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Abstract

This paper is concerned with global asymptotic stabilization of continuous-time systems subject to quantization. A hybrid control
strategy originating in earlier work (Brockett and Liberzon, IEEE Trans. Automat. Control 45 (2000) 1279) relies on the possibility of
making discrete on-line adjustments of quantizer parameters. We explore this method here for general nonlinear systems with general
types of quantizers affecting the state of the system, the measured output, or the control input. The analysis involves merging tools from

Lyapunov stability, hybrid systems, and input-to-state stability.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

In the classical feedback control setting, the output of
the process is assumed to be passed directly to the con-
troller, which generates the control input and in turn passes
it directly back to the process. In practice, however, this
paradigm often needs to be re-examined because the inter-
face between the controller and the process features some
additional information-processing devices. These consider-
ations arise, for example, in networked control systems; see
the articles in Bushnell (2001) and the references therein.

One important aspect to take into account in such situ-
ations is signal quantization. We think of a quantizer as a
device that converts a real-valued signal into a piecewise
constant one taking on a finite set of values. Quantization
may affect the process output (this happens, for example,
when the output measurements to be used for feedback are
obtained by using a digital camera, stored in the memory
of a digital computer, or transmitted over a digital commu-
nication channel). It may also affect the control input (ex-
amples include the standard PWM amplifier and the manual
transmission on a car).
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We assume that the given system evolves in continuous
time. In the presence of quantization, the state space (or the
input space) of the system is divided into a finite number of
quantization regions, each corresponding to a fixed value
of the quantizer. At the time of passage from one quanti-
zation region to another, the dynamics of the closed-loop
system change abruptly. Therefore, systems with quantiza-
tion can be naturally viewed as /hybrid systems, i.e., systems
described by a coupling between continuous and discrete
dynamics.

There are two well-studied phenomena which account for
changes in the system’s behavior caused by quantization.
The first one is saturation: if the signal is outside the range
of the quantizer, then the quantization error is large, and
the control law designed for the ideal case of no quanti-
zation leads to instability. The second one is deterioration
of performance near the equilibrium: as the difference be-
tween the current and the desired values of the state becomes
small, higher precision is required, and so in the presence of
quantization errors asymptotic convergence is impossible.
These phenomena manifest themselves in the existence of
two nested invariant regions such that all trajectories of the
quantized system starting in the bigger region approach the
smaller one, while no further convergence guarantees can
be given.

A standard assumption made in the literature is that pa-
rameters of the quantizer are fixed in advance and can-
not be changed by the control designer; see, among many
sources, (Chou, Chen, & Horng, 1996; Delchamps, 1990;
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Raisch, 1995; Feng & Loparo, 1997; Sur & Paden, 1998;
Lunze, Nixdorf, & Schroder, 1999). There has been some
research concerned with the question of how the choice of
quantization parameters affects the behavior of the system
(Wong & Brockett, 1999; Astrom & Bernhardsson, 1999;
Liberzon & Brockett, 2000; Elia & Mitter, 2001; Ishii &
Francis, 2002). In this paper, building on the earlier work
reported in (Brockett & Liberzon, 2000; Liberzon, 2000),
we adopt the approach that it is possible to vary some pa-
rameters of the quantizer in real time, on the basis of col-
lected data. For example, if a quantizer is used to represent
a camera, this corresponds to zooming in and out, i.e., vary-
ing the focal length, while the number of pixels of course
remains fixed. This approach fits into the framework of con-
trol with limited information: the state of the system is not
completely known, but it is only known which one of a fixed
number of quantization regions contains the current state at
each instant of time. The quantizer can be thought of as a
coder that generates an encoded signal taking values in a
given finite set. By changing the size and relative position
of the quantization regions—i.e., by modifying the coding
mechanism—we can learn more about the behavior of the
system, without violating the restriction on the type of in-
formation that can be communicated to the controller. This
will help us overcome the two difficulties described above.

The quantization parameters will be updated at discrete
instants of time (these switching events will be determined
by the values of a suitable Lyapunov function). This results
in a hybrid quantized feedback control policy. There are
several reasons for adopting a hybrid control approach rather
than varying the quantization parameters continuously. First,
in specific situations there may be some constraints on how
many values these parameters are allowed to take and how
frequently they can be adjusted. Thus a discrete adjustment
policy is more natural and easier to implement than a con-
tinuous one. Secondly, the analysis of hybrid systems ob-
tained in this way appears to be more tractable than that of
systems resulting from continuous parameter tuning. In fact,
we will see that invariant regions defined by level sets of a
Lyapunov function provide a simple and effective tool for
studying the behavior of the closed-loop system. This also
implies that precise computation of the switching times is
not essential, which makes our hybrid control policies ro-
bust with respect to certain types of time delays (such as
those associated with periodic sampling).

The recent paper (Brockett & Liberzon, 2000) thoroughly
investigates the hybrid control methodology outlined above
in the context of the feedback stabilization problem for lin-
ear control systems with output (or state) quantization. It is
shown there that if a linear system can be stabilized by a lin-
ear feedback law, then it can also be globally asymptotically
stabilized by a hybrid quantized feedback control policy.
The control strategy is usually composed of two stages. The
first, “zooming-out” stage consists in increasing the range
of the quantizer until the state of the system can be ade-
quately measured; at this stage, the system is open-loop. The

second, “zooming-in” stage involves applying feedback and
at the same time decreasing the quantization error in such a
way as to drive the state to the origin. The developments of
Brockett and Liberzon (2000) were restricted to quantizers
that give rise to rectilinear quantization regions.

The present work generalizes the contributions of
Brockett and Liberzon (2000) in three different direc-
tions. First, we consider more general types of quantizers,
with quantization regions having arbitrary shapes as in
Lunze et al. (1999). This extension is useful in several situ-
ations. For example, in the context of vision-based feedback
control mentioned earlier, the image plane of the camera
is divided into rectilinear regions, but the shapes of the
quantization regions in the state space which result from
computing inverse images of these rectangles can be rather
complicated. The so-called Voronoi tessellations suggest
that, at least in two dimensions, it may be beneficial to use
hexagonal quantization regions rather than more familiar
rectangular ones (Du, Faber, & Gunzburger, 1999). We
will demonstrate that the principal findings of Brockett and
Liberzon (2000) are still valid in this more general setting.

