class KL function for each s > 0.

Switched systems Let P C N. For each p € P, there is a vector field f), : R" x R" —
R”, bluewhich is jointly locally Lipschitz in its arguments. The differential equations

i=f(0), peP M

are the dynamics of the subsystems or modes of the switched system with input w :
R-o — R™. For each pair (p,q) € P x P, there is also a continuous jump map
gpq - R" x R™ — R" It is assumed that for each p € P, x € R" and w € RY,
the set G, (x, ®) := {gp,4(x,w) : g € P} C R" is closed. Let X' be the set of all
right-continuous, piecewise constant mappings from Rxo to P with a locally finite
number of discontinuities, called switching signals. For each switching signal o € R
define

T(o):={t>0:0()#0c(t)} 2)

In other words, 7 (o) is the collection of switching instants. With these data, we
consider switched dynamical systems with inputs and resets, described by

X)) = fouy(x(@), w(1) ifr ¢ 7(0), (3a)
x(1) = 8o().0(0(x (7)), w() ift € T(0), (3b)

where @ : R>o — R” is locally essentially bounded on Rx( and bounded on 7 (o).
We note that, over an interval [fg, t) where o is constant, (3a) is seen as a time-
varying differential equation with possible discontinuities due to inputs. The solution
of (3a) is, therefore, interpreted in Carathéodory sense over such an interval [fg, #1),
see [10, Sect. 1.5]. With f,(-, -) locally Lipschitz in both arguments, the conditions
for existence of Carathéodory solutions hold [10, Theorem 5.1, Page 28]. We call (3a)
the continuous flow and (3b) the discrete jumps. We denote the solution of (3) with
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initial state xo, input @ and switching signal o by x(-; x9, w, o). When xo, w, o are
clear from the context, the solution is also abbreviated by x(-).

Switching signals We now specify the class of switching signals for which we study
the stability of the system (3). We write the set P as a disjoint union P = Ps U Py,
and introduce two different notions which constrain the class of switching signals.
Conceptually, the class of switching signals with ADT constraints puts an upper bound
on the average number of switches over any time interval. According to [13], we say
that a switching signal o satisfies average dwell-time (ADT) condition with parameters
7, > 0 (average dwell-time) and Ny > 1 if

th —t
Vip >t1>20: Ny(t1,n) < No+ SR 4

Ta

where N, (t1, 1) is the number of switches occurring in the interval (¢, f2]:
Ny (t1, 1) = |(t1, 2] N T (0)]. We denote Xapr (T4, Ng) to be the collection of all
ADT switching signals with parameters t,,, Np.

The second constraint provides a bound on the activation time for the modes con-
tained in Py. Following the definition in [21], we say that a switching signal o satisfies
average activation time (AAT) condition with parameters 1 € [0, 1] (percentage acti-
vation time), Ty > 0, if

Vio >t1 >20: T, p,(t1,0) < To+n(t2 —11), ©)

where T;; p, (11, t2) is the activation time of modes in P, over the interval (1, #]. More
precisely, if we consider the function 1p, : P — {0, 1}, defined as

5. (o) = {1, ifo € Py, ©

0, otherwise,

then T, p, (t1, 1) := f;lz 1p, (o (1))dt. We denote Zaat(Pu, n, Tp) to be the collec-
tion of all AAT switching signals of modes in P, with parameters 7, 7y. Notice that
the AAT condition is always with respect to the set P,, which we later associate with
the collection of subsystems with not necessarily stable dynamics. In addition, in the
special case when n = 1, (5) imposes no constraints on the activation time and hence
the switching signal can be arbitrary. On the other hand, when 7o = 0 and < 1, (5)
implies that modes in P, are not activated at all.

Stability definitions Let ¥ C X be a set of switching signals. In this paper, we will
focus on the following two uniform external stability properties of switched systems
with respect to all switching signals in X'. In what follows, the essential supremum
norm of w over a set / (that is, the supremum of w on I except for a set of measure
zero) is denoted by esssup,; [w(s)].
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Definition 1 A switched system (3) is uniformly input-to-state stable (ISS) over X if
there exist 8 € KL, y1, y» € K such that

|x(z; x0, @, 0)| = B(|x0l. 1)

+y1(ess Supscio. N\ T (o) Iw(s)|)+yz< sup Iw(s)l) (7
5€[0,¢11N7T (o)

forallt > 0,xg e R"and o € X.

Definition 2 A switched system (3) is uniformly integral input-to-state stable (ilSS)
over X if there exist ag € Koo, B € KL, y1, v2 € K such that

t
ao(lX(t;XO,w,U)l)Sﬂ(IXOIJ)Jr/O yido@hds+ Y nloG)) ®)

s€[0,11N7 (o)
forallt > 0,xp €e R*,and o € X.

Our definitions of ISS and iISS are adopted from [3] and [22]. Notice that the last terms
in (7), and in (8) do not appear in standard definitions of ISS and iISS for non-switched
systems; these additional terms are needed in our framework to capture the growth
of state trajectories at switching instants due to the presence of inputs in the jump
dynamics (3b). We also remark here that both ISS and iISS can be defined in an even
stronger way that the magnitude of the solution is in addition required to decrease with
respect to the total number of switches so far. However, such stronger definitions are
not necessary for the development of our results. Some discussion around this issue
appears later in Remark 5.

3 Assumptions and main results

We now state some assumptions on the data of system (3) required for the statement
of the main result.

Assumption 1 There exist C' Lyapunov functions Vp i R" — Rxq, p € P, satisfying
the conditions:

(L1) There exist o, @ € K such that
a(x]) < V,(x) <@(x]), VxeR" peP. )

(L2) There exist a disjoint partition P = Ps U Py, two positive definite functions
o, ay, and y € K such that

(210, fp(x o)) =~ (Vo) + y(Jol) Vx € B w e B, pe Py,
(10a)
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and

<%Vp(x), fp(x, a))> <a(Vp(x) +y (o)) Yx eR" wcR" peP,.
(10b)

(L3) There exist x € K, p € K such that
Va(gp.q(x,®) < x(Vp(x)) + p(lw]) Vx eR", 0w eR", p,g eP. (11)

Remark 1 For each subsystem in Ps, (1) and the condition (10a) in (L.2) provide a
necessary and sufficient condition for it to be iISS [2]. In addition, if it is assumed that
as in (10a) is Ko, then each subsystem in P is ISS.

Remark 2 The partition Ps, P, is not necessarily an indicator whether a subsystem is
iISS or not. Indeed, when a subsystem is not iISS, (10a) will not hold for any choice
of V,, but (10b) may still hold. However, even if a subsystem is iISS, it may still lead
to the inequality (10b) due to the improper choice of V). In this case this subsystem
needs to be categorized to the set Py.

Based on Assumption 1, we introduce the function ¥ : R>g — R0 as
Y(t) == min {os(r) +c(t —r)} (12)
rel0,t]

where ¢ > 0 is some constant. The next assumption bounds the divergence rate for
the subsystems in Py:

Assumption 2 The supremum

ay(r)

v(r)

13)

K :=sup
r>0

is finite, where o, comes from (L2) in Assumption 1 and ¢ is defined in (12).

