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ABSTRACT

This paper presents a unified framework for observability
and observer design for a class of hybrid systems. A neces-
sary and sufficient condition is presented for observability,
globally in time, when the system evolves under predeter-
mined mode transitions. A relatively weaker characteriza-
tion is given for determinability, the property that concerns
with unique recovery of the state at some time rather than at
all times. These conditions are then utilized in the construc-
tion of a hybrid observer that is feasible for implementation
in practice. The observer, without using the derivatives of
the output, generates the state estimate that converges to
the actual state under persistent switching.
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1. INTRODUCTION

This paper studies observability conditions and observer
construction for a class of hybrid systems where the con-
tinuous dynamics are modeled as linear differential equa-
tions; the state trajectories exhibit jumps during their evo-
lution; and discrete dynamics are represented by an exoge-
nous switching signal. Often called switched systems, they
are described mathematically as:

2(t) = Agyz(t) + Boryu(t), t#{tqs}, (la)

z(tq) = Eg(t;)x(t;) + Fg(t;)vq, (1b)
Y(t) = Coyz(t) + Doryu(t), (1c)
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where 2 € R™ is the state, y(t) € R% is the output, v, € R%
and u(t) € R% are the inputs, and u(-) is a measurable func-
tion. The dimension of the external signals denoted by d,,
dy, and dy for the inputs and the output, respectively, may
vary for each mode, but we just treat them constant for con-
venience. The switching signal o : R +— N is a piecewise con-
stant and right-continuous function that changes its value at
switching times {t,}, ¢ € N. It is assumed that there are a
finite number of switching times in any finite time interval,
thus we rule out the Zeno phenomenon in our problem for-
mulation. The switching mode o(t) and the switching times
{tq} may be governed by a supervisory logic controller, or
determined internally depending on the system state, or con-
sidered as an external input. In any case, it is assumed in
this paper that the signal o(-) (and thus, the active mode
and the switching time {t4} as well) is known. For estima-
tion of the switching signal o(t), one may be referred to,
e.g., [4,7,14,15].

In the past decade, the structural properties of hybrid
systems have been investigated by many researchers and ob-
servability along with observer construction has been one of
them. In hybrid systems, the observability can be studied
from various perspectives. If we allow for the use of the dif-
ferential operator in the observer, then it may be desirable
to determine the continuous state of the system instanta-
neously from the measured output. This in turn requires
each subsystem to be observable, however, the problem be-
comes nontrivial when the switching signal is treated as a
discrete state and simultaneous recovery of the discrete and
continuous state is required for observability. Some results
on this problem are published in [2,6,14].

On the other hand, if the mode transitions are represented
by a known switching signal then, even though the individ-
ual subsystems are not observable, it is still possible to re-
cover the initial state x(to) when the output is observed over
an interval [to,T') that involves multiple switching instants.
This phenomenon is of particular interest for switched sys-
tems as the notion of instantaneous observability and ob-
servability over an interval' coincide for linear time invari-
ant systems. This variant of the observability in switched
systems has been studied most notably by [3,12,17]. The
authors in [8,9] have studied the observability problem for
the systems that allow jumps in the states but they do not
consider the change in the dynamics that is introduced by
switching to different matrices associated with the active
mode. The observer design has also received some attention

!See Definition 1 for precise meaning.



in the literature [1,4,10], where authors have assumed that
each mode in the system is in fact observable admitting a
state observer, and have treated the switching as a source of
perturbation effect. This approach immediately incurs the
need of a common Lyapunov function for the switched error
dynamics, or a fixed amount of dwell-time between switch-
ing instants, because it is intrinsically a stability problem of
the error dynamics.

