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Norm-Controllability of Nonlinear Systems
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Abstract—In this paper, we introduce and study the notion of
norm-controllability for nonlinear systems. This property cap-
tures the responsiveness of a system with respect to applied inputs,
which is quantified via the norm of an output. As a main contri-
bution, we obtain several Lyapunov-like sufficient conditions for
norm-controllability, some of which are based on higher-order
derivatives of a Lyapunov-like function. Various aspects of the pro-
posed concept and the sufficient conditions are illustrated by several
examples, including a chemical reactor application. Furthermore,
for the special case of linear systems, we establish connections
between norm-controllability and standard controllability.

Index Terms—Controllability, input-to-state stability (ISS),
Lyapunov methods, nonlinear systems.

I. INTRODUCTION

ONTROLLABILITY is one of the fundamental concepts
in control theory. Usually, it is formulated as the ability
to steer the state of a system from any point to any other point
in any given time by an appropriate choice of the control input.
For linear time-invariant systems, controllability can be easily
checked via necessary and sufficient matrix rank conditions;
furthermore, controllable modes can be identified with the help
of the Kalman controllability decomposition (see, e.g., [4]). For
nonlinear systems, similar decompositions have been studied,
and for some special system classes—most notably systems
affine in controls—controllability can be characterized in terms
of the rank of a certain Lie algebra of vector fields (see, e.g,
[5], [6]). However, for general nonlinear control systems our
understanding of point-to-point controllability is much less
complete compared to the linear case, and even in those settings
where controllability tests are available they are more difficult
to apply.
In this paper, we propose a new notion which can be viewed
as a weaker/coarser version of the standard controllability.
Namely, in contrast to point-to-point controllability, we look at
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the norm of the state and ask how it is affected by the applied in-
puts. In particular, we examine whether this norm can be made
large by applying large enough inputs for sufficiently long time.
When defining norm-controllability, we actually take a more
general approach and consider the norm of an output which
identifies directions of interest in the state space (and may in
particular be the entire state). The definition (see Section III)
is such that the size of the reachable set of the system (or its
image under the output map) can be lower-bounded in terms of
the norm of the applied inputs and the time horizon over which
they were applied. We believe that this concept is very natural
and relevant in many settings of practical interest. In economics,
for example, it may be of interest to maximize the profit of a
company, for which the effects of inputs such as the price of
a certain product or the number of advertisements have to be
analyzed. Another possible application context is in the process
industry, where one wants, e.g., to determine whether and how
increasing the amount of reagent yields a larger amount of
product; such a chemical reactor example will be considered
in Section V (see Example 6).

Another context of interest for norm-controllability is the
case where the considered system input constitutes a distur-
bance. Then, it is interesting to obtain a lower bound for the
effect of the worst-case disturbance on the system state or out-
put, i.e., to obtain a lower bound for the reachable set at a given
time. In this sense, the proposed concept of norm-controllability
can also be viewed as complementary to the well-known
concept of input-to-state-stability (ISS) as introduced in [7],
and related notions involving outputs such as input-to-output
stability (IOS) [8] or L., stability (see, e.g., [9]). Namely,
these concepts deal with the question whether bounded (small)
inputs result in bounded (small) states or outputs, i.e., an upper
bound for all possible system states or outputs at all times is
sought in terms of a suitable norm of the input. In contrast, as
stated above, norm-controllability yields a lower bound on the
reachable set of the system (or its image under the output map)
at each time in terms of the norm of the applied inputs. Besides
the conceptual complementarity between norm-controllability
and ISS (or related notions involving outputs), there is also a
relation in terms of Lyapunov-like characterizations of these
notions. While ISS has an equivalent characterization in terms
of a Lyapunov function that decreases when the norm of the
state is large compared to the norm of the input [10], our first
main result (Theorem 1 in Section IV-A) formulates a similar
Lyapunov-like sufficient condition for norm-controllability, but
a Lyapunov function should now increase when the norm of
the state is small compared to the norm of the input. However,
while it is instructive to highlight the connections and similari-
ties, most of the technical ideas employed in this paper are very
different from those used in the above references.

We note also that our basic premise in this work is similar
to that of the paper [11] which introduced and studied the
concept of norm-observability. Instead of observability, usually
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defined as the ability to reconstruct the state of the system from
measurements of the output (and of the input if one is present),
norm-observability was defined in terms of being able to obtain
from this data an upper bound on the norm of the state rather
than the precise value of the state. For linear systems the two
properties turn out to be equivalent, but for general nonlinear
systems this is no longer the case and the latter, weaker notion
has some interesting properties, as demonstrated in [11]. Again,
the conceptual similarity notwithstanding, the technical devel-
opments presented here and in [11] are completely different
and there does not appear to be any direct duality relationship
between norm-controllability and norm-observability.

Besides introducing and discussing the notion of norm-
controllability (see Section III), one of the main technical
contributions of this paper is the development of several
Lyapunov-like sufficient conditions (see Section IV). The first
one (see Section IV-A) involves first-order derivatives of a
Lyapunov-like function V' and has first appeared in the con-
ference paper [1]. While it is appealing due to its rather
simple formulation, its applicability is in general restricted to
systems with relative degree one. The two subsequent suffi-
cient conditions (see Sections IV-B and C), whose formulation
involves higher-order derivatives of V, resolve this issue and
are applicable to systems with arbitrary relative degree; such
conditions were first obtained in [2]. This generalization is
nontrivial and relies on higher-order derivatives that are not
classical ones but higher-order lower directional derivatives
(see, e.g., [12], [13]). A simplified formulation of the sufficient
conditions was recently proposed in' [3]. In the present paper,
we adopt this simplified formulation and give a self-contained
treatment of all results, including proofs which were partly
missing in the conference versions. Furthermore, several novel
results are presented in this paper, including various illustrative
examples (see Sections V-VII), a further elaboration of norm-
controllability for the special case of linear systems, where we
also establish connections with the standard controllability (see
Section VI), and two weaker versions of norm-controllability
(see Section VII). These weaker versions capture cases where
a system is only responsive to inputs of sufficiently large
magnitude, or where the considered lower bounds are only valid
after a certain amount of time; also for these cases, Lyapunov-
like sufficient conditions are obtained.

II. PRELIMINARIES AND SETUP

We consider nonlinear control systems of the form

$:f(x7u)’ y:h(m), x(O) = o (1)
with state z € R, output y € R?, and input u € U CR"™, where
U is a closed set which specifies admissible input values.
Suppose that f € C*~! for some k>1 and that the (k — 1)-st
partial derivatives of f with respect to = are locally Lipschitz
in (x,u). Admissible input signals u(-) to the system (1) satisfy
u(-) € LY. (Rxo, U), where L7° (R0, U) denotes the set of all
measurable and locally essentially bounded functions from R
to U. We say that a set BCR"” is invariant for system (1)
under controls in a set U CU if for every zo€B and every

'We remark that the sufficient conditions in [2], [3] missed the assumption
expressed by the second bullet point in Theorems 2 and 3 of this paper,
respectively, and hence were not correct as stated there.
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u(-) € LY .(R>p, U) the corresponding state trajectory satisfies
x(t)€B for all £>0. We assume that the system (1) exhibits
the unboundedness observability property (see [14] and the
references therein), which means that for every trajectory of
the system (1) with finite escape time t.s., also the corre-
sponding output becomes unbounded as ¢ — t.s.. This is a
very reasonable assumption as one cannot expect to measure
responsiveness of the system in terms of an output map h (as
we will later do) if a finite escape time cannot be detected by
this output map. We remark that, for example, all linear systems
satisfy this assumption, as do all nonlinear systems with radially
unbounded output maps.

For every a,b > 0, denote the set of all measurable and
locally essentially bounded input signals whose norm does not
exceed b on the time interval [0, a] by

Unp = {u() ulljo,a) < b, u(t) €U VE € [O,a]} 2)

where || - |[j0,q] is the essential supremum norm on the interval
[0,a]. Let R™{xo,U} C R™U{oc} be the reachable set of
the system (1) at time 7 > 0, starting at the initial condition
2(0) = ¢ and applying input signals u(-) in some set U C
LY. (Rx, U). The reachable set R™{xo, U} contains oo if for
some u(-) €U a finite escape time t.s. < 7 exists. Define
R} (xo,U) :=sup{|h(z)|: ® € R™{zo,U}} as the radius of
the smallest ball in the output space centered at y = 0 which
contains the image of the reachable set R”{xo,/} under the
output map h, or oo if this image is unbounded.

III. NORM-CONTROLLABILITY:
DEFINITION AND DISCUSSION

We are now in a position to define and discuss the notion of
norm-controllability.

Definition 1: The system (1) is norm-controllable from x
with gain function ~y if there exists a function v : R>g x R>g —
R>( with v(+, b) nondecreasing for each fixed b > 0 and ~(a, -)
of class? Ko, for each fixed a > 0, such that for all « > 0 and
b>0

R, (x0,Ua ) = 7(a,b) ©)

where U, ;, is defined in (2). U

The above definition of norm-controllability® can be inter-
preted in the following way. It provides a measure for how
large the norm of the output y can be made in terms of the
maximal magnitude b of the applied inputs and the length a of
the interval over which they are applied. This is captured via
the gain function -y, which gives a lower bound on the radius
of the smallest ball containing the image of the reachable set
under the output map &, when inputs with magnitude at most
b are applied over the time interval [0, a]. For each fixed time
horizon a, 7y(a, -) is required to be of class K., which means
that with inputs of increasing magnitude one should be able
to also increase the norm of the output. Note that a necessary

2A function a: Rsg — Rsq is of class K if a is continuous, strictly
increasing, and a(0) = 0. If v is also unbounded, it is of class Koo. A function
B:R>g X Rsg — Rxq is of class KL if B(-, t) is of class K for each fixed
t > 0and B(r, t) is decreasing to zero as t — oo for each fixed 7 > 0.

3We note that while Definition 1 is the same as the originally proposed
definition of norm-controllability in [1], [2], the set U, ; in (2) is defined
slightly differently. This allows us to also restate the sufficient conditions later
on in a simplified way.
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condition for this to be satisfied is that the set U of admissible
inputs is unbounded. On the other hand, for every fixed upper
bound b on the input norm, increasing the time horizon a over
which such inputs are applied should result in a non-decreasing
magnitude of the output. Furthermore, in Definition 1 the initial
state x( is taken as given and, when x( is changed, v will
in general also change. We also note the following subtlety:
Definition 1 says that for each time a > 0 and each b > 0
there exists some trajectory x(-) such that |h(z(a))| > v(a,b),
but not necessarily that there exists some trajectory satisfying
|h(z(a))| > ~v(a,b) for all times a > 0, i.e., some (single)
trajectory which can be made large for all times.