Our last assumption will be instrumental in deriving a lower bound for ADT in a
similar fashion as in [36]:

Assumption 3 The supremum

x(s) q
* = d 14
¢ fﬂ%fs v (14

is finite, where y comes from (L.3) in Assumption 1 and v is defined in (12).

We are now ready to state the main theorem of this paper:
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Theorem 1 Consider the switched system (3) and suppose that Assumptions 1, 2, and
3 hold with the function v constructed via (12) for some ¢ > 0. If T, > (¥, then for
every n € [0, 1] satisfying the inequality

*

(1+/c)n+i— <1, (15)

a

the system (3) is uniformly iISS over X apT (T4, No) N ZaaT(Pu, n, To) for any Ng > 1
and Ty > 0. Moreover, ifin (L2) as € Ko, and T, > ¢*, then system (3) is uniformly
ISS over X aptr(ta, No) N Xaar(Pu, n, Ty) for every n € [0, 1] satisfying (15) and
any No > 1, Ty > 0.

To provide some insight about Theorem 1, let us consider its application to some
special types of switched systems. We first consider the case when all the subsystems
are ISS/iISS. In this case, we can always find V), satisfying (10a) in (L2) for all p € P
so that P, = @. Hence, the AAT condition vanishes and we could simply set = 0.
As aresult, (15) reduces to 7, > ¢*. In other words, in this case the switched system
(3) is uniformly ISS/ISS over Y apt(t,, No) for any 7, > ¢*, No > 1.

We next consider the case when the switching does not introduce jumps in the
Lyapunov functions evaluated along the solutions of the unforced system, so that
x = id. We then conclude from (14) that ¢* = 0, so by Theorem 1, the switched system
is ISS/ISS with arbitrarily small values of the average dwell-time 7,. In addition,

(15) results in n < ﬁ and the switched system (3) is uniformly ISS/ISS over

(Uz,=0 ZapT(Tas No)) N Zaar(Py, 1, To).

Lastly, we consider the case when the decaying rates and growth rates in (L2), (L3)
of Assumption 1 are all linear; that is, there exist Ag, Ay, # > 0 such that as(r) =
Ast, oy (r) = Ayr, x(r) = wur for all ¥ > 0. In this case, the formula (14) yields

and consequently the inequality (15) becomes

A 1
<1+_“>,7+ e .
As

AsTq

After rearranging the terms, we recover the conditions on 7, and n which guarantee
ISS switched system as stated in [21, Theorem 2]. Thus, our work turns out to be a
generalization from linear to nonlinear setting of the known results in the literature.

Discussion of the assumptions Once we impose some characterizations of the stability
or instability of individual subsystems and the reset maps in Assumption 1, it is seen
that the stability condition in (15) primarily depends on finiteness of x in Assumption 2
and ¢* in Assumption 3. In both the assumptions, the function v constructed in (12)
plays a key role.

1. Note that (12) immediately implies that () < E(t)_:: min{ag(t), ct}. In [18],
we proposed stability conditions using the function ¥ while assuming that it is
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globally one-sided Lipschitz. That assumption is necessary in [18]; for example,
take as(r) = re™" 4+ 1 — cos(r?), then ¥ (¢) is not one-sided Lipschitz for any
¢ > 0. In this work, the Lipschitzness assumption is no longer required because
the function ¥ in (12) has this property by construction, which will be shown later
by Lemma 7.

2. The function ¥ is essentially a global one-sided Lipschitz modification of «s. In
case o is already globally Lipschitz, ¥ can be chosen equal to o by setting ¢
larger than its Lipschitz constant. Functions like o5 (r) = r, ag(r) = In(1 +r) and
ag(r) = re”" are examples of such a case.

3. Combining (12) and (13), we conclude from (10b) that for all p € 7P,
<%V,,(x), fp(x,a))> < kcVp(x) + y(Jo]). According to [1, Theorem 1], this
property in turn implies that these subsystems are forward complete, which is a
very reasonable assumption on the subsystems as one cannot expect the switched
system to be ISS/iISS if an active subsystem has finite escape time.

4. In order to get a qualitative answer to the question of when the switched system is
ISSAISS under slow switching, we need to better understand Assumption 3. The
next lemma states that in order to show that ¢* is finite, we only need to examine
the values of ¥ (s), x (s) for small and large s without computing the integral in
(14). To this end, we say a positive definite function o : R>g — Rxg is initially
increasing if there exists » > 0 such that a(s) < «a(¢r) forall0 <s <t < r, and
eventually increasing (resp. eventually decreasing) if there exists R > 0 such that
a(s) < a(t) (resp. a(s) > a(t)) forall R < s <t.

Lemma 2 The value ¢* defined in (14) is finite when both conditions (a) and (b) hold:

(a) ¥ is initially increasing and lim su LSS oo and
Ps—0 W(é)

X(s)=s
Y (s)

W is eventually decreasing and lim sup_, . 8()(?)5)

(b) ¥ is eventually increasing and lim sup,_, ., < 00, or

< OQ.

Proof We only study the non-trivial case when x (s) > s for all s > 0. By inspecting
the definition of £* in (14), we see that it suffices to show that lim sup; fSX ©) w}n dr
is finite when s approaches both 0T and infinity in order for ¢* to be finite. When v/

is initially increasing, we have ¥ > 0 such that for all s > 0 with x (s) <7,

(s) (s) _
[ by [y s
s v s Y V(s)

Take the limit as s — O+, and it follows from the first condition in Lemma 2
that lim sup; o+ [ () 7 (r)dr is bounded. Similarly, the second condition results in

lim sup,_, o, [** 1/,%r)dr being bounded. m

Itis not hard to see that ¢ * is finite for the linear functions when ¥ (s) = As, x (s) = us
In addition, using Lemma 2, it is straightforward to verify that the nonlinear pairs such
as(P(s), x(s)) =l —e ¥, s+1—e79), (e ¥ (1 —e7¥), In(e 4+ 1)) also ensure finite
¢
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4 Technical tools and proofs

Our proof of Theorem 1 relies on rewriting the switched system into a hybrid system in
the framework of [7] and then showing ISS/IISS of that hybrid system. In this section,
we provide a brief description of hybrid systems, followed by some supporting lemmas
and the proof of Theorem 1.