The approach adopted in this paper is similar to [3,17]
in the sense that we consider observability over an interval.
The authors in [3] have presented a coordinate dependent
sufficient condition that leads to observer construction; the
work of [17] primarily addresses the question whether there
exists a switching signal which makes it possible to recover
z(to) from the knowledge of the output. Whereas, in this
paper, similar to our recent work in [13], the switching signal
is considered to be known and fixed, so that the trajectory
of the system satisfies a set of time varying linear differ-
ential equations. Then for that particular trajectory, we
answer the question whether it is possible to recover z(to)
from the knowledge of the measured output. We present a
necessary and sufficient condition for observability over an
interval that can be verified without any coordinate trans-
formation. Since this condition depends upon the switching
times and requires computation of the state transition ma-
trices, we also provide easily verifiable conditions that are
either necessary or sufficient for the main condition. Also,
with a similar tool set, the notion of determinability, which is
more in the spirit of recovering the current state based on the
knowledge of inputs and outputs in the past, is developed.
Moreover, a hybrid observer for system (1) is designed based
on the proposed necessary and sufficient condition which was
not the case in [17]. Since the observers are useful for vari-
ous engineering applications, their utility mainly lies in their
online operation method. This thought is essentially rooted
in the idea for observer construction adopted in this paper:
the idea of combining the partial information available from
each mode and collecting them at one instance of time to
get the estimate of the state. We show that under mild as-
sumptions, such an estimate converges to the actual state
of the plant. We remark that the main contribution of this
paper is to present a unified framework of observability and
observer design for the most general class of linear switched
systems that has not been discussed in the literature, to the
best of authors’ knowledge.

More emphasis will be given to the case when the indi-
vidual modes of the system (1) are not observable (in the
classical sense of linear time-invariant systems theory) since
it is obvious that the system becomes immediately observ-
able when the system is switched to the observable mode.
In order to facilitate our understanding, let us begin with
an example.

ExXAMPLE 1. Consider a switched system characterized
by

0 1
A= Az -1 0

C = , Cs 0 0
with E; = I, F; =0, B, =0, and D; = 0 for 7 € {1,2}.
It is noted that the pair (A;, C;) is not observable for ei-
ther mode ¢ = 1,2. However, if the switching signal o(t)

changes its value in the order of 1 — 2 — 1 at times t;
and t2, then we can recover the state. In fact, it turns out

0
0
1

S oo

that at least two switchings are necessary and the switching
sequence should contain the subsequence of modes {1,2,1}.
For instance, if the switching happens as 1 — 2 — 1, the
output y at time ¢; (just before the first switching) and
t2 (just after the second switching) are: y(t7) = z1(to),
and y(t2) = [1,0]e?27x(to) = cosT - z1(to) + sinT - z2(to),
where z(to) = [z1(to), z2(to)]" is the initial condition and
T = t2 — t1. Then, it is obvious that x(f{o) can be recov-
ered from two measurements y(¢; ) and y(t2) if 7 # k7 with
k € N. On the other hand, any switching signal whose dura-
tion for the mode 2 is an integer multiple of 7 is a ‘singular’
input (meaning the input that destroys observability).

Notation: For a square matrix A and a subspace V, we de-
note by (A|V) the smallest A-invariant subspace containing
V, and by (V|A) the largest A-invariant subspace contained
in V. (See Property 7 in the Appendix for their computa-
tion.) For a possibly non-invertible matrix A, the subspace
AW = {z : Az € V} and A7V = (AT)7V, where
AT is the transpose of A. Similarly, it is understood that
AYATYY = AST(AT'Y). Note that A~'ker C' = ker(CA)
for a matrix C'. For convenience, we denote the products of
matrices A; as Hf:j Ai = AjAj11--- Ak when j < k, and
15, Ai = AjA;—1 - Ay when j > k.

2. GEOMETRIC CONDITIONS FOR
OBSERVABILITY

To make precise the notions of observability and deter-
minability considered in this paper, let us introduce the for-
mal definitions.