As mentioned in the Introduction, the concept of norm-
controllability can be seen as somehow complementary to ISS
(and related concepts involving outputs such as I0S and L
stability). Namely, if a system is ISS, at each time a the norm of
the system state can be upper-bounded in terms of the £, norm
of the input (plus some decaying term depending on the initial
condition). In particular, there exist a function « € K, and a
function 8 € KL such that for all u(-) € Uy, and all a,b > 0

|z(a)] < B (2ol @) + a(b) )
i.e., for all trajectories and all times one can upper-bound the
norm of the system state via (4). This gives us an upper bound
on the radius of the smallest ball which contains the reachable
set, i.e., R (xo,Uqy ) <B(|xo|,a) + a(b). On the other hand,
norm-controllability gives a lower bound on Rf (xo,Us ) in
terms of the gain function v in (3), which (in case of h(x)=
x) means that for each a,b>0 there exists some u(-) € Uy p
such that |z(a)| >~(a, b). If a system is both norm-controllable
(with h(xz)=x) and ISS, then it follows from (4) that (-, b)
is bounded for each b>0. In this case, (oo, -) gives a lower
bound for the smallest possible ISS gain function « of the sys-
tem. Similar considerations apply to related notions involving
general outputs (different than the special choice h(z)=z) such
as I0S [8] or L, stability (see, e.g., [9]). Moreover, we remark
that for a given initial condition x¢ and each a, b> 0, the func-
tion v(a,b) can be interpreted as a lower bound for the value
function of a finite-horizon optimal control problem, where the
utility function to be maximized is |h(z(a))|, subject to the
constraints & = f(z, u), u(t) € U and |u(t)| <bforall 0 <t <a.
Finally, we note some connections of norm-controllability to
the concept of excitation indices as proposed in [15], which also
studies the effect of inputs of norm less than b and for which
certain Lyapunov-like conditions were obtained. This notion,
however, is different from norm-controllability in that it is only
formulated in the context of dissipative systems and focuses on
the limiting behavior as t — oco.

IV. SUFFICIENT CONDITIONS FOR
NORM-CONTROLLABILITY

In this section, we formulate several Lyapunov-like sufficient
conditions for a system to be norm-controllable. The first one
in Section I'V-A is the simplest one and is based on first-order
directional derivatives. However, this condition can in general
only be satisfied for outputs with relative degree one. Hence,
in Section IV-B, we subsequently develop a more general
sufficient condition which is based on higher-order directional
derivatives. Finally, in Section IV-C we present further exten-
sions and relaxations of the derived sufficient conditions.
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A. Sufficient Condition Based on First-Order
Directional Derivatives

The first sufficient condition for norm-controllability uses
the notion of lower directional derivatives, which we recall
from [12], [16]. Namely, for a function V' : R™ — R, the lower
directional derivative of V' at a point 2 € R"™ in the direction of
a vector h; € R" is defined as

lim inf 1(1/(:c+ti31)—x/(x)). 5)

V(l)(:zr; hy) = 1
t\O,h1—hy T

Note that at each point z € R™ where V 1is continu-
ously differentiable, it holds that V(") (x;hy) = Ly, V(z) =
OV J0x)(z)h.

Theorem 1: Suppose there exist a set U C U containing 0 in
its closure, and a closed set B C R"™ which is invariant for sys-
tem (1) under controls in U. Furthermore, suppose there exist
a continuous function w : R™ — RY, 1 < g < n, a function V' :
R™ — R which is continuously differentiable on R™ \ W with
W :={z € R" : w(x) = 0} and such that OV/dz is locally
Lipschitz on R™ \ W, and functions ay, as, X, p, V € K such
that the following holds:

e Forallz € B

v(lw(@)]) < ()], (6)
ay (jw(z)]) < V() < az (lw(z)]) . ©)

* For each b > 0 and each = € B such that |w(z)| < p(b),
there exists some v € U with |u| < b such that

VO (25 f(z,u) > x(b). (8)

Then the system (1) is norm-controllable from all =g € B
with gain function

7(a,b) = v (ag" (min {ax(b) + V(wo), 01 (p(b)})) - (9)

Remark 1: If (8) holds not only if |w(x)| <p(b) but rather
for all x € B, then we can let p— oo and v in (9) simplifies to
v(a,b)=v(ag* (ax(b)+V (x0))). Note that in this case, v(a, )
might not be of class K., as y(a,0) >0 if V(z()>0. Never-
theless, v(a, -) still satisfies all other properties of a class K
function, i.e., is continuous, strictly increasing and unbounded.
In particular, this means that the system is norm-controllable,
but the function vy gives us a slightly stronger property than
required by Definition 1. If a function ~ satisfying y(a,0)=0
is desirable, it can be obtained by replacing V' (xo) with 0. [

Theorem 1 is a special case of Theorem 2 in Section IV-B,
which is why we will only prove the latter. Nevertheless, we
decided to state Theorem 1 separately as a result of its own
interest and in order to highlight and discuss various aspects of
our sufficient conditions with this simplest formulation, which
we will do in the following. Furthermore, connections to typical
ISS results are also most apparent for Theorem 1, compared to
the more general formulation in Theorem 2.

Theorem 1 is stated so that norm-controllability is estab-
lished on some invariant set /3. In particular, this includes as
a special case B = R", in which case we can take U =U. The
condition expressed by (6), (7) means that V' can be lower- and
upper-bounded in terms of the norm of a function w, which
has to be “aligned” with the output map h in the sense given
by (6). In the special case of h(z) = w(z) = x, this reduces
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to the usual condition that V' is positive definite and radially
unbounded. Note that (7) together with the requirement that
w is continuous implies that V' is continuous for all x where
w(z) = 0. However, at these points we need to allow V' to not
be continuously differentiable because V € C! together with
(7) would imply that the gradient of V' vanishes for all  where
w(z) = 0, and thus it would be impossible to satisfy (8) there.
On the other hand, the fact that V' need not be continuously
differentiable for all = where w(z) = 0 allows us to obtain a
non-vanishing lower directional derivative at these points, and
hence (8) can be satisfied. In the examples given in Section V,
a typical choice will be V() = |w(x)].

When the output map h is such that h(xzp) = 0, norm-
controllability captures the system’s ability to “move away”
from the initial state zy. This could e.g. be of interest if one
wants to know how far one can move away from an initial
equilibrium state (o, ug). In other settings, it makes sense to
consider h(xzg) # 0, e.g. in a chemical process where initially
already some product is available and hence the output should
further be increased. This allows us, for fixed h, w, and V,
to vary the initial condition xg, and the effect of this is given
by the term V' (z() in (9). Note that one could also obtain a
(more conservative) lower bound « which is uniform in x( by
replacing the term V' (z) in (9) with 0. Also, there might be
several possible choices for the functions w and V' satisfying the
conditions of Theorem 1. The degrees of freedom in the choice
of w and V can then be used to maximize the gain v in (9).
Example 4 will illustrate this point in more detail. Furthermore,
if systems without outputs are considered, i.e., an output map h
is not given a priori, we might first search for functions w and
V' satisfying the relevant conditions of Theorem 1. Then, the
system is norm-controllable for every a posteriori defined out-
put map h satisfying (6). It is also useful to note that increasing
the output dimension by appending extra variables to the output
cannot destroy norm-controllability (it can only help attain it).

Besides the conceptual complementarity between norm-
controllability and ISS as discussed in Section III, we empha-
size that also the sufficient conditions of Theorem 1 are in
some sense “dual” to the conditions in typical ISS results [10]
(and related notions involving outputs such as I0S). Namely,
a system is ISS if and only if there exist a continuously
differentiable function V' and K-functions a1, g, X, p such
that o (|z]) < V(z) < as(]z|), and V' < —x(|z|) for all u and
all z satisfying |x| > p(Jul|). This means that the decay rate
of V' can be upper-bounded in terms of |x| if |z| is large
enough in comparison to |u| (and this has to hold for all u). In
contrast to this, for norm-controllability we require in (8) that
there exists a u such that the growth rate of V' can be lower-
bounded in terms of b (the upper bound for the input norm)
if jw(x)| is small compared to b. Using this condition, in the
proof of Theorem 1 (respectively, Theorem 2, see Section IV-B)
we construct a specific piecewise constant control input which
yields a trajectory with a suitably increasing output norm. Parts
of this proof were inspired by [16] where the authors construct a
piecewise constant control to asymptotically stabilize a system.
However, we note that while it is instructive to highlight the
connections and similarities between the sufficient condition
for norm-controllability in Theorem 1 and typical Lyapunov-
like conditions for ISS, most of the technical ideas employed
here are different from those used in the above references.
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B. Sufficient Condition Based on Higher-Order
Directional Derivatives

The sufficient condition for norm-controllability presented in
Theorem 1 is appealing due to its rather simple structure and
its similarity to other Lyapunov-like results such as those for
ISS. However, this condition can be rather restrictive and is in
general not satisfied for systems whose output y has a relative
degree greater than one (see Example 5 for a further discussion
of this issue). The sufficient conditions presented in what
follows resolve this issue by relaxing the conditions of Theorem
1, and can be used for systems with arbitrary relative degree. On
the other hand, we note that verifying these relaxed conditions
for a given system requires more complicated analysis than in
the case of Theorem 1. The following sufficient conditions are
based on higher-order lower directional derivatives, which we
define in accordance with [12, Equation (3.4a)] (cf. also the
earlier work [13]). Namely, if V(l)(m; h1) exists, the second-
order lower directional derivative of V' at a point x in the
directions hq and hs is defined as*

;= liminf

V) (@;hy, ha)
2
15\0,ha—hs \ 12
x (V(az +thy + £2hy) — V(z) — tV D (z; hl)) .
In general, if the corresponding lower-order lower directional

derivatives exist, for k > 1 define the kth-order lower direc-
tional derivative as

V(k)(x, h1, .. .,hk)

k!
:= liminf ()
O o —hy \ EF
X (V(x+th1+~~-+tk7Lk)—V($)—tV(1)($§hl)
_..._(1/(1<—1)!)t’fflv<’“*1>(a:;hl,...,th)). (10)

Similar to Section IV-A, we will later consider lower direc-
tional derivatives of a function V' along the solution z(-) of
system (1). For’ k < k, we obtain the following expansion for
the solution z(-) of system (1), starting at time ¢' at the point
2 := z(t') and applying some constant input u:

2(t) =z + (At)hy + - + (A hyp + 0 ((ADF) (D)
with At :=t — ¢ and
hy = i(t) = f(x,u),
hg = (1/2)&(t") = (1/2)0f /0| (4u) f (2, w),
hy = (1/k)z™® (). (12)
In order to facilitate notation, in the following we write
V) (2 flz,uw) ==V (zhy, ... hy) (13)

for the kth-order lower directional derivative of V' at the point x
along the solution of (1) when a constant input u is applied, i.e.,
with hy, ..., hy givenin (12). It is straightforward to verify that
at every point where V’ is sufficiently smooth, V' *) (z; f(x, u))

“In contrast to [12], [13], here we include the factor 2 (and later, in (10),
the factor k!) into the definition of higher-order lower directional derivatives.
We take this slightly different approach so that later, at each point where V'
is sufficiently smooth, these lower directional derivatives reduce to classical
directional derivatives (without any extra factors as in [12], [13]).

SRecall that f € C*~1 for some k > 1.
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reduces to L’}V|(m,u) (compare [12, Section 3] and [13, p.73]),

where L’}V\(Lu) is the kth-order Lie derivative of V' along
the vector field f. Namely, if V is locally Lipschitz, the kth-
order lower directional derivative reduces to the kth-order Dini
derivative (i.e., in (10) the direction hj is fixed (see [12,
Proposition 3.4(a)]); furthermore, if V € C*, then the limit
in (10) exists (compare [12, Proposition 3.4(b)]) which equals
LEV [13,p. 73].