Another goal of this paper is to address the quantized
feedback stabilization problem for nonlinear systems. It
can be shown via a linearization argument that by using
the approach of Brockett and Liberzon (2000) one can ob-
tain local asymptotic stability for a nonlinear system, pro-
vided that the corresponding linearized system is stabilizable
(Hu, Feng, & Michel, 1999). Here we are concerned with
achieving global stability ! results. We will show that the
techniques developed in Brockett and Liberzon (2000) can be
extended in a natural way to those nonlinear systems that are
input-to-state stabilizable with respect to measurement dis-
turbances. We thus reveal an interesting interplay between
the problem of quantized feedback stabilization, the theory
of hybrid systems, and topics of current interest in nonlinear
control design. A preliminary investigation of these ques-
tions has been reported in Liberzon (2000), but only for
state quantizers with rectilinear quantization regions.

Finally, in this paper we develop analogous results for
systems with input quantization, both linear and nonlinear.
In view of the examples given earlier, this expands the po-
tential applicability of the hybrid quantized feedback control
techniques. We discover that the analysis of systems with
input quantization can be carried out quite similarly to the
state quantization case. This analysis also yields a basis for
comparing the effects of input quantization and state quan-
tization on the performance of the system. As we will see,
for nonlinear systems the case of state quantization presents
a greater challenge from the viewpoint of control design.

As in Brockett and Liberzon (2000), all control laws
are constructed explicitly. All vector fields and feedback
laws are assumed to be sufficiently regular (e.g., smooth).

I'Working with a given nonlinear system directly, one gains an ad-
vantage even if only local asymptotic stability is sought, because the
linearization of a stabilizable nonlinear system may fail to be stabilizable.
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Solutions to all differential equations are well defined, with
the understanding that they are to be interpreted in the sense
of Filippov (1988) if necessary (control strategies described
in this paper do not rely on chattering and the analysis
of the resulting closed-loop systems does not explicitly
require a concept of generalized solution). With some
abuse of terminology, we call a closed-loop hybrid system
globally asymptotically stable if the origin is a globally
asymptotically stable equilibrium of the continuous dy-
namics. We denote by | - | the standard Euclidean norm in
R" and by || - || the corresponding induced matrix norm in
R™>"_ A function o :[0,00) — [0,00) is said to be of class
A~ if it is continuous, strictly increasing, and such that
«(0)=0and o(r) — oo as r — <.

2. Quantizer

Let z € R! be the variable being quantized. By a quantizer
we mean a piecewise constant function ¢: R’ — 2, where
2 is a finite subset of R’. This leads to a partition of R’
into a finite number of quantization regions of the form
{zeR": q(z) =i}, i € 2. These quantization regions are not
assumed to have any particular shapes (see Fig. 1).

When z does not belong to the union of quantization re-
gions of finite size, the quantizer saturates. More precisely,
we assume that there exist positive real numbers M and 4
such that the following two conditions hold:

1. If

lz| <M (1)

then

lg(z) — 2| < 4. )
2. If

lz| > M

then

lg(z)| > M — 4.

Condition 1 gives a bound on the quantization error when
the quantizer does not saturate. Condition 2 provides a way
to detect the possibility of saturation. We will refer to M and
A as the range of q and the quantization error, respectively.
We also assume that ¢(x) = 0 for x in some neighborhood
of the origin, i.e., the origin lies in the interior of the set
{x: g(x)=0}. An example of a quantizer satisfying the above
requirements is provided by the quantizer with rectangular
quantization regions considered in earlier works (Brockett &
Liberzon, 2000; Liberzon, 2000). These conditions are also
satisfied in the setting of Kofman (2001) where quantization
is combined with hysteresis.

In the control strategies to be developed below, we will
use quantized measurements of the form

qu(z) == uq <Z) , (3)
u

Fig. 1. Quantization regions.

where 1 > 0. The range of this quantizer is Mu and the quan-
tization error is Au. We can think of p as the “zoom” vari-
able: increasing u corresponds to zooming out and essen-
tially obtaining a new quantizer with larger range and quan-
tization error, whereas decreasing u corresponds to zooming
in and obtaining a quantizer with a smaller range but also a
smaller quantization error. We will update u at discrete in-
stants of time, so it will be the discrete state of the resulting
hybrid closed-loop system. In the camera model mentioned
in the Introduction, u corresponds to the inverse of the focal
length. It is possible to introduce more general, nonlinear
scaling of the quantized variable, as in vo g ov~!(z) where
v is some invertible function from R’ to R’ and o denotes
composition; however, this does not seem to introduce any
significant advantages in the context of the problems studied
here.

3. State quantization

To fix ideas, we treat linear systems first.

3.1. Linear systems

Consider the linear system

X=Ax+Bu, xeR", ueR". (4)

Suppose that (4) is stabilizable, so that for some matrix
K the eigenvalues of 4 + BK have negative real parts. By
the standard Lyapunov stability theory, there exist positive
definite symmetric matrices P and Q such that

(A + BK)'P + P(4+ BK)=—0Q. (5)

We will let Amin(+) and Zmax(+) denote the smallest and the
largest eigenvalue of a symmetric matrix, respectively. The
inequality

)Lmin(P)‘x|2 < x"Px < )bmax(P)|x|2

will be used repeatedly below. We will assume that B # 0
and K # 0; this is no loss of generality because the case of
interest is when 4 is not a stable matrix.

In this section we are interested in the situation where only
quantized measurements ¢,(x) of the state x are available.
Since the state feedback law u = Kx is not implementable,



1546 D. Liberzon! Automatica 39 (2003) 15431554

consider the “certainty equivalence”? quantized feedback
control law

u = Kqp(x). (6)

Assume for the moment that u is a fixed positive number.
The closed-loop system is given by

X = Ax + BKq,(x)

= (4 + BK)x + BKu (q <x> - x> . (7
I It

The behavior of trajectories of system (7) for a fixed u is
characterized by the following result.