DEFINITION 1. Let (0%, u’, v, y%), for i = 1,2, be any set
of signals over an interval® [to, "), and let 2* denote the re-
sulting state trajectory that solves (1). We say that the sys-
tem (1) is [to, TT)-observable if the equality (o*, u',v', y*) =
(0%, u?,v?, y?) implies that 2'(ty) = x*(to). Similarly, the
system (1) is said to be [to, T")-determinable if the equality
(o', ut, vt yt) = (02, 4?02, y?) implies that ' (T) = z*(T).

Since the initial state z(to) and the inputs (u,v) uniquely
determine z(t) on [to, T") through equation (1), observabil-
ity is achieved if and only if the state trajectory z(t), for
each t € [to,T™"), is uniquely determined by the inputs and
the output. Obviously, observability implies determinabil-
ity by forward integration of (1), but the converse is not
true due to the possibility of non-invertible matrices F,. In
case there are no jumps in the state trajectory, or the jump
maps are invertible, then observability and determinability
are equivalent. The notion of determinability has also been
called reconstructability in [12].

ProPOSITION 1. For a fixed switching signal o, the sys-
tem (1) is [to, T")-observable (or, determinable) if, and only
if, zero inputs and zero output on the interval [to, T") imply
that z(to) = 0 (or, z(T) = 0).

2The notation [to, T") is used to denote the interval [to, T +
€), where ¢ > 0 is arbitrarily small. In fact, because of
the right continuity of the switching signal, the output y(7')
belongs to the next mode when T is the switching instant.
Then, the point-wise measurement y(7') is insufficient to
contain the information for the new mode, and thus, it is
imperative to consider the output signal over the interval
[to,T+¢) with £ > 0. This definition implicitly implies that
the observability property does not change for sufficiently
small € (which is true, and becomes clear shortly).




PROOF. Since the zero solution with the zero inputs yields
the zero output, the necessity follows from the fact that z(to)
(or, (7)) is uniquely determined from the inputs and the
outputs. For the sufficiency, suppose that the system (1) is
not [to, TT)-observable (or determinable); that is, there exist
two different states z*(to) and 2*(to) (or, *(T) and 2*(T))
that yield the same output y under the same inputs (u,v).
Let &(t) := ' (t) — 22(t), where z'(t), i = 1,2, is the solution
of (1) with the initial condition «*(tp). Then, by linearity, it
follows that & = A, &, #(t,) = Esi(t; ), and Cod = Cox’ —
Coa® =y —y = 0, but &(to) = 2" (to) — 2%(to) # 0 (or,
#(T) = z'(T) — 2*(T) # 0). Hence, zero inputs and zero
output do not imply x(to) = 0 (or, z(T') = 0), and the
sufficiency holds. [

Because of Propostion 1, we are motivated to introduce
the following homogeneous switched ODE, which has been
obtained by setting the inputs (u,v) equal to zero in (1).

() = Aoyz(t), y(t) = Coma(t), tE€ [te—1,t4) (2a)
z(tq) = Esnyz(ty )- (2b)

If this homogenous system is observable (or, determinable),
then y = 0 implies that z(to) = 0 (or, z(T') = 0) and in
terms of description of system (1), it means that zero inputs
and zero output give x(to) = 0 (or, z(T') = 0); hence, (1) is
observable/determinable because of Proposition 1. On the
other hand, if the system (1) is observable/determinable,
then it is still observable/determinable with zero inputs,
which is described as system (2). Thus, the observabil-
ity /determinability of systems (1) and (2) are equivalent.
Before going further, let us rename the switching sequence
for convenience. For system (1), when the switching signal
o(t) takes the mode sequence {qi,¢2,qs, -}, we rename
them as increasing integers {1,2,3,---}, which is ever in-
creasing even though the same mode is revisited; for conve-
nience, this sequence is indexed by ¢ and not o (t). Moreover,
it is often the case that the mode of the system changes with-
out the state jump (1b), or the state jumps without switch-
ing to another mode. In the former case, we can simply take
E, =1, and in the latter case, we increase the mode index
by one and take A; = Aq4+1 and so on. In this way vari-
ous situations fit into the description of (1) with increasing
mode sequence. The switching time ¢, is the instant when
transition from mode ¢ to mode g + 1 takes place.