4.1 Hybrid systems with inputs

Consider the hybrid dynamical system with inputs, which is described as:

EeFE d), (,deC,

£t e0E.d). (E.d) €D, (1o
where the state trajectory & evolves in X C R", and the disturbance d takes values in
R™. The sets C, D are subsets of X x R and are called flow and jump sets, respectively.
The evolution of the state is thus described by F (during flows) and by G (at jump
instants), which are set-valued mappings from X x R™ to X'. The solutions of the
hybrid system (16) are defined on hybrid time domains. A set I C Rxo x Zxq is called
a compact hybrid time domain if / = U]J.;é([tj, tj+1], j) for some finite sequence
of times 0 = 79 < #1--- < t;; and [ is a hybrid time domain if for all (T, J) € I,
IN([0,T]x{0,1,...,J})isacompact hybrid time domain. The domain of the hybrid
input d in (16) is a hybrid time domain, and d : domd — R™ is such that d(-, j) is
Lebesgue measurable and locally essentially bounded for each j € Zxo. When the
system data (F, G, C, D) satisfies certain basic assumptions [7, Assumption 6.5], [3,
Page 48], it holds that, for each input d : domd — R™, the system (16) admits a
local solution, called hybrid arc, & : dom & — X. A hybrid arc £ : domé& — X and
a hybrid input d : domd — R™ are a solution pair to the hybrid model (16) if:

— dom & = domd,;
— for all j € Z>¢ and almost all 1 € R>¢ such that (¢, j) € domé, we have

(@, j).d(t, j)) € Cand &(t, j) € F(E(, j),d(, j)); and
— for (¢, j) € domé& such that (¢, j + 1) € domé& we have (&(¢, j),d(t, j)) € D

and x(7, j + 1) € G, j), d(1, j))-
For an initial state &) and an input d, a hybrid arc of (16) is denoted by &£(:, -; &y, d).
In what follows, we denote the distance between a vector £ € X and a com-

pact set A C X by |&|4, that is, |§] = infrc 4|6 — ¢|. Following [3], for a
hybrid signal d, we use the notation ||d||¢,;) to denote the maximum between

eSSSUP; 24 1ygdomd, i j<i+j |40 DI ANd SUP G 2 chom g i j<isj 14T DI

Definition 3 A hybrid system (16) is said to be input-to-state stable (ISS) with respect
to A if there exist 8, € KLLL and y, € K such that for all § € X and all (¢, j) €
dom &, each solution pair (&, d) satisfies

1§, js 0. d)a = BullSola. 2, ) + vullldla, jy)- a7)
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Definition 4 A hybrid system (16) is said to be integral input-to-state stable (ilSS)
with respect to A if there exist o), € Koo, B € KLL and y;, € K such that for all
& € X and all (¢, j) € dom &, each solution pair (&€, d) satisfies

t
an(|€(, j: o, d)].a) = Br(lSola. 1. J) +/0 Yu(ld (s, ja,s))ds

+ ) wdd. D (18)

(?,j+1)edomd
f+j<t+j

where j; ; ;= max{i € N| (s, i) € domd}.

We can also characterize ISS and iISS using Lyapunov functions. The following
result provides sufficient conditions in terms of existence of Lyapunov functions with
certain properties which guarantee ISS/iISS.

Lemma 3 [3,22] A hybrid system (16) is iISS with respect to A if there exists a smooth
function V : X — R, positive definite functions o, oq, functions a1, o2 € Koo
and y., va € K such that

a1(|§l4) = V(E) = x2(l5].0) (19)

forall§ € X,

9 _
<¥V(§),f> < —ac(1§la) + ve(ld]) (20)

forall (,d) € C, f € F(&,d), and

V(@) = V() = —aa(l§la) + va(ld]) 1)

forall (§,d) € D,g € G(&,d). In addition if a., ag € Koo, then the hybrid system
(16) is ISS with respect to A.

We call a function V satisfying the inequalities in Lemma 3 with positive definite
functions a., ag (resp. o, g € Koo) a hybrid iISS (resp. ISS) Lyapunov function.

Remark 3 In papers [3,22], the authors work with a single-valued version of (16),
that is, F(&,d) = f(&,d) and G(&,d) = g(&,d). The statements in Lemma 3 are
obvious extensions of those results. Additionally, we see a condition on system data
in the results of [3,22], which says that, for each & € X and each ¢ > 0, the set
{(f(€,d)|d € R™ N €B} is convex. However, this condition is only required for
proving the converse implication that ISS/AISS implies the existence of an appropriate
Lyapunov function, and is not needed for our purposes.
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4.2 Hybrid models for ADT and AAT

We now model the switched systems with ADT and AAT constraints as a hybrid
system (16). It is assumed that P = P, U P, and we recall that 1p, (+), defined in (6),
is the indicator function associated with unstable modes indexed by P, . Recall that the
definitions of ADT and AAT constrained switching signals in (4) and (5) depend on
the positive integer Ng and the scalar 7p. We consider an autonomous hybrid system
evolvingon X := P x [0, No] x [0, To] with state denoted by (p, 7, t,). The dynamics
of this hybrid system is given by

p=0,

i €0, &1, £eC, (22a)
7 € [1p,(p) —n, 1p,(p)],

pTeP,

tt=1-1, £eD (22b)

T =,

where the parameters t,, 7 come from (4), (5) and the flow and jump sets are given by
C:="P x [0, No] x [0, To], D := P x [1, Ng] x [0, Tp], respectively. Essentially, in
our model (22), we are introducing two timers: t and t,,. This idea of using two timers
can be found in the work [24], where it is shown that while the timer t confines the
switching signals with ADT constraint, the timer t,, confines the switching signals with
AAT constraint. Recall the definition of 7 (o) in (2) and denote 7 (o) =: {t1, t2, - - - }
with t; < tp < --- and denote ty := 0. In addition we abuse the notation that when
|7 (0)| < o0, [t)T(o)|> 1T (0)+1]] := [T (0> 00). The next proposition formalizes the
relation between the complete solutions of the hybrid system (22) and the switching
signals satisfying both ADT and AAT conditions.

Proposition 4 For every switching signal o € X apt(ta, No) N X aar(Pu, 1, To), there

exists a complete solution & = (p, 1, 1) to the hybrid system (22) with the hybrid

domain dom & = Uji(oa)l[tj, tj+1] x {j} and it satisfies that

p(t,j)=o(t;j) VY, j) € domg. (23)
On the other hand, for every complete solution & = (p, t, t,) to the hybrid system

(22), denote its hybrid domain by dom & := Ujj-zo[tj, tiv1] x {j}, where [t;, t;41] =
[, 00) if J < co. Define a switching signal

then o € XapT(Ta, No) N Zaar(Pu, 1, To).

Proof As shown in [7, Example 2.15], the dynamics of p and t guarantees the equiv-
alence between complete solutions of the hybrid system (22) and switching signals
o € Yapr(ta, No) such that p(t, j) = o(¢). It remains to show that the dynamics
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on 1, confines p(t, j) to be equivalent to an AAT switching signal, which is given by
[24, Lemma 7]. O

Remark 4 We make a comparison between our model with two independent timers
and the one proposed in [32], where a single timer is developed in the context of a
small-gain theorem in [32] which imitates a switching signal under both ADT and AAT
constraints. We acknowledge here that although the models are different, Proposition 1
in [32] is analogous to Proposition 4 in our paper. It turns out that for our purpose
(see Sect. 4.4), using two individual timers makes the argument fairly intuitive and
straightforward.

