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Abstract— In this paper we propose a method for stability
analysis of switched systems perturbed by a Wiener process.
It utilizes multiple Lyapunov-like functions and is analogous
to an existing result for deterministic switched systems.

Index Terms— switched systems, multiple Lyapunov-like
functions, stochastic stability.

I. INTRODUCTION

THERE are essentially two ways to analyze stability
of deterministic switched systems; one involves con-

struction of a common Lyapunov function and the other
utilizes multiple Lyapunov functions. The former task is
usually more challenging, though once a common Lyapunov
function is found, the analysis is simple. The latter method,
usually more amenable to applications, was first proposed
in [1] and developed extensively in [2]; see also [3, Chap-
ter 3] for a detailed discussion. We seek to extend this
method to switched systems perturbed by a Wiener process.

We model each subsystem of a switched system by an
Itô differential equation and make use of the stochastic
differentials of Lyapunov-like functions for each subsystem
along the lines of classical results on stochastic stability;
see e.g. [4], [5], [6] for further details. In particular, we
show that a switched system perturbed by a Wiener process
is globally asymptotically stable in probability (GAS-P)—
to be defined shortly—provided each subsystem is GAS-
P and the sequence formed by the Lyapunov-like function
corresponding to each subsystem, at the switching instants
when that subsystem becomes active, is decreasing. An
application of this result for the case of dwell-time switch-
ing, as well as sufficient conditions for GAS-P involving a
common Lyapunov-like function, are provided.

II. PRELIMINARIES

For M1, M2 subsets of euclidean space, let C[M1, M2]
denote the space of all continuous functions f : M1 −→
M2 and let C2[M1, M2] denote the space of all functions
f : M1 −→ M2 that are twice continuously differentiable.
We say that a function α ∈ C[R�0, R�0] is of class K if α
is increasing with α(0) = 0, is of class K∞ if in addition
α(r) → ∞ as r → ∞, and we write α ∈ K and α ∈ K∞
respectively. A function β ∈ C

[
R

2
�0, R�0

]
is said to be of

class KL if β(·, t) is a function of class K for every fixed
t and β(r, t) → 0 as t → ∞ for each fixed r, and we write
β ∈ KL.
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Let Ω := (Ω,F , P) be a complete probability space and
let x be a random variable on Ω. We will have occasion
to use two inequalities (see e.g. [7] for further details): if
φ ∈ C[Rn, R] is concave, then E[φ(x)] � φ(E[x]) provided
E[φ(x)] exists and is finite (Jensen’s inequality); for ε > 0
and ψ ∈ C[Rn, R�0], we have P[ψ(x) � ε] � E[ψ(x)] /ε
provided E[ψ(x)] exists and is finite (Chebyshev’s inequal-
ity). We assume that all expectations utilized in the analysis
exist for all times t � 0.

We define a family of systems

dx = fp(x)dt + Gp(x)dw, p ∈ P, (1)

where x ∈ R
n, w is an m-dimensional normalized Wiener

process defined on the probability space Ω, dx is a stochas-
tic differential of x, P is an index set, fp : R

n −→ R
n

and Gp : R
n −→ R

n×m are sufficiently well-behaved
to ensure existence and uniqueness of the corresponding
solution process (see e.g. [8] for precise conditions), and
fp(0) = 0, Gp(0) = 0 for every p ∈ P . To define a
switched system for the family, we consider a piecewise
constant function (continuous from the right by convention)
σ : R�0 −→ P , called the switching signal, which specifies
at every time t the index σ(t) = p ∈ P of the active
subsystem. The switched system for this family generated
by σ is

dx = fσ(x)dt+Gσ(x)dw, x(0) = x0 �= 0, t � 0. (2)

We assume that there is no jump in the state x at the
switching instants, and that there is a finite number of
switches on every bounded interval of time. The above
definitions of fp and Gp indicate that the solution process
of (2) is trivial if x0 = 0, so we exclude this case. We denote
the switching instants by ti, i = 1, 2, . . ., t0 := 0, and
the sequence {ti}i�0 is strictly increasing. The infinitesimal
generator for each system from the family (1) acting on a
function V ∈ C2[Rn, R�0] is defined to be LpV (x) :=
Vx(x)fp(x)+ 1

2 tr
(
Vxx(x)Gp(x)GT

p (x)
)
, where tr denotes

the trace of a square matrix.
We adopt to the context of the stochastic switched sys-

tem (2) the following notion of stochastic stability, defined
in [5].

Definition 2.1: The stochastic switched system (2) is
globally asymptotically stable in probability (GAS-P) for a
given switching signal σ if for every η ∈ ]0, 1[, there exists
a function β ∈ KL such that the estimate

P[|x(t)| < β(|x0|, t)] � 1 − η, t � 0

holds true along all solutions of (2).
We need the following Lemma ([5, Theorem 3.3]) for our

main result.
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Lemma 2.2: Consider the system having index p in the
family (1) and let there exist functions Vp ∈ C2[Rn, R�0],
α1, α2 ∈ K∞ and W ∈ K, such that for all x ∈ R

n, we
have

α1(|x|) � Vp(x) � α2(|x|) (3)

and
LpVp(x) � −W (|x|). (4)

Then the system is GAS-P.
There are two easy generalizations of Lemma 2.2

to switched systems which we list below. The first—
Proposition 2.3—utilizes a common Lyapunov-like func-
tion and the second—Proposition 2.4—involves multiple
Lyapunov-like functions satisfying a matching condition at
the switching instants.