2.1 Necessary and Sufficient Conditions for
Observability

In this section, we present a characterization of the unob-
servable subspace for the system (2) with a fixed switching
signal. Towards this end, let ANJ" (m > ¢) denote the set
of states at ¢ = t4—1 for system (2) that generate identically
zero output over [ty—1,t} ). Then, it is easily seen that
NJ* is actually a subspace due to linearity of (2), and we
call V)" the unobservable subspace for [ty—1,t) ;). It is ob-
served that the system (2) is an LTI system between two con-
secutive switching times, so that its unobservable subspace
on the interval [tq—1,%q) is simply given by the largest Aq-
invariant subspace contained in ker Cy, ie., (kerCq|Ay) =
ker Gy where Gy = col(Cyq, CqAq, -+ ,CqAZ™Y). So it is
clear that NJ = ker G,. Now, when the measured output is
available over the interval [ty_1,¢} ;) that includes switch-
ings at tq,tq+1,- .., tm-1, more information about the state

is obtained in general so that N]" gets smaller as the differ-
ence m — ¢ gets larger, and we claim that the subspace ",
in that case, is given by

m  i—1
N =kerGg N < ﬂ H e AT E; ' ker Gi> (3a)
i=q+1j=q
m q
=kerG, N < ﬂ ker (Gi H EleAm>> (3b)
i=q+1 1=i-1
where 7; = t; — t;—1. The following theorem presents a

necessary and sufficient condition for observability of the
system (1) while proving the claim in the process.

THEOREM 1. For the system (2) with a switching sig-

nal Tt ) the unobservable subspace for [to, t} )

at to is given by N7" of (3). Therefore, the system (1)
is [to,t} _,)-observable if, and only if,

1" ={0}. (4)

In case the interval under consideration is not finite and
the switching is persistent, observability of system (1) is
determined by whether there exists an m € N such that (4)
holds.

REMARK 1. From (3), it is not difficult to arrive at the
following recursive formula for A7{":

N7 = ker G,
—A ~1
N =kerGane " E; N4,

PROOF OF THEOREM 1. Sufficiency. Using the result of
Proposition 1, it suffices to show that the identically zero
output of (2) can only be produced by z(to) = 0. As-
sume that y = 0 on [to,t) ;). Then, it is immediate that
Z(tm-1) € N = ker G,,. We next apply the inductive ar-
gument to show that z(tq—1) € NJ* for 1 < ¢ < m — 1.
Suppose that z(t;) € Ny, then x(ty—1) € e ™ E N,
since z(t) is the solution of (2). Zero output on the interval
[tq—1,tq) implies that x(tq—1) € ker G4. Therefore,

(®)

1<g<m-—1.

z(tg—1) € kerGgne M BTN
From (5), it follows that z(¢4—1) € Nj*. In particular,
x(to) € NT* = {0}, so z(t) = 0, t € [to,t} ).
Necessity. Assuming that V7" # {0}, we show that a non-
zero initial state z(to) € NT" yields the solution z(-) of (2)

such that y = 0, which implies unobservability. First, we
show the following implication;

z(tg—1) €N = z(tq) € Nji1,

Indeed, assuming that z(tq—1) € N;* with ¢ < m, it follows
that, z(ty) = E;e1™ax(t,_1), which further gives,

z(ty) € Ege™ N

= Byt (ker Gyne Aamap,! qﬁl)

g<m. (6)

C EgkerGg N Eth;l i
= Eq ker Gq ﬂNﬁl n R(Eq) g t;}rl

by using (5) and Properties 2, 3, and 11 in the Appendix.
Therefore, for 0 < ¢ < m — 1, z(tq) € Nji1 C ker Ggq1,



and the solution z(t) = eAa+1 "ty (t,) for t € [tg,tes1)
satisfies that y(t) = Cqp12(t) = 0 for t € [tq,tq+1) due to
Ag+1-invariance of ker Gg41. [