Using the result of Proposition 4, one can write the switched system (3), along with
the ADT and AAT constraints on the switching signal, more naturally in the form of
(16). To do so, we let

e
|
QAT o<

e R" x P x [0, No] x [0, Tp] =: X. (25)

Tu

The hybrid model capturing the dynamics of the switched system, driven by an R™-
valued disturbance d and a switching signal ¢ € Xapt(74, No) N Zaar(Pu, 0, To),
is compactly written as:

).) :fp(y’d),
p=0,

i 0, 1],
7 € [1p,(p) —n. 1p, ()],
y’;er(y,d),
+ ) pTEP,
§TegEd iy v

+
Tu

EeFE, d: (€,d) eC, (262)

(¢.d) €D, (26b)

= Ty,

where C := X x R",D := R" x P x [1, No] x [0, To] x R, and G ,(y,d) =
U qeP 8p.a(¥s d). For the system (26), it is of interest to study whether the compact
set

A = {0}" x P x [0, No] x [0, Tp] (27)

is an attractor. We observe that system (26) satisfies basic assumptions listed in [7,
Assumption 6.5]:

— The sets C and D are closed.

— The mapping F (-, -) is outer semi-continuous, convex-valued and locally bounded
relative to C, and C € dom(F). Here, we used the fact that, for each p € P, the
mapping (y,d) — f,(y,d) is locally Lipschitz continuous by assumption, and
as already noted in (22), the set-valued dynamics for (p, 7, t,) are outer semi-
continuous.
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— The mapping G (-, -) is outer semi-continuous and locally bounded relative to D.
This is because, for each p € P,y € R", d € R™, we assumed that G,(y, d)
is closed and hence, the mapping (y, d) — G,(y, d) is outer semi-continuous.
Because of the discrete topology of the set P, it then follows that (p, y,d) —
G,(y,d), as a subset of P x R" x R™, is closed, and outer semi-continuity of
G(., -) follows by checking that its graph is closed.

Comparing (17) and (18) with (7) and (8), respectively, we have the following
straightforward result, which shows that studying ISS (resp. iISS) for system (3) is
equivalent to studying ISS (resp. iISS) for system (26).

Corollary 5 The switched system (3) is uniformly ISS (resp. iISS) over the class of
switching signals Y Apt(t4, No) N Xaar(Pu, n, To) if the hybrid system (26), with
augmented state variable defined in (25), is ISS (resp. iISS) with respect to A.

Proof We show that a solution of the switched system (3) satisfies the estimate (7) if
the hybrid system (26) is ISS with respect to A. The proof for iISS follows by similar
arguments. Let x (-; xo, , o) be a solution of the switched system. From Proposition 4,
we see that x is equivalent to a complete solution of the hybrid system (26) with a
hybrid input signal d defined by d(0, 0) := w(0), d(¢, j) := w(t) for t € [t}, tj11),
where we recall that {t, 2, - - - } = 7 (o) is the set of switching instants, in the sense
that (23) holds and y(0, 0) = xo, y(¢, j) = x(t; x0, w,0) forall t € [t}, t;11). With
the hybrid system (26) being ISS, dom& = domd and the pair (£, d) satisfies the
estimate (17). Therefore, by observing that |x(¢; xo, w, 0)| = |y(¢, j)| = |, j)|a
forallt € [tj, tj4+1), and

ldll,j) = max {ess SUP[0,11\T (o) lw(s)], sup |a)(s)|} ,
s€[0,£1N7 (o)

the estimate in (7) is now obtained by taking B(s, ) = Bn(s,,0) and y1 = y» = yj.
O

Remark 5 Towards the end of the proof of Corollary 5, if we define a class KLL
function B(s, t, j) := Bn(s, t, j) instead of taking the class KL function 8, then we
can actually conclude

|x(t: X0, @, 0)| < B(Ix0]. 1. Ng (0. 1)) + 1 (€88 U 1o 11\ 7o) [0 (5)])

+v2 ( sup Iw(S)|)~ (28)
s€[0,11N7 (o)
Compared to (7), in (28) not only the magnitude of the solution decreases with respect
to ¢, but it also decreases with respect to the total number of switches up to . We can
also conclude a similar stronger estimate on the solution for iISS. Such properties are
termed as strong ISS/ilSS, which appeared in [9,12]. Nevertheless, we do not work
with the strong ISS/ISS notions in this paper. This is because it is inferred from [9,
Proposition 2.3] that strong ISS/iISS and ISS/ISS are equivalent for switched systems
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with switching signals satisfying the ADT condition, which is the class of switching
signals addressed in our results.

4.3 Supporting lemmas

In this subsection, we provide a couple of supporting lemmas which will be used in
our proof of Theorem 1. We start with an observation on :

Lemma 6 The function ¥ constructed in (12) is positive definite. It is also of class Ko
if as is of class Koo.

Proof By construction it is clear that ¥ is positive definite. To show that ¥ € K
when o5 € Ko, notice that ¥ is continuous, ¥ (0) = 0 so we are left to show that v is
strictly increasing and unbounded. To show v is strictly increasing, we take arbitrary
ty > t; > 0. Suppose that as(r) + c(to — r) achieves minimum at some t* € [0, t5],
that is, ¥ (f2) = as(t*) + c(t — t*). We consider two cases by comparing t* and f;.
If * < 11, then

V() = as(t™) +c(ty — 1) +c(ra — 11) > o (17) + c(t) — 17)
> rél[loirtll]{ots(r) +c(ty —r)} =¥ (h).

Otherwise, if t* > 1, then

V() = as(t) + (a5 (%) — as(r1)) + c(ta — %) > a(11)
> rg[l(}rtll]{as(r) +c(ti — )} =y¥(h).

Therefore, we conclude that ¥ (t2) > v (¢1). Next we show that lim;_, ~ ¥ (#) = oo.
If this is not true, there exists K > 0 such that ¢ () < K for all t+ > 0. Because
as € Koo, there exists r > 0 such that a5(r) = 2K. Then, for any r’ € [0, r + 2TK],

either v’ € [0, r] so thatc(r—i—%—r’) >2K,orr’ € (r, r—i—%] sothatas(r") > 2K.
Thus,

2K , , 2K,
Vv (r+~—)= min as ) +clr+—-—r >2K > K,
c c

r'e[0,r+ 2K

which is a contradiction. This completes the proof. O

The next lemma shows that v is globally one-sided Lipschitz. One-sided Lipschitzness
often appears in the study of differential inclusions (see, e.g., [6]).

Lemma 7 The function  constructedin (12)is a globally one-sided Lipschitz function
on Rxq with constant c; that is, for any ty > t; > 0, ¥ (t2) — ¥ (11) < c(t2 — 11).

Proof For any 1, > t; > 0,

V() = min {o(r) +c(2 —r)}
rel0,12]
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< min {as(r) +c(tr —1)}
rel0,n

= min {os(r) +c(ty — )} +clz — 1)
rel0,]
=Y (t) +cta — 1)
which is the desired inequality. O

Next we define a function which will be used in the construction of the (i)ISS
Lyapunov function for the hybrid system. Define the function ¢ : R>¢9 — R by

s 2c :

dr), if 0,

o(s) == 1P (4 75) ne (29)
0, if s = 0.

where we recall ¢ and ¢ are introduced in (12). We state two properties associated
with ¢.

Lemma 8 It holds that ¢ € K.

