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Abstract

A general upper bound for topological entropy of switched nonlinear systems is
constructed, using an asymptotic average of upper limits of the matrix measures of
Jacobian matrices of strongly persistent individual modes, weighted by their active
rates. A general lower bound is constructed as well, using a similar weighted average
of lower limits of the traces of these Jacobian matrices. In a case of interconnected
structure, the general upper bound is readily applied to derive upper bounds for entropy
that depend only on “network-level” information. In a case of block-diagonal struc-
ture, less conservative upper and lower bounds for entropy are constructed. In each
case, upper bounds for entropy that require less information about the switching signal
are also derived. The upper bounds for entropy and their relations are illustrated by
numerical examples of a switched Lotka—Volterra ecosystem model.
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1 Introduction

Topological entropy is a fundamental concept in dynamical systems theory. Roughly
speaking, it describes the rate at which uncertainty about the state of a system grows
as time evolves. More concretely, one can think of it as the exponential growth rate
of the number of trajectories that are separable with a finite precision, or in terms of
the exponential growth rate of the size of the reachable set. Adler et al. first defined
topological entropy as an extension to Kolmogorov’s metric entropy [21], quantifying
the expansion of a function using the minimal cardinality of a subcover refinement [1].
A different definition using the number of separable trajectories was later proposed by
Bowen [7] and independently by Dinaburg [15]. An equivalence between these two
definitions was established in [8]. Most existing results on this topic considered only
time-invariant systems, as time-varying dynamics introduce complexities that require
new methods to understand [20, 22]. The results on topological entropy of switched
systems in the current paper contributes to the understanding of these complexities.

Entropy notions also play a prominent role in control theory. The first such result was
a notion of topological feedback entropy for discrete-time systems defined by Nair et
al. [35], which extended the formulation in [1] and described the growth rate of control
complexity for achieving set invariance. A notion of invariance entropy for continuous-
time systems was later introduced by Colonius and Kawan [12], which was closer in
concept to the trajectory-counting formulation in [7, 15]. An equivalence between
these two definitions was established in [13]. Entropy notions were also proposed for
stabilization [11], state estimation [28, 32, 37], and model detection [28].

In this paper, we study topological entropy of continuous-time switched nonlinear
systems. Switched systems have been a popular topic in recent years (see, e.g., [23,
38] and references therein). In general, a switched system does not inherit stability
properties of its individual modes. For example, a switched linear system with two
stable modes may still be unstable (see, e.g., [23, p. 19]). On the other hand, it is well
known that a switched linear system generated by a finite family of pairwise commut-
ing Hurwitz matrices is globally exponentially stable under arbitrary switching (see,
e.g., [23, Th. 2.5, p. 31]). This result has been extended to global uniform asymptotic
stability for switching nonlinear systems with pairwise commuting, globally asymp-
totically stable modes [31, 45]. A simplest case of pairwise commuting modes is when
the modes are simultaneously diagonalizable, which motivates us to consider cases
with diagonal and block-diagonal structures in addition to the general case.

We are also interested in switched systems with interconnected structures. In sys-
tems and control theory, it is a tremendously important paradigm to represent a large
complex system as an interconnection of smaller and simpler subsystems, and establish
properties of the overall system by analyzing its individual components. A classical
example of this paradigm is the use of small-gain theorems for establishing stability
of interconnected linear, nonlinear, and switched systems (see, e.g., [14, 29, 46]).

Our interest in topological entropy of switched systems is strongly motivated by its
relations to data rate requirements in control problems. For a continuous-time linear
time-invariant control system, the minimal data rate for feedback stabilization is given
by the sum of the positive real parts of eigenvalues of the system matrix [16] (or, in
the discrete-time case, the sum of their logarithms [16, 34, 41]), which is equal to the
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topological entropy in open loop [7, 12]. Data rate requirements and entropy notions
for nonlinear and interconnected time-invariant control systems have been extensively
studied (see, e.g., [11, 19, 27, 33, 35, 42]). For switched systems, however, neither
data rate requirements in control problems nor topological entropy are completely
understood. Sufficient data rates for feedback stabilization of switched linear systems
were established in [25, 47]. Similar data rate conditions were constructed in [39]
by extending a notion of estimation entropy from [28]. In [48, 50], formulae and
bounds for topological entropy of switched linear systems were constructed using
the active rates of individual modes, an approach that is also adopted in the current
paper. Relations between topological entropy and stability of switched linear systems
were studied in [49, 50]. For discrete-time switched linear systems, the topological
entropy under worst-case switching sequences was obtained based on the notion of
joint spectral radius [4], while a formula for estimation entropy was constructed under
additional regularity conditions [43].

For switched nonlinear systems, topological entropy has not been closely explored
so far. The main objective of this paper is to construct upper and lower bounds for
topological entropy of switched nonlinear systems with general and interconnected
structures. We start by introducing in Sect. 2 the necessary preliminaries to understand
our bounds for entropy, including the definitions of topological entropy for switched
systems, and some switching-related quantities such as the active rates of individual
modes, and persistent and strongly persistent modes.

In Sect. 3, we construct a general upper bound for topological entropy of switched
nonlinear systems, using an asymptotic average of upper limits of the matrix measures
of Jacobian matrices of strongly persistent modes, weighted by their active rates. A
general lower bound is constructed as well, using a similar weighted average of lower
limits of the traces of these Jacobian matrices. These bounds, as well as all bounds for
entropy in this paper, depend on the values of Jacobian matrices of only the strongly
persistent modes and over only an w-limit set. Moreover, the bounds constructed using
matrix measures hold regardless of the induced norm with which the matrix measures
are computed, as long as the same one is used for all modes.

In Sect.4, we consider switched systems with interconnected structures. We show
in Sect. 4.1 that the general upper bound from Sect. 3 can be readily applied to derive
upper bounds for entropy of switched interconnected systems that depend only on
“network-level” information. In Sect. 4.2, we consider an interconnected case where
the dynamics of subsystems are independent (i.e., a case of block-diagonal structure),
and construct less conservative upper and lower bounds for entropy. The upper and
lower bounds for entropy from Sect. 3 can be seen as a special case of the bounds here,
as any switched system can be seen as a switched block-diagonal system with a single
block.

In each general and interconnected case, we also derive in the corresponding section
upper bounds for entropy that are more conservative but require less information
about the switching signal, with their relations illustrated by numerical examples of
a switched Lotka—Volterra ecosystem model in Sect.5. The main proofs, along with
the necessary technical preliminaries, are presented in Sect. 6. Section 7 concludes the
paper with a brief summary and some remarks on future research directions.
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A preliminary version of some of the results in current paper was presented in
the paper [51]. The current paper improves upon [51] by introducing persistent and
strongly persistent modes, considering cases with interconnected and block-diagonal
structures, and providing more extensive numerical examples, analysis details, and
explanatory remarks.

Notations: Denote by 1, the vector of ones in R”, and by I, and 1,«, the iden-
tity matrix and matrix of ones in R"*", respectively; the subscript is omitted when
the dimension is clear from context. For a complex number ¢, denote by Re(c) its
real part. For k > 2 vectors v; € R", ... v, € R™, denote by (vy,...,vx) :=
[v{r cee U;—]T € R™MT Tk their concatenation. For a matrix A € R"*", denote by
tr(A), det(A), and spec(A) its trace, determinant, and spectrum (as a multiset in which
each eigenvalue has a number of instances equal to its algebraic multiplicity), respec-
tively. For a finite set E, denote by #F its cardinality. For a set § C R”, denote by
co(S) and vol(S) its convex hull and volume (Lebesgue measure), respectively. Denote
by |v|eo 1= maxi<j<, |vi| the co-norm of a vector v = (vy, ..., v,) € R", and by
|Allco = maXi<i<n Z?:l la;j| the induced co-norm of a matrix A = [a;;] € R"*".
By default, all logarithms are natural logarithms (in order to avoid generating an extra
multiplicative factor In 2 when computing topological entropy).

2 Preliminaries

Consider a finite family of continuous-time nonlinear dynamical systems

Xx=fpx), peP ey

with state x € R”, in which each system is labeled with an index p, and P is the
corresponding finite set of indices. We assume that the functions f), are continuously
differentiable, and the systems in (1) are forward complete. We are interested in the
corresponding switched system defined by

X = fr(x) @)

with a right-continuous, piecewise-constant switching signal o : R>o — P. We call
the system with index p in (1) mode p of the switched system (2), and o (¢) the active
mode at time t. We denote by &, (¢, x) the solution to (2) with switching signal o at
time ¢ > 0O with initial state x (at time 0). Under the above assumptions, &, (¢, x) is
unique, absolutely continuous in 7, continuously differentiable in x, and satisfies the
differential equation (2) away from discontinuities of o, which are called switching
times, or simply switches. We assume that there is at most one switch at each time, and
finitely many switches in each finite time interval (i.e., the set of switches contains no
accumulation point). For brevity, we denote by

fop(v) = fop(x)|x:v, 3o (2, 0) i= Jy&s (2, X)|x=v
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the Jacobian matrix of function f,(x) in mode p of (2) at state x = v, and that of
solution &, (¢, x) to (2) with respect to initial state x at time ¢ and x = v, respectively.

2.1 Entropy definitions

We now define the topological entropy of the switched system (2) with switching
signal o and initial states drawn from a compact set with nonempty interior K C R”
called the initial set. Let | - | be anorm on R” and || - || the corresponding induced norm
on R"*" Given a time horizon T > 0 and a radius ¢ > 0, we define the following
open ball in R” with center x:

By (x.e.T) = {)z eR" : max |& (1, %) — £, (1, )| < s}. 3)
’ tel0,T]
We say that a finite set E C K is (T, &)-spanning if

K c By x.e), )

xeE

orequivalently, foreachx € K,thereexistsanx € E suchthat|&, (¢, x)—&,(f,x)| < ¢
for all + € [0, T]. We denote by S(fs,¢,T, K) > 1 the minimal cardinality of a
(T, )-spanning set, or equivalently, the cardinality of a minimal (7', €)-spanning set,
which is nondecreasing in 7" and nonincreasing in €. The topological entropy of the
switched system (2) with switching signal ¢ and initial set K is defined in terms of
the exponential growth rate of S(f,, e, T, K) by

1
h(fo, K) := lim limsup — log S(fs, &, T, K) > 0. %)
eNO 7,00 T

For brevity, we at times refer to h(f,, K) simply as the (topological) entropy of (2).