Proposition 2.3: Consider the stochastic switched sys-
tem (2). Let there exist functions α1, α2 ∈ K∞, V ∈
C2[Rn, R�0], W ∈ K, such that
(a) for all x ∈ R

n, (3) is satisfied;
(b) for all x ∈ R

n and every p ∈ P , LpV (x) � −W (|x|).
Then the system (2) is GAS-P.

Proposition 2.4: Consider the stochastic switched sys-
tem (2). Let there exist functions α1, α2 ∈ K∞, Vp ∈
C2[Rn, R�0] for p ∈ P , W ∈ K, such that
(a) for all x ∈ R

n, (3) is satisfied;
(b) for all x ∈ R

n and for every p ∈ P , (4) is satisfied;
(c) for every switching instant ti, the equality

Vσ(ti)(x (ti+1)) = Vσ(ti+1)(x(ti+1)) is satisfied.

Then the system (2) is GAS-P.
The proofs of the above Propositions may be constructed

along similar lines as [5, Theorem 3.3]. In the next section,
we present our main result; it involves multiple Lyapunov-
like functions but applies to more general situations com-
pared to Proposition 2.4 by dispensing with the matching
condition in hypothesis (c).

III. MAIN RESULT

Assumption 3.1: For the rest of the paper, we assume
that the index set P is finite: P = {1, 2, . . . ,N}.

The following Theorem constitutes our main result, and
may be viewed as a stochastic counterpart of [3, Theo-
rem 3.1].

Theorem 3.2: Consider the stochastic switched sys-
tem (2). Let there exist functions α1, α2 ∈ K∞ with
α2 ◦α−1

1 concave, Vp ∈ C2[Rn, R�0] for p ∈ P , W, U ∈ K
with U ◦ α−1

1 convex, such that
(i) for all x ∈ R

n, (3) is satisfied;
(ii) for all x ∈ R

n and for every p ∈ P , (4) is satisfied;
(iii) for every p ∈ P and every pair of switching instants

(ti, tj), i < j such that σ(ti) = σ(tj) = p and
σ(tk) �= p for i < k < j, the inequality

E[Vp(x(tj))] − E[Vp(x(ti))] � −E[U(|x(ti)|)] (5)

is satisfied.

Then the system (2) is GAS-P.

Proof: Consider the time interval [t0, t1[. By hypothe-
ses (ii) and (i), we have

E
[
Vσ(t0)(x(t1))

]
� E

[
Vσ(t0)(x0)

]
� α2(|x0|). (6)

Over the same interval, for p �= σ(t0), the estimate

E[Vp(x(t1))] � E[α2(|x(t1)|)]
= E

[
α2 ◦ α−1

1 ◦ α1(|x(t1)|)
]

� α2 ◦ α−1
1

(
E

[
Vσ(t0)(x(t1))

])
holds true, where we have utilized Jensen’s inequality and
hypothesis (i). In the light of (6), the above inequality
implies

E[Vp(x(t1))] � α2 ◦ α−1
1 ◦ α2(|x0|).

Now consider the interval [t1, t2[. Proceeding as before, we
have

E
[
Vσ(t1)(x(t2))

]
� E

[
Vσ(t1)(x(t1))

]
� α2◦α−1

1 ◦α2(|x0|).
(7)

Over the same interval, for p �= σ(t1), the estimate

E[Vp(x(t2))] � E[α2(|x(t2)|)]
= E

[
α2 ◦ α−1

1 ◦ α1(|x(t2)|)
]

� α2 ◦ α−1
1

(
E

[
Vσ(t1)(x(t2))

])
holds true. In the light of (7), the above inequality implies

E[Vp(x(t2))] � α2 ◦ α−1
1 ◦ α2 ◦ α−1

1 ◦ α2(|x0|).
Define the function

α(·) := max
{

α2(·),
(
α2 ◦ α−1

1

) ◦ α2(·), . . . ,
N−1 times︷ ︸︸ ︷(

α2 ◦ α−1
1

) ◦ · · · ◦ (
α2 ◦ α−1

1

) ◦ α2(·)
}

.

Considering all possible switching sequences and keeping in
mind hypothesis (iii), it is possible to show that the estimate

E
[
Vσ(t)(x(t))

]
� α(|x0|) ∀ t � 0 (8)

is valid.
Clearly, there can be two possibilities:
Case 1 Switching stops in finite time. Due to (8),

E
[
Vσ(t)(x(t))

]
is finite. Now, since σ eventually becomes

constant at some index q (say), hypotheses (i) and (ii),
together with Lemma 2.2, imply the GAS-P property of the
switched system.