Proof By definition, ¢(s) is strictly increasing and continuous for all s > 0. It remains
to show that ¢ is continuous at 0 and limg_, o, @(s) = oo. It follows from (12) that

2 s 2¢
¥ (r) < crforallr > 0so 1/;( 5 = - Therefore, when s > 1 fl ]//(i)dr fi =dr =
21ns s0 limg_, 0 @(s) = 00. On the other hand, when s < 1, [} 1//(r)dr <[ %dr =
21Ins so limg_, o+ ¢(s) = 0 and thus ¢ is continuous at 0. O

Lemma9 Let co > O and s > t > 0 such that ¢(s) < coe(t). It follows that
V)
v = Vo

Proof Fix s >t > (. Then, the inequality ¢(s) < coe(¢) implies that

ex(szcdr)<cex(tzcdr)
PV ve ™) = v )

Take logarithm on both sides and subtract the integral on the right from the left, to get

/X 2 4 < In(co) 30)
r Cco).
TS R

Define % : [t, 00) - R4 by %(r) = Y (t) + c(r —t). Recall f{gm Lemma 7 that ¢
is also the global one-sided Lipschitz constant of ¥, so we have v (r) > ¥ (r) for all
r > t. Hence, continuing from (30), we have

s 2c § 2¢ S c
In(co) = f dr > f =] — = 4
¢ Y@) r Y (r) . (@) +clr—1)

=2 (Y () +cr — D)7 =2 YOTCEZD ), V)

¥ (1) EEENION

which results in m ; Jco. O
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The next lemma tells that a special transformation of function ¢ inherits the global
one-sided Lipschitzness from .

Lemma 10 The function 6 : R>g — Rxq defined by 0(s) := (p’l (cop(s)) with any
co > 1 is globally one-sided Lipschitz with constant \/cq, where @ is defined by (29).

Proof Before we start the proof, we note that ¢! in the definition of 6 is well defined

because ¢ € Ko, stated by Lemma 8. To show 6 is globally one-sided Lipschitz with
constant «/E()’ it suffices to show that

0(t2) — 0(t1) < colta — 1)

forall#, > #; > 0;inother words, we need to show that 6 (r) —tﬁo is anon-increasing
function on R>¢. To this end, we first observe that it follows from the definition of ¢
in (29) that the derivatives

p 2cq(s)
- 31
@' (s) 70 (31)
and
v, 1 Yo (5)
(¢ )(S)_w’(go_l(s))_ s (32)

Hence, we conclude that for any r € R,

d

S0 = (57 (eop))) =

V(9™ (cop()) 2ccop(t) Y (O(1))
dr ’

2ccop(t) v v

Let s := 0(¢), so that ¢(s) = co(t). Since c9 > 1, s > ¢t > 0, Lemma 9 yields
9 < Ve, and

d
a(e(z) —1/cp) = 15;2; — e 0.

Therefore, 6(t) — t4/c( is non-increasing and this completes the proof. O

4.4 Proof of the main result

We now use the developments carried out in Sects. 4.1,4.2, and 4.3 to prove Theorem 1.
Proof of Theorem 1 Since 7, > ¢* and (15) holds, we pick ¢ € (¢*, t;) which is

sufficiently close to ¢* so that

(/<+1)77+Ti < 1. (33)

a
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We prove the theorem by showing that
V(é:) = (pfl (ezc(ff+(K+l)(T0*Tu))(p(Vp(x))> (34)

isan (1)ISS Lyapunov function for the hybrid system (26) corresponding to the switched
system (3) with ADT and AAT constrained switching signals.
Firstly, to verify the condition (19), we set

a1(s) = as). and a(s) = w‘l(eZC(‘N(’*‘““)TO)w(ms)))

and the bounds in (19) clearly hold.

We next verify the conditions (20) and (21) . We recall from the proof of [2, Theorem
1] that the inequality (20) holds for some positive definite function o, if there exists a
positive definite function @, such that

3 _
<£V(S),f> = —ac(V(§) + ye(ldD. (35)

Moreover, o, € K if . € Koo, by setting o, := &, o «1. Similarly (21) holds for

some positive definite function « if there exists a positive definite function &y such
that

V(@) — V() = —aa(V(E) + va(ld]) (36)

and ag € Ko if &g € Koo. To verify the condition (35) (and therefore (20)) for the
continuous flow, we define

W(E) = eZC({f‘F(K‘I’])(T()*TM))gO(Vp(x)). (37)

Picking (¢, d) € C and 7 e F(&,d), we have

a _
<£W(§), f> =2ctW(E)T — 2c(k + DW ()1,

d
+ <e2c(< THEDI TR (V () 2= Vp (), fp(x, d>>

0
=2c (Cf—(K+1)fL¢+ <£Vp(x)’fp(x’d)>) W)

1
¥ (Vp(x))
where we have used (31) for ¢’. When p € P, it follows from (10a) and (12) that

(L V(). fpx,d)) < =¥ (V,(x)+y(Id]). Inaddition # € [0, %]andi’u € [—n,0],
SO

<iW($),7> <2 <i + &+ Dn— 1) W) + wy(ldl)-
& - T, v (Vp(x))
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When p € P, it follows from (10b) and (13) that (£ V,(x). f,) < k¥ (V,(x)) +
v (Id]). In addition 7 € [0, %] and 7, € [1 — 7, 1], so

2cW(§)

d
w(VP(x))N D

d _
<£W(%‘), f> <2 (Ti + &+ Dn—-1 +K> W) +

and we reach the same upper bound as in the first case. Appealing to (33), we conclude
that

<iW(§> ?> < —2caW (@) + =X qap
TR vV,
where
, ¢
a.:l—t——(K+1)n>O. (38)

a

Consequently, it can be computed that along the differential inclusion (26a),

J 7\ _ (Y i =
<£V($), f> =) (W(S))<aé W), f>

V(e L (W) ( 2cW(£) )
_ —2caW —y(d
S( W) ) ca ($)+w(vp(x))7/(| D

-1
vl Wy 4 VWO

ay (™ (W) + V) y(ld])
Y (V ()

= —ay(V
ay( (E))er(vp(x))

y(d}).