Remark 1 In view of the equivalence of norms on a finite-dimensional vector space,
the value of 4( f,;, K) is the same for every norm |- | on R”. In particular, it is invariant
under a change of basis. (More generally, one can define topological entropy on a
metric space (X, d) instead of the normed space (R", | - |), in which case its value
depends on the given metric, but is a topological invariant for an initial set contained
in a compact positively invariant set; see [18, Prop. 3.1.2, p. 109] and [12, p. 1703] for
more details.)

We also provide an alternative definition for the entropy of (2). For 7 > 0 and
& > 0 given as before, we say that a finite set E C K is (T, ¢)-separated if

X ¢ By (x,e,T) Vx,x € E:x # x, (6)
or equivalently, for each pair of distinct x,x € E, there exists a time t € [0, T]

such that |&, (¢, x) — &, (¢, x)| > e. We denote by N(f,,¢e, T, K) > 1 the maximal
cardinality of a (T, ¢)-separated set, or equivalently, the cardinality of a maximal
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(T, e)-separated set, which is also nondecreasing in 7 and nonincreasing in €. As
stated in the following result, the entropy of (2) can be equivalently defined in terms
of the exponential growth rate of N(f,, ¢, T, K); the proof is along the lines of [18,
p. 110] and thus omitted here.

Lemma 1 The topological entropy of the switched system (2) satisfies

1
h(fe, K) =limlimsup —log N(fy,¢, T, K). (7)
N0 7500 T

Remark 2 Following [18, pp.109-110], for a time-invariant system X = f(x) and
an initial set K contained in a compact positively invariant set, the value of h(f, K)
remains the same when the upper limits in (5) and (7) are replaced with lower limits.
However, this is not necessarily true for the switched system (2), since the subadditivity
required in the proof of [18, Lemma 3.1.5, p. 109] may not hold.

2.2 Active times, active rates, and persistent modes
Here we introduce some switching-related quantities that will be useful for construct-

ing bounds for the topological entropy of the switched system (2). Given a switching
signal o, we define the active time of mode p of (2) over interval [0, ¢] by

t
(1) = /(; 1,(0(s))ds, peP (8)
with the indicator function

I, o(s) =p,

1)(0(s)) = {O o) £

We also define the active rate of mode p over [0, ] by

pp(t) = peP 9

with p,(0) := 1,(0(0)), and the asymptotic active rate of mode p by
pp =limsup p, (1), p eP. (10)
11— 00

Clearly, the active times t,(r) > 0 are nondecreasing and satisfy ) »eP Tp () =t
for all + > 0; the active rates p,(¢) € [0, 1] satisfy Zpep pp(t) = 1forall ¢ > 0.
In contrast, due to the upper limit in (10), it is possible that peP pp > 1 for the
asymptotic active rates p, > 0 (for a numerical example, see [50, Example 1]).
Moreover, we define

Po :={peP:sup{t >0:0(t) = p} =00}, PL :={peP:p,>0} (11)
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and call them the sets of persistent and strongly persistent modes, respectively. Clearly,
they satisfy P, C Poo.

3 Entropy of general switched nonlinear systems

In this section, we construct general upper and lower bounds for the topological entropy
of the switched system (2). The upper bounds will be constructed based on a notion of
matrix measure. For an induced norm || - || on R"*" its one-sided directional derivative
at I in direction A € R"*" is called the matrix measure of A and denoted by ©(A),
that is,

. I +tAl -1
A) = lim ————,
w(A) II\T) ;

(12)

The matrix measure ((A) can also be seen as the right derivative of the functions
t > |leA’| and t +— log|e'4| at r = O [5, Fact 11.15.7, p.690]. A summary of
properties of matrix measure can be found in [14, Th. 2.8.5, p.31]. In particular, u is
a convex function and satisfies

—pu(—=A) <Re(d) < u(A) < |[A] VA eR"™™", X e spec(A) (13)
and
WA+ B) < u(A) + uw(B), u(cA)=cu(d) VA, BecR”™ c>0. (14)

For standard induced norms, there are explicit formulae for the matrix measure [14,
Th. 2.8.24, p.33]; for example, for the induced co-norm, the matrix measure of A =
[ai;]is given by

u(4) = max (a,»i + Z laij |>. (15)
J#i
We denote by &, (t, K) := {&, (¢, x) : x € K} the reachable set of (2) with switching
signal o at time ¢ from initial set K.
The following result provides upper and lower bounds for the entropy of (2); they

are derived based on later results in this paper, which will be explained in the proof in
Sect. 6.6.

Theorem 1 Given a switching signal o, consider the active rates p,(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and P, defined by (11).

1. Let

i, := limsu max (Jx fp(v)), eP. (16)
o t—>oo:0(t§):pv€§a(t>CO(K))M Xf[? P
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If the constants [i, are finite for all p € Pso, then the topological entropy of the
switched system (2) is upper bounded by

h(fo, K) < max {limsup " nfi,pp(1), 0. (17)
—00 pepot
2. Let
Xp = liminf min  tr(J, f,(v)), peP. (18)

t—o00:0(t)=p veé, (t,K)

If the constants [L, are finite for all p € Pso, then the topological entropy of the
switched system (2) is lower bounded by

h(fo, K) = max {limsup > X,0,(1), O . (19)

t—0o0 +
PEP

Note that: (1) The upper bound (17) holds regardless of the induced norm with
which the matrix measures in (16) are computed, as long as the same one is used
for all modes. (2) The bounds (17) and (19) are formulated in terms of asymptotic
weighted averages of the constants /i, and X, defined by (16) and (18), respectively,
with the active rates p,(t) as weights. 3) Due to the upper limit in (16), the upper
bound (17) depends on the values of Jacobian matrices Jy f,(x) over only the w-limit
set from the convex hull of initial set, co(K), instead of all reachable points from
co(K). In particular, (17) is able to yield a finite bound in the case of unbounded
Jacobian matrices but a compact w-limit set. This property is obtained using a result
on asymptotic weighted averages established in Lemma 7 in Sect. 6.3, and similar
properties hold for all bounds for entropy in this paper. 4) Provided that the constants
{1, and x, are finite for all persistent modes p € Pwo, the bounds (17) and (19) depend
on their values over only the strongly persistent modes p € P, (as the rest disappears
after taking the asymptotic weighted average; see the proof of Lemma 7 for more
details). However, if there exists a mode p € P\ P such that /1, or ¥, is infinite,
then the corresponding bound may not hold.

Remark 3 The bounds (17) and (19) can be extended to some cases where the constants
up and X, are infinite. For example, (19) still holds if ¥, € R U {400} for all
P € Pxo\P4 and %, € R for all p € PJ. Moreover, if x, € R U {+o0} for all
p € Poo, and there exists a mode ¢ € PF; such that x, = +00, then the entropy of
(2) satisfies h( fy, K) = 400. The proofs are along the lines of that of Theorem 1 and
thus omitted here (see also Remark 9 in Sect. 6.3). Similar extensions can be made
for the upper bound (17) as well as all bounds for entropy of switched systems in this

paper.

Remark 4 In many scenarios, we can construct simpler but more conservative bounds
for entropy based on those in Theorem 1. For example, let S C R” be a set such that
one of the following holds:
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1. S=R"

2. §is compact and positively invariant for (2) and contains the convex hull of initial
set, co(K); or

3. §is compact and contains the w-limit set from co(K).

Suppose that there exists a family of constants /i}, for p € PL such that Ry =
n(Jx fp(v)) forall p € PL and v € S. Then the upper bound (17) holds with f[}‘,
in place of fi,. Similar variants hold for all bounds for entropy in this paper. In the
numerical examples in Sect. 5, the computation will be simplified based on the third
scenario here.

Thinking of the nonswitched case as a switched system with constant switched
signal, Theorem 1 implies the following upper and lower bounds for the entropy of a
time-invariant system.

Corollary 1 The topological entropy of a time-invariant system x = f(x) with state
x € R" satisfies

max{x, 0} < h(f, K) < max{nji, 0} (20)
with

X :=liminf min tr(J, f(v)), 1 := limsu max Jy f(v)).
X e (Jx f(v) 12 ;_)oopveé(t,co(l())“( [ (V)

Based on the upper bound (17), we construct additional upper bounds for the entropy
of (2) that require less information about the switching signal.

Corollary 2 Given a switching signal o, consider the asymptotic active rates p, defined
by (10) and the sets of persistent and strongly persistent modes Poo and P, defined by
(11). If the constants [i, defined by (16) are finite for all p € Pwg, then the topological
entropy of the switched system (2) is upper bounded by

h(fo, K) < ) max{nfi,, 035, 1)
peP%
and also by
h(f,, K) < max max{ni,, 0}. (22)
pePL

Note that the upper bound (21) can be seen as an average of the results of applying
the second inequality in (20) to each strongly persistent mode of (2) while omitting
its inactive time, weighted by the corresponding asymptotic active rate p,; the upper
bound (22) can be seen as a maximum of these results over strongly persistent modes.
Similar properties hold for the corresponding bounds in the cases with interconnected
and block-diagonal structures in Sects. 4.1 and 5.2, respectively.
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Proof of Corollary 2 First, as the upper limit is a subadditive function, the upper bound
(17) implies that

h(fy, K) < max Z lim supnfi,pp(t), 0
pe’[);'o —00

< Z max{nft,, 0} limsup p, (1) = Z max{nft,, 0}pp.
11— 00
pePy pePL

Second, (17) also implies that

h(fs, K) < max limsup< max n;l,,) Z pp(1), 0

t—00 ePL
PEToe pePL

< max{ max nflp, O} = max max{nft,, 0}.
pePL pePL

O

The results in Theorem 1 and Corollary 2 are compared in Remark 5; for a numerical
example, see Example 1 in Sect. 5.1.

Remark 5 1. The upper bound (17) is less conservative than or equivalent to the upper
bounds (21) and (22), while (21) and (22) are both useful in the sense that neither
is lessAconservative, as it is possible that > peP pp > 1 for the asymptotic active
rates p.