Case 2 Switching continues indefinitely. There exists
at least one index p ∈ P such that the positive subse-
quence

{
E

[
Vσ(ti)(x(ti))

]}
{i�0,σ(ti)=p} is infinite in length.

Clearly the sequence is also monotonically decreasing by
hypothesis (iii), and therefore must attain a limit, say c � 0.
Taking limits on both sides of (5), we have

c − c � − lim
i↑∞

σ(ti)=p

E[U(|x(ti)|)] ,

4126



which leads to limi↑∞,σ(ti)=p E[U(|x(ti)|)] = 0. By con-
vexity of U ◦ α−1

1 it follows that

lim
i↑∞

σ(ti)=p

E[α1(|x(ti)|)] = 0.

Combined with (8) and hypothesis (i), this leads to

E[α1(|x(t)|)] −→ 0 as t −→ ∞. (9)

By virtue of (8) and (9), it follows that there exists a
function β̃ ∈ KL (the construction of such a function is
a standard procedure) such that

E[α1(|x(t)|)] � β̃(|x0|, t) ∀ t � 0. (10)

For an arbitrary η ∈ ]0, 1[, consider a class KL function
β such that β(r, s) > β̃(r, s)/η for all positive r and
nonnegative s. Utilizing Chebyshev’s inequality and (10)
for each t � 0, we obtain

P
[
α1(|x(t)|) � β(|x0|, t)

]
� E[α1(|x(t)|)]

β(|x0|, t)
< η.

Defining β(r, s) := α−1
1 ◦β(r, s), we see that for each t � 0

the estimate

P[|x(t)| < β(|x0|, t)] � 1 − η

is valid, which proves that (2) is GAS-P.
Theorem 3.2 requires the function α2◦α−1

1 to be concave;
this holds, for instance, in the case of purely quadratic or
quartic functions α1 and α2. For example, consider the
linear version of (2):

dx = Aσxdt + Bσxdw, x(0) = x0 �= 0, t � 0,

where Ap, Bp ∈ R
n×n, p ∈ P . If we can find functions

Vp(x) = xTPpx, p ∈ P , where every Pp is a symmetric
positive definite matrix that solves the linear matrix inequal-
ity AT

p Pp + PpAp + BpPpB
T
p � −Q, for some symmetric

positive definite matrix Q, then Vp serves as a Lyapunov
function for the subsystem with index p satisfying (4);
see [4] for further details. Considering the finiteness of the
set P , it follows that there exists α1, α2 ∈ K∞, that are
quadratic functions of |x|, with Vp satisfying (3).

IV. APPLICATION AND CONCLUSION

As an application of our result, consider a switched
system in which the switching signal has a dwell-time
τD, i.e. any two switching instants are separated by at
least τD units of time: ti+1 − ti � τD for all i � 0

(see e.g. [3, Section 3.2.1]). Suppose that hypothesis (i)
of Theorem 3.2 is satisfied, and there exists λ, µ > 0
such that for all x ∈ R

n and p, q ∈ P , the inequalities
Vp(x) � µVq(x) and LpVp(x) � −λVp(x) are valid.
Clearly, hypothesis (ii) of Theorem 3.2 is also satisfied. At
any switching instant, utilizing the construction in the proof
of [4, Chapter V, Theorem 7.1], we obtain the estimate

E
[
Vσ(ti+1)(x(ti+1))

]
� µ exp(−λτD)E

[
Vσ(ti)(x(ti))

]
for all i � 0. Let τD be larger than ln µ

λ . Combining this
lower bound on τD with the above inequality, it follows
that the sequence

{
E

[
Vσ(ti)(x(ti))

]}
i�0

is monotonically
decreasing. It is now easy to show, considering the finiteness
of P , that hypothesis (iii) of Theorem 3.2 is satisfied with
the function U(r) = (1 − exp(ln µ − λτD))α1(r), so that
U ◦ α−1

1 is convex. Therefore, the system is GAS-P by
Theorem 3.2.

The material presented in this paper is a part of an
ongoing investigation into the qualitative properties of more
general nonautonomous stochastic switched systems, see [9]
for further details. There we combine the method of analysis
using multiple Lyapunov-like functions with a stochastic
version of the comparison principle to reach a general
framework. Applications of this framework include a gener-
alization of the above example to the case of average dwell
time switching—introduced in [10].
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[7] R. B. Ash and C. A. Doléans-Dade, Probability and Measure Theory.

Harcourt / Academic Press, 1999.
[8] B. K. Øksendal, Stochastic Differential Equations. Springer-Verlag,

1998.
[9] D. Chatterjee, “Stability analysis of deterministic and stochastic

switched systems via a comparison principle and multiple Lya-
punov functions,” Master’s thesis, University of Illinois at Urbana-
Champaign, submitted for publication, 2004.

[10] J. P. Hespanha and A. S. Morse, “Stability of switched systems with
average dwell-time,” in Proceedings of the 38th IEEE Conference on
Decision and Control, no. 3, 1999, pp. 2655–2660.

4127


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Helvetica
    /Helvetica-Bold
    /Times-Bold
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