Lemma 1. Fix an arbitrary ¢ > 0 and assume that M is
large enough compared to A so that we have

Vomin(PYM > \/Dnax(P)OL A(1 + &), (8)
where

. 2|PBK]||

t ;Lmin(Q)

Then the ellipsoids

R1(1) = {x: x"Px < Jmin(P)M? 11} (9)

> 0.

and
Ry(1) = {x: xTPx < Jnax(P)O> A*(1 + &) pi*} (10)

are invariant regions for system (7). Moreover, all so-
lutions of (7) that start in the ellipsoid R,(p) enter the
smaller ellipsoid R,(n) in finite time.

Proof. Whenever inequality (1), and consequently (2), hold
with z = x/u, the derivative of xT Px along solutions of (7)
satisfies

d
—x"Px = —x"Ox + 2x"PBKu (‘1 (x) - x)
d w) u

N

—Imin(Q)|x|* + 2|x| || PBK|| A
— x| min(Q)(|x| — OxAp).

This implies the following formula:

0. 4(1 + e)u < |x| < Mp

= %xTPx < — %] Amin(Q) O Acp. (11)

Define the balls
Pi(w) = {x: x| < My}
and
Br(p) = {x: x| < OA(1 + &)u}.
2 This standard term (borrowed from adaptive control) refers to the

fact that the controller treats quantized state measurements as if they were
exact state values, even though they are not.

Fig. 2. The regions used in the proofs.

In view of inequality (8), we have
PBo(1) C Zo(p) C Zr(p) C Bi(p).

Combined with (11), this immediately implies that the ellip-
soids Z,(p) and #,(u) are both invariant. The fact that the
trajectories starting in #(u) approach %,(u) in finite time
follows from the bound on the derivative of xTPx given by
(11). Indeed, if a time ¢, is given such that x(¢y) belongs to
R () and if we let

min(PYM? — Jinax(P)O2 A (1 + &)?
O A*(1 + &) Jmin(Q)e

then x(#y + 7') is guaranteed to belong to %,(u). Fig. 2
illustrates the proof (and will also be useful later). [

T .=

(12)

As we explained before, a hybrid quantized feedback
control policy involves updating the value of u at discrete
instants of time. An open-loop “zooming-out” stage is
followed by a closed-loop “zooming-in” stage, so that the
resulting control law takes the form

0, 0t <,
u(t) =
Kquiy(x(2)), t = to.
Using this idea and Lemma 1, it is possible to achieve global

asymptotic stability, as we now show.

Theorem 1. Assume that M is large enough compared to
A so that we have

Amin(P)
Amax (P)

(13)

M >24 max{l IPEK] }

' j-min(Q)

Then there exists a hybrid quantized feedback control pol-
icy that makes system (4) globally asymptotically stable.

Proof. The “zooming-out” stage. Set u equal to 0. Let
w(0) = 1. Then increase u in a piecewise constant fashion,
fast enough to dominate the rate of growth of ||e?’||. For
example, one can fix a positive number 7 and let pu(¢) =1
for t € [0,7), u(t) = re?MlI* for 1 € [z, 21), u(t) = 27?2
for t €[21,37), and so on. Then there will be a time ¢ > 0
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such that

x(t) Amin(P)

— | < M — 24
p(2) Jmax(P)

(by (13), the right-hand side of this inequality is positive).
In view of condition 1 imposed in Section 2, this implies

X(t) /lmin(P)
‘q <u(t)> ‘ S\ )

which is equivalent to

j~min(P )
Jmax (P)
We can thus pick a time #, such that (14) holds with ¢ = ¢,.

Therefore, in view of conditions 1 and 2 of Section 2, we
have

|gu(x())] < Mu(t) — Au(r). (14)

x(to) Jenin(P)
:u(tO) /lmax(P ) ’

hence, x(#) belongs to the ellipsoid % (u(#)) given by (9).
Note that this event can be detected using only the available
quantized measurements.

The “zooming-in” stage. Choose an ¢ > 0 such that in-
equality (8) is satisfied; this is possible because of (13). We
know that x(zy) belongs to 2Z,(u(t)). We now apply the
control law (6). Let u(t) = w(ty) for t € [to,ty + T'), where
T is given by formula (12). Then x(z) + T') belongs to the
ellipsoid Z,(pu(ty)) given by (10). For t € [ty + T, ty + 2T),
let

pu(t) = Quto)
where

g Vm(P)O,A( + )

Amin(P)M

We have Q < 1 by (8), hence u(ty+T) < u(ty). It is easy to
check that Z,(u(t)) = Z1(u(ty + T)). This means that we
can continue the analysis for ¢ > #) + T as before. Namely,
x(ty + 2T) belongs to the ellipsoid #,(u(ty + 7)) defined
by (10). For t €[ty + 2T, 10 + 3T), let u(t) = Qu(to + T).
Repeating this procedure, we obtain the desired control pol-
icy. Indeed, we have u(¢) — 0 as t — oo, and the above
analysis implies that x() — 0 as ¢t — oco. To show stability
of the equilibrium x = 0 of the continuous dynamics in the
sense of Lyapunov, take an arbitrary ¢ > 0. Find a positive
integer & such that the ellipsoid (%) is contained in the
ball of radius ¢ around the origin. Pick a 6 > 0 such that so-
lutions of X = Ax with |x(0)| < J stay in the intersection of
this e-ball with the region {x: ¢(x)=q(x/Q)=q(x/Q*~1)=0}
for all # € [0, kT] (recall that g(x)=0 on some neighborhood
of the origin). Then these solutions satisfy |x(¢#)| < ¢ for all
t=0. O

S

We see from the proof of Theorem 1 that the state of the
closed-loop system belongs, at equally spaced instants of

time, to ellipsoids whose sizes decrease according to consec-
utive integer powers of . Therefore, x(¢) converges to zero
exponentially for ¢ > #y; see Brockett and Liberzon (2000)
for details.