2. For a fixed family of modes, the upper bounds (21) and (22) require less information
about the switching signal than the upper bound (17), as the former two depend
on the asymptotic active rates p,, instead of the active rates p, (r). Moreover, if for
each p € PL, a constant ,&”;) as in the first two scenarios in Remark 4 is used in
place of /i, then (22) yields the same upper bound for all switching signals such
that all modes are strongly persistent (i.e., P, = Poo = P).

Consider the case where the modes of the switched system (2) are all linear, that
is, there is a family of matrices A, € R"*" for p € P such that

frx)=A,x VpeP,xeR"
Then the constants (i, and X, defined by (16) and (18) satisfy
fip = u(Ap). Xp=1(A,) YpeP.
Therefore, Theorem 1 and Corollary 2 extend [50, Th. 1 and Remark 5] for the case

of linear modes to the case of nonlinear modes, respectively, and improve them by
considering persistent and strongly persistent modes.
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4 Entropy of switched interconnected systems
4.1 General switched interconnected systems

Consider the case where the switched system (2) is a network of m > 2 interconnected
subsystems. Fori € {1, ..., m}, we denote by x; € R" the state of the ith subsystem,
and by f, the corresponding components of the function f, in mode p of (2) for
p € P. Then (2) can be written as the switched interconnected system

%= fixn, . xm), iefl,...,m) (23)

with state x = (x1,...,x,) € R" and functions f,(x) = (f; (xX), ..., f'(x)) for
p € P. For brevity, we denote by ij f;;(v) = Jy; f;, (x)|x=y the Jacobian matrix of
function f 1’, (x) in mode p of the ith subsystem of (23) with respect to state x; of the
jth subsystem at x = v.

In this subsection, we show that the upper bound (17) for the topological entropy of
the general switched nonlinear system (2) can be readily applied to derive upper bounds
for the entropy of (23) that depend only on “network-level” information. Following
[36], we assume that the following norms are given:

1. a“local” norm | - |; on R"™ foreachi € {I,...,m}, and
2. a monotone “network” norm | - |5 on R™, that is, for all v, w € R", we have!

v>w>0 = |v|Nn > |w|N.

In particular, all p-norms with p > 1 are monotone.

For a vector v = (vy, ..., v,) € R* withv; € R"% fori € {1, ..., m}, we define a
“global” norm | - |g by

[vlg = [(vil1s - s [Vmlm)IN- 24)

Clearly, as | - |n is monotone, | - |g is indeed a norm. We denote by | - ||;, || - N, and
|l - lg the corresponding induced norms on R >  R™>™ and R"*" respectively,
and by ;, N, and ug the corresponding matrix measures. We also denote by || - ||;;
the induced norm on R *"*; defined by

14l = max [Avlp, i j € (1 om) i .

vlj=

As the “network’ norm |- |n is monotone, the induced norm || - ||y and matrix measure
un satisfy similar monotonicity properties for nonnegative and Metzler matrices,
respectively:

I 1n this subsection, an inequality between two vectors or matrices of the same size, or between a vector
or matrix and a scalar, is to be interpreted entrywise (e.g., A > 0 means that A is a nonnegative matrix).
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Lemma2 1. For all nonnegative matrices A, B € RZ™, we have

A= B = |AlN = |IB]IN- (25)

2. For all Metzler matrices A, B € R™*™, that is, matrices with nonnegative off-
diagonal entries, we have

A>B = un(A) > un(B). (26)

Proof 1. The implication in (25) follows from the definition of induced norm and
monotonicity of | - |N. More specifically, let v € arg max,, =1 |Bv|n. Thenv > 0
as B > 0 and | - |y is monotone. Hence, ||A||n = |Av|N > |Bv|n = ||B]||In as
A > B > 0and | - |N is monotone.

2. The implication in (26) follows from (25) and the definition of matrix measure
(12). More specifically, we have

I+ tA|N—1 I+tB|n—1
LN (A) = lim 1 +1AllN > 1im T 1BlN
t

= B),
O t T N\O t uN(B)

where the inequality follows from (25) as I +tA > I +tB > 0 for the Metzler
matrices A > B and small enough 7 > 0.
]

Theorem 2 Given a switching signal o, consider the active rates p,(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and P, defined by (11).
Let

AN . N
fp = limsu max pun(A,(v), peP 27)
o t—00: o(tg)zp veés (1,c0(K)) p

with the matrix-valued functions AI;I(U) = [ai,j(v)] € R™™ defined by

alf (v) = iUy, i), af @) = I, fp@)lij, i, € (1, om}:i# ).
(28)

If the constants ﬁg are finite for all p € Pso, then the topological entropy of the
switched interconnected system (23) is upper bounded by

h(fy, K) < max { lim sup Z nﬂllj,op(t), 0% . (29)
1—>0o0
PePL
Proof The upper bound (29) follows from the general upper bound (17) as the constants

fi, defined by (16) with matrix measure ug satisfy i, < [LI; for all p € Poo, which
can be established using Lemma 3. O
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Lemma3 ([36, Th.2]) Consider a block matrix A = [A;;] € RV with A;; € R">"
fori,je{l,...,m}. Let AN = la;;] € R™*™ be a Metzler matrix such that

aii > wi(Ai), aij > 1Al Yi,jef{l,....m}:i#j.
Then

nG(A) < un(AN).

The next result shows that the upper limit and maximum in (27) can also be taken
entrywise.

Corollary 3 Given a switching signal o, consider the active rates p,(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and P, defined by (11).
Let
Aij . ij .
a; = limsup max  a, (v), i,jef{l,....m}, peP (30)
! 1—00: 0 (t)=p VE€&o (1,c0(K)) P

with the functions ai,j (v) defined by (28). If the constants &i,j are finite for all i, j €
{1,...,m} and p € Pso, then the topological entropy of the switched interconnected
system (23) is upper bounded by

h(fs, K) < max { lim sup Z n/LN(AIIj)pp(t), 0 3D

11— 00
pePL
with the matrices AI[\,I = [&;,]] e Rm>m,

Proof Note that the matrices A% (v) = [} (v)] and AN = [a}]] defined by (28) and
(30) are all Metzler matrices. Moreover, the upper limit in (30) imply that, for an
arbitrary § > 0, there is a large enough 75 > 0 such that

max ag(v)ffzg—i—é Vi,je{l,...,m}, p € P, t >t5:0(t) = p.
veé&, (t,co(K))

Then (26) implies that

max  pun(AN () < ux(AY + 8Lpm) < un(AN) + 81N Lpsm)
veéy (t,co(K))

forall p € Pog and ¢ > 15 such that o (t) = p, where the last inequality follows from
(14). Hence, the constants /:LI;)I defined by (27) satisfy [LI; < ,uN(AI;) forall p € Pso
as § > 0 is arbitrary. Then (31) follows from the upper bound (29). O

Thinking of the nonswitched case as a switched system with constant switched
signal, Theorem 2 and Corollary 3 imply the following upper bounds for the entropy
of a time-invariant interconnected system.
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Corollary 4 The topological entropy of a time-invariant interconnected system
Xi=flxn, . xm),  ief{l, ..., m} (32)

with states x; € R" and x = (x1,...,x,) € R" and functions f(x) =
(fl(x), <oy f™(x)) is upper bounded by

h(f,K)gmax{nmsup max  nun(AN®)), o} < max{nun(AN), 0} (33)

t—oo VEE(t,co(K))
with the matrix-valued function AN(v) = [a/ (v)] € R™*™ defined by

a (v) = i (g [ ), a7 @) =10 ffij. ijell...om}:i# ],

(34)
and the matrix AN = [41] € R™™ defined by
a’ :=limsup max da’(v), i, je{l,...,m}. (35)
t—o00 VEE(r,co(K))
A similar upper bound for the entropy of (32) was constructed in [26, Th. 1]:
h(f. K) < max{nimax(AY), 0}, (36)

where Amax (AN) is the largest real part of the eigenvalues of a matrix AN ¢ Rrmxm
satisfying

AN > ANw) Vv eR"

with the matrix-valued function AN (v) = [a%/ (v)] defined by (34).2 The upper bounds
given by the inequalities in (33) and (36) are both useful in the sense that neither is less
conservative. On one hand, (36) may be less conservative due to the second inequality
in (13). On the other hand, (36) may be more conservative as the matrix AN = [a']
defined by (35) depends on the values of a'l (v) over only the w-limit set from co(K),
instead of the entire R”.

Based on the upper bounds (29) and (31), we construct additional upper bounds for
the entropy of (23) that require less information about the switching signal; the proof
is along the lines of that of Corollary 2 and thus omitted here. The relations between
them are similar to those between (17), (21), and (22) described in Remark 5.

Corollary 5 Given a switching signal o, consider the asymptotic active rates p, defined
by (10) and the sets of persistent and strongly persistent modes Poo and P2, defined

by (11). If the constants ,&1;71 and &;,j defined by (27) and (30) are finite for all i, j €

2 Note that AN has to be a Metzler matrix; thus, its eigenvalue with the largest real part is real [10, Th. 10.2,
p-167].
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{1,...,m}and p € Ps, then the topological entropy of the switched interconnected
system (23) is upper bounded by

h(fo K) < ) max{ny, 0)pp < ) max{nun(A}). 0} 4y
pePL pePL

and also by

h(fs, K) < max max{n,&l;,], 0} < max max{n,uN(AI;), 0}
+ +
P€Px P€Px

with the matrices Al; = [&;,j] e Rmxm,

4.2 Switched block-diagonal systems

Consider the case where the dynamics of the m > 2 subsystems of the switched
interconnected system (23) are independent. Specifically, foreachi € {1, ..., m} and
p € P, the function fli,(xl, ..., X;) 1s independent of x; for all j # i. For brevity,
we regard it as a function on R and rewrite it as f 1’; (x;). Then (23) can be written as
a switched block-diagonal system

%= flx),  iefl,...,m) (37)

with functions f,(x) = ( f; x1), ..., f;,” (x;)) for p € P. Clearly, the solution to
the ith subsystem of (37) is independent of the initial states of other subsystems. For
brevity, we denote it by &’ (¢, x;) and the corresponding reachable set by &! (¢, K;),
where K; C R" is the corresponding projection of the initial set K.