In order to test the observability of the system (2), one can
compute N{" by (3) (the formula (3b) may be preferable be-
cause the computation of pre-image due to E;l is avoided).
The observability condition given in Theorem 1 is dependent
upon a particular switching signal under consideration, and
it is entirely possible that the system is observable for certain
switching signals and unobservable for others (¢f. Example
1). For a predetermined family of subsystems, if there is
a switching signal for which (4) holds, we call it a ‘regu-
lar’ switching signal, whereas the term ‘singular’ switching
signal denotes one for which (4) does not hold. Also, in
practice, the computation of matrix exponent is heavy (es-
pecially for large dimensional systems) and one may resort
to the following sufficient, or necessary conditions, which are
independent of switching times and only take mode sequence
into consideration. Hence, once the sufficient condition in
Corollary 1 holds (respectively, the necessary condition in
Corollary 2 is violated), then the system is observable (resp.
unobservable) for any switching signal that has the same
switching sequence regardless of the switching times.

COROLLARY 1. Let A7]" be an over-approximation of NJ"
that is defined as follows:

N = ker G,
N, = (Aqlker Gg N E;lﬁznﬂ%

The system (1) is [to, ), ,)-observable if N'{* = {0}.

1<g<m-1.

PROOF. Proof is completed by showing that A" C NZL
for 1 < ¢ < m. First, note that A/ = A. Assuming that
N C N;ﬁq for 1 < ¢ <m —1, we now claim that N C
N;n. Indeed, by Properties 3, 9, and 11 in the Appendix,
and the recursion equation (5), we obtain

N =kerGgne BTN,
=e T (ker Gy N BN )
C (Aglker Gy N E;* i)
C (Aglker G4 N E;lﬁﬁﬁ =N,
Therefore, the condition 7" = {0} implies (4). O

1<g<m-—1.

COROLLARY 2. Let 7" be an under-approximation of
NT" that is defined as follows:
N .= ker Gom,

—m

N = (ker Gy N EJ'NT ALY,

N 1<g<m-—1.

The system (1) is [to, ¢, _,)-observable only if N7* = {0}.

PROOF. Proof proceeds similar to Corollary 1. With A7
N7, we assume that N, D N7, for 1 <g <m—1, and
claim that V7" D N7". Again by Properties 3, 9, and 11 in
the Appendix, and employing equation (5), we obtain

N = e AaT (ker G4 N E;! 1)
D (ker Gy N E; 'NJb1|Ag)
D (ker G4 N E;1M£1|Aq> =N,
The condition N7* = {0} is implied by (4). O

1<g<m-—1.

REMARK 2. By taking orthogonal complements of A",
N T and N 21, respectively, we get dual conditions, using
Properties 5, 6, 8, and 10 in the Appendix, as follows. The
system (1) is [to, ¢, _,)-observable if and only if P{* = R™
where

m i—1
P i= (M) = RGT) + S [ e 7B R(GY).

i=2 j=1
Based on the above definition, one can state Corollary 1
and Corollary 2 in alternate forms. System (1) is [to,t} _)-
observable if PT* = R"™, where P7" is computed as:

D=\ =R(Gy)

Py = (Nt = (RG)) + By P IA] ), 1<q<m-—1.
Also, the system (1) is [to,t},_,)-observable only if Py =
R™, where P;" is defined sequentially as:

P = (A7) = R(G)

—m

Py =W = (ATIRG) + EJ Pl ), 1<q<m—1.