Theorem 2: Suppose there exist a set U C U containing 0
in its closure, and a closed set 5 C R™ which is invariant for
system (1) under controls in U. Furthermore, suppose there ex-
ist a continuous function w : R” — RY, 1 < ¢ < n, a function
V :R™ — R which for some 1 < k < k is k times continu-
ously differentiable on R™ \ W with W := {x € R" : w(x) =
0} and such that the k-th order partial derivatives of V' are
locally Lipschitz on R™ \ W, and functions a1, aq, X, p,V €
K such that (6)-(7) is satisfied and the following holds:

» For each b > 0 and each = € B such that |w(z)| < p(b),

there exists some u € U with |u| < b such that
VO (z; f(zu) >0 j=1,....k—1, (14
V) (@5 f(a,u) = x(b). (15)
e At least one of the following conditions is satisfied: (i)
OV (z; f(z,u))/0u=0forall j =1,....k — 1andall
xeB\W; (i) Un (mweg,\w(m)\gp(b)Ub(z)) # () for all
b > 0, where

Ub(z) :={ueU:|ul <b, (14) — (15) hold}.  (16)

Then the system (1) is norm-controllable from all g € B
with gain function

sfa.0)=v (o5 (minf a0 +v (@), n oo} ). 17

Remark 2: For the special case of k=1, Theorem 1 is
recovered. In particular, condition (i) of Theorem 2 is trivially
satisfied if k& = 1. O

Remark 3: Conditions (i) and (ii) in Theorem 2 are meant to
ensure that derivatives of V' up to order £ — 1 along solutions
of (1) are continuous when applying a piecewise constant input,
which will be needed in the proof. Condition (i) achieves this
by requiring that derivatives up to order £ — 1 do not explicitly
depend on u. On the other hand, condition (ii) implies that the
set of “good” inputs (16) (in the sense that (14), (15) holds) has
a non-empty intersection for all x € B with |w(z)| < p(b), i.e.,
there exists a common “good” input value w for all such = and
hence a constant input signal can be used to increase the norm
of the output. While condition (ii) might be restrictive for some
systems, it is sufficient that either condition (i) or (ii) is satisfied,
i.e., (ii) only has to hold if (i) is not true. Furthermore, depend-
ing on how the solutions of system (1) behave, in some cases we
might be able to use a constant input (along a given trajectory)
even if condition (ii) fails (see Example 7 for more details). [

Remark 4: When considering higher-order derivatives (i.e.,
k > 2), we do not necessarily need V' to be not differentiable
for all © where w(z) = 0 in order to be able to satisfy (14),
(15), as was the case for k£ = 1. Nevertheless, allowing V' to be
not continuously differentiable everywhere still helps in finding
V' satisfying (14), (15); this is in particular true later for the
situation of Theorem 3, where we generalize the results of
Theorem 2 such that (14)-(15) can hold for flexible . O
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Proof of Theorem 2: In the following, we will develop two
technical lemmas and then obtain the proof of Theorem 2 by
combining them. Let a, b > 0 be arbitrary but fixed, and assume
in the sequel that the hypotheses of Theorem 2 are satisfied.
Furthermore, we assume that no u(-) € U, leads to a finite
escape time t.s. < a, for otherwise, by the unboundedness
observability property, also Rf (zo,Uq,») = 00, and thus (3) is
satisfied with  as in (17) and we are done.

The idea of the proof is to construct a piecewise constant
input signal u(-) € U, such that when applying this input
signal, the corresponding output trajectory satisfies |y(a)| =
|h(z(a))| > v(a,b). The first lemma considers the initial phase
and proves that V' can be increased, and is in particular needed
for the case where w(zg) = 0, i.e., zop € W. To this end, define
the set

Xow ={zeB:r<|w() <pb)} (18)

for & satisfying 0 < x < p(b). Recall the definition of U®(x) in
(16) and note that the assumptions of Theorem 2 expressed by
(14)-(15) imply that for each b > 0, U N U’(z) # 0 for all x €
X0 (and hence also for all x € X, , foreach 0 < x < p(b), as
Xpr € Xpo). -

Lemma 1: Assume that xg € X3 and ugp € U N Ub(xo).
Then there exists some 7 > 0 such that for all ¢ € (0, 7], it holds
that V(x(t)) > V(xo) and hence in particular V (z(t)) > 0,
where x(+) is the trajectory of the system (1) that results from
applying the constant input u( during this time interval.

Proof: See Appendix L. (I

Next, we consider the situation where the state x is already
away from the set W. Then, according to our assumptions, V' is
k times continuously differentiable with locally Lipschitz k-th
order partial derivatives, which we can use to show that if some
input u; is “good” at some point z; in the sense that V*) is
positive, it is also “good” for nearby z;. Let R<{xq,Us p} :=
Uo<t<a R {0, Ua s }-

Lemma 2: Consider some time instant 0 < s < a with
z(s) € R=*{x, Uy}, and assume that z(s) € X 5 for some
§ > 0; furthermore, pick some us € U N U”(x(s)). Then, for
each 0 < ¢ < 1, there exists a number A(g,d) > 0 such that
V) (2(1)) > (1 - ¢)x(5) and

VO (@lt) = VO (@) = Gr—px(®e =57 (19)
for all j=0,...,k—1 and all ¢ € [s,s+ A(g,d)] N[0, al,
where x() is the trajectory that results from applying the
constant input u, during this time interval, and VU)(z(t)) :=
VO (z(t); f(2(t),us)) = L‘}V|(m(t)’us) for j=1,...,k—1
and VO (z(t)) := V(z(t)).
Proof: See Appendix II. O
Combining Lemmas 1 and 2, we are now able to prove
Theorem 2. Fix an arbitrary 0 < £ < 1. Denote by A; the sub-
level set

Ay ={x eR": V(z) <ai(pb))}.

We construct a desired input signal in a recursive fashion using
the following algorithm. This input signal will by construction
satisfy u(t) € U for all ¢ € [0,a]; hence, the resulting state
trajectory z(-) will remain in the set 3 in this time interval if
2o € B. The trajectory z(-) is exemplarily illustrated in Fig. 1,
which might be helpful in following the remainder of the proof.

(20)
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Fig. 1. [Illustration of the state trajectory constructed in the proof of
Theorem 2 for the case w(z) = x.

Step 0: Consider xo € B. If xg € int(Ay), then by (7) we
have |w(zo)| < p(b) and so z € X; o according to (18). We
can then pick some ug € U NU®(zg), which exists as U N
U®(z0) # (), and apply Lemma 1 to find a time 7 > 0 such
that the trajectory corresponding to the constant control u =
ug satisfies V(x(t)) > V(o) and hence in particular also
V(z(t)) > 0forall 0 < ¢t < 7. Pick some t; € (0, min{r, a}l;
note that ¢; can be chosen arbitrarily small. Apply the constant
input u = ug on the interval [0, ¢;) for as long as the resulting
trajectory z(-) does not hit dA,. If we have z(t) € OA, for
some t € (0,t), then denote this time ¢ by #; and skip to Step 2,
otherwise proceed to Step 1. If 29 € Ay, lett; = £; := 0 and
skip to Step 2. If already x¢ & A, then let ¢; := 0, pick some
uy € U with |u;| < b and apply the constant input © = u; on
the interval [0,a) for as long as the resulting trajectory z(-)
does not hit 9A,. Note that for each b > 0, such a u; exists,
as by assumption U contains 0 in its closure, i.e., U contains
input values v of arbitrarily small magnitude. If x:(¢) € OA; for
some t € [0, a), then denote this time ¢ by #; and skip to Step 2,
otherwise skip to Step 3.

Step 1: 1f® x(t1) € DAy, then let £; := t; and skip to Step 2.
Otherwise, z(t1) € int(Ay). Let § := oy ' (V(x(t1))) and note
that 6 > 0 according to the definition of ¢; in Step 0. From (7),
the definition of A, and the fact that z(¢1) € B, it follows that
0 < |w(x(t1))| < p(b), and hence z(t1) € X, 5 by (18). We
can thus pick some u; € U N U®(x(t1)) and apply Lemma 2
with s = t1, us =u;, e =& and § = 0 to find a A(, ) such
that the trajectory corresponding to the constant control v =
on the interval [t;, min{t; + A(£,0),a}) satisfies (19) with
s =1t and € = € on this interval. Apply the constant input
u = wuy on this interval for as long as the resulting trajectory
z(+) does not hit dA,. If we have x(t) € OA; for some t €
(t1, min{t; + A(Z,6),a}), then denote this time ¢ by #; and
skip to Step 2. If this does not happen but ¢; + A(g,6) > a,
then skip to Step 3. Otherwise, let 5 := t; + A(Z,6). In this
case, x(t2) € Ap and, by Lemma 2, V(x(t2)) > V(z(t1)) ac-
cording to (19) with j =0 and s =t;. So, we can check
that z(t2) € X, 5 similarly to how we did it earlier for x(t;).
Therefore, we can repeat Step 1 for the times to, t3, ... (but
without changing the value of §); note that this sequence of time
instants is finite, as t;41 — t; = A(E, 5) > 0 for all . In case
condition (ii) in Theorem 2 is satisfied, we ensure additionally
that the input values u1, us, . . . are chosen to be the same.

®Even though u(t1) is not yet defined, x(¢1) is defined by continuity as
limt/rtl $(t)
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Step 2: We have x(f1) € DAy, ie., V(z(f1)) = ar(p(b)).
If £, =a then skip to Step 3. Otherwise, we can ver-
ify analogously to Step 1 that x(f;) € X, 5 with 6=
oy (a1 (p(b))), and hence U N U (z(f;)) # 0. Pick some iy €
U NU(x(f1)). Apply the constant input u = 11 on the interval
[t1,%2) where £5 := min{inf{t : t > {1, z(t) € OAp},a}. This
interval is non-empty; in fact, £, > min{f; + A(1/2,0),a}

where A(+,-) comes from Lemma 2. Indeed, as z(f;) € X, 5
we can apply Lemma 2 with s = £, us = 11, € = 1/2 (any
other choice 0 < £ < 1 would give a similar result), § = 4 and
j =0 in order to conclude that V (z(t)) — V(z(£1)) > 0 for
all ¢t € (£, min{f; + A(1/2,6),a}], which implies that 7, >
min{#; + A(1/2,0), a}. Moreover, if fy < a then z(f) € A,
and we can repeat Step 2 for the times {s, 3, and so on, and
the above argument shows that this sequence of time instants
is finite.

Step 3: We have now reached the time ¢ = a and we have
constructed the following control input defined on the interval
[0,a), with the control values w;,; and the times ¢;,%; as
specified above (those times that are never defined are treated
as 00):

up 0 <t <min{ty,{1}
U(t) = u; ,; <t< min{t,‘+1, El, CL},
ﬁj {j <t< min{fj+1, a},

This input, extended with the last value (ug, u; or ;) at
t =a (and arbitrarily for ¢ > a), satisfies u € U, , as by
construction, |u(t)] <b for all ¢ € [0,a]. For each 0 < £ <
1, this input signal is piecewise constant in the interval
[0,a] with only finitely many different values w; and ;;
this follows from the construction in Step 1 and the argu-
ment given in Step 2. Let xz(-) denote the state trajectory
resulting from the application of the control input u(-) to
the system (1), and V) (z(t)) := VU (z(t); f(x(t),u(t)))
for j =1,...,k. The state trajectory z(-) has the following
properties. First, consider the case where ¢; > 0 (recall from
Step O that this corresponds to zy € int(Ap)). Using (19)
with j =k — 1 and & = &, we obtain that V¥~V (z(t;)) >
(]. - {:T)(tl - tifl)X(b)ﬁ’V(kil)(.Z(tl,l)) for all ti with ¢ Z 2
which were defined in Step 1, and V*~ D (z(min{f;,a} ")) >
(1 — &)(min{ty,a}—t,)x(b) + VFE D (x(t,)), where t, is
the last time instant of the sequence {t;} defined in
Step 1. Now if condition (i) is satisfied, we have that
V=1 (2(t)) is continuous also at the time instants ¢ = t;
where the control values switch (as x(-) is continuous), i.e.,
VED (z(t;7)) = VED(z(t;)). On the other hand, if con-
dition (ii) holds, then w; = ue = ... by construction and
hence again V(*~1)(x(t)) is continuous also at the time in-
stants ¢t =t; (as x(-) is continuous). Hence it follows that
for all t; <t <min{f;,a} we have VD (x(t)) > (1 -
E)(t —t1)x(b)+VED(x(ty)) > (1 — &)(t — t1)x(b), where
the second inequality follows from (14) with j =k — 1,
x=uxz(t;) and u=wuy. Now for each t; <t < t;11, due
to the fact that the constant control wu; is applied, it fol-

lows that V(=) (x (1)) = V2 (a(t:)) + f VED (2(7))dr.