In this subsection, we construct upper and lower bounds for the topological entropy
of (37) that are less conservative than the results of simply applying the general bounds
from Sect. 4.1 to (37). Let the “local,” “network,” and “global” norms | - |; for i €
{1,...,m},|-IN,and | - |g, and the corresponding induced norms || - ||;, || - |In, and
|l - llc and matrix measures [;, 1N, and pug be given as in Sect. 4.1.

The following result provides upper and lower bound for the entropy of (37); the
proof can be found in Sect. 6.4.

Theorem 3 Given a switching signal o, consider the active times ), (t) defined by (8)
and the sets of persistent and strongly persistent modes Poo and P, defined by (11).

1. Let

fl, == limsup  max (g fi). i€{l,....m} peP.
t— o010 (t)=p Vi €5 (1,c0(K;))

(38)
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If the constants /lfp are finite for all i € {1, ..., m} and p € P, then the topo-
logical entropy of the switched block-diagonal system (37) is upper bounded by

i
h(fo. K) < lim sup Z 7omax ) miil,Ty(0). (39)
i=l PP
2. Let
,Lli, = liminf min —,ul-(—Jxl.fl’;(vi)), iefl,...,m}, peP.
t—>00:0 (1)=p v;eco (&} (1,K;))
(40)
If the constants [L’p are finite for all i € {1,...,m} and p € Ps, then the topo-

logical entropy of the switched block-diagonal system (37) is lower bounded by

h(f,, K) > hmsupz T max > iy (). (41)

T—oo
i=1 pePL

The following result provides an alternative lower bound for the entropy of (37);
the proof can be found in Sect. 6.5.

Theorem 4 Given a switching signal o, consider the active rates p,(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and P, defined by (11).
Let

%= liminf min  tr(Jy f(v),  ie{l.....m}, peP. (42
t—o00:0(1)=p v; €€l (t,K;)

If the constants )V(;, are finite for alli € {1, ...,m} and p € Pwo, then the topological
entropy of the switched block-diagonal system (37) is lower bounded by

h(fg,K)>11msupZmax Z Xhop(®). 01 . (43)

11— 00
=1 pePL

Thinking of the nonswitched case as a switched system with constant switched
signal, Theorems 3 and 4 imply the following upper and lower bounds for the entropy
of a time-invariant block-diagonal system.

Corollary 6 The topological entropy of a time-invariant block-diagonal system x; =
fH(xp) fori € {1,...,m} with states x; € R" and x = (x1,...,x,) € R" and

functions f(x) = (fl(xl), ooy ™M (xp)) satisfies

Zmax{)v(i, 0} <h(f,K) < Zmax{niﬂi, 01

i=1 i=1

@ Springer



Mathematics of Control, Signals, and Systems (2023) 35:641-683 657

with

X" :=liminf min tr(Jy, £ (v)),
1=00 v;et!(1,K;)

~i . i ef{l,...,m},

p'=limsup  max  wi(Jy f7(vi),
t—o00 v;e&l(t,co(K;))

where K; C R™ is the corresponding projection of the initial set K.

Based on the upper bound (39), we construct additional upper bounds for the entropy
of (37) by considering each subsystem or each mode separately.

Corollary 7 Given a switching signal o, consider the active rates p,(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and P, defined by (11).
If the constants ;l’p defined by (38) are finite foralli € {1, ..., m} and p € Pso, then
the topological entropy of the switched block-diagonal system (37) is upper bounded
by

m
h(fo. K) <Y max {limsup > nifitpp(t). 0 ¢ . (44)

i1 t—00 pePl
Proof As the upper limit is a subadditive function, the upper bound (39) implies that
- 1
h(fy, K) < Zli;nsup? max n,-,&;,tp(t).
i=1 17 +

tel0,T]
*® P€Px

Then we obtain (44) by invoking the second equality in (71) foreach i € {1, ..., m}
with the constants ¢, = n; 1, for p € PX.

Corollary 8 Given a switching signal o, consider the active rates p,(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and P, defined by (11).
If the constants ;li, defined by (38) are finite for alli € {1, ..., m} and p € Po, then
the topological entropy of the switched block-diagonal system (37) is upper bounded
by

h(fs, K) Slitriigp Z <Zmax{niﬁfp, 0}>pp(t). (45)

pePL Ci=l

Proof As the active times 7, () are nondecreasing, the upper bound (39) implies that

h(fy, K) <1lim supZ Z max{ni,&;, 0}pp(T).

T—o00 i—1 peP ;ro
Then we obtain (45) by grouping together the terms for the same mode. O
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39 L w5 — @7

SIS
9 2L (46)

Fig. 1 Relations between the upper bounds (39), (44), (45), (46), and (47). The implications (A) and (B)
become equivalence if the active rates pp(¢) converge for all p € 73’;'0; the implication (C) becomes

equivalence if the constants ;li > 0Oforalli € {1,..., m}and p € Pjo; the implication (D) becomes
equivalence if both of these conditions hold

Based on the upper bounds (44) and (45), we also construct additional upper bounds
for the entropy of (37) that require less information about the switching signal; the
proof is along the lines of that of Corollary 2 and thus omitted here.

Corollary 9 Given a switching signal o, consider the asymptotic active rates p, defined
by (10) and the sets of persistent and strongly persistent modes P and P2, defined
by (11). If the constants ,&; defined by (38) are finite for all i € {1,...,m} and
P € Poo, then the topological entropy of the switched block-diagonal system (37) is
upper bounded by

m
h(for Ky < Y (D maxinifl, 0}>/3p (46)
pePs =l
and also by
m .
h(fs. K) < max Y max{n; 2}, O}. (47)
rePos i

The results in Theorems 1, 3, and 4 and Corollaries 7, 8, and 9 are compared in
Fig. 1 and Remark 6; for a numerical example, see Example 2 in Sect. 5.2.

Remark 6 1. The upper bound (39) is less conservative than or equivalent to the upper
bounds (44) and (45), while (44) is less conservative than or equivalent to the upper
bound (46), and (45) is less conservative than or equivalent to the upper bounds
(46) and (47). The upper bounds (44) and (45) are both useful in the sense that
neither is less conservative (cf. Fig. 1). The same holds for the upper bounds (46)
and (47) (cf. item 1 of Remark 5), and also for the lower bounds (41) and (43).

2. As explained in the proof of Theorem 1 in Sect. 6.6, the upper bound (17) and
lower bound (19) for the entropy of the general switched nonlinear systems can be
obtained by taking m = 1 and n1 = n in the bounds (44) and (43), respectively.
For the switched block-diagonal system (37), the bounds (44), (43), (46), and (47)
are less conservative than or equivalent to the bounds (17), (19), (21), and (22),
respectively.

3. For a fixed family of modes, the upper bounds (46) and (47) require less information
about the switching signal than the upper bounds (39), (44), and (45), as the former
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two depend on the asymptotic active rates p,, instead of the active times 7, (¢) and
active rates p,(t). Moreover, if for each p € PL, a constant ﬁ; as in the first
two scenarios in Remark 4 is used in place of /i, then (47) yields the same upper
bound for all switching signals such that all modes are strongly persistent (i.e.,

Consider the case where the subsystems of the switched block-diagonal system
(37) are all scalar and their modes are all linear, that is, there is a family of diagonal
matrices D, = diag(a[l,, ..., a}) € R for p € P such that

[y =ahx;  Vie{l.....n}, peP, (xi.....,x,) €R". (48)
Then the constants ﬁ;, ,&;, and x ;, defined by (38), (40), and (42) satisfy
Ly =R, =X,=a, Vie{l,....n}, peP.

Therefore, Theorem 3 and Corollaries 7, 8, and 9 extend [48, Th. 7, Prop. 8 and 9, and
Cor. 10] for the case of linear modes with diagonal structure to the case of nonlinear
modes with block-diagonal structure, respectively, and improve them by considering
persistent and strongly persistent modes. Moreover, the lower bound (43) is novel even
in the former case, which is presented in the following corollary.

Corollary 10 The topological entropy of the switched linear diagonal system (48) is
lower bounded by

n
h(Dy,) > limsu max a t),0¢. 49
(Do) = Hoop; pg Lop(®) (49)

Theorem 3 and Corollaries 7 and 9 also extend [51, Th. 4.1 and Cor 4.2] for the
case of diagonal structure to the case of block-diagonal structure. Moreover, due to the
upper limit in (38), the upper bound (39) depends on the values of Jacobian matrices
Jo f Ii (x;) over only the w-limit set from the convex hull of initial set, co(K), whereas
the upper bound [51, eq. (39)] involves all reachable points from co(K).

5 Numerical examples

Consider the following switched nonlinear system in the nonnegative orthant R”
from [2]: -

X = fo(x) =@+ Asx)ox (50)

with state x € ]R’;O, switching signal o : R>o — P, and finite index set PP, where o
denotes the Hadamard (entrywise) product. Equivalently, (50) can be written as
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n
)'ci=<r(",+Za(’;jxj>xi, ief{l,...,n}
j=1

withx = (x1,...,x,) andr, = (r},, ~rpand A, = [a] ] for p € P.Eachmode p
of (50) is a Lotka—Volterra ecosystem model that describes the population dynamics of
n species in a biological community [17, Ch. 5], where x; is the population density of
the ith species, r; € R quantifies its intrinsic growth rate, ag < 0 is a self-interaction

term justified by the limitation of resources in the environment, and a;,/ € R for
J # i is an interaction term quantifying the influence of the jth species on the ith
one. Switching in (50) may be due to seasonal changes or environment fluctuations.
Clearly, R, is a positively invariant set for the switched system (50).
We construct two switching signals o1, 02 : R>g — P = {1, 2} as follows3:
e o1 with periodic switching: Let 7 := 1000k for k > 1. Simple computation shows
that ,51 = ,52 =0.5.
e 0, with constant setpoints: Let #; := 1 and fox := minf{r > t2x—1 : p2(¢) > 0.9}
and trr41 := min{t > fo : p1(¢) = 0.9} for k > 1. Simple computation shows
that 7y = 9~ + 9% 2 fork > 2 and p; = pp = 0.9.