2.2 Necessary and Sufficient Conditions for
Determinability

In order to study determinability of the system (1) and
arrive at a result parallel to Theorem 1, our first goal is to
develop an object similar to N;". So, for system (2) with a
given switching signal, let Qg" be the set of states that can
be reached at time ¢t = t,,—1 while producing the zero output
on the interval [tq—1, ¢} ;). We call Q7" the undeterminable
subspace for [tq—1,t} ). Then, it can be shown, similarly
to the proof of Theorem 1, that Qg" is computed as:

Q7 =kerGm N Em—1 ker(Gm-1) N

m—2 1+1 (7)
< ﬂ H EleAlTLEi kerGi> 5

i=q l=m—1

with Qf = kerGy. In the above equation, the subspace
(H;;lnflEleAm E; ker G;) indicates the set of states at time
t = tm—1 obtained by propagating the unobservable state of
the mode i, that is active during the interval [ti,l7 t;), under
the dynamics of system (2). Intersection of these subspaces
with ker G, shows that Q7" is the set of states that cannot
be determined from the zero output at time ¢t = t,,,—1. Then,
the determinability can be characterized as in the following
theorem (which is given without proof).

THEOREM 2. For the system (2) and a given switch-
ing signal Tliott 1y the undeterminable subspace for
Ym—1

[to,t 1) at t,m_1 is given by Q" of (7). Therefore, the
system (1) is [to, ¢, _,)-determinable if and only if

1 ={0}. (8)

The condition (8) is equivalent to (4) when all E, matrices,
qg=1,...,m— 1, are invertible because of the relation

1
Q;n = H El@AZTL./\/‘{n.

l=m—1



On the other hand, if any of the jump maps F, is a zero
matrix, then (8) holds regardless of (4) (which makes sense
because we can immediately determine that z(t,»—1) = 0 in
this case).

A recursive expression for Q7" is again possible as

Q% = ker G

! =kerGyN E(rlfa’L“I*lT‘FlQ‘lrl7 2<g<m.

An important observation is that the sequence {Qf}qL; is

moving forward in time and the next element of the sequence
is obtained when the system switches to another mode. This
is a major difference in computation of {Q}} when compar-
ing it with {N;"}, as the computation of the latter requires
the knowledge of mode sequence and switching times from
the future. This makes the computation of Qf more feasible
for online implementation.

COROLLARY 3. The system (1) is [to, ;" _,)-determinable
if 97" = {0}, where Q" is computed by

@;ﬂ = ker G1
Qf :=Ey 1 <Aq71|§(1171> NkerGq, 2<g<m.

COROLLARY 4. The system (1) is [to, ¢, _,)-determinable
only if Q7" = {0}, where Q7" is computed by

21 = ker G

Q! :=FE; <Q‘{71|Aq,1> NkerGy, 2<g<m.

The above corollaries are proved by showing that 97 C Qf C
Of. It is noted again that the computation of sequential
subspaces in Corollary 3 and Corollary 4 proceeds forward
in time.

REMARK 3. An alternative dual characterization of de-
terminability is possible by inspecting whether the complete
state information is available while going forward in time.
This is achieved in terms of the subspace M, obtained
by taking the orthogonal complement of Q7. Using Proper-
ties 5, 6, 8, and 10 in the Appendix, the following expression
follows from (7):

m—2 i+1
M =@ =3 [[ B Te M ETTRGT) o
1=q l=m—1

+E, L R(G_1) + R(G,).

In other words, My" is the set of states at time instant
t = tm—1 that can be identified, modulo the unobservable
subspace at tm—1, from the information of y(-) over the in-
terval [ty—1,t} ). Therefore, the dual statement for deter-

minability is that the system (1) is [to, ¢, _,)-determinable
if and only if

M =R"™. (10)
It is noted that a recursive expression for M7" is given by
M1 =R(G])
M =B e AT MITV L R(GT), 2<g<m,

and the dual statements of Corollaries 3 and 4, that are inde-
pendent of switching times, are given as follows: system (1)

is [to, t} _,)-determinable if M7* = R", where

M; = (@) =R(GY),

M= (@) = B (MITALL ) +R(GY), 2< g < m.
Similarly, system (1) is [to, ., _;)-determinable only if M} =
R™, where M" is computed as follows:

My = (@) = R(GT),

Mi = (@) = B (AL M) +R(GY), 2 < g <m.