The fact that the scaling of u is performed at ¢ = #) +
T,ty + 2T,... is not crucial: since the ellipsoids considered
in the proof are invariant regions for the closed-loop system,
we could instead take another sequence of switching times
t1,t,...satisfying t; —t;_1 = T, i = 1. However, doing this
in an arbitrary fashion would sacrifice the exponential rate
of decay. The constant 7' is usually referred to as the dwell
time.

At the “zooming-in” stage described in the proof of Theo-
rem 1, the switching strategy is time-based, in the sense that
the values of the discrete state u are changed at precomputed
times at which the continuous state x is known to belong to
a certain region. An alternative approach would be to em-
ploy event-based switching, i.e., use the quantized measure-
ments to determine when x enters the desired region; this is
done in Liberzon (2000). An event-based switching strategy
relies more on feedback measurements and less on off-line
computations than a time-based one; it is therefore likely
to be more robust with respect to modeling errors, although
the expressions for the switching times are somewhat more
straightforward in the case of time-based switching.

In the preceding, u takes on a countable set of values
which is not assumed to be fixed in advance. In some situ-
ations p may be restricted to take values in a given count-
able set S. It is not difficult to see that the proposed method,
suitably modified, still works in this case, provided that the
set S has the following properties:

1. S contains a sequence 1, (21, - .. that increases to oo.

2. Each p;; from this sequence belongs to a sequence
Wi, fiz, - .. in S that decreases to 0 and is such that we
have Q < pi; j11/p; for each j.

If the set of possible values for u is finite rather than count-
able, we can only obtain practical stability and not global
asymptotic stability; cf. Brockett and Liberzon (2000) and
Liberzon (2000).

3.2. Nonlinear systems

Consider the system
X=f(x,u), xeR', ueR" (15)

We take all vector fields and control laws to be sufficiently
regular (e.g., smooth). It is natural to assume that there exists
a state feedback law u = k(x) that makes the closed-loop
system globally asymptotically stable. Actually, we need
to assume that & satisfies the following stronger condition
(which will be examined in more detail later): there exists a
smooth function V' : R" — R such that for some class #
functions oy, oz, o3, p and for all x, e € R" we have

o (lx]) < V(x) < oa(fx]) (16)
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and
x| = p(le]) = VV(x)f(x,k(x +e)) < —o3(|x[).  (17)

According to the results of Sontag (1989) and Sontag and
Wang (1995), this is equivalent to saying that the perturbed
closed-loop system

¥ = f(xk(x+e)) (18)

is input-to-state stable (ISS) with respect to the measure-
ment disturbance input e.

Since only quantized measurements of the state are
available, we again consider the “certainty equivalence”
quantized feedback control law, which in this case is given

by
u = k(gqu(x)), (19)

where g, is defined by (3). For a fixed u, the closed-loop
system is

X = f(x,k(qu(x))) (20)
and this takes the form (18) with
e=qu(x)—x. 21)

The behavior of trajectories of (20) for a fixed value of p is
characterized by the following lemma.

Lemma 2. Assume that we have

o (Mp) > oz 0 p(Ap). (22)
Then the sets

() = {x: V(x) < on(Mp)} (23)
and

() = {x: V(x) < o 0 p(Ap)} (24)

are invariant regions for system (20). Moreover, all
solutions of (20) that start in the set #,(n) enter the
smaller set R,(w) in finite time.

Proof. Whenever inequality (1), and consequently (2), hold
with z = x/pu, the quantization error e given by (21) satisfies

()
pg =) —n=
1 u

Combined with (17), this implies the following formula:

< Ap.

le] =

p(Ap) < x| < Mu =V < — o3(Jx]), (25)

where ¥ denotes the derivative of ¥ along solutions of (20).
Define the balls

Bi() = {x: Ix] < M}
and

Br(p) == {x: [x| < p(Aw)}.

As before, in view of (16) and (22) we have
PBo(p) C K1) C Ri(p) C Bri(p).

Combined with (25), this implies that the ellipsoids 2 (u)
and Z,(p) are both invariant. The fact that the trajectories
starting in 2, (u) approach #,(u) in finite time follows from
the bound on the derivative of V' deduced from (25). Indeed,
if a time #; is given such that x(#) belongs to %;(u) and if
we let

7, = o (Mu) — oz 0 p(Ap) (26)

a3 0 p(Ap)

then x(# + T},) is guaranteed to belong to Z(p). U

The unforced system
X=f(x,0) (27)

is called forward complete if for every initial state x(0) the
solution of (27), which we denote by &(x(0),¢), is defined
for all # = 0. Our goal now is to show that this assumption,
combined with the input-to-state stabilizability assumption
stated earlier and a certain additional technical condition,
allow one to extend the result expressed by Theorem 1 to
the nonlinear system (15).

Theorem 2. Assume that system (27) is forward complete
and that we have

o " oy (Mp) > max{p(Ap), z(1) +2Ap}  Vu >0
(28)

for some class A, function y. Then there exists a hybrid

quantized feedback control policy that makes system (15)
globally asymptotically stable.

Proof. As in the linear case, the control strategy is com-
posed of two stages.

The “zooming-out” stage. Set the control equal to 0. Let
w(0) = 1. Increase u in a piecewise constant fashion, fast
enough to dominate the rate of growth of |x(¢)|. For exam-
ple, fix a positive number 7 and let u(¢) =1 for ¢ €[0, 1),
p(t) = 7~ (2max o). < [£(x(0), 1)]) for £ € [1,27), u(t) =
7~ (2max |y, <20 |E(x(0),1)|) for t €[27,37), and so on.
Then there will be a time ¢ > 0 such that

()] < 2(u()) < 3" 0 o (Mu(t)) — 2Ap(1)
where the second inequality follows from (28). This implies

x(t)
(1)

By virtue of condition 1 of Section 2 we have

< maz_l oo (Mu(t)) — 24.

which is equivalent to

|gu(e())] < 03" 0 oy (Mu(t)) — Ap(t). (29)
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Picking a time fy at which (29) holds and using conditions
1 and 2 of Section 2, we obtain

x(to) |

K| < iy o)

hence x(fy) belongs to the set %,(u(f)) given by (23).
This event can be detected solely on the basis of quantized
measurements.