Clearly, P{, = Poo = P for both o1 and 07.
5.1 A general case

Suppose that the matrices A, = [ag] in the switched Lotka—Volterra system (50)
satisfy

all +3 a1 <0, ai +3 la) | <0 Vie{l....n}peP. (5
J#i J#i

Then [2, Th. 3] implies that (50) is uniformly ultimately bounded (UUB) in ng and
its w-limit set is a subset of*

" 2ri
S = 0, max max ——p, 01, 52
l.l:! |: peP { )Lmax(Ap + A;) }:| ( )

where Amax (A p+ A;) denotes the largest eigenvalue of the symmetric matrix A , +A;

and satisfies Amax(Ap + AIT,) < 0 due to the condition (51), the formula for matrix
measure (15), and the second inequality in (13).

3 We denote by 0 <t <ty < --- the sequence of switches and let #y := 0, with o' (t) = 1 on [t2, t2x+1)
and o (1) =2 on [fox 41, L2k +2)-

4 Specifically, following the proof of [2, Th. 3] S contains the w-limit set of (50) if for all p € P and
x € RLO\(SU{0}), we have 1,] f(x) < 0,i.e.,r)x+x " Apx <0.Note that r) x +x " Apx =r)x+
xT(Ap + A;) x/2 < (rp + *max(Ap + AIT,) x/Z)Tx, which is negative if 2r£7 + Amax (Ap + A;) xj <0
foralli € {1,...,n}asx € RL,\{0}.
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4 ; T T i 4 T T T i

(b) Mode 2

—o-mode 1 —o-mode 1
—o-mode 2 —o-mode 2

(c) Switching signal o (d) Switching signal o,

Fig. 2 Trajectories of the switched system in Example 1, for (a) individual mode 1 with initial states
4,3),(4,0.1), (4,0), and (10/3, 20/9); (b) individual mode 2 with initial states (4, 3), (0.1, 3), (0, 3), and
(10/3,20/9); (c) switching signal o with initial states (4, 3), (4, 0), and (0, 3); (d) switching signal oy
with initial state (4, 3). The circles mark the beginning of a segment after switching. The dashed rectangles
represent S = [0, 10/3] x [0, 20/9]

Example 1 Consider the switched system (50) in ]Rio with index set P = {1, 2} and
coefficients B

—1 3 -1 0.1
r1=[2], r2=|:_1], A1=A2=[0'1 _11|-

Simple computation shows that mode 1 has an attractor (0, 2) and a saddle point (0, 0)
with stable manifold R>o x {0}, and mode 2 has an attractor (3, 0) and a saddle point
(0, 0) with stable manifold {0} x Rxo. Moreover, the condition (51) holds and the set
defined by (52) is given by S = [0, 10/3] x [0, 20/9]. Typical trajectories of (50) for
the individual modes 1 and 2 and the switching signals o1 and o, are plotted in Fig. 2.
In particular, S is not a positively invariant set.
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Table 1 .Upper bounds for (b1, ) (17 @1 22)
entropy in Example 1
o] (0.5,0.5) 5.56 5.56 6.45
) (0.9,0.9) 6.27 10 6.45

The Jacobian matrices of individual modes are given by

_ —1—2v1 +0.1vy 0.1vg

S fi) = |: 0.1vy 2+0.1v; = 2Uz:|’
_ 3—2v; +0.1vy 0.1v;

Jx f2(v) = |: 0.1vy —1+4+0.1v; — 2”21|

withv = (vy, 12) € R2>0. As the switched system is UUB and its w-limit set is a subset

of S, for all initial sets K C Rzzo, one can obtain upper bounds for the constants [t p
defined by (16) by replacing the upper limit over { > 0 : o (s) = p} and maximum
over &; (¢, co(K)) with a maximum over S, that is,

< masxu(fol(v)) = masx max{—1 — 1.9v; +0.1vp, 2+ 0.1v; — 1.9v,} = 7/3,
ve ve
iy < ma;(u(fxfz(v)) = ma;(max{3 —1.9v; +0.1v, —1 4+ 0.1v; — 1.9v2} =29/9,
ve ve
where the matrix measures are computed with the induced co-norm using the formula
(15).
The upper bounds for the entropies i ( fs,, K) and h( f5,, K) computed using (17),

(21), and (22) for all initial sets K C R2>o are summarized in Table 1.5 In particular,
the upper bound (17) for i (f,,, K) can be computed as follows:

h(foy, K) < limsup (211 p1 (1) + 2f1202(1))
t—>00

7 29 7 29 7
<1 21 =(1 — po(t —p@) ) =2 = — — = |p | ®6.27.
< ltrisol;p (3( p2(1) + 9pz( )) <3+<9 3)/)2)

The values in Table 1 are consistent with the relations between these upper bounds

described in Remark 5.

5.2 A block-diagonal case

Consider the case where the switched Lotka—Volterra system (50) describes a bio-
logical community of m > 2 groups of species, where the ith group consists of n;
species, and the dynamics of species from different groups are independent. Regarding

5 In this example, we use the set S defined by (52) which contains the w-limit set for every switched
system (50) satisfying (51). For a given family of coefficients, one can usually construct more precise
over-approximation of the w-limit set and thus obtain less conservative upper bounds for entropy, such as
those in [51, Example 3.6].
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the groups as interconnected subsystems, we denote by x; € R’;"O the state of the ith
subsystem, and by f%(¥;), 7}, and A’ the corresponding function and coefficients of
mode p to avoid confusion. Then (50) can be written as the switched block-diagonal
system

= fl@) =G +Alx)ox, ie{l,...,m) (53)
with state x = (¥1,..., %) € R, and functions f,(x) = (fy(X1)..... fil(%m)).
coefficients r,, = (;711,, e, f;’), and matrices A, = diag(A1 e AZ‘) for p € P.

For (53), the formula (15) implies that the condition (51) can be written as
n(AL), n(A)T) <0 Viell,...,m}, peP, (54)

where the matrix measures are computed with the induced co-norm. If (54) holds,
then [2, Th. 3] implies that (53) is UUB in R;O, and its w-limit set is a subset of

S ]—[ 0 2r) 0 (55)
= , max max { — ,
peP

ji Amax(Ap” + (A3")T)

where the jth species is in the i (j)th group,.apd Ama?( (‘Ai,(j ) + (Ai,(j ))T) denotes_the
largest eigenvalue of the symmetric matrix A'p(j )4 (Alp(j )T and satisfies kmaX(A’p(] )4

(Aj;j ))T) < 0 due to the condition (54), the formula for matrix measure (15), and the
second inequality in (13).

Example 2 Consider the switched block-diagonal system (53) in Rio with index set
P = {1, 2} and coefficients -

o -1 o I3 o [-101
r1=|:—1’ =130 Ar=A=1oy 1)

=2, s =-1, A=Al =—1.

Simple computation shows that mode 1 has an attractor (0, 0, 2) and a saddle point
(0, 0, 0) with stable manifold R2>o x {0}, and mode 2 has an attractor (10/3, 10/3, 0)
and three saddle points (0, 0, 0), (3, 0, 0), and (0, 3, 0) with stable manifolds {(0, 0)} x
R>0, R.o x {0} x R>g, and {0} x R.o x R>g, respectively. Moreover, the condition
(54) holds and the set defined by (55) is given by S = [0, 10/3]* x [0, 2]. Typical
trajectories of (53) for the individual modes 1 and 2 and the switching signals o1 and
oy are plotted in Fig. 3.
The Jacobian matrices of individual modes are given by

Jy f1(v) = diag(Jx, f (D1), Jx, £ (02)),
Jx () = diag(Js, fo (01), Jz, 3 (92))
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—o-mode 1 —o-mode 1
4 —o-mode 2 4 —o-mode 2
3
§° 24
1
0
0
5 5
1 1
5 5
1 0 T 1 0 o
(c) Switching signal o1 (d) Switching signal o2

Fig.3 Trajectories of the switched block-diagonal system in Example 2, for (a) individual mode 1 with initial
states (4,4, 3), (4,4,0.1), (4,4, 0), and (10/3, 10/3, 2); (b) individual mode 2 with initial states (4, 4, 3),
(4,0.1, 3), (0.1, 4, 3), (4,0, 3), (0,4, 3), (0.1, 0.1, 3), (0.1, 0, 3), (0, 0.1, 3), (0, 0, 3), and (10/3, 10/3, 2);
(c) switching signal o1 with initial states (4, 4, 3), (4,0, 3), (0,4, 3), and (0, 0, 3); (d) switching signal
oo with initial states (4, 4, 3), (4,0, 3), and (0, 4, 3). The circles mark the beginning of a segment after
switching. The dashed hyperrectangles represent S = [0, 10/3]2 x [0, 2]

with

- |1 =201 +0.1vy 0.1vq 2N
T fl o) = [ ol laote —aum | ST =22,

A= |3—2v1 +0.1v, 0.1vy S P
Iz [ (01) = [ 0.1, 340.1v; — 205 | I, 3 (12)) = —1 — 2u3,
where v = (v, v2) with v; = (vy, v1p) € R2>0, and v2 = v3 € R>¢. As the switched
block-diagonal system is UUB and its w-limit set is a subset of §, for all initial sets
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Table 2 Upper bounds for entropy in Example 2

(P1. p2) a7 @h (22) (39 44 (45) (46) (47)
ol (0.5,0.5) 8 8 10 3.17 3.17 4.34 4.34 6.67
) (0.9,0.9) 9.6 14.4 10 6.06 7.57 6.2 7.8 6.67

K C R>0, one can obtain upper bounds for the constants (i, and /i Ql ;» defined by (16)
and (38) by replacmg the upper limit over {t > 0 : o(s) = p} and maximum over
&, (t,co(K)) and S(, (t, co(K;)) with a maximum over S, that is,

i} < max u(Jx, fi(@1)) = max max{—1.9v; + 0.1v3, 0.1v; — 1.9v3} — 1 = —2/3,
ves ves

~AD 72 =
< max u(Jz 7)) = max2 — 2v3 = 2,
ny = eSM( xzfl( 2)) nat 3

D —

s < ag(u(];l f_21(171)) = ma;( max{3 — 1.9v; +0.1vp, 3+ 0.1v; — 1.9v2} = 10/3,
ve ve

2 72 =
max u(J; 7)) =max —1 — 2v3 = —1,
My = et u( xzfz( 2)) nas 3

and
< max u(Jy f1(v)) = max{-2/3, 2} = 2,
ve

fa < max u(Jy f2(v)) = max{10/3, —1} = 10/3,
ve

where the matrix measures are computed with the induced co-norm using the formula
(15).