3. OBSERVER DESIGN

In engineering practice, an observer is designed to pro-
vide an estimate of the actual state value at current time.
In this regard, determinability (weaker than observability
according to Definition 1) is a suitable notion. Based on the
conditions obtained for determinability in the previous sec-
tion, an asymptotic observer is designed for the system (1)
in this section. By asymptotic observer, we mean that the
estimate Z(¢) converges to the plant state xz(t) as t — oo,
and in order to achieve this convergence, we introduce the
following assumptions.

ASSUMPTION 1. 1. The switching is persistent in the
sense that there exists a D > 0 such that a switch
occurs at least once in every time interval of length D;
that is,

tg —tq—1 <D, VqeN. (11)
2. The system is persistently determinable in the sense
that there exists an N € N such that

dim My =n, V¢g>N+1 (12)

(The integer N is interpreted as the minimal number
of switches required to gain determinability.)

3. ||Aq|| is uniformly bounded for all ¢ € N (which is
always the case when Ag belongs to a finite set).

We disregard the time consumed for computation by as-
suming that the data processor is fairly fast compared to the
plant process. The computation time, however, needs to be
considered in real-time application if the plant itself is fast.

The observer we propose is a hybrid dynamical system of
the form

B(t) = Ago(t) + Byult),  t# 1, (13a)
B(tq) = Eq(2(tq ) — &a(ty)) + Fovg, (13b)
&ty) = LYty n—1.ta)> Wtg— n—1,tg)> Va—N,g—1])> 7 > N,
na 0, 1<q¢<N,
(13c¢)

with an arbitrary initial condition &(t9) € R™. It is seen
that the observer consists of a system copy and an estimate
update law by some operator £,. So the goal is to design the
operator L4 such that &(¢) — x(¢). It will turn out that the
operator L, includes dynamic observers for partial states at
each mode, and some inversion algorithm logic. The design
parameters of the operator £, are formulated in Theorem 3;
but before stating that result, we give construction of the op-
erator £, and in the process, set up the machinery required
to develop the statement of Theorem 3.



With z := 2 — x, the error dynamics are described by,
2(t) = AgE(t),  t#tg, (14a)
T(tq) = Eq(2(ty) — &a(ty ) (14b)
The output error can now be defined as §(t) := Cqi(t) +
Dyu(t) — y(t) = Cyi (1),

Based on the description of error dynamics, we design
partial observers for each mode ¢ using the idea similar to
Kalman observability decomposition [5]. Choose a matrix
Z% such that its columns are an orthonormal basis of R(G, ),
so that R(Z?) = R(G, ). Further, choose a matrix W9 such
that its columns are an orthonormal basis of ker G4. From
the construction, there are matrices S; € R"*" and R, €
R%*X7a where rq = rank G, such that Z97 A, = S, Z%" and
C, = R,Z%", and that the pair (Sy, R,) is observable. Let
29 := 797 % and w? := W7 %, so that 27 (resp. w?) denotes
the observable (resp. unobservable) states of mode q. Thus,
for the interval [tq—1,%q), we obtain,

39 = 79T Ak = 8,42, = Coii = Ry2", (15a)
2 (tg—1) = Z0 E(tg—1). (15b)

Since z? is observable over the interval [t4—1, tq), a standard
Luenberger observer, whose role is to estimate z7(t; ) at the
end of the interval, is designed as:

29 = S48+ Ly(§ — Rg"), t € [tg—1,1q), (16a)
29(ty—1) =0, (16b)

where L, is a matrix such that (Sq— LqR,) is Hurwitz. Note
that we have fixed the initial condition of the estimator to
be zero for each interval.