The “zooming-in” stage. We have established that x(z;)
belongs to Z(u(ty)). We will now use the control law (19).
Let u(t) = u(ty) for t € [to, to + Tyy)), where Ty is given
by formula (26). Then x(f + T,)) will belong to the set
R (u(ty)) given by (24). Calculate Ty (,1)) using (26) again,
where the function o is defined as

1
o(r) = I ocl_l ooy o p(Ar), r=0.
For 1 € [t0 + Tuwy)» 10 + Tuw) + Toum)- let

() = w(u(ty))-

We have w(r)<r for all »r>0 by (28), thus
u(to + Typ)) < u(to). One easily checks that Z,(u(ty)) =
R (u(to + Tuuy)))- This means that we can continue the
analysis and conclude that x(¢o + Ty) + Tw(u))) belongs
to Zr(1ty + Tuey)))- We then repeat the procedure, letting
u=w(ty+ Ty, )) for the next time interval whose length
is calculated from (26). Lyapunov stability of the equilib-
rium x = 0 of the continuous dynamics follows from the
adjustment policy for u as in the linear case. Moreover, we
have u(t) — 0 as t — oo, and the above analysis implies
that x(1) - O0as ¢t — oco. [

As in Section 3.1, we could pick a different se-
quence of switching times #;,#,,... as long as they satisfy
ti — tio1 = Tyy_,), i = 1. Similarly to the linear case, we
could also implement event-based switching instead of
using a dwell time; see Liberzon (2000).

Example. Consider the following system, which is a
simplified version of the system treated in the example
in Jiang, Mareels, and Hill (1999, p. 811):

F=x +xu, x,ucR.
In Jiang et al. (1999) it is shown how to construct a feedback
law k such that the closed-loop system

¥=x>+xk(x +e)

is ISS with respect to e. It follows from the analysis of
Jiang et al. (1999) that inequalities (16) and (17) hold with
V(x)=x%/2, (r)=oa(r)=r*/2, a3(r)=r?, and p(r) =cr
for an arbitrary ¢ > 1. We have (ocz_l oo )(r)=r, so (28)
is valid for every M > Amax{c,2}.

In general, the requirement that the original system
(15) be input-to-state stabilizable with the respect to the

measurement error is quite restrictive for nonlinear systems.
It is shown in Sontag (1989) that if an affine system of the
form

xX=f(x)+ G(x)u

is asymptotically stabilizable by a feedback law u = ko(x),
then one can always find a feedback law u=k(x) that makes
the system

xX=f(x)+ Gx)k(x)+e)

ISS with respect to an actuator disturbance e. However,
there might not exist a feedback law that makes the system

X = f(x)+ G)k(x +e)

ISS with respect to a measurement disturbance e, as was
shown by way of counterexamples in Freeman (1995) and
later in Fah (1999). Thus the problem of finding control
laws that achieve ISS with respect to measurement distur-
bances is a nontrivial one, even for systems affine in controls
(of course, for linear systems the distinction between the
three notions mentioned above disappears). This problem
has recently attracted considerable attention in the literature
(Fah, 1999; Freeman & Kokotovic, 1993; Jiang et al., 1999)
and continues to be a subject of research efforts.

The technical assumption (28) also appears to be restric-
tive and hard to check. It depends on the relative growth
of the functions o, oy, and p. If the function ocl_l o0y o
y, where p(r) := max{p(Ar),y(r) + 2Ar}, is globally
Lipschitz, then (28) is satisfied for every M greater than the
Lipschitz constant. However, there is a weaker and more
easily verifiable assumption which enables one to prove
asymptotic stability in the case when a bound on the mag-
nitude of the initial state is known (semiglobal asymptotic
stability). To see how this works, take a positive number E,
such that |x(0)| < E. Suppose that

(o7 ooy 0 p)(0) < 0. (30)

Then it is an elementary exercise to verify that for M suffi-
ciently large we have

o ' oon(Mp) > p(Ap)  Vue(0,1]

and also
o2, oo (M) = Ey.

Thus x(0) belongs to the set (1) defined by (23), the
“zooming-out” stage is not necessary, and the “zooming-in”
stage can be carried out as in the proof of Theorem 2, starting
at #o=0 and p(0)=1. Forward completeness of the unforced
system (27) is not required here.

If (30) does not hold, it is still possible to ensure that
all solutions starting in a given compact set approach an ar-
bitrary prespecified neighborhood of the origin (semiglobal
practical stability). This is not difficult to show if the feed-
back law k is robust with respect to small measurement er-
rors. All continuous stabilizing feedback laws possess such
robustness, and discontinuous control laws for a large class
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of systems can also be shown to have this robustness prop-
erty (Sontag, 1999). Therefore, in this context the assump-
tion of ISS with respect to measurement disturbance inputs
can be dropped altogether. For a detailed discussion of this
topic, see Liberzon (2000).

In view of Sontag and Wang (1996, Lemma 1.2), ev-
ery asymptotically stabilizing feedback law is automatically
input-to-state stabilizing with respect to the measurement
error e locally, i.e., for sufficiently small values of x and e.
This leads at once to local versions of the above results.

4. Input quantization

In this section we obtain results analogous to those given
in Section 3 for systems whose input, rather than state, is
quantized.

4.1. Linear systems

Consider the linear system (4). Suppose again that there
exists a matrix K such that the eigenvalues of 4 + BK have
negative real parts, so that for some positive definite sym-
metric matrices P and Q Eq. (5) holds.

The state feedback law u = Kx is not implementable be-
cause only quantized measurements ¢,(u) of the input u are
available, where g/, is defined by (3). We therefore consider
the “certainty equivalence” quantized feedback control law

u=q,(Kx). 31)
This yields the closed-loop system
X =Ax + Bug,(x) = (4 + BK)x

nfo(8)-2).

The behavior of trajectories of (32) for a fixed value of u is
characterized as follows.