The upper bounds for entropies A(fs,, K) and h(f5,, K) computed using (17),
(21), (22), (39), (44), (45), (46), and (47) for all initial sets K C }R‘lo are summarized
in Table 2. In particular, the upper bounds (17), (44), and (45) for h(fs,, K) are
computed along the lines of the computation of (17) in Example 1; the upper bound
(39) is computed along the lines of the computation of #(D,,) in [50, Example 3].
The values in Table 2 are consistent with the relations between these upper bounds
described in Fig. 1 and Remark 6.

6 Proofs of main results

In this section, we present the proofs of Theorems 1, 3, and 4, after introducing some
necessary technical preliminaries.

6.1 Bound:s for distance between solutions and volume of reachable set
We construct several upper and lower bounds for the distance between two solutions

to the switched system (2) and a lower bound for the volume of its reachable set; the
proofs can be found in “Appendix A.”
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Lemma4 For all initial states x, x € K, the corresponding solutions to the switched
system (2) satisfy

|60 (1, %) =& (1, x)| <Pk —x| Vi =0 (56)

with

t
7, () == max Z/O 1 (Jx fp(Es (s, 1)) Lp(o(s))ds.

veco(K) beP

Also, the reachable set of (2) satisfies
vol(&, (1, K)) > €7D vol(K) Vit >0 (57)

with

t
7o (1) := min Z; /O (s £ o (5, v))) Ly (0 (5))ds.
pe

Note that 7, (t) and y, (¢) are defined in terms of integrals of the matrix measure
and trace of Jacobian matrix of the active mode over [0, ], respectively, rewritten via
the following observation: For a family of functions a, : R>¢9 — R with p € P, we
have

1 1
/ Ao (s) (s)ds = Z/ ap(s) 1 (o (s))ds. (58)
0 peP 0

The upper bound (56) extends a similar upper bound in [40, Th. 1] to the case of
noncontractive switched systems and also an upper bound in the proof of [6, Th. 4.2]
to the case of switched systems without a compact invariant set. Its proof is inspired
by the variational constructions in the proofs of [40, Th. 1] and [6, Th. 4.2].

The following result provides alternative upper and lower bounds for the distance
between two solutions to (2).

Lemma5 For all initial states x, x € K, the corresponding solutions to the switched
system (2) satisfy

oD% — x| < |E, (1, %) — En(t,X)| <€ DT —x| V>0 (59)

with

t
n,@i= Y [ (| min | —nCd ) @)
peP ol

t
mh0= 0 [ (| max ) 1@ s

o (s, K
P veco(és (s,K))
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Lemma 5 extends similar upper and lower bounds in [44, Th. 2.5.22, p.52] by
taking the maximum and minimum over only the convex hull of reachable set instead
of the entire state space in n, (t) and ﬁf‘,h(t), respectively. Its proof is inspired by the
variational construction in [44, Sect. 2.5] and is similar to the proof of the upper bound
(56) in Lemma 4.°

The results in Lemmas 4 and 5 are compared in Remark 7.

Remark7 1. The upper bound (56) and the one given by the second inequality in
(59) are both useful in the sense that neither is less conservative, in part because
the relation between the sets &, (t, co(K)) and co(&, (¢, K)) is undetermined for
nonlinear systems. However, (56) is less conservative or equivalent if the initial set
K is convex, or if all modes of (2) are linear, as &, (¢, co(K)) C co(&,(t, K)) for
the former case and &, (¢, co(K)) = co(&, (¢, K)) for the latter, and the maximum
is a subadditive function. All upper bounds for topological entropy in this paper
are constructed using (56), and alternative results can be obtained if the second
inequality in (59) is used instead, that is, if terms in the form of &, (¢, co(K)) are
replaced with the corresponding ones in the form of co(&, (¢, K)).

2. The first inequality in (13) implies that y,(¢) in (57) and n, (¢) in (59) satisfy
Vo(t) > nn_ (t) for all + > 0. For this reason, volume-based arguments using
(57) usually lead to less conservative lower bounds for entropy. However, the first
inequality in (59) is useful for constructing a possibly less conservative lower bound
for entropy in the case of block-diagonal structure in Sect. 4.2.

Remark8 When analyzing the exponential growth rate of the distance between two
solutions to a nonlinear system, a measurable upper bound is often used in place of
the matrix measure of Jacobian matrix in integrations over time. For example, in [44,
Th. 2.5.22, p.52], the author used a measurable function «(t) > w(Jy f (¢, x)) for
all > 0 and x € R”, and in [30, Th. 1], the authors used a measurable function
a(t) > py@(Jx f(x,0(t))) for all ¢ that are not switches and x in a set C. In this
paper, the matrix measures and traces of Jacobian matrices are used directly in inte-
grations over time, as they can be shown to be locally integrable in time under the
assumptions in Sect.2. Even for switched systems in which the Jacobian matrices are
not locally integrable in time, one can still follow the analysis in this paper with trivial
modifications (i.e., replacing the matrix measures and traces of Jacobian matrices with
suitable integrable bounds) to obtain similar bounds for exponential growth rates and
thus similar bounds for topological entropy.

6.2 Universal spanning and separated sets

Given a time horizon 7 > 0 and a radius ¢ > 0, we provide a universal construction
of (T, ¢)-spanning and (7', ¢)-separated sets by extending a notion of grid from [50].
For a vector & = (61,...,6,) € R’;O which may depend on 7" and ¢, we define the

6 As shown in “Appendix A,” their main difference is that, in the proof of Lemma 5, the variational
arguments are applied to the line segment connecting two solutions instead of the one connecting two initial

states, which results in the different locations of convex hulls in, e.g., 77, () and ﬁglt(t).
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following grid on the initial set K:’
GO) :={(k161, ..., knOp) € K : k1, ..., k, € Z}. (60)

As K is a compact set with nonempty interior, there exist closed hypercubes B with
radius 1 > 0 and B with radius r, > 0 such that By C K C Bj. Then the cardinality
of the grid G (0) satisfies

1 2rq " 2ra
I1 LQ—J <#G(©) < ]1 QO—J + 1).

i=1

For a point x = (x1, ..., x,) € G(0), let R(x) be the open hyperrectangle in R” with
center x and sides 26, ..., 26,, that is,
R(x) :={x1,..., %) e R" : |x1 —x1| <01, ..., 1% — x4 < 6} (61)

Then the points in G(6) adjacent to x are on the boundary of R(x), and the union of
all R(x) covers K, that is,

kc |J Rrw.

xeG(0)

Comparing the hyperrectangle R(x) to the open ball By, (x, &, T') defined by (3), we
obtain the following result; the proof can be found in “Appendix B.”

Lemma 6 1. Ifthe vector O is selected so that
R(x) C By, (x,e,T) VxeG(9), (62)

then the grid G(0) is (T, e)-spanning. Moreover, if (62) holds for all T > 0 and
e >0, and

log 6;

lim sup lim sup
e\O0 T—oo

<0 Viell,...,n), (63)

then the topological entropy of the switched system (2) is upper bounded by

n

h(fy, K) < lim sup lim sup Z
e\0 T—oo i—=1

log(1/6;)

T (64)

7 In our construction we ignore the case when (K) falls between integer multiples of (6), but if that
happens then the construction can be slightly modified by taking an arbitrary (X € K) and defining the grid
by (G(0) := {x + (k161, ..., knbn) € K 1k, ..., kn € 7}) so that it is nonempty.
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2. If the vector 0 is selected so that
By (x,e,T) CR(x) VxeG(), (65)

then the grid G(0) is (T, ¢)-separated. Moreover, if (65) holds for all T > 0 and
& > 0, then the topological entropy of the switched system (2) is lower bounded
by

h(fo, K) = l1m\1(1)1f lim supz M. 66)

T
T—o00 i=1

Lemma 6 extends [50, Lemma 2] to the case of nonlinear modes. Note that (63) is
satisfied if all 6; are nonincreasing in 7.8

6.3 Asymptotic weighted averages

Given a switching signal o', consider the active times 7, () defined by (8), active rates
pp (1) defined by (9), and sets of persistent and strongly persistent modes Pn, and P
defined by (11). It was shown in [50, Lemma 1] that, for a family of constants ¢, € R
with p € P, we have

1
ll;n_)solip T max Z cpTp(t) = max 11m sup ;Dcppp(t) 0;¢. 67)
P

In this subsection, we present similar results for a case where the constants are replaced
by locally (Lebesgue) integrable functions; the proof can be found in “Appendix C.”

Lemma 7 Consider a family of locally integrable functions a; : Rsg — R with
ie{l,...,myand p € P.

1. Let
a,:= limsup a,(t), iefl,....m}, peP.
t—o00:0(t)=p
If the constants &; are finite foralli € {1, ..., m} and p € Poo, then

llmsupz7télg(§1§12/ a » () 1,(0(s))ds

T—o00 i=1

< lim supZ— max Z at rp(t) (68)

T t€[0,T]
T—o i=1 [ pEP+

8 Also, the lower bound (66) does not require a condition similar to (63). For this reason, in [51, Lemma 2.3]
the requirement that all 6; are nonincreasing in 7 is not actually needed for the lower bound [51, eq. (13)].
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2. Let
i = liminf al (1), iefl,....,m}, .
a, z»;on:lalghpap() ief m}, peP
If the constants szy are finite for alli € {1, ..., m} and p € Poo, then
| 1 d
l;is;p; Tze[OT]Z f () 10 ())ds
>1 — t 69
1£s;p2 max Y a,Tp(t) (69)
pE'POO
and

hmsupZmax Z/ a (s) 1,(o(s))ds, O

t—00
pEP

> hmsupZmax Z (Vl;,()p(t), 0% . (70)

11— 00
i=1 pePL

Remark 9 The inequalities (68)—(70) can be extended to some cases where the func-

tions a; are locally integrable but possibly unbounded. For example, (69) still holds

if foralli € {1, ..., m}, we have @, € R U {400} forall p € Pooc\PS, and @}, € R
for all p € PL,. Moreover, if di, € R U {4oo} foralli € {I,...,m} and p e Poos

p .
and there exist j € {1,...,m}and g € 77;'0 such that éé = 400, then
|
hTHLSolip,-Zl: T tg[lél% Z / al »(8) 1,(o(s))ds = +o0.