Using the same argumentation as abové, it follows that
V#=2)(z(t)) is also continuous at the time instants ¢ =
t;, and hence we obtain V=2 (x(t)) > (1/2)(1 —&)(t —
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B)2(b) + V2 (a(t1)) > (1/2)(1 = 2)(t — ) (b) for all
t; <t < min{f;,a}, where the second inequality again fol-
lows from (14) with j =k —2, 2 = 2(t1) and u = u;. Re-
peating the above k — 2 times results in V' (x(t)) > (1/k!)(1 —
E)(t — t1)kx(b) + V(x(t1)) for all t; <t < min{f;,a}; fur-
thermore, recall from Step 0 that V(x(t1)) > V(zo) due
to Lemma 1.

Next, if 1 < a, then for £; < t < a the construction of the
input signal guarantees that V (z(t)) > V(z(£1)) = a1(p(b)).
Finally, if ¢; =0 (recall from Step O that this corresponds
to o & int(Ap)), then the preceding inequality V(z(t)) >
a1(p(b)) is satisfied for all 0 < ¢ < . Combining the above
yields

V (z(a)) > min {kl'(l —&)(a —t1)"x(b) + V(z0),

(o) |
Hence, using (7), we have
w (z(a))] > ay* (min {(1/E1)(1 - &)(a — t1)"x(b)

+V (o), a1 (p(b))}) -

Finally, using (6), we obtain
|h(z(a))] > v (agl (min {(1/k!)(1 —&)(a— tl)kx(b)
+V (20), a1 (p(0))})) -

As u(-) is contained in U, ; and as the above calculations hold
for arbitrary =y € B, it follows that:

R} (o, Uap) > v (0451 (min {(1/k!)(1 —&)(a —t1)*x(b)
+V (o), a1 (p(b))}))

for all xy € B. Note that (23) holds for every 0 < £ < 1, and
according to Step 0, either ¢; = 0 or ¢; can be chosen arbitrarily
small. Thus, as the left-hand side of (23) is independent of £ and
t1, we can let &€ — 0 and ¢1 — O (in case ¢4 is not 0) and arrive
at the desired bound (3) with  as defined in (17). The function
~y satisfies the required properties of Definition 1, i.e., (-, b) is
nondecreasing for each fixed b > 0 and (a, -) € K for each
fixed a > 0. This concludes the proof of Theorem 2. U

Remark 5: The input signal u(-) constructed in the proof of
Theorem 2 results in a monotonically increasing V' (z(-)), as
long as z(-) does not leave the set A,. However, note that this
does not mean that our sufficient conditions only capture cases
where the output 2 (z) can be increased monotonically. Namely,
h is related to V' via (6), (7), and hence we can certainly have
monotonic behavior of V' but non-monotonic behavior of A. [

(23)

C. Extensions

In this section, we present two extensions of the sufficient
conditions developed in Section IV-A and IV-B. This will allow
us to treat some more advanced examples that the previous
results cannot handle (see, e.g., Example 6 in Section V). We
first show that in Theorem 2 (and hence also in Theorem 1), the
assumption that the set 3 is invariant under controls in U can be
relaxed. To this end, recall that for a given z, the set U®(x) was
defined in (16) as the set of all “good” inputs, i.e., such that (14),
(15) is satisfied. Now for each b > 0 and each x € B such that
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|w(z)] < p(b), denote by Ub(x) an arbitrary nonempty subset’
of U (). Then, let U := Uyep uw(a)<pn) U? (). U = 0 for
some b’ > 0 (which can only happen if |w(z)| > p(b') for all
z € B), let U” be an arbitrary nonempty subset of {u: |u| < b}
Now if B is invariant under controls in g = Ub>ol7 b we have
the situation of Theorem 2 (with U = U); if not, consider the
following.

Proposition 1: Theorem 2 remains valid under the following
modifications.

1) The assumption that a set U exists such that the set 1 is

invariant under controls in U is replaced by the following:
For each b > 0, there exists a set H;, C R"™ with H, N
Ay =10 Az}nd Ay defined by (20) such that if 2y € B and
u(t) € Ut forallt > 0, then z(t) € BU H, forall t > 0.
2) Instead of only holding for all x € B, equations (6)-(7)
hold for all x € Up~oHp U B.
3) In condition (ii) of Theorem 2, the set U°(x) is replaced
by U (x).
Proof: See Appendix III. ([

Condition 1) in Proposition 1 means that each trajectory x(-)
cannot exit 3 before exiting A;. In other words, when at some
time instant ¢ we have z(¢) € Ay, then also z(t) € 5.

The second extension is to generalize the results of
Theorem 2 to the case where the set B can be partitioned into
several regions where (14), (15) holds for different k. This
means that B can be written as B = U¢_, R;(b) for some £ > 1
and sets R;(b) (possibly depending on b).

Theorem 3: Suppose there exist a set U C U containing 0
in its closure, and a closed set B C R™ which is invariant for
system (1) under controls in U. Furthermore, suppose there
exist a constant £ > 1 and for each b > 0 a partition B =
Uf_,R;(b) with corresponding integer constants 1 < k; <
ko < ...< ky <k, a continuous function w : R” — R?, 1 <
q < n, afunction V' : R™ — R which is k, times continuously
differentiable on R™\ W with W := {x € R" : w(z) = 0}
and such that the k,-th order partial derivatives of V' are locally
Lipschitz on R™ \ W, and functions aq, as, X, p, v € K such
that (6), (7) is satisfied and the following holds:

e For each b > 0 and each z € R;(b) for some 1 <1 </

satisfying |w(z)| < p(b), there exists some u € U with
|u| < b such that

VO (23 f(x,u)) 2 0 (24)

V) (@5 f(a,u) = xi(b)- (25

e At least one of the following conditions is satisfied for all
b>0:

j=1,.. .k — 1,

(i) Forall 1 <i < ¢, 0VY (x; f(x,u))/0u = 0 for all
j=1.. ki — 1andallx€R()\W
i) UnN (ﬁ1<z<e NazeRs (b),|w(x) | <pb) UL (2)) #
where
Ub(z) :=={u € U: |ul <b, (24)—(25) hold} . (26)

Then the system (1) is norm-controllable from all g € B
with gain function

v(a, b)zu(agl (min {\I!(a7 b)+V (z0), a1 (p(b)) })) (27)

7Note that such a subset exists because UP(z) # () for all such x, as
discussed in the paragraph below equation (18).
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where
(ke =Ry,
U(a,b) = ———a"x;(b). 28
(a,b) B I xi(b) (28)
Proof: See Appendix IV. O
Remark 6: In the special case of ¢ =1, Theorem 2 is
recovered. (]

Remark 7: Proposition 1 also applies to Theorem 3, i.e.,
the assumption of control-invariance of the set B can be re-
laxed. In this case, the following slight adaptation of Propo-
sition 1 is necessary: the set U® is now defined as U? :=
Ui<i<e Uzer, (b),|w(z)|<p(b) Uib(:z:), where Uf’(x) is an arbi-
trary nonempty subset of UP(x) such that condition (ii) of
Theorem 3 is still satisfied with U? () replaced by U?(z). O

V. EXAMPLES

In this Section, we illustrate the concept of norm-
controllability as well as the presented sufficient conditions
with several examples.

Example 1: Consider the system # = —z3 4+ u with output
h(z) = z, and take w(x) = x and V' (x) = |z|. For each x # 0
and each b > 0, by choosing u such that |u| = b and zu > 0,
we obtain V = —|z|? + sign(z)u = — || + fsign(z)u+(1 —
0)sign(z)u > (1 — )b =: x(b), for all |z| < /b =: p(b) and
arbitrary 0 < 6 < 1. Here 0 is just a parameter whose choice
determines the functions x and p. For z = 0, choosing u such
that |u| = b results in V1 (0, £(0,u)) = b > x(b). Hence we
can apply Theorem 1 with B=R and® v = a; = ap, = id to
conclude that the considered system is norm-controllable from
all zp € R with gain function vg(a,b) = min{(1 — 0)ab +
|zo|, VOb}. As R§(x0,Us) is independent of 6, it follows
that the considered system is norm-controllable from all zg €
R with gain function 7(a,b) = maxp<g<1 7s(a,b). Note that
the latter conclusion also applies to all subsequent examples
involving a parameter 6.

Example 2: Consider the system & = u/(1+ |u|) with
h(x) = x. This system is not norm-controllable. Indeed, it is
easy to see that || <1 for all z and u. But this means that
we cannot find a function ~(+, -) which is a K, function in the
second argument such that (3) holds, as for a given time horizon
a, the norm of the output cannot go to infinity as b — co. On the
other hand, one can see that for a — oo, we have |h(z)| — oo
for every constant control u > 0.

Example 3: Consider the system

21 = (1 + sin(xou)) |u| — 1

. 1

Xro = T1 — 5172

Yy=1x 29)
for which the set B := {x : x; > 0} is invariant under controls
in U = R. Take w(z) = x1 and V() = |x4|. For each b > 0,
choosing u such that |u| = b and sin(xou) > 0 results in

VO (x, f(x,u)) = (1 + sin(z2u)) |u| - 21
>b—x1 > (1—0)b=:x(b)

for all x € B such that z; <0b=:p(b) and arbitrary 0 <6 < 1.
This means that for each x € B, the set of “good” inputs, de-

8id denotes the identity function.
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Fig. 2. Input and state trajectory together with lower bound ~ for b = 2.5 in

Example 3.

fined by (16), is given as U®(x) = {u : |u| = b, sin(zau) > 0}.
We can now apply Theorem 1 to conclude that the system (29)
is norm-controllable from all zy € B with gain function

v(a,b) = min {(1 — )ab + |z1(0)|,6b}. (30)

Fig. 2 shows simulated state and input trajectories with zg =
0, b= 2.5 and # = 0.8. The piecewise constant input signal
was constructed as described in the proof of Theorem 2, i.e.,
new input values u; € U NU(z(t;)) = Ub(2(t;)) and u; €
U®(x(£;)) were chosen at the time instances ¢; and #;, respec-
tively, and applied on the time interval [t;,¢;+1) and [£;,7;41),
respectively. One can see that the input signal switches between
the values b and —b at certain time instances, and that during the
second stage, i.e., once |z1| > 0b, a new control value is chosen
at those time instances where x1 = 6b. O
Example 4: Consider the system

—x‘;’—l—xg—i—u
—Zo + X1 +u

x‘:f(x,u):[ ] hz)=z (31

As pointed out in Section I'V-A, with this example we illustrate
how different functions w and V' can be used to establish norm-
controllability for system (31). To this end, consider the two
functions wy () = x1 and wa () = 22, as well as V; (z) = |21 ]|
and V5(z) = |z2|. It holds that |h(x)| > |w;(x)| for i = 1,2;
thus in both cases we can choose v; = a;; = ag; =id in
(6), (7). Furthermore, the positive orthant Rio =Rs9 X Rxg
is invariant under controls in U := Rg, which can be easily
seen by noting that the vector field f points inside the positive
orthant for all = on its boundary and all « > 0. Considering w;
and V7, by similar calculations as in Example 1 one can show
via Theorem 1 that the system (31) is norm-controllable from
all 7o = [21(0) 22(0)]T € R2,, with gain v, (a,b) = min{(1 —
0)ab + |21(0)|, v/0b} and arbitrary 0 < 6 < 1. Similar calcu-
lations using wsy and V3 yield that the system (31) is norm-
controllable from all zo € R2 with gain v2(a,b) = min{(1 —
0)ab + |22(0)|,0b} and arbitrary 0 < < 1. Hence we can
conclude that the system (31) is norm-controllable from all
zo € RZ, with gain v = max{y;,72}, which shows how the
possible degrees of freedom in the choice of the functions w
and V can be used to maximize the gain . Furthermore, by the
choice of the functions w1, w2 and V7, V5, we also have proven
norm-controllability of the system (31) for the a posteriori
defined output maps hq (z) = z1 and ho(z) = 2.