Lemma 3. Fix an arbitrary ¢ > 0 and assume that M is
large enough compared to A so that we have

Vimin(PYM > \/Jnax (PYO||K || A(1 + ¢),
where
= 2||PB||
Jmin(Q)
Then the ellipsoids
A(p) = {x: x"Px < Jmin(P)M* 17 /| K ||} (33)

and
Ry(1) := {x: xTPx < dnax(P)O2A*(1 + &)1}

are invariant regions for system (32). Moreover, all so-
lutions of (32) that start in the ellipsoid #,(p) enter the
smaller ellipsoid #,(u) in finite time.

The proof is very similar to that of Lemma 1, and is
omitted. An upper bound on the time to enter Z,(u) is
Imin(PYM? — Jinax(P)O2||K |2 4%(1 + ¢)?

@5HK||2A2(1 + 8)j~1nin(Q)8

T:= (34)
A hybrid quantized feedback control policy which combines
the control law (31) with a switching strategy for u is now
obtained similarly to the state quantization case studied in
the previous section.

Theorem 3. Assume that M is large enough compared to
A so that we have

/lmin (P )
Jamax(P)

IPBiXT}
)Lmin(Q) .

Then there exists a hybrid quantized feedback control pol-
icy that makes system (4) globally asymptotically stable.

M > 24 (35)

Proof. At the “zooming-out” stage, set u equal to 0 and
increase p in a piecewise constant fashion as in the proof of
Theorem 1. Then there will be a time #, > 0 such that

)vmin(P) M,u(tO)
Imax(P)  [IK]|

Pe(to)] <

which implies that x(#y) belongs to the ellipsoid 2,(u())
given by (33). The “zooming-in” stage exactly parallels the
one in the proof of Theorem 1, using formula (34). [

It is interesting to observe that in view of the inequality
IPBK || < [|PBI|[|K||

condition (35) is in general more restrictive than the cor-
responding condition for the case of state quantization (see
Theorem 1). On the other hand, the “zooming-in” stage for
input quantization is more straightforward and does not re-
quire any additional assumptions. The remarks made after
the proof of Theorem 1 concerning the exponential rate of
convergence, robustness to time delays, and the alternative
method of event-based switching carry over to the present
case without any changes.

4.2. Nonlinear systems

Consider the nonlinear system (15). Assume that there
exists a feedback law u = k(x) that makes the closed-loop
system globally asymptotically stable and, moreover, en-
sures that for some class ", functions o, o, a3, p there
exists a smooth function ¥ : R" — R satisfying inequalities
(16) and

x| = p(le]) = VV(x)f(x k(x) +e) < — a3(|x])

for all x,e € R". According to the results of Sontag (1989)
and Sontag and Wang (1995), this is equivalent to saying
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that the perturbed closed-loop system
X = f(x,k(x) +e) (36)

is ISS with respect to the actuator disturbance input e. Take
K to be some class # o, function with the property that

k(r) = max |k(x)| Vr>=0.

x| <r
Then we have
k()| < x(|x[)  Vx.

The closed-loop system with the “certainty equivalence”
quantized feedback control law

u = qu(k(x)) (37)
becomes

X = f(x,qu(k(x))) (38)
and this takes the form (36) with

e=qu(k(x)) —x. (39)

The behavior of trajectories of (38) for a fixed u is charac-
terized by the following result.

Lemma 4. Assume that we have

o 0 Kk (Mp) > o 0 p(Ap).

Then the sets

Mi(p) = V() <o 0 (Mp)) (40)
and
o) = {x: V(x) < 20 p(A)) (41)

are invariant regions for system (38). Moreover, all solu-
tions of (38) that start in the set R\(u) enter the smaller
set R,(w) in finite time.

The proof parallels that of Lemma 2. An upper bound on
the time to enter %,(u) is

o 0 k™ (Mp) — o 0 p(Ap)
a3 0 p(Ap)

As in Section 3.2, we will denote by &(x(0),¢) the solutions

of the unforced system (27).

T, :=

(42)

Theorem 4. Assume that system (27) is forward complete
and that we have

oyt ooy ok (Mp) > p(Ap) V> 0. (43)

Then there exists a hybrid quantized feedback control pol-
icy that makes system (15) globally asymptotically stable.

Proof. The “zooming-out” stage. Set the control to 0, and
let 11(0)=1. Then increase u in a piecewise constant fashion,
fast enough to dominate the rate of growth of |x(¢)|. For ex-
ample, fix a positive number 7 and let u(t) =1 for ¢ € [0, 1),

u) = p~H(2maxp) i< |E(0),0)])/4 for 1e€[t,21),

(1) =p~ (2 max y)|,r<2: |€(x(0), 7])/4 for ¢ € [27,37), and
so on. Then there will be a time #, > 0 such that

x(t0)] < p(Ap(te)) < o3 oy 0 k™ (Mu(to))

hence x(#)) belongs to the set #,(u(ty)) given by (40).

The “zooming-in” stage. For t > t, apply the control law
(37). Let u(t) = u(to) for t € [to, to + Ty ), Where Ty is
given by formula (42). Then x(# + T,,)) belongs to the
set Zo(u(ty)) given by (41). Use (42) again to compute
Tou(1y))» Where o is the function defined by

1
o(r):=—ko (xl_l oap o p(Ar), r=0.
M
For 1 € [to + Tuiwo)s 00 + Tutto) + Too(uro ) let
1(t) = o(u(to))-

We have u(to + Tuw)) < plto) by (43), and Z>(u(t)) =
R (u(to + Ty@y)))- The proof can now be completed exactly
as the proof of Theorem 2. [J

As we explained in Section 3.2, the requirement of ISS
with respect to actuator errors is not as severe as that of ISS
with respect to measurement errors. This means that for non-
linear systems the stabilization problem in the presence of
input quantization is less challenging from the point of view
of control design than the corresponding problem for state
quantization. When condition (43) is not satisfied, weaker
results can be obtained as described in Section 3.2.