The proofs are along the lines of that of Lemma 7 and thus omitted here. Similar
extensions can be made for the inequalities (68) and (70), and consequently all bounds
for entropy of switched systems in this paper.

For a family of constants ¢, € R with p € P, the equality (67) can be improved
using arguments similar to those in the first two steps of the proof of Lemma 7, which
leads to the following result:

1
lim sup — max cpTp(t —hmsu — max cpTy(t
T_)()othe[OTZ pTp(®) p or]Z pTp (1)

[757)00
= max 1 lim sup Z cppp(t), 0¢ . (71)
11— 00
pePL
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6.4 Proof of Theorem 3

We prove only the upper bound (39) here; the lower bound (41) can be established
using similar arguments (the omitted proof can be found in [52]). By applying the
upper bound for the distance between two solutions (56) to each subsystem of (37)
with the corresponding “local” norm and matrix measure, we obtain that, for all initial
states x = (X1, ...,Xpn), X = (X1,...,Xy) € K withx;,x; € R% fori € {1,...,m},
the corresponding solutions satisfy

&Gt %) — £t x| < @ O|% —x;l; Vie(l,....m}t>0

with

. t . .
7o) = max Y /0 i (T, F(EE (5. v)) (0 (5))ds.

v;eco(K;
i €co( ')pe’P

Due to the equivalence of norms on a finite-dimensional vector space, there exist
constants rq, ..., r, rN > 0 such that

lvili < rilvilee Vie{l,...,m}, v; e R"
and
lvIn < N[Vl YV € R™.
Then the definition of the “global” norm (24) implies that

&5 (1, X) — &5 (1, x)|G < max rN|&L (1, %) — &L(¢, xi)l;

1<i<m

IA

i _ i _
max e’ Wry|%; — xili < max e Vrnri|%; — Xiloo
1<i<m 1<i<m

for all + > 0. Consequently, given arbitrary time horizon 7 > 0 and radius ¢ > 0, we
have

max |6 (1, ©) — & (1, 0)|g < max e™NONTOpgr |5 — il (72)
t€[0,T] I<i<m
Consider the grid G (9) defined by (60) with the vector 6 = (011, ..., Only,) € R,
defined by

0 = e M0 Og f(rry), i€ (1,...,m).
Comparing the corresponding hyperrectangles R (x) defined by (61) to the open balls
By (x,&,T) defined by (3) with the “global” norm | - |G, we see that (72) implies
R(x) C By, (x,&,T) forall x € G(0). Then part 1 of Lemma 6 implies that G(6) is
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(T, e)-spanning. As T > 0 and ¢ > 0 are arbitrary, and all 6; are nonincreasing in 7',
the upper bound (64) implies that

m
i log(1/6;
h(fo,K) < limsuplimsupz ni log(1/6;)

eN0  T—oo ;7 T

—thPZ* max nlng(t)+1m}) lim Zw

T—o0 ;_ T
m
< lim sup — max / max }’l',lL‘(Jl-fi(l_J')) 1,(0(s))ds,
Too 12: T te0, ok Z (v,eéﬂ(s co(kpy IR b

where the last inequality holds in part because the maximum is a subadditive function.
Finally, we obtain (39) by invoking the upper bound (68) with the functions

a,=_ max  mui(yfp@), ie€{l,....,m}, peP.
v; €€5 (1,c0(K;))

6.5 Proof of Theorem 4

We prove the lower bound (43) using volume-based arguments. As K is a compact
set with nonempty interior, there exists a hyperrectangle R = Ry X --- X R, with
Ri C K;fori € {l,...,m}. Then R C K and

ég(t,R):S;(t,Rl)x---xg(’,"(t, Rn) VYt>0

for the switched block-diagonal system (37).
Given arbitrary time horizon 7 > 0 and radius ¢ > 0, by applying the lower bound
for the volume of reachable set (57) to each subsystem of (37), we obtain that

Vol(EL (T, R)) = e* D vol(R)  Viell,... .m)

with (recall that R; C K;)
. t . .
7y(0) ;= min > /0 tr(Jy, £ (€L (5, v0))) Ly (0 (5))ds.
i i [7673

LetZ ={iy,...,i}:={i: y;(T) > 0} which depends on 7', and define

eL(T,Ry) == EN(T, Ry)) x --- X EI(T, Ry,).
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Then

vol(¢2 (T, Ry)) = [ vol(l (T, Ry)) = eXier oD [ vol(R;)
ieZ ieZ

m
> eXimi maxtys (1.0 [T min{vol(Ry), 1. (73)

i=1

Let £ be a minimal (T, ¢)-spanning set defined by (3) and (4) with the “global”
norm | - |g. Due to the equivalence of norms on a finite-dimensional vector space,
there exist constants 7y, ..., 7;;, N > 0 such that

Wiloo < Filvili  Vie{l,...,m}, v; € R"
and
[V]oo < INJVIN YV € R™.

Then for all initial states x = (x1, ..., Xp), X = (X1, ..., Xyn) € R" with x;, x; € R™
fori € {1, ..., m}, the definition of the “global” norm (24) implies that

66 (T, %) = 55 (T, x)|c

v

max & (T, %) — EL(T, x;)|i /i
1<i<m

max. |EL(T, %) — EL(T, xi) oo/ (PNT?).

v

Hence, for the set Z = {iy, ..., i;}, we have (recall that R C K)

5(T, Ry) CUENT, %)), ..., (T, %) : (K1, ..., %) € K]
C (JUENT 51, BT %) e (T, Fr s En)) = &6 (T, 0)lG < €}

xekE

C U {(iy, ..., v)) : |vi—§{’;(T,xi)|oo < rnrie foralli € 7},
and thus,
m
Vol(§] (T, Ry)) < #E [ [@inFie)" < #E [ [ max{@inFie)", 1}, (74)
ieT i=1

Combining (73) and (74), we obtain that the minimal cardinality of a (7, ¢)-
spanning set satisfies

X m
S(fo e, T, K) = #E > eXimimaxba (.0 [T

i=1

min{vol(R;), 1}
max{(2rn7ie)", 1}
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Hence, the definition of entropy (5) implies that

. m 1 .
h(fy, K) > llm mf lim sup 1 log (eZ?":] max{yg (T), 0} H %’%)

T—ooo T il max{(2rnr;e)™
1 ¢ in{vol(R;), 1
—hmsupzmaX{y”( ) 0}+lim lim — log (M)
T—oo 7] T eNOT—o0 T — max{(2ryrie)ti, 1}

>hmsup2max Z / min  tr(Jj, f;',(a,-))) 1,(c(s))ds, O ¢,

i(s K
T—oo i pE'P v; €&l (s,K;)

where the last inequality holds in part because the minimum is a superadditive function.
Finally, we obtain (43) by invoking the lower bound (70) with the functions

ay()=_min  tw(Jy fp(@). i€{l.....m}, peP.
v €EL (1K)

6.6 Proof of Theorem 1

Note that the switched system (2) can be seen as a switched block-diagonal system
(37) with a single block. Consequently, the upper bound (17) and lower bound (19) for
the entropy of (2) can be obtained by taking m = 1 andn; = n in the upper bound (44)
and lower bound (43) for the entropy of (37), respectively. For a stand-alone proof of
slightly weaker results (without considering persistent and strongly persistent modes),
see the proof of [51, Th. 3.1]. O

7 Conclusion

Upper and lower bounds for topological entropy of switched nonlinear and intercon-
nected systems were constructed, which generalized and extended previous results on
switched linear systems and advanced our understanding of the effects of switching
on topological entropy. A feature of these bounds is that they depend on the values of
Jacobian matrices of only strongly persistent modes and over only an w-limit set. As
a result, they are easier to compute and are able to yield finite bounds in the case of
unbounded Jacobian matrices but a compact global attractor.

Future research directions include analyzing the computation complexities of the
bounds for topological entropy in this paper, investigating the relations between these
bounds and stability conditions for switched nonlinear and interconnected systems,
and constructing bounds for topological entropy of switched nonlinear systems with
triangular structure and general time-varying systems.
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Appendix A Proofs of Lemmas 4 and 5

Lemmas 4 and 5 are established based on similar properties of a linear time-varying
(LTV) system

X=A)x (AD)
with a piecewise-continuous, matrix-valued function A : R~o — R"*". The solu-
tion to (Al) at time ¢+ > 0 with initial state v is given by &(¢,v) = ®4(z,0) v,

where ® 4 (f, 0) is the state-transition matrix and satisfies Coppel’s inequalities [14,
Th. 2.8.27, p. 34]

elo THEAIS || < @41, 0) v] < o HADE Y v >0, v e R (A2)

and Liouville’s formula [9, Th. 4.1, p. 28]
det(P 4 (t, 0)) = eJo TAGNMs  yp > (A3)
Proof of Lemma 4 We prove Lemma 4 by writing the Jacobian matrix of a solution to
the switched nonlinear system (2) with respect to initial state J, &, (¢, x) as a matrix
solution to the LTV system (A1) with a suitable function A(¢), using variational argu-

ments from nonlinear systems analysis (see, e.g., [24, Sect. 4.2.4]). For all v € R",
we have J,&,(0,v) = I and

01 xés (t,v) = Jxé(r(t’ v) = JXfU([)(SO’(ta V) Jxés (2, v)
for all ¢ > 0 that are not switches. Hence, for each fixed v € R”, the matrix J, &, (¢, v)

is equal to the state-transition matrix @4 (¢, 0) of (A1) with A(?) = J fo (1) (65 (2, V)).
First, given arbitrary initial states x, x € K, let

v(p) =px+1—-p)x, pel0,1]
Then v(p) € co(K) and v/(p) = X — x for all p € [0, 1]. Hence,
€6 (1, X) — &0 (1, X)]
= &5 (1, v(1)) — &5 (1,v(0))| = ‘/01 Jebo (1, v(p))(x — x)dp

1 1
< / o (1, V(o)) — 2)]dp < / el B oo (S |5 _ 11
0 0

< ( max efo'u(fxfrf(_;)(sn(s,v)))ds)|,; — x| = el — x|
veco(K)

for all + > 0, where the second inequality follows from the second inequality in (A2)

with A(?) = Jx fo1) (5 (2, v(p))) and @4 (7, 0) = J &5 (¢, v(p)), and the last equality
follows from the transformation (58). Hence, (56) holds.
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Second, for each fixed v € R”, Liouville’s formula (A3) with A(r) =
Jx for)(Ex (2, v)) and D4 (2, 0) = J &, (7, v) implies that

det(JyE, (1, v)) = oo tUx fo) Eo (s.0))ds g > 0.