Example 5: Consider the double integrator system &; =
Z9, &9 =u with output h(x) = x;. The relative degree of
this system is r = 2. Consider again the positive orthant
By := RZ, which is invariant under controls in U := R. Let
w(z) := z; and V(z) := |x1]|. For all x € By and u € U, we
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obtain V) (z; f(2,u)) = o (Which means that condition (i)
of Theorem 2 is satisfied) and V) (z; f(x,u)) = u. Hence for
each b > 0, by choosing u = b we obtain that V3 (z; f(z,
u)) = b=: x(b). We can now apply Theorem 2 with By :=
R2,, U := R>g, k = 2 and x = id together with Remark 1 to
conclude that the system is norm-controllable from all 2o € B;
with gain function v(a,b) = (1/2)a?b. Similar considerations
also apply to the negative orthant By := R2< 0 which is in-
variant under controls in U := Rg. Furthermore, we note that
we necessarily need k = 2, i.e., there does not exist a function
V(x1,z2) satisfying the conditions of Theorem 1. To see this,
first note that in order to satisfy the conditions (6), (7), we
necessarily need that V([0 22)7) = 0. For z; = 0, we obtain

V([0 2o f ([0 22)",w) = 148 ([0 2] ™ [z2 u]T)
(1/t)V ([0 2]" + thy)

= lim inf
N0 b= [z2 u] T

< lirtn\ inf(1 OV (tzo 22 +tu]T) . (32)

For 1 = x5 = 0, we obtain V) (2; f(2,u)) < 0 independent
of u, since V([0 z2]T) = 0 as discussed above (in fact, we can
conclude that V(") (x; f(z,u)) = 0 for 1 = x5 = 0 because
V() > 0 for all ). Hence we cannot find a function x satisfy-
ing (8). We conjecture that a similar conclusion also holds for
x1 # 0, i.e., where V is differentiable. Furthermore, the above
argument can be extended in a straightforward manner to SISO
systems in normal form (see [17, p. 143]), and hence for such
systems we conclude that in order to satisfy the conditions of
Theorem 2 we need k > r, where r is the relative degree of
the system. For MIMO systems in normal form [17, p. 224], an
analogous statement holds with r := min{ry,...,r,}, where
r; is the smallest integer such that ylm)
some input component u;.

Example 6: Consider an isothermal continuous stirred tank
reactor (CSTR) in which an irreversible, second-order® reaction
from reagent A to product B takes place [18]:

explicitly depends on

5t =y (Cai = Ca) —kCy
dCp ¢ 2

where C4 and Cp denote the concentrations of species A
and B (in [mol/m3]), respectively, V is the volume of the
reactor (in [m?)]), ¢ is the flow rate of the inlet and outlet
stream (in [m?3/s]), k is the reaction rate (in [1/s]), and Ca,
is the concentration of A in the inlet stream, which can be
interpreted as the input. Using z1 := Ca, 29 := Cp, ¢ :=q/V
and u := Cl,, one obtains

i = —cxy — kaxt + cu=: fi(z,u)

By = ka? — cxy =: fo(x). (34)
The physically meaningful states and inputs are = € Rzzo, u €
R>p, i.e., nonnegative concentrations of the two species in

9Similar conclusions as in the following can also be reached in the case of
a first-order reaction, i.e., with CE‘ replaced by C'4 in both places in (33), and
with the invariant set 3 in (35) below redefined using x1 instead of x%
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Fig. 3. Partition of the invariant region 13 and the set H}, in Example 6.

the reactor and the inlet stream, respectively. We are in-
terested in the amount of product B per time unit, i.e. in
the output y = h(x) = gxs. Taking w(x) = x5 and V(z) =
|w(z)|, one obtains that for all z € RZ, and u € Rso,

we have V) (z; f(z,u)) = kx? — cao, VO (z; f(z,u)) =
—ka? (3¢ + 2kx1) + Pag + 2kexyu, and VO (x5 f(x,u)) =
(—6kcxy — 6k2x3+2kcu) f1(z,u) + ¢ f2(z). Now consider
the region

B:={z:0<x < (k/c)ai} CRZ,. (35)
Note that V) (z; f(z,u)) > 0 for all z € B. Fix some arbi-
trary 0 < ¢&,0 <1, and for b > 0 define ¢;(b;¢) := (—(3 —
g)ct+/[3—¢)2c2+16¢k0b) / (4k), p2(b) :=min{cb/(8(c+k)),
\Veb/(8(c+ k))} and @(b) :=min{p; (b;0), p2(b) }. Now con-
sider the following partition of B, which is also exemplarily
depicted in Fig. 3: R1(b):={z € B:0<zo<e(k/c)a?,x1>
®(b)}, Ra(b):={xeB:(ck/c)xi<z2<(k/c)x?, x1>P(b)},
and R3(b) :={z € B:0< 2y < (k/c)z?, 2y < ®(b)}. For
all b>0 and all x € Ry(b), by choosing u=0b we ob-
tain that V) (z; f(x,u)) > (1 —e)ka? > (1 — e)kD3(b) =:
x1(b). For all b> 0 and all = € Ry(b), by choosing u =b
we obtain that V3 (z; f(z,u)) > 2(1 — 0)kcb®(b) =: x2(b),
for all 1 < ¢1(b;e), which holds if zo < (ck/c)p?(b;e) =:
p(b). Finally, for all b > 0 and all x € R3(b), by choosing
again v =b we obtain that V() (z; f(z,u)) >0 and that
V) (a5 f(2,u) > ke?b® =: x3(D).

In order to be able to apply Theorem 3, it remains to
show that either condition (i) or (ii) is satisfied and the set
B can be rendered invariant, where for the latter we will
use the relaxed form given by Proposition 1 (compare Re-
mark 7). Due to the above, for each 1 <i <3 and each
x € Ri(b) with |w(z)| < p(b), we have UP(x) = {b}, and
hence Ni<i<e Nper, (b),w(@)|<p(b) Ub(x) = {b} #0, ie., con-
dition (ii) of Theorem 3 is satisfied. Furthermore, also U® =
{b}. Now note that for all = such that zo =0 and 27 > 0,
f(z,w) points inside B for all u € R, and hence no trajectory
can leave the set B there. At the other boundary, i.e., for
all x such that x5 = (k/c)z?, f(z,u) points outside B only
if x1 > (—c+ V2 + 4cku) /(2k) =: §(u). However, for each
b >0, if x1(7) > §(b) for some 7 > 0, then it follows from
(34) that also 1 (t) > d(b) for all ¢ > 7 in case that u(t) € U?
(i.e., u(t) = b) for all t > 7. Hence for each b > 0, we define
the set Hy, := {x : 1 > §(b), 2 > (k/c)x?} (see also Fig. 3).
Furthermore, it is straightforward to verify that for each b > 0,
Hy, N Ay = 0, where Ay, = {x : |x2| < p(b)} according to (20).

Summarizing the above, we can apply Theorem 3 with ¢ =
3, k1 =1,ky =2, ks =3, a1 = as =id and v = ¢id together
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with Proposition 1 (and Remark 7) to conclude that the system
(34) is norm-controllable from all xy € B with gain function

v(a,b) = qmin {¥(a,b) + x2(0), p(b) }

with U defined in (28). An interpretation of this fact is as
follows. If x5 < (k/c)x?, then a sufficiently large amount of
reagent A compared to the amount of product B is present
in the reactor in order that the amount of product B can be
increased. On the other hand, if 22 > (k/c)z?, then already too
much product B is inside the reactor so that its amount will
first decrease (due to the outlet stream), no matter how large the
concentration of A in the inlet stream (i.e., the input w) is, and
hence the conditions of Theorem 3 (in particular (24)) cannot be
satisfied there with V' (z) = |x2|. However, this does not imply
that (24) cannot be satisfied there for some different function
V (cf. Remark 5). In fact, one can show by somewhat tedious
direct calculations that the system is still norm-controllable in
the latter case (see the technical report [19]). The reason for
this is that while the amount of product B inside the reactor
will first decrease (due to the outlet stream) if x5 > (k/c)z?,
the time during which it decreases goes to zero as b, i.e., the
concentration of A in the inlet stream, increases. Hence still for
each fixed time a > 0, the amount of product can be made large
by using a large concentration of A in the inlet stream.

(36)

VI. NORM-CONTROLLABILITY FOR LINEAR SYSTEMS

In this section, we further elaborate the property of norm-
controllability for linear systems. We show how global norm-
controllability for special linear output maps corresponding to
real left eigenvectors of the system matrix can be established,
and how this can be related to the standard controllability no-
tion. Furthermore, we show how invariant sets can be used in or-
der to establish norm-controllability for a larger class of output
maps h.

Consider the linear system

&= Ax + Bu 37)
with A € R™" B € R™ ", and admissible input set U :=
R™. Denote the controllable subspace of the system (37) by!’
S :=span[B, AB, ..., A" "1 B]. Furthermore, let A1,...,\,
denote the eigenvalues of A (with algebraic and geometric
multiplicity possibly greater than 1) and #7 , . . . the correspond-
ing left eigenvectors of A. Consider the scalar linear function
w(z) := cT'z for some ¢ € R", and take V (z) := |cT'z|. For all
x where w(z) # 0 we obtain

V = sign(cTz)cT (Az 4 Bu)

= sign(c’ z)é" 2 + sign(c’z)c’ Bu (38)
with ¢ := ¢ A. Furthermore, for all  where w(z) = 0 we ob-
tain, using the definition (5) of the lower directional derivative

lim inf

VO (@; fe,u) = i
t\0,h1—Az+Bu

1, -
~|cTth

s e th
= |c"(Az + Bu)| = [¢"z + ¢" Bu|. (39)

10For a matrix X € R™*™, denote by span(X) the subspace of R™ spanned
by the columns of X.
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A. Global Norm-Controllability of Linear Systems

Proposition 2: A linear system (37) is norm-controllable
from all 2y € R™ with output map h(x) = ¢z, for each real
left eigenvector ¢; of A which is not orthogonal to S. |

Proof: Consider a real left eigenvector ¢; of A which is
not orthogonal to S. Then, for some 0 < k < n — 1, it holds
that /7' A¥ B = 0. But from this it follows that also (7 B # 0, as

(TAFB = \ITAF 1B = ... = \MTB #0.