To further simplify the right-hand side, let v := V), (x), w := V(§). Then, we have w >

v > 0and p(w) = W(E) = 62c({r+(fc+1)(To—ru))w(vp(x)) < e20(§N0+(K+1)TO)(p(U).
Hence, from Lemma 9,

<%V<é>,7> < —ap(V(§) + N0+ gy

and (35) holds with

ac(s) = ay(s) (39a)
Ve(s) o= o< (ENoFG+DTO) () (39b)

It follows from Lemma 6 that if g is positive definite (resp. os € Ko), then @ is also
positive definite (resp. o, € Koo) and so is «. In addition, y,. € K.
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Lastly, to verify the condition (36) (and therefore (21)) for the discrete jumps, we
pick (¢€,d) € D and g € G(&, d). Notice that

XVp)
o(x(Vp) = exp ( /1 o)

Y(r)
Xy 2e V@ e 2o
= exp (/;/p(x) wu)dr) exp (/1 1p(”)dr) <™ p(Vy(x))

where we recall that ¢* is defined in (14). Hence, if we define
0(s) = ¢! <62c<;(r—1)+(x+1>(To—ru)>¢,(S)) ’

and recall the definition of W from (37), we have the estimate that G(X Vp (x))) <
0! (ezc@(r—1)+(K+1>(To—ru)>+2cz*¢(Vp(x))) — ! (eZC@*—OW(s)). Therefore,
using the assumption (L.3) and Lemma 10, we get

V@) =g ! (620(§r++(K+1)(T07r;r))(p(Vp+(x+)))
— (e2c(§(r—l)+(K+l)(T0—ru))¢(Vq(gpqq(x’d))))

< (0_1 (ezc(;“(r—1)+(K+1)(To—ru))¢(x(Vp(x)) +p(|d|))>

=0(x(Vp(x)) + p(ld]))
< Q(X(Vp(x)) + ec(l(f*])+(K+1)(TO*TM))p(|d|)

< q)—l (920(4*—§)W(€)> + eC(s“(No—1)+(K+1)To)p(|d|)

_— (ezc(;*—m@(v(g))) 4 CEWo=DH(+DTo) (7).
Thus, the inequality (36) is seen to hold with

aq(s) =5 — gofl (ezc(gt{)(p(s)) (40a)

Ya(s) := e“ENmDHEEDTD 5 5 (40b)

Recall that ¢ > ¢* and ¢ € Koo; thus by construction @ is positive definite. In
addition, y; € K. Lastly, we show that &y € Ko when g € K. It follows from
(40a) that ¢ ((s —aq(s)) = €2 =0 y(s). Using the definition of ¢ in (29), and taking
logarithm, it follows that

s—ag(s) 2¢ q ) . K
/1 pin =2 _5”/1

2 dr.
Y (r)
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Hence, we have

S 1
dr=¢c—-¢*>0. 41
Kaw) ST e

By Lemma 6, when o € Koo, ¥ € Ko as well and thus % decreases to 0 as r
increases to infinity. Therefore, (41) holds for all s > 0 only when the length of the
interval of integration grows to infinity as s — oo. In other words, we conclude that
&d (S ’Coo-

With all the three conditions (19), (20) and (21) verified, we appeal to Lemma 3
and conclude that the hybrid system (26) is ISS (resp. iISS) when ag € Koo (resp. oy
is only positive definite). Then, by Corollary 5, the switched system (3) is uniformly
ISS (resp. uniformly iISS) over the set of signals X apT(74, No) N Xaar(Pu, n, Tp). O

Remark 6 1t is observed that the formulas for y,, 4 in (39b), (40b) only depend on
the parameters No, Tp but not 7,, n. Since it is known in [3,22] that the (1)ISS gain
is related to y,, y4, we conclude that the average dwell-time or percentage activation
time of the unstable modes do not affect the (i)ISS gain. On the other hand, it is seen
that the functions &, &y depend on t,,, n. Thus, we conclude that the convergence rate
of the unforced switched system depends on the average dwell-time and percentage
activation time of the unstable modes. In particular, when the left-hand side of (15)
is close to 1, the convergence rate of the unforced switched system may become
extremely slow and when it is larger than 1, the unforced switched system may become
unstable and thus the switched system with inputs is not (i)ISS. This observation is
consistent with the known results in [11].

5 Case studies
In this section, we will demonstrate how our results can be applied to determining

stability of several switched nonlinear systems. The subsystems of these switched
systems will be constructed using the matrices:

—0.1 —1 —0.1 -2 0.1 —1
A‘=< 2 —0.1)’A2:( 1 —0.1)’A3=<2 0.1)‘ (42)

Notice that A and A, are both Hurwitz and they have the same eigenvalues; A3 is not
Hurwitz. In addition, it is discussed in [16, Sect. 3.2] that the switched linear system
with modes P = {1, 2}

Ayxift ¢ T (o), (43a)
x=x" ift € T(o). (43b)

has no common Lyapunov function and for some particular switching signals the
solution will diverge.
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5.1 Switched system with saturation-like scaling

Consider the switched system with modes P = {1, 2}

. 1 .
X = Agx +w ift ¢ T (o), (44a)
+ |x]

1
x=x" ifr € T(o) (44b)

where € R? is the input. The coefficient %IXI mimics the effect of saturation such
that ¥ ~ A,x + w when |x| is small and x ~ Agli—l + w when |x| is large. The

subsystems of (44) are both iISS, which can be verified by picking the iISS-Lyapunov

functions
V,,(x):,/1+xTMpx—1 (45)

where M), are the solutions to the Lyapunov equations
T
MyAp+A,Mp+1=0. (46)

However, this switched system is notiISS under slow switching. To see this, notice that
when u = 0, the solutions of the switched system (44) are the same as the solutions of
(43) after a time re-parameterization. By similar arguments as discussed in [25], for
any 7, > Oand No > 1, we can pick an initial state far away enough from the origin and
a switching signal from X'spT(7,, No), yet the solution diverges. Hence, the switched
system (44) is not uniformly iISS over Yapt (74, No) for any 7, > 0. Nevertheless,
we show that the switched system (44) is iISS over AAT switching signals. To do
this, let Vi be defined as in (45) with p = 1 and set V> = V7. We first see that (9)
is verified with a(s) := /1 + o (M;)s? — 1 and a(s) := +/1 + & (M)s% — 1, where
o (), o(-) denote the largest and smallest singular values, respectively. We further
denote Q| := —1, Q) := M Ay + A;Ml. Notice that because V5 is not a Lyapunov
function for the subsystem p = 2, Q> defined in this way is sign indefinite. It can be
computed that

<in(X)’fp(X,Cl))>= (XTMHC +XTM135)

1
V1+xTMx

ax
x' (A[T)Ml +M1Ap>x ZXTMP
= +
A+ DVI+xTMx 14T My
xTpr 2x M,
— w
I+ xDyV1+xTMx  J14+xTMx
xTpr 2x T M,

G ED RN T
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It is observed that the function h(s) = — is increasing on R>¢; in addition, from

p+ VP < x| <
M) = = J(M)

(45) we have . Hence, we conclude that

VZ+2v) 20 (M)

B +
(5(M1) + /e M)(VE + 2v1)) Vi +1) Vo (M)

which fits the form (10a) with ag(s) = (&(M )+\/6§12;?5Y2+m)(9+1) and y(s) =
1 (s s) ) (.

s. It can be verified that «y is globally Lipschitz so as discussed in Sect. 3, we

%VI W, file,w) < jol,

26 (M)

o (M)

can set ¥ = ag. For p =2,

5(02) (V3 +2V) , 250
<Q(M1) + \/Q(Ml)(VZ2 + 2V2)> Va+1) \/M

|l

(L1200, fatx, ) <

: . — (Q2)(s>+2s)
which fits the form (10b) with a,(s) = (g(M1)+\/£(M|)(s2+23))(s+1)' The above
computations imply that Assumption 1 holds. Plugging the numerical values (42)

for Ay, Ay into the formulas for v/, ay, it is computed that k = sup- ?lf((?)) =

G(Q2) T4 = 24.9436 and rj = 0.0385. Hence, Assumption 2 also holds. In
addltlon because we have chosen Vi = V, and the switched system has no resets at
switches, ¢* = 0 and Assumption 3 holds as well. Therefore, by Theorem 1 and the
discussion after the theorem statement, we conclude that the switched system (44) is
uniformly ISS over Xapt (74, No) N Xaar({2}, n, Tp) forany 7, > 0, Ng > 1,5 <
0.0385, Ty > 0.