Then

vol(& 1. K)) = [ 14t (1. 0)ldo = (i | et 1. 0)]) vol(K)
K vek

— (mi]r(l ef(; tr(Jx fo(s) o (S,U)))ds> vol(K) = e” @) vol(K)
ve

for all > 0, where the last equality follows from the transformation (58). Hence, (57)
holds. O

Proof of Lemma 5 We prove Lemma 5 by writing the difference between two solutions
to the switched nonlinear system (2) as a solution to the LTV system (Al) with a
suitable function A(t), using variational arguments similar to those in the proof of
Lemma 4. Given arbitrary initial states x, x € K, let

V(t, 10) = péo’(t’ -)E) + (1 - IO)EO'(tax)a p € [07 1]5 t Z 0

Then v(t, p) € co(és(t, K)) and 0,v(t, p) = &,(t, X) — &5 (¢, x) for all p € [0, 1]
and ¢ > 0. Hence,

(& (t, %) — & (1, %) = fouy(Es(t, X)) — for(Es(t, X))
= fory(v(t, 1)) = foy(v(z,0))

1
= (/0 foa(z)(V(t,p))dp>($a(t,i) —&5(1,x))

forall + > O that are not switches. Therefore, &, (¢, X) — &4 (¢, x) is the solution to (A1)
with A(t) = fol Jx fory(v(t, p))dp at time ¢ with initial state x — x. Consequently,
(A2) implies that

t 1 . .
o (S et s P90)I5 5 ) < 18y (1,3) — o (1, )

< oo 1o Jx foos.pndp)ds 5

for all ¥ > 0. Moreover, as the matrix measure p is a convex function, Jensen’s
inequality [3, Th. 11.24, p.417] implies that

1 1
M(/O foo(z)(v(l,p))dp) E/O mw(Jx foy(w(t, p))dp

< max J v
= Ueco(ég(t,l())“( xfo(l)( ))
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and
1 1
—M<—/O Jx fory(v(2, p))dp> > /0 —u(=Jx fo iy (v(z, p))dp
> i —u(—J
Z ccomin p(—=Jx fo 1) (v)
for all > 0. Then (59) follows from the transformation (58). O

Appendix B Proof of Lemma 6

1. If (62) holds, then

kc |J rRwc | BpGeT.

xeG(6) xeG(0)

Hence, G(0) is (T, ¢)-spanning following the definition (4), and thus,

S(fore, T, K) <#GO) <[] Q%J + 1) <11 <% + 1).

i=1

If (62) holds for all T > 0 and ¢ > 0, then the definition of entropy (5) implies that

n
log(2rp/6; + 1
eN0 T—o0 i—1 T

l

log(1/6;

< lim sup lim sup Z L/)
e\0 T— 00 i—1

log(6; +2
+th sup lim SHPM

; (B4)
i1 e\0 T—o00 T

where the last inequality holds as the upper limit is a subadditive function. More-
over, forall i € {1, ..., n}, the summands in the last term in (B4) satisfy

@ Springer



678 Mathematics of Control, Signals, and Systems (2023) 35:641-683

. . log(6; +2ry) _ . . max{log(26;), log(4r2)}
lim sup lim sup ———— < lim sup lim sup
e\0 T—oo T e\0 T—oo T

: . log(26;) . log(4r2)
= max 4 lim sup lim sup , lim
e\0 T—oo r T—o0 T

. . log 6;
= max 4 lim sup lim sup , 00,
e\0 T— 00 T

where the inequality holds as the logarithm is an increasing function and 6;, o > 0,
and the last equality holds in part because r- is independent of 7. Then (63) implies
(64).0

2. If (65) holds, then for all distinct points x, x € G(0), we have x ¢ By, (x,¢,T) as
X ¢ R(x).Hence, G(0) is (T, ¢)-separated following the definition (6), and thus,

Wiwe, T K) 2160 = [ 2] = r[max{zﬂ ~1f.
i=1

If (65) holds for all T > 0 and ¢ > 0, then the alternative definition of entropy (7)
implies that

1 2r1/6; — 1, 1
h(fy, K) > 11m 1nf lim sup Z og(max{2ri/ D
T— 00 i=1 T

log(1/6;
> lim inf lim sup M
eNO T 00 i—1 T

n

] 2ry — 6. 6,
S lim inf lim inf (28@& 211 = 6, 61

— e\ T—o0 T
=

; (BS)

where the last inequality holds as the lower limit is a superadditive function, and
for two functions g, g : R>¢o — R, we have

limsup(g(T) + g(T)) > limsup g(T) + hm 1nf g(T).

T—o00 T—o00
Moreover, for all i € {1, ..., n}, the summands in the last term in (B5) satisfy

log(max{2r; — 6;, 6;}) log(max{ry, 6;})

lim inf lim inf > lim inf lim inf
e\0 T—o00 T e\0 T—o00 T
D e . o logr
> lim inf lim inf =0,

eNO0 T—oo

9 There was a typo in [50, Lemma 2] where [50, eq. (17)] should be replaced with (63), as the inequality
in (63) needs to hold foreachi € {1, ..., n} instead of the upper limits of the sum.
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where the first inequality holds as the logarithm is an increasing function and
r1, 0; > 0, and the equality holds as r; is independent of 7. Hence, (66) holds. O

Appendix C Proof of Lemma 7

We prove only the lower bound (69) here; the upper bound (68) and lower bound (70)
can be established using similar arguments (the omitted proof can be found in [52]).
For brevity, we define the following functions on Rx:

(1) : _/Oa;(S)]lp(G(S))ds, peP,

ie{l,...,m
t
TteOT]an()

al(r):

with @’ (0) := max{afy ©) (0), 0}. Also, note that for two continuous functions g, g :
R>o — R, we have

t a(t)) > t in g(¢t VYT > 0. C6
tg[l(i);](g()+g())_[g[1§>;]g()+l;r[l&r;]g() > (Co)

First, we eliminate modes that are not persistent. The definition of P, in (11)
implies that 7o, := sup{t > 0: o (¢) € P\Pxo} is finite. Then

. 1 A
a'(T) > — t Lt
a'(T) T(éﬂl&)}] PORNGES i, > i ))

PEPos PeP\Pao

_<,§n§’}] Z nh()+ min Y n;(t)>

v

€0,z
sl Sps

foralli € {I,...,m}and T > to, where the inequality follows from (C6). Hence,

lim sup Z a'(T) > 11m sup Z — max 77;, ().
T—oo ;o iy el T e

Second, we eliminate modes that are persistent but not strongly persistent. For all

i €f{l,...,m}and p € P, as ap = liminf, .0 ()= ,,a (t) are finite, &' :=

) p
inf;>0 a;, (t) 1,(o(t)) are finite as well. Then

1 1 1 .
— max t>—max t+—rn1 Lt
T max. PAG! ax. ' (1) nin_ P AG)
PP PPy PP\ P,
rxi
> ﬂ?&?’} Yo+ Y min{@h, 0}p,(T)
pePL PEPx\PS%
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foralli € {1,...,m} and T > 0, where the first inequality follows from (C6).
Moreover, forall p ¢ PL,as p,(r) > Oforalls > Oand p, = limsup,_, ., p,(t) =0,
we have 0, = lim;_, o, pp(¢) = 0. Then

1imi Z min{c,. 0}p,,(T)=i Z min{@},, 0}5, = 0.

T—00 4 .
i=l pepoo\PoJro i=l pepoo\P;ro
Hence,
lim sup Z a'(T) > lim sup Z — max 17;, ).
T—00 T— T t€[0.1] .
i=1 rePx

Finally, as P;g is a finite set, the lower limit in the definition of Zz; implies that, for
each § > 0, there exists a large enough #5 > 0 such that

ay(ty>a,—8 Vie{l,....m}), pePh. t>15:0()=p
Foralli € {1,...,m} and tr > 0, consider
Z U;(t)= f(a (5) — a4+ 8 +d, — 8) 1, (0 (s))ds
pePL pePL
= Z bty (t) — 8t + Z /(a (s) — b, +8) L (o (s))ds.
pePL pePL

If t > t5, then

. Is .
> /(a (5) — b +8) Lp(o(s)ds = Y / (@) (s) — ), + 8) 1 (o (5))ds.
pePL + 70
Otherwise ¢ € [0, t5], and hence,

/(a (s) = dby +8) 1 (o (s))ds

peP

r
> min Y /O(a;(s)—Ez;Jr(S)ll,,(a(s))ds.

1el0,1s]
pePL

Combining the two cases, we obtain

. t_ . .
Dby = Y dht,(t) =6t + min Y- /O(a;,(s)—é;,M)]lp(a(s))ds.
'P+

710,151
pePL pePL
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Then

1 1 .

— max > — max att,(t) =48

T t€[0,T] Z p® T t€[0,T] Z per ()
pepoo pn’573+

+ i&lo“;] Z /(a (5) — b, +8) Lp(o(s))ds

for all T > 0, where the inequality follows in part from (C6). Hence,

lim supZa,(T) > hm supZ — max Z é;l'p(l) —mé.

T—o00 = T 1€[0,T] Pt
Then (69) holds as § > 0 is arbitrary. O
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