Now consider the linear function w(z):=/¢Tz and take
V(z) := |€F'z|. For each b > 0 and all x where w(z) # 0, (38)
with ¢ = ¢; yields
V = \i |w(z)| + sign (¢F'z) ¢F Bu
> (1-0) |67 B[b=: x(b)

for all |w(x)| < ’(M;:B ’ b =: p(b) and arbitrary 0 < 6 < 1if we

choose u = sign(¢Fx)bBT¢;/|BT¢;|. Furthermore, for each
b > 0 and all x where w(z) = 0, (39) yields

(40)

v (:U;f(ac,u)):‘)\iﬁiT:E—i—EiTBu|:‘€iTBu| > x(b) (41)

if we choose uw = +bB7/;/|BT/;|. Hence we can apply
Theorem 1 with B =R" and oy = oo = p := id to conclude
that the system (37) with output map h(z) := w(x) = Iz is
norm-controllable from all xy € R"™, which concludes the proof
of Proposition 2. (|

Remark 8: In order to fulfill the assumptions of Theorem 1
globally (i.e., with B = R") with V (z) = |¢! |, we necessarily
need that ¢ = ¢; for some real left eigenvector /7 of A being
not orthogonal to S. Indeed, if ¢ # ¢;, then ¢ # /7, and
hence we can always find some = € R” such that |cT x| < p(b),
but |¢T'2| is arbitrarily large and sign(c’ zé¢Tz) = —1, i.e., the
right hand side of (38) is negative, and hence (8) cannot hold
with V(z) = |cT'z|. Furthermore, if ¢ = ¢; for some real left
eigenvector of A which is orthogonal to S, i.e., ¢/ B = 0, then
both the right-hand sides of (38) and (39) are independent of
u (in particular, the latter is zero), and hence again (8) can-
not hold. |

For every linear system (37) which is controllable, the con-
trollable subspace is S = R", and hence none of the left eigen-
vectors of A are orthogonal to S. According to Proposition 2,
this means that the system is norm-controllable for each output
map h(z) = (I with ¢; being a real left eigenvector of A. In
fact, it turns out that also the converse is true, given that all
eigenvalues of A are real:

Proposition 3: A linear system (37) with real eigenvalues of
A is controllable if and only if it is norm-controllable from all
xo € R™ with output map h(z) = ¢7 z, for all left eigenvectors
(T of A. O

Proof: Necessity follows from Proposition 2 by noting
that eigenvectors corresponding to real eigenvalues are real.
To show sufficiency, note that if the system (37) is norm-
controllable from all 7o € R™ with output map h(z) = ¢7 x, for
some left eigenvector /7 of A, then ¢I' B # 0. Indeed, suppose
(TB =0 for some left eigenvector ¢7. Then y = (I (Ax +
Bu) = T Az = \lF'z = \;y, where ); is the eigenvalue of
A corresponding to /7. But this means that the output y
evolves independently of the input u, and hence the system
cannot be norm-controllable with this output map, as claimed.




MULLER et al.: NORM-CONTROLLABILITY OF NONLINEAR SYSTEMS

Next, since éZTB = 0 holds for all left eigenvectors ZIT of A,
the matrix [\ — A B] has full row rank, as (X (A — A) #0
for all /T which are not a left eigenvector of A. But this
means according to the Hautus test that the system (37)
is controllable. O

Furthermore, for each scalar linear function w(z) = c’x
there exists a K -function v such that (6) is satisfied for the
output map h = id (e.g., we can take v(r) = r/|c|). Hence we
can state the following corollary of Proposition 2:

Corollary 1: Every controllable linear system with at least
one real eigenvalue of A and output ¥y = x is norm-controllable
from every xo € R”. U

The following example shows that also for linear systems
with complex eigenvalues one might be able to establish global
norm-controllability. However, as discussed in Remark 8, in
this case a different function than V(x) = |cT'z| is needed.
Also, as suggested in Remark 3, we use a slight extension of
Theorem 2, taking into account information on the behavior of
the solution of the system.

Example 7: Consider the linear harmonic oscillator ©; =
T9, T9 = —x1+u with output y = x. This system has
two complex eigenvalues +i. Taking w(x) =z and V(z) =

(1/2)(z% + 23) (and hence a1 (1) = aq(r) = (1/2)r?), we ob-
tain V(ll) (z; f(x,u)) = zou and VO (z; f(z,u)) = —uz; +
Choos1ng u such that |u| = b and zou > 0, it follows
thatV(l)(x;f(x,u)) > 0and VP (z; f(z,u)) > (1 —0)b* =
x(b) for all |x1| < 0b =: p(b) with 0 < 6 < 1 arbitrary, where
the latter is implied by |z| < p(b). This means that for all
|z| < p(b), the set U®(z) as defined in (16) is given as U®(x) =
{b} if 29 >0, U%(x) = {-b} if 22 <0 and U’(z) = {+£b}
if x5 = 0. But then, neither condition (i) nor condition (ii)
of Theorem 2 are satisfied. However, the solutions of the
considered system are such that for fixed x(, even as condition
(i) is not satisfied, we can still apply some constant input u
until V(z(t)) = a1(p(b)), i.e., the input values u; as chosen in
Step 1 of the proof of Theorem 2 can be the same (compare
Remark 3). This is the case because x(+) is either nonnegative
or nonpositive (depending on the initial condition) as long
as V(x(t)) < a1(p(b)). But then, V) (z(t); f(z(t),u(t))) is
continuous during that time, which is sufficient for proving
Theorem 2. Hence the conclusions of Thcorcm 2 with k=2,
v=id and a1(r) = as(r) = (1/2)r? still hold, ie., the
system is globally norm-controllable with gain function
given by (17). (]

B. Norm-Controllability of Linear Systems on
Invariant Sets

In the previous subsection, we have established global norm-
controllability of a linear system whose output corresponds
to a real left eigenvector of A not orthogonal to B. In this
section, we will consider the case of more general linear output
maps and establish norm-controllability on invariant subsets B
of R™. We first consider the case where B is the controllable
subspace, i.e., B = S. Without loss of generality, consider the
linear system (37) in the Kalman controllability decomposition
form (see, e.g., [4])

1 = Az + Aeze + BU, To = Axs. (42)
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Herein, dim(z;) = rank[B, AB, ..., and
dim(z2) =n —ny.

Proposition 4: A linear system (37) with B # 0 is norm-
controllable from all z¢ € S with output map h(z) = [¢} 0]z,
for each real left eigenvector Z of Aqg. O

Proof: As by assumption B # 0, we have n; > 0. Fur-
thermore, span[B, Ay, B, ..., AT1~ 1B] R™ . Now consider
some real left eigenvector El of Ay, with corresponding eigen-
value \;. Note that E?B # 0. Indeed, if this were not true and
ZZTBE = 0, then

(FANTAB = NITAL 2B = ... = X" HTR =0,
Thus /; L span[B, A, B, ..., At ' B] = R™, which is a
contradiction as ¢; € R™. Now consider w(x) = [¢7" 0]z for
some ¢, and take V' (z) = |w(x)|. Then for all = where w(z) #
0, (38) with ¢ = [(T 0] yields

Anle}

=N,

V =\ lw(z)] + sign (w(z)) IF Ajoxy + sign (w(x)) ©F Bu.
(43)

If we start with an initial condition on the controllable subspace,
i.e., x2(0) = 0, then, as the controllable subspace is invariant,
the term involving A1, in (43) vanishes for all times, and thus
for each b > 0 the growth of V' can be bounded from below by
a function y(b) analogous to (40). By similar calculations as in
(41) one can also establish this property for all z where w(x) =
0. Thus one can apply Theorem 1 with B = S to conclude that
the linear system (37) with output map h(z) := w(z) = [¢I 0]z
is norm-controllable from all xzq € S, which concludes the
proof of Proposition 4. (]

For general linear output maps h(z) = c’z and invari-
ant sets B different from the controllable subspace S, one
can sometimes establish norm-controllability with the help of
Theorems 1-3, similarly to the general (nonlinear) case, as
illustrated by the following example.

Example 8: Consider the linear system

&= {1 ! }x+ [1}1;
0 -1 0

which is given in the Kalman decomposition form (42). The
system has a double eigenvalue A = —1 with corresponding
left eigenvector ¢7' = [0 1], which is orthogonal to the con-
trollable subspace S = span([1 0]7). Now consider the output
map h(z) :=clx with ¢ =[c; c]T and take w(z) :=cTx
and V(z) := |c¢T'z|. As discussed in Section VI-A, if ¢; =0
then the system is not norm-controllable, as ¢I = [0 ¢,] (with
co # 0) is a left eigenvector which is orthogonal to the control-
lable subspace S = span([1 0]7). Hence in the following we
consider the case ¢; # 0; without loss of generality, assume that
¢ > 0. If this were not the case, just consider —h(x) as out-
put. Now consider the sets By := {z € R : ¢Tx > 0,25 > 0}
and By := {z € R? : ¢T'x < 0,25 < 0}. Itis straightforward to
show that 3, and B, are invariant under controls in U = R>o
(respectively, U = R<g).

Now for all z where w(z) # 0, (38) yields V = —|w(z)| +
sign(c?'x)e1ao + sign(c? )cyu. For all x € By U By, we have
sign(¢Tx)eiza > 0, and hence it follows that V > (1 —
0)|c1|b =: x(b) for all |w(z)| < O|e1]b =: p(b) and arbitrary
0 <6 <1 if we choose u=" if x € By, respectively u =
—b if « € By. Furthermore, for all  where w(xz) = 0, (39)

(44)
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yields VO (x; f(z,u)) = |c1 (29 +u)| > x(b) if we choose u
as specified above. Hence we can apply Theorem 1 with v =
a1 = ag = id to conclude that the system (44) with output
map h(x) = ¢’z is norm-controllable from all zo € By U By
with gain v(a,b) = min{(1 — 0)|c;|ab + |cT x¢]|, 8]c1|b}. The
gain function 7 can be interpreted as follows. If we consider
“normalized” outputs h(z) = ¢! x with |c| = 1, then the gain 7y
becomes maximal if the output is aligned with the controllable
subspace, i.e., if ¢ = [1 0]7. When the output is “rotated”, the
gain decreases until the system is not norm-controllable at all
anymore (corresponding to a gain ~ = 0), which happens if
the outpuTt is orthogonal to the controllable subspace, i.e., if
c=1[01]".

VII. WEAKER VERSIONS OF NORM-CONTROLLABILITY

In this Section, we discuss some relaxations (weaker ver-
sions) of norm-controllability. In the definition of norm-
controllability (see Definition 1), we required the function
v(a,-) to be of class K. One possible relaxation could
be to only require this function to be nondecreasing and
unbounded.