5.2 Switched bilinear system with resets and stable modes
Consider the switched system with modes P = {1, 2}

X =Asx +wBx ift ¢ 7T(o), (47a)
x=Dx" +wEx~ ift €T (o), (47b)

where @ € R is the input, A, are givenin (42) and B, D, E € R?*2, Each subsystem
is shown to be iISS (see, e.g., [5]) by picking the iISS-Lyapunov function V), as

Vy(x) i=In(1 +x" M,x) (48)
where again M, are the solutions of (46). We have

a(|x) =In (1 + ming(Mp)|x|2) < Vp(x)
peP
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<In (1 + maX&(Mp)|x|2) =: a(|x]). (49)
peP

For the continuous flow, it can be computed that

(v, 0. fpe. o)) = o (£ My 45T M, )
ox 1+xTMpx p p
1 T o7 2x "M ,Bx
:mx (ApMp+MpAp)x+mw
x| 2xT M, Bx

_l—i-xTMpx 1+xTMpxw
(e —1) &(M,B)
T a(Mpe'r  a(My)

|l

Hence, (10a) is satisfied for all p € Py = P with as(s) := e y(s) := c1s where

Omax

- 5(M,B . . .
Omax = Max,ep 0 (Mp), c| := max,cp 2((—11:,,))' Now consider the discrete jumps

and denote g(x, w) := Dx+wEx.Let u > 0be such thathDTMpr < ;LxTqu
for all x € R" and p, g € P, then we have the inequality that

1+ g(x, a))TMg(x, w)=1+ (Dx + uEx)TMp(Dx + uEx)
=1+x'D'M,Dx +x"QuE"M,D + o*E"M,E)x
<1+ ux"Myx +x"QuE"M,D + o*E" M,E)x

x"QuE"M,D + «»*E"M,E)x
14 puxTMyx

=(1+ /J,xTqu) (1 +

26(E"M,D 5(E"M,E)|w|?
< (1 + px " Myx) (1+ o(E MpDlel +o(E M, >|w|)

pno(My)
Hence, when a switch occurs,

Vp(g(x, @) = In(l + g(x, 0) ' Mg(x, w))
25 (ETM,D)|o| +6(ETMPE)|w|2)>

T
<In ((1 + pux Myx) (l + o (My)

26(E"M,D 5(ETM,E)|w]?
=In(1 + pux " Myx) +1n 1+ O(E MyD)lel +5(E M,E)lel
no(My)
26 (E"M,D)|w| + & (ETM,E)|o|?
=In(1 Vo) _q In|1 d L
n( + (e ))—I— n(1+ 1o (M)

Hence, (11) is satisfied with x(s) := In (14 u(e' —1)) and p(s) := In(l +
2maxpep 6 (ETM,D) . 2maxpep G (ETMyE)
pmingep a(Mg) 3 "= T umingep a(My)

s + C3S2), where ¢; = . Therefore,
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Assumption 1 is verified and since both modes are stable, Assumption 2 is omitted.
Again because oy is globally Lipschitz, we let 1 = «g and it can be computed that

xGs) 1 x(s) r
= sup/ dr = sup/ max€ g
N N

r
s>0 Y (r) >0 (e" —=1)
In(u(e*—1)+1)
= omax supIn(e” — 1)
s>0 S
(meEet—=H+1 -1
= Opax SUp In
s>0 eS —1
= Omax In

and Assumption 3 is verified. Hence, we conclude from the special case of Theo-
rem 1 that the switched system (47) with modes P = {1, 2} is uniformly iISS over
YapT(T4, No) for all T, > omaxInu, No > 1. In particular, if D = I, it can be
numerically computed that opax In & = 5.1804.

The same arguments also work for switched bilinear systems with resets and stable
modes in general, in the form

me
i=Asx+ Y By jxwj+ Con, ifr e T(o), (50a)
j=1
mq
X=Do o)X + Y Eg gix 0+ Foqo ift €T(c), (50b)
k=1

where x € R”" is the state, w € R istheinputand A, By j, D(p.q)» E(p.g).k € R™",
Cp, Fipgg eRP>*Mforall p,geP,j=1,---me, k=1,---my.

Proposition 11 Consider the switched system (50) with finitely many modes and
assume that A , are Hurwitz for all p € ‘P so that there exist positive definite symmetric
matrices M, Q , € R"™" forwhich A;Mp—l—MpAp—l- Qp =0hold. Let . > 0be such

that xTpr > )\.XTMP.X and . > 0 be such that xTDE';,’q)MqD(p,q)x < /LXTMPX
forall x € R" and p, q € P. Then, (50) is uniformly iISS over X apt(t,, No) for all

T, > 1nT“anafNo > 1.
The proofis similar to the one carried out for system (47) and is provided in Appendix.

Remark 7 Notice that A, u defined in Proposition 11 are exactly the linear decay rate
in the continuous flow and linear growth rate in the discrete jumlps, respectively, for the
unforced switched system (50). It is known that in this case, % is the lower bound
on ADT such that the unforced switched linear system is globally asymptotically
stable (see [13]). It follows that the bilinear input does not affect the inheritance of
the stability properties from the subsystems to the switched system when it is under
slow switching. In addition, when there exists a common Lyapunov function, all M’s
are the same and further when D = I, we conclude ¢* = 0 so 7, can be as small as
possible. This is indeed the case because such a switched system is iISS with arbitrary

switching [19].
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5.3 Switched bilinear system with unstable modes

For the last example we still consider the switched system with dynamics given by (47)
but now the set of modes is P = {1, 3}. Recall that A3 given in (42) is non-Hurwitz so
this switched system is not uniformly iISS over Yapt (74, No) forany 7, > 0. We also
let D = 21, that is, whenever a switch occurs the state is scaled by 2 and hence this
switched system is also not uniformly iISS over X'sa1(Py, n, To) for any n € [0, 1].
However, if we pick V3 = V| = In(1 + x™M 1x), it can be computed that

<iV3(x) f3(x a))) L TATMy 4 MyAx + 2T MBx
0x ’ ’ 14+xTMx 3 14+xTMx
_ &(A] My + M A3 |x>  2x" M) Bx "
- 14+ xTMx 14+xTMx
_ G(Ay My + M, A3) (1 - %) 4 &(MB)
o(My) o (My)

AT
So we have Py = (3} with ay(s) := T 2ETAD (1 — %), Thus, Assumption 2

holds with © = 9 = &(A] M) + M1A3)g%§ = 3.9868. On the other hand, V,
being the same and D = 27 imply u = 4. Thus, Assumption 3 holds with ¢* =
Omax In 0 = 10.3857. Therefore, by Theorem 1 we conclude that (47) is uniformly
iISS over X'apr (T4, No) N Xaar({3}, n, Ty) for any No > 1,Tp > 0 and all 7, >

0,7 € [0, 1] satisfying 3.98687 + 12351 < 1.