Next, with j > i, define the state-flow matrix

U (rig1,y) o= €N E 1T By eMHTH R,
(17)
and for convenience Wl := I. We now define a matrix
©7(T(i+1,q3) whose columns form the basis of the subspace

ROV (T(i41,4) W)™ that is,
RO (ir1.01) = ROV (Trigr,e)WH T,

where we denote the vector [7iy1,- -+, 75] simply by 7i41,5}
which, for succinct presentation and by appropriate use of
superscripts and subscripts, is often dropped when used as
an argument. As a convention, we take ©f to be a null
matrix whenever R(U¢(7i11,43)W*)* = {0}.

Using the determinability of the system, that is, Assump-
tion 1.2, it will be shown later in the proof of Theorem 3
(equation (27)) that the matrix

Z:q—N77q

0,:=[01: - 10 4] (18)

has rank n. Equivalently, @qT has n independent columns
and is left-invertible, so that (8, ) = (0,0, )~'0,, where t
denotes the left-pseudo-inverse. Introduce the notation

7561*1(2&(1771))7

and let Qg (27(t;), :/:‘171(25;,1)7 cee zqu(t;N)@{fqiN’qil})
denote the matrix

§lq-Ng—1y = col(&q-n(t,_N), - -

0L Wiz (t;)

T N =N - _
01y (Wi 2NN (e )~ S wia)

We then define &,4(t, ) in (13c) as:

Ealty) = (0g) Q0 (2%(ts ), 27 Nty n): Efy—ng—1y)

= Zq(8%(tg ), 27 (tgm1)s - 2 Nt N ) s €y Nage1y)-
(19)

Finally, as the last piece of notation, we define the matrices
Mj,j=gq—N,---,q, as follows:

@q

q

My = Eq X

o1

N
01 Ul 20
O~V n)- (20)

Each M]‘?, j =qg—N,---,q, is an n by n matrix whose
argument is T, N1}, while the argument of both ©7 and
W% is 7414 for j = q¢— N,--- ;¢ — 1 (note that W7 = I
and that ©F is a constant matrix).

Based on these definitions, the statement of the following
theorem shows that, with suitably chosen values of L;, the
computation of 27(t;) from (16) and &,(t; ) from (19) leads
to converging state estimates using (13).

[Mg7Mq717. ..

q

blockdiag (@gT v el wl ...

THEOREM 3. For system (1), consider the hybrid ob-
server in (13) with the operator £; computed through
observer (16) and the map Z in (19). Suppose
that Assumption 1 holds. At each switching in-
stant ¢ = t4, ¢ > N, introduce the positive con-
stants AJ := ||MJ(T(4-n11,4)]l, and a;,; such that
|27 Si~Li%)mi ZiT|| < aje” 7. If the gains L; are
chosen so that,

s 1
Maje %JSC<N+1’ (21)
for each j = q¢— N,--- ,q, and a constant ¢, then
Jim [#(t) — (t)] = 0. (22)

Based on the construction of the operator L4 (¢ > N), and
the result in Theorem 3, the implementation of our observer
can be summarized as follows:

e At each time instant ¢t = t4,
— compute the constants )\g, j=q—N,---  q, using
the knowledge of 7rq_n41,q}, 4j, Ej, and Oy,

— compute the observer gain L;, using the matrices
Sj, Rj, and Z’ such that (21) holds,

— run the individual observer (16) for j-th mode
with the stored data y and u to obtain 27(t;),
J:q_N7 »q-

e Find £,(t;) by (19), use it in (13), and repeat.

PROOF OF THEOREM 3. Using (14), it follows from As-
sumptions 1.1 and 1.3 that the estimation error Z(t) for the
interval [tg,t,, ;) is bounded by

2(8)] = [e 1T DE(1)] < T |E(1y))|



with a constant L such that ||A4|| < L, and thus,

15(1)] < 2P (t,)].
Therefore, if |Z(tq)] — 0 as ¢ — oo, then we achieve that
lim |