Definition 2: The system (1) is weakly norm-controllable in
b from xy with gain function ~y if there exists a function ~ :
R>o X Rog — Rsq with (-, b) nondecreasing for each fixed
b > 0 and ~(a, -) nondecreasing and unbounded for each fixed
a > 0, such that foralla > 0 and b > 0

Ry (z0,Uap) > v(a,b) (45)
where U, ;, is defined in (2). U

Such a weaker notion of norm-controllability is interesting in
such cases where the system is only responsive to large, but not
to small, inputs, which will be illustrated with a simple example
below (see Example 9). In particular, as we require y(a, -) to be
nondecreasing and unbounded, it can be zero on some finite
interval [0,b] for some b > 0. Sufficient conditions for this
weaker notion of norm-controllability can be obtained in the
same way as for our original definition of norm-controllability:

Proposition 5: Let the conditions of Theorem 1 (respec-
tively, Theorem 2 or Theorem 3) be satisfied, but with y :
R>o — R>¢ in (8) (respectively, x : R>g — R>¢ in (15) or
Xi ' R>o = R>p, 1 < i </, in (25)) only being nondecreasing
and unbounded instead of . Then the system (1) is weakly
norm-controllable in b from all zy € B with gain function ~y
given by (9) (respectively, (17) or (27)) with V(z() replaced
by V() I(x (b)) (respectively, V (xo) mini<j<¢ I(x:(b)) in
case of Theorem 3). O

Proof: For each b > 0 such that x(b) > 0 (respectively,
Xi(b) > 0forall 1 < i < £in case of Theorem 3), the construc-
tion of a piecewise constant input signal satisfying |y(a)| =
|h(z(a))| > v(a,b) works as in the proof of Theorem 1 (re-
spectively, Theorem 2 or Theorem 3). As x (respectively, y; for
all 1 < i </ in case of Theorem 3) is required to be nonneg-
ative, nondecreasing and unbounded, it follows that x(b) =0
(respectively, x;(b) =0 for some 1 <i </{) only on some

finite interval [0, b] for some b > 0. For these values of b, ex-

!'The indicator function I : R>o — {0, 1} is defined as I(s) = 0if s = 0
and I(s) = 1 otherwise.
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istence of a piecewise constant input signal satisfying |y(a)| =
|h(z(a))| > v(a,b) as constructed in the proof of Theorem
1 (respectively, Theorem 2 or Theorem 3) is not guaranteed
anymore (in particular, Lemmas 1 and 2 do not hold anymore if
x(b) = 0). Nevertheless, for such values of b, the gain function
v as given in the proposition satisfies v = 0, and hence (45)
is trivially satisfied. The proof is concluded by noting that
the gain function vy as given in the proposition satisfies the
required properties. In particular, y(a, -) is nondecreasing and
unbounded for each fixed a > 0. |

Example 9: Consider the system (1) with output h(z) = x
and f(xz,u) = 0for |u] <1, f(z,u) =|u| —1forl < |u| <2,
flzyu) =3 —ul| for 2 < Ju| <3, f(x,u) =0 for 3 < |u| <
4, and f(x,u) = |u] — 4 for 4 < |u|; note that R>¢ is invari-
ant under controls in U = R>p. This system is not norm-
controllable according to Definition 1, as f(z,u) = 0 for all
(z,u) such that |u| <1, i.e., the system is not responsive to
inputs of small magnitude. On the other hand, for each b > 0
and each x € R, (8) is satisfied with V' (z) = || and x(b) =
Ofor0<b<1,x(b)=b—1forl<b<2 x(b)=1for2<
b <5,and x(b) = b — 4 for5 < b. Note that for each = € R>,
the set of “good” input values, i.e., such that (8) holds with x as
given above, is U%(z) = [0,b] for 0 < b < 1, U*(z) = {b} for
1<b<2,U%x) = {2} for2 < |u| <5,and Ub(z) = {b} for
5 < b. Hence we can apply Proposition 5 together with Remark
1 (using ¥ = a1 = ag = id) to conclude that the system is
weakly norm-controllable in b from all ¢ € R>( with gain
function y(a, b) = ax(b) + xol(x(D)). O

A second possible relaxation (weaker version) of norm-
controllability could be with respect to the time horizon a.
Namely, instead of requring y(a, -) to be of class K, for each
a > 0 as in Definition 1, we now only require that J(b) :=
~v(a + a(xo,b),b) be of class Ko for each a > 0. Herein,
a(xp,b) > 0 can be interpreted as some “dead zone”, i.e., the
norm of the output can only be increased after some time
a(xg,b) > 0, which possibly depends on the initial condition
x( of the system as well as the upper bound b for the input
norm.

Definition 3: The system (1) is weakly norm-controllable in
a from xo with gain function -y if there exists a function 7 :
R0 X R>g — R>( and for each b > 0 a constant a(zg,b) >
0 such that (-, b) is nondecreasing for each fixed b > 0 and
(b) := y(a + a(xo,b),b) is of class K, for each fixed a > 0,
and foreacha > Oand b > 0

R, (z0,Uap) > v(a,b)

where U,, ;, is defined in (2). O
Proposition 6: Suppose that the conditions of Theorem 1 (re-
spectively, Theorem 2 or Theorem 3) are satisfied. Furthermore,
assume that for each ¢ € R™ and each b > 0 there exists a con-
stant a(xo, b) such that Rﬂ(mo’b){xo,ua(xo7b)7b} N B # (. Then
the system (1) is weakly norm-controllable in a from all 2o €
R™ with gain function ¥(a,b) := v(max{0,a — a(zo,b)},b),
where + is given by (9) (respectively, (17) or (27)) with V (xq)
replaced by 0. ]
Proof: For each ¢y € R" and each b > 0, by assumption
there exists an input (-) € Uy(z,,p),5 such that the result-
ing state trajectory satisfies z(a(x,b)) € B. By Theorem 1
(respectively, Theorem 2 or Theorem 3), the system is
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norm-controllable from z(a(zo, b)) with gain function + given
by (9) (respectively, (17) or (27)) with V (z() replaced by 0
(or by V(z(a(xo,b))), respectively). Hence it follows that for
all a > a(xo,b), we have R} (xo,Uqp) > Y(a,b), with ¥ as
specified in the proposition. For a < a(x¢,b), this bound is
trivially satisfied as §(a,b) = 0 for a < a(zo,b), because
given by (9) (respectively, (17) or (27)) with V(xq) replaced
by 0 has the property that v(0,b) = 0 for all b > 0. As zg €
R™ and b > 0 were arbitrary, the proposition is established
by noting that v satisfies the required properties of Definition
3, i.e., is 4(-,b) is nondecreasing for each fixed b > 0 and
~(b) := F(a + a(zo,b),b) = v(a,b) is of class K., for each
a > 0 (defining a(xg,0) = 0). O

Example 10: A simple example to illustrate weak norm-
controllability in a is the system (1) with y = z and f(z,u) = 1
forx < 0and f(x,u) =1+ z|u| for z > 0. It is easy to verify
(using, e.g., Theorem 1 with V' (z) = |x| together with Remark
1) that this system is norm-controllable from all xy € B :=
{z € R:x > 1} with gain function v(a,b) = ab + V(xo). If
xog < 1, for each input signal u(-) there exists some t' <
—xp + 1 such that the solution satisfies x(¢) > 1 for all t > ¢'.
Hence, defining a(xo, b) := max{0, —zo + 1}, it follows from
Proposition 6 that the system is weakly norm-controllable in
a from all zy € R with gain function 4(a,b) := max{0,a —
Q(an b)}b

Remark 9: Note that weak norm-controllability in a accord-
ing to Definition 3 is different (and strictly weaker) than the
situation encountered in Example 6 for initial conditions z(0) ¢
B. There, while |y| was initially decreasing, we still could find
a function ~y satisfying the requirements of Definition 1. On the
other hand, in Example 10, for initial conditions zg < 0 the
norm of the output will necessarily decrease to zero and then in-
crease again; in particular, if o < 0 then we have y(7) = 0 for
T = —x independently of b. Hence the system is not globally
norm-controllable, but only weakly norm-controllable in a. [l

VIII. CONCLUSION

In this work, we introduced and studied the notion of
norm-controllability for general nonlinear systems. We ob-
tained several Lyapunov-like sufficient conditions for norm-
controllability and illustrated their applicability as well as vari-
ous aspects of the proposed concept with several examples. Two
weaker variants of norm-controllability, along with sufficient
conditions for verifying them, were proposed as well. We
expect that besides its theoretical interest, the notion of norm-
controllability can be interesting in various application-related
contexts, such as process engineering (which we motivated with
a simple CSTR example) or economics; studying more sophis-
ticated application examples will hence be a topic of future
research. Also, it could be interesting to formulate and study
a slightly stronger variant of norm-controllability which guar-
antees the existence of individual trajectories that stay large for
all times. Moreover, it would be worthwhile to explore possible
relationships of our sufficient conditions using higher-order
directional derivatives with stability results using higher-order
derivatives of Lyapunov functions such as, e.g., [20], and to
obtain more definitive results for (global) norm-controllability
of linear systems with general output maps. Finally, Theorems
1-3 in general only provide sufficient conditions for norm-
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controllability; studying necessary conditions is hence another
interesting future research direction.

APPENDIX I
PROOF OF LEMMA 1
Let h(t) :=1/t*(x(t) —xo —thy —--- — tF"Lhy_y) for
t > 0, where hy, ..., h_1 are defined as in (12) with ¢’ = 0,
r = xg, and u = ug. Note that A is continuous in ¢ and
limp o h(t) =: hy according to (11). Furthermore, for ¢ > 0,
define the function

9(t) i= K/ (V (w0 + thy + -+ *R(8)) = V(o)
— VO (agi ) = AV ED g, ).

Consider g_ :=liminf,\ o g(¢). By the definitions of g and
V() it holds that

(15)
g = lirtn\igﬂg(t) > V) (z0; f(z0,u0)) > x(b).

The first inequality holds because in the definition of V(*) in
(10), the infimum over all ks with hy — hy, is taken, while
in g_ the specific choice hy = h(t) — hy, is used. Thus, by
definition of the (one-sided) limit inferior, for every € > 0 there
exists a 7 > 0 such that for all 0 < ¢ < 7, it holds that

g(t) > g- —e>x(b) —e (46)

Choosing ¢ small enough so that x(b) > & (which can be done
for each fixed b > 0) we obtain

V(x(t) =V (w9 + th + -+ t"h(t))
= (1/ENg(t)tF 4+ V(o) + tV D (z0; hy)
o PV D (o by Rg)

PR R B — 2+ Vo) > Viwe) 2 0

as claimed. O

APPENDIX II
PROOF OF LEMMA 2

In order to prove Lemma 2, we first need a simple auxiliary
result.

Lemma 3: For each k > 0 there exist constants M and N
such that

|f(z,u)] < M, (47)
[V (2 f (2 u) — VP (25 f(a,u)) | < Njo—a'|  (48)

for all z,2’' € R={xo,Usp} N X and |u| < b, where
Koo ={xeB:k < |w()|}

Proof of Lemma 3: As stated earlier, we assume that for
each u(-) € U, there is no finite escape time t.5. < a. This
implies that the set R<¢{xq, U, p} is compact [21, Proposition
5.1]. As B is closed, also X, is closed due to continuity
of w, and hence R={xo,U, 1} N Xo x is compact, for each
% > 0. Furthermore, also the set {u:|u| < b} is compact.
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From the fact that V € C* for all z € R™ \ W and the k-th
order partial derivatives of V' are locally Lipschitz there, and
furthermore f € C*~! and the (k — 1)-st partial derivatives of
f with respect to = are locally Lipschitz in (x,u), it follows
that V®) (z; f(2,u)) = LV (4 ) is Lipschitz in (z,u) on the
set (R={xo,Unp} N Xeor) X {u: Ju| < b}, for each k > 0.
This follows from the fact that L?V\(Lu) consists of sums of
products of locally Lipschitz functions, and sums and products
of Lipschitz functions on a compact set are Lipschitz on that
set. Hence there exist constants M and N satisfying (47), (48)
for each z, 2" € R=%{xo,Uap} N X, and each [u| < b. O

Proof of Lemma 2: Let 7 := inf{r : 7> s,V (2(7)) =
(1/2)V(x(s))} € (s,00], where x(-) is the trajectory resulting
from the application of the constant control input u 4 for all 7 >
s. Note that due to continuity of V" and z(-), we have 79 > s.
Hence, as us € U and B is invariant under controls in U, from
(7) it follows that z(t) € X, 5 with &' = ay*((1/2)ay(6))
for all ¢ € [s,79) (respectively for all ¢ € [s, 7] if 79 < 00).
Now consider some s < s’ < 1. For all ¢ € [s,s'] N[0, a], the
trajectory () satisfies

z(t) = z(s) + /f (x(1),us) dr. (49)