6 Conclusion

Within the context of literature on stability of switched systems, this paper provided
conditions on the switching signals such that a switched nonlinear system with inputs,
resets and unstable modes is ISS or iISS. In particular, we considered the case where
the decay or growth rates of all subsystems are allowed to be nonlinear, and the changes
of Lyapunov function values at switching instants are also assumed to be nonlinear.
Under some mild assumptions on the switched system, and using the hybrid system
framework, we derived a mixed ADT and AAT condition which guarantees ISS or
iISS of the switched system. Using the main result of our work, switched systems
with saturating dynamics and switched bilinear systems were shown to be uniformly
iISS over switching signals satisfying this mixed ADT and AAT condition.

From a broader viewpoint, in this paper, we restricted ourselves to a certain class
of switching signals, and we proposed techniques which relate the parameterization
of these switching signals with the nonlinear rates associated with the Lyapunov func-
tions of individual subsystems. There are other classes of switching signals which
can be studied. For example, in [15], the notion of ADT is generalized by replac-
ing the affine function of time in the definition of ADT by a more generic function.
Similar generalization is also seen in the recent work [9]. Meanwhile, in [20], the
authors propose impulse sequences whose impulse frequencies are eventually uni-
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formly bounded, but iISS-related questions have not been investigated for such a class
of signals. Thus, a natural question that originates from these works is to find condi-
tions for ISS/AISS of switched systems in the nonlinear setting with different classes
of switching signals, and whether the tools proposed in this paper could be used in
making such generalizations.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix

Proof of Proposition 11 First of all, each subsystem is shown to be iISS (see, e.g., [5])
by picking the iISS-Lyapunov function V), as

Vy(x) i=In(1 +x" M,x). (51)

We have

a(]x]) :=1n (1 + ming(Mp)|x|2> <Vp(x) <In (1 + max&(Mp)|x|2> =:a(|x]).
peP peP
(52)

So the condition (LL1) is verified. For the continuous flow, it can be computed that

(v, 00, fye. o)) =t (£ M+ xTM, )
- X), X, W)= ———|(x x X X
gx PTr 1+ x" Myx P P
1 T . me ZXTM,;BP X 2XTMpCp
== A M M,A J )
1+xTMl’xx ( P pt My p)x—i_j; 1+xTM1,x @j 1+xTMpxw
T me 2 T
S—&q— Z 2T MpBp jx || 2|x MpCp||w|
14+x"Mpx : 14+ xTMpyx I+ xT Myx
j=1
Ax M x max; 6 (M,B, 5(M,C
< - T” +2/n— (M, ””)|w|+ (M) ”)|w|
I+x'Mpx a(M,) \/Q(Tp)
max; o (MyBy ;) o(M,C
=—)L(1_e_vp(x))+ 2ﬁ Xja( )4 P,.l) O-( P p) |w|

Q(MP) vV Q(Mp)
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Hence, (10a) is satisfied for all p € Py = P with

o(r) = AL — £, y(r) = (mgx (zﬁman5(Mpo,j) . a(MpCp))> .

a(Mp) Va(Mp)

Now consider the discrete jumps. We start by defining the terms:
. \T _
Kpp = (D(p.g)x~) MgDpgx~.

mq T mgq
Kpg = (Z E(p,quxwk) Mg (Y Epayix” o),

k=1 k=1
T
Krr = (Fp.pw) My(Fpqo),
mq
= (D(p.g)x ) My (Z E(P"f)’kx_wk> ’
k=1
Kpr = (D(p,q)x_)TMq(F(qu)w)’

Kp

try

mq T
Kgr = <Z E(p,q),kxa)k> My (Fp,g).
k=1

These are the terms when expanding the product

.

mq

<D<p,q)x_ + Z Epq X ok + F(p,qw) M,
k=1

mq
<D<p,q>x_ + Z Epg),x or + F(p,q)w) .
k=1

From the hypothesis of Proposition (11), wehave Kpp < u x )™M pX . Meanwhile,
use the factthat y " My < & (M)|y|? forany matrix M € R"*" and any vectors y € R,
in addition to the inequality that

my my my
ZE(p,q),kxwk < Wk Epg).k| x| = Z(_T(E(p,q),k)2|w||x|a
k=1 k=1 k=1

we conclude that Kgg < kgglx™[*|ol?, Krr < krrlol?, Kpe < kpelx™ o,
Kpr < kpplx~|lo|and Kgp < kprp|x~||o|?, where

mq
ke i=6(Mg) Y 5 (E(pgi) krr =6 (Fl, \MgFp.q).
k=1
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1
mq

2
kpe =0 (MgD(p.q) (Z(}(E(psq)ykf) . kpr = 5(D(T11,4)M‘1F(1’s‘1))’
k=1
1

mgq 2
kpp :=0(MyFp.q) (ZO_—(E(P,Q)yk)z) :

k=1
Therefore, when a switch occurs,

Vy(x)=In(1+ Kpp + Kgg + Krr +2Kpe +2Kpr +2KEF)
<In(1+p@) " Mpx™ + Qkpelol +keplo®)x ™2
+ Qkprlol + 2kpplol®) x|+ kprlol?)

—In ((1 ) M)

(14 Qkpelol + keelo|®)x~1> + Qkprlol + 2kerlo®)|x~ |+ kmwlz))
L+ p(x)TMpx~
=In(l+puGx)TMpx")

Qkpelol + keelo|®)x~1? + Qkprlol 4+ 2kprlo)|x~| + krrlol?
+In (1 + — — )
I+ p(x—) Mpx
<In(l+pu(x7) Mpx")
Qkpelol +keglo?)x 2 Qkprlol + 2kgrlol®)|x~|
u(x)TMpx— L+ p(x)TMpx~

<In(1+ p(e"?™ ) — 1))

+1n (] + +kFF|w\2)

2kpglol +keelol?  kprlol + kepplol?

+
no (Mp) Vo (M)

+In (1 + +kFF“”|2)

Hence, (11) is satisfied with x(s) := In(1 + p(e® — 1)) and p(s) := In (1 +

2kpE kpr kEE ker 2 ;
(Mg(Mp) + \/MQ(MP))S + (MQ(Mp) + NE + kFF)S ) Therefore, Assumption 1

is verified. Because o is globally Lipschitz, we let ¥ = «g and it can be computed
that

x() x(s) e’
* = sup/ dr = sup/ ———dr
s>0Js Y(r) s>0Js Ale" = 1)

1 In(p(e’ —1)+1)
= —supln(e” — 1)

s>0 s
(nEe=H+1D -1
= —supln
5>0 ef — 1
_Inp
="
Thus, Assumption 3 is verified and Proposition 11 is proven by Theorem 1. O
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