Remark 1. It is relatively straightforward to extend the re-
sults obtained so far to systems with quantization affecting
both the state and the input. For example, consider the linear
system (4) with the control law

u = q,(Kq(x)),

where ¢ is a state quantizer with range M, and error 4, and
g" is an input quantizer with range M, and error 4,. We are
taking u in both quantizers to be the same for simplicity,
i.e., we are assuming that the two quantizers are changed
synchronously. The closed-loop system can be written as

X = (A + BK)x + BKpue,, + Bue,,

where

wne(p)-3
afon () )

It is easy to check that we have |e,| < 4, and |e,| < 4,
provided that

M,
|x| < min {qu,Mu,u, <||K| - AL,) ,u} .

The analysis can then be carried out along the same lines
as before. For nonlinear systems, we need to impose the

>
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assumption of input-to-state stabilizability with respect to
both measurement and actuator errors.

5. Observer-based dynamic output feedback

We now extend some of the above results to linear sys-
tems with output feedback. The developments that follow
are essentially based on the ideas from Brockett and Liber-
zon (2000, Section 5). Other approaches are also possible;
see Delchamps (1989) and Sur and Paden (1998).

Consider the linear system

X = Ax + Bu,
y=Cx, (44)

where x € R", u € R”, and y € R?. Suppose that (4, B) is
a stabilizable pair and (C,4) is an observable pair. This
implies that there exist a feedback matrix K and an output
injection matrix L such that the eigenvalues of 4 + BK and
A + LC have negative real parts. The eigenvalues of the
matrix

- A+BK  —BK
A:=
0 A+LC

then also have negative real parts, and so there exist positive
definite symmetric 2n X 2n matrices P and Q such that
AP+ Pi=—0.

In this section we are interested in the situation where only
quantized measurements g,(») of the output y are available,
where g, is defined by (3). We therefore consider the fol-

lowing dynamic output feedback law, which is based on the
standard Luenberger observer but uses ¢,(y) instead of y:

X=(A+LOX +Bu— Lqu(y),
u=KXx,
where X € R”. The closed-loop system takes the form
X = Ax + BKX,

X =(4+LO)X + BK% — Lqu(y).

In the coordinates given by

* 2
X = ] R,
X —X

we can rewrite this system more compactly as

0
= ‘f+L< ) (45)
qu(y) =y

For a fixed value of y, the behavior of trajectories of system
(45) is characterized by the following result.

Lemma 5. Fix an arbitrary ¢ > 0 and assume that M is
large enough compared to A so that we have

ViminPIM >\l (P)O, €[ A(1 + ),
where
_ 2P

Y dnin(0)
Then the ellipsoids
R(p) = {%: £ PF < Jin(PYMP 12| |7} (46)
and
A1) = (T TP < Janax(PYO2AX(1 + )11}

are invariant regions for system (45). Moreover, all so-
lutions of (45) that start in the ellipsoid #,(n) enter the
smaller ellipsoid R,(u) in finite time.

The proof is similar to the proof of Lemma 1. An upper
bound on the time to enter #,(u) is
imin(PYM? = Jnas(PYOR | C|P A2(1 + &)

T= " gcrra+omoes M

A hybrid quantized feedback control policy of the next theo-
rem combines the above dynamic output feedback law with
the idea of updating the value of u at discrete instants of
time as before.

Theorem 5. Assume that M is large enough compared to
A so that we have

HMM>maX{3A,2AHfDLH_C”}. (48)
Jmax(P) Jmin(Q)

Then there exists a hybrid quantized feedback control pol-
icy that makes system (44) globally asymptotically stable.

Proof. The “zooming-out” stage. Set u equal to 0. Increase
u in a piecewise constant fashion as before, starting from
w(0) = 1, fast enough to dominate the rate of growth of
le*||. Then there will be a time ¢ > 0 such that

‘y(t) <M -34

u(t)

(by (48), the right-hand side of this inequality is positive).
In view of condition 1 imposed in Section 2, this implies

»(t)
\q (m) \ sM-2

which is equivalent to

|gu ()] < Mu(t) — 2Apu(2). (49)
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We can thus pick a time ¢y such that (49) holds with t=¢,. Fix
an arbitrary § > 0 and let T > 0 be such that ||e?|| < 1+
for all ¢ € [0, 7]. Define

X(ty) == W~ / A" =0T gy )q<y(( ))> ds,  (50)

where W denotes the (full-rank) observability Gramian

" At CTCeM 7 and 7 is the largest number in the interval
0 g
(0, 7] such that

lgu(P())] < Mu(to) — Au(to)

In view of this and the equality

Yt € [to, to + 7).

to+f/ T
/ e =T (1) dt = Wi(ty),

to

we have

[x(t0) — X(t0)| <

(recall that ||CT|| = ||C||). Defining %(to + 7') := &4 %(10),
we obtain

7= Hle(1 + 0)||Cl| Auto)

(o + ') = (to + <) < W [e(1 + 6)*|Cl| Au(to)

and hence
[(to + )| < [x(to + )| + |x(to + ') — F(t0 + 7))

< [i(to + )| 4 2[x(t0 + ') — %10 + ')

< Rt + )|+ 2[[W |21 + 6)*(|Cl Aplzo)

Now, choose u(#y + t’) large enough to satisfy

Amin(P) Mu(to + 7')
Amax(P) - [IC]

> 810 + )| 4 2| W |2(1 + 6)||C|| Au(to).

Then x(y + ') belongs to the ellipsoid 2 (u(ty+1')) given
by (46).

The “zooming-in” stage proceeds along the same lines as
in the state quantization case, using the formula (47). O

The “zooming-out” stage in the above proof is somewhat
more complicated than in the state quantization case. Note,
however, that the integral in (50) is easy to compute (in
closed form) because the function being integrated is the
product of a matrix exponential and a piecewise constant
function.

Acknowledgements

The author is indebted to Karl Astrém, Jodo Hespanha,
and Mark Spong for stimulating discussions.

References

Astrom, K. J., & Bernhardsson, B. (1999). Comparison of periodic and
event based sampling for first-order stochastic systems. In Proceedings
of the 14th IFAC World congress (pp. 301-306).

Brockett, R. W., & Liberzon, D. (2000). Quantized feedback stabilization
of linear systems. IEEE Transactions on Automatic Control, 45,
1279-1289.