Furthermore, Lemma 3 (with x = ¢') provides a constant M
such that from (49) it follows that for each ¢ € [s, 5| N [0, a

|x(t) — x(s)| < M(t — s). (50)
With this we obtain that for each ¢ € [s, s'] N[0, a]
(48)
V;:) (2(t)) = VP (2(s)) = N |a(t) — z(s)|
Elzsj V) (2(s)) = NM(t — s)
> (b) = NM(t = 5) > (1— &) (o) (51)

forevery 0 < e < 1if &' < min{m, s+ A(e,d)} with

_ £x(b)
=7

A(g, 0)

The dependence of A on ¢ is due to the fact that the constants
M and N possibly depend on ¢ and hence on §. As the
constant input u, is applied, we have that V*=1)(x(t)) —

VED (a(s) = [, VO (a(r))dr, ie.
VED (1) = VED (2(s) > (1 —e)x(b)(t — s)

for all ¢t € [s, min{7y, s + A(e,0)}] N[0, a]. Furthermore, for
j=k—2,...,0, integrating (52) k — j — 1 times from s to ¢
while using (14) with = z(s) and u = wu, in order to get rid
of the terms VUTV (z(s)),..., VED(x(s)) yields

1—e¢ k—j
G =9t 5
for all ¢ € [s, min{7g, s + A(e,d)}] N[0, a]. Hence Lemma 2
is established if we can show that 79 > s+ A(g,d), which
will be done by contradiction. Namely, suppose that 79 < s +
A(g,0). But then (53) is valid for all ¢ € [s, 7], and from
there it follows (with j = 0) that V(z(79)) > V(z(s)), which
contradicts the definition of 7. O

(52)

VI (@(t) = VP (a(s)) >
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APPENDIX III
PROOF OF PROPOSITION 1

Let a,b > 0 be arbitrary but fixed. The construction of a
piecewise constant input signal works as in the proof of The-
orem 2, with the following small modifications.

Step 0: If xy € int(Ap): The control value ug is now chosen
such that ug € UP(x¢) € UP. Note that for this choice of uq,
Lemma 1 is still valid as U?(x9) C UP(x0). If 2o ¢ Ay: Pick
some u; € U°.

Step I: In Step 1, the control values w,; at time instants
t; are defined at points where x(t;) € int(A;). Recursively,
as up to time ¢; only input values in U" have been applied
to the system, by assumption we have that z(t;) € BU H,,.
But as H, N A, = (), it holds that z(¢;) € B. Now pick some
u; € UP(x(t;)) € UP. Note that for this choice of u;, Lemma
2 is still valid as UP(x(t;)) € U(x(t;)) and z(-) € B as long
as z(+) € Ap. Again, in case that condition (ii) of Theorem 2
holds, one can choose the input values w1, us, . . . to be the same
(which is possible thanks to condition 3) in the proposition).

Step 2: As was the case in Step 1, one can recursively show
that as up to time £; only input values in U® have been applied
to the system, by assumption we have that z(;) € BU Hy,.
But as H, N A, = 0, it holds that z(Z;) € B. Pick some u; €
Ub(x(f;)) € U". Then, again Lemma 2 is still valid for this
choice of 1.

Step 3: Summarizing the above, the piecewise constant input
signal (21) with the given modified values of ug,u; and
again satisfies (22), as Lemmas 1 and 2 are still valid as
discussed above. From here, the rest of the proof follows along
the lines of the proof of Theorem 2, thanks to condition 2) of
the proposition. ]

APPENDIX IV
PROOF OF THEOREM 3

In order to prove Theorem 3, we need the following auxiliary
result.

Lemma 4: Let ag,aq,...,ay > 0 for some ¢ > 1 with ap >
0. Define P :={p:0<p<~{,a, >0} and b,(s) := a,(s —
t1)? for all p € P and some t; > 0. Then for each ¢ > t; it
holds that

¢ ¢
1
. S :
min by(s)ds > 71 o (p+1) /bp(s)ds

tl tl

(54)

Proof: Let pyin := min{p : p € P}. In case that py,i, =
¢, inequality (54) is trivially satisfied with equality. Hence in
the following we assume that p,;;, < ¢ and thus P contains at
least two elements. According to the definition of the functions
by, for each pair of elements p,q € P with p > ¢ there exists
an 5 > t; such that b,(s) < by(s) for all t; < s < 5, by(5) =
by(5), and b, (s) > by(s) for all s > 5. Hence

5

1
/ bp(s)ds = =7 an(s —t,)PH!

t1

S

/ by(s)ds. (55)

t1

1

q+1
:maq -

5t at+1 _
(5 —1t1) o
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Furthermore, the above implies that there exist some s” >
s > t1 such that min,ep b, (s) = be(s) forall t; < s < s' and
minyep by(s) = bp,.,. (s) forall s > s”. Let 7 := ¢; and py :=
{. Define recursively

T; = min{s S > Ti,hﬂp eP,0< p<pi1—1,
bPi71(S) = bp(s)}

p; := min {p 0<p<pi1 —1Lby(1) = bp,;_l(Ti)}

for all i=1,...,4max, Where imax :=min{i >1:p; =
Pmin }- Note that according to the above considerations, the time
instances 7; are well defined and iy,ax < |P|, where |P| denotes
the number of elements in . With this, for each ¢t > ¢, define
i'(t) == max{i > 0 : 7; < t}. Then, by using the fact that the
sequence {p; } is decreasing by construction, the left hand side
of (54) is equal to

T1 T2 t

/bpo(s)ds+/bpl(s)ds+~--+ / bp,s .y, (8)ds

t1 Til ()

¢
(55 py 41
b )d by, d
_Po+1/p1 o / v (8)ds
Tf?’(t)

(55) (55) mrepy + 1
> > M/bpi,m(s)ds

po+1
ty

t

(p+1)/bp(s)ds

t1

1
>7
—l+1

min
peP
which concludes the proof of Lemma 4. U

Proof of Theorem 3: Let a,b > 0 and 0 < £ < 1 be arbi-
trary but fixed, and assume in the sequel that the hypotheses of
Theorem 3 are satisfied. Furthermore, for each = € BB, define
i(z) :=min{l < < {:x € R;(b)}. A piecewise constant in-
put signal (21) is now constructed as in Steps 0-2 of the proof
of Theorem 2, except that U"(x) is replaced by U}, (x) in all
places. Step 3 of the proof of Theorem 2 is replaced with the
following.

As shown in the proof of Theorem 2, the input signal w(-)
consists of only finitely many different values wu; and ;.
Let {t;} be the sequence of time instants defined in Step 1
(i.e., where a new control value u; is chosen), with ¢ being
the last time instant of this sequence (i.e., such that t5 <
min{#;,a}). Let the subsequence {71,..., 7.} of {t;} consist
of those values t;, 2 <14 < s, such that i(z(t;)) # i(x(t;-1)),
i.e., {7;} consists of those time instants where the conditions
of Theorem 3 are applied in a different region R;(b) than
at the previous time instant ¢; ;. The state trajectory x(-)
resulting from application of the constructed control input
(21) satisfies the following properties. First, we consider the
situation where ¢; > 0 (recall from Step O that this corresponds
to xo € int(Ap)) and i(x(t1)) = £. Using (19) with k = k¢, j =
ke —1, x = x¢ and € = &, we obtain that V=1 (z(¢7)) >
(1 — g)(tz — tq;_l)xg(b) + V(klil) (l‘(tz_l)) for all t2 S ti S
71. By the same argument as in Step 3 of the proof of The-
orem 2 (i.e., using either condition (i) or (ii) of the Theo-
rem), it follows that V(¢ (z(t)) is continuous also at the
time instants ¢ = t;, and hence V%<~V (z(¢)) > (1 — &)(t —
t1)xe(b) + VD (x(ty)) for all t; <t < min{ry,f;,a}.
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Again, using the same procedure as in Step 3 of the proof of
Theorem 2 (i.e., piecewise integrating this inequality and using
the fact that V(*) (x(t)) for k < k, is continuous also at ¢ = t;),
it follows that

(1-¢)

y(ke-1) (x(t)) > 7(]% )]

(t — t1)* 7 =1 x(b)

AV ED (2(t))  (56)

for all ¢; <t < min{7y,#;,a}. Now consider the case where
i(x(m)) = ¢ — 1. By construction of the input values w; in
Step 1, from Lemma 2 it follows that

(1 —=2)xe-1(b)

for all 7 <t < min{m,#;,a}. If i(z(m2)) = ¢, i.e., the solu-
tion x(-) has entered R, again, then analogously to the above
we conclude that for all 7 <t < min{73,%;,a}, (56) is satis-
fied with ¢, replaced by 7. In particular then, as V (#¢-1) (2(t))
is also continuous at t = 75, we have that V(*¢1)(z(t)) >
VD (2(15)) > (1= &)xe_1(b), for all 75 <t < min{rs,
{1,a}. Using this argument recursively, it follows that (57)
is satisfied for all 7 <t < min{7,,%;,a}, where m:=
infr>3 i(e(r))¢{e,.~1) k- Combining this with the fact that (56)
is satisfied for all ¢; <t < min{7y,#, a}, it follows that

Ve a(h) > 57)

VI (@ (1))
o i (L= 90k — k)l
ie{l-1,0} (kg — k‘g,l).

=: (ﬁ(t, tl)

(t =) ()
(58)

for all t; <t < min{7,,,%1,a}. Note that this inequality is
not only valid in case that i(x(¢1)) = ¢, but also in case that
i(z(ty)) =€ —1.

We now apply the same argumentation as above to the region
ReURe—1 URyp_o. Namely, assume that i(z(7,,)) =€ —2;
then it follows that

V=2 (2(1)) 2 (1 &)xe-2(b)

for all Tm < t < min{r,,,a}, where n:i=
infy> 0 i(a(r))¢fe,6-1,0-2) k. Combining this with the fact
that (58) is valid for all ¢; <t < 7,,, by piecewise integrating
(58) r := ky_o — ky_1 times from ¢; to ¢, using again the fact
that V) (2(t)) for k < k,_; is continuous also at the respective
time instants ¢t = t;, and applying (24) with z = z(t1), u = uy
and j = kg1 — 1,..., ky_o, one obtains that

Ve ()

t So
> min /.../@(sl,tl)dsl...dsr,(lfé)xz,g(b)

for all ¢; <t < min{7,,%;,a}. Using Lemma 4 k; o — k;_;
times, this results in

VO (aft)

|
> i A EIAME M YRRz A(b 59
= ie{@rg?wz} (ko — ko) (t—t1) xi(b) (59)
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for all t; <t<min{7,,f,a}. Again, this inequality is also
satisfied if i(z(t1)) =¢—2, i.e., for arbitrary values i(x(7;)) €
{¢,£—1,£—2} for all 1<i<n. Applying the above argument
repeatedly down to i =1, it follows that (59) with {—2 replaced
by 1 is satisfied for all ; <t <min{#;,a} and arbitrary values
i(z(m;))e{1,..., £} forall 1 <i<r.Integrating this inequality
another k; times while using Lemma 4 and (24) with z =x(t1),
u=u(t;) and j=k; —1,...,1, we obtain that V(z(t))>
(1—&)W(t—t1,b)+V (t1) forall t; <t <min{f;, a} and for all
xo €int(Ap), with U given in (28). From here, the rest of the
proof follows as in Step 3 of the proof of Theorem 2. (|
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