Bushnell, L. (Ed.) (2001). Special section on networks and control. IEEE
Control Systems Magazine, 21, 22-99.

Chou, J. -H., Chen, S. -H., & Horng, I. -R. (1996). Robust stability bound
on linear time-varying uncertainties for linear digital control systems
under finite wordlength effects. JSME International Journal Series
C, 39, 767-771.

Delchamps, D. F. (1989). Extracting state information from a quantized
output record. Systems Control Letters, 13, 365-372.

Delchamps, D. F. (1990). Stabilizing a linear system with quantized state
feedback. IEEE Transactions on Automatic Control, 35, 916-924.
Du, Q., Faber, V., & Gunzburger, M. (1999). Centroidal Voronoi
tessellations: Applications and algorithms. SIAM Review, 41,

637-676.

Elia, N., & Mitter, S. K. (2001). Stabilization of linear systems with
limited information. IEEE Transactions on Automatic Control, 46,
1384-1400.

Fah, N. C. S. (1999). Input-to-state stability with respect to measurement
disturbances for one-dimensional systems. ESAIM Journal of Control,
Optimization and Calculus of Variations, 4, 99—122.

Feng, X., & Loparo, K. A. (1997). Active probing for information
in control systems with quantized state measurements: A minimum
entropy approach. IEEE Transactions on Automatic Control, 42,
216-238.

Filippov, A. F. (1988). Differential equations with discontinuous
righthand  sides. Dordrecht: Kluwer (Original Russian edition:
Differentsial’'nye uravneniya s razryvnoi pravoi chast’yu. Moscow:
Nauka, 1985).

Freeman, R. A. (1995). Global internal stabilizability does not imply
global external stabilizability for small sensor disturbances. IEEE
Transactions on Automatic Control, 40, 2119-2122.

Freeman, R. A., & Kokotovi¢, P. V. (1993). Global robustness of nonlinear
systems to state measurement disturbances. In Proceedings of the 32nd
IEEE conference on decision and control, San Antonia, Texas, USA
(pp. 1507-1512).

Hu, B., Feng, Z., & Michel, A. N. (1999). Quantized sampled-data
feedback stabilization for linear and nonlinear control systems. In
Proceedings of the 38th IEEE conference on decision and control,
Phoenix, Arizona, USA (pp. 4392-4397).

Ishii, H., & Francis, B. A. (2002). Stabilizing a linear system by switching
control with dwell time. IEEE Transactions on Automatic Control,
47, 1962—-1973.

Jiang, Z. -P., Mareels, 1., & Hill, D. (1999). Robust control of uncertain
nonlinear systems via measurement feedback. JEEE Transactions on
Automatic Control, 44, 807-812.

Kofman, E. (2001). Quantized-state control. A method for discrete
event control of continuous systems. Technical Report LSD0105, LSD,
Universidad Nacional de Rosario, Argentina. Latin American Applied
Research, 33(4), (to appear).

Liberzon, D. (2000). Nonlinear stabilization by hybrid quantized feedback.
In N. Lynch & B. H. Krogh (Eds.), Proceedings of the third
international workshop on hybrid systems.: computation and control,
Lecture Notes in Computer Science, Vol. 1790 (pp. 243-257). Berlin:
Springer.

Liberzon, D., & Brockett, R. W. (2000). Nonlinear feedback systems
perturbed by noise: Steady-state probability distributions and optimal
control. IEEE Transactions on Automatic Control, 45, 1116—1130.

Lunze, J., Nixdorf, B., & Schroder, J. (1999). Deterministic discrete-event
representations of linear continuous-variable systems. Automatica, 35,
395-406.



1554 D. Liberzon! Automatica 39 (2003) 15431554

Raisch, J. (1995). Control of continuous plants by symbolic output
feedback. In P. Antsaklis, et al. (Eds.), Hybrid systems II
(pp- 370-390). Berlin: Springer.

Sontag, E. D. (1989). Smooth stabilization implies coprime factorization.
IEEE Transactions on Automatic Control, 34, 435-443.

Sontag, E. D. (1999). Clocks and insensitivity to small measurement
errors. ESAIM Journal of Control, Optimisation and Calculus of
Variations, 4, 537-557.

Sontag, E. D., & Wang, Y. (1995). On characterizations of the
input-to-state  stability property. Systems Control Letters, 24,
351-359.

Sontag, E. D., & Wang, Y. (1996). New characterizations of input-to-state
stability. IEEE Transactions on Automatic Control, 41, 1283—-1294.

Sur, J., & Paden, B. E. (1998). State observer for linear time-invariant
systems with quantized output. Transactions of the ASME, Journal
of Dynamical Systems Measurement and Control, 120, 423—426.

Wong, W. S., & Brockett, R. W. (1999). Systems with finite
communication bandwidth constraints II: Stabilization with limited
information feedback. IEEE Transactions on Automatic Control, 44,
1049-1053.

Daniel Liberzon was born in the former So-
viet Union in 1973. He was a student in the
Department of Mechanics and Mathematics
at Moscow State University from 1989 to
1993 and received the Ph.D. degree in math-
ematics from Brandeis University, Waltham,
MA, in 1998 (under the supervision of Prof.
Roger W. Brockett of Harvard University).
Following a postdoctoral position in the
Department of Electrical Engineering at
Yale University, New Haven, CT, he
joined the University of Illinois at Urbana-
Champaign in 2000 as an assistant professor in the Electrical and Com-
puter Engineering Department and an assistant research professor in the
Coordinated Science Laboratory. Dr. Liberzon’s research interests include
nonlinear control theory, analysis and synthesis of switched dynamical
systems, and control with limited information. He served as an Associate
Editor on the IEEE Control Systems Society Conference Editorial Board
in 1999-2000. Dr. Liberzon received the NSF CAREER Award and the
IFAC Young Author Prize, both in 2002.




	Hybrid feedback stabilization of systems with quantized signals
	Introduction
	Quantizer
	State quantization
	Linear systems
	Nonlinear systems

	Input quantization
	Linear systems
	Nonlinear systems

	Observer-based dynamic output feedback
	Acknowledgements
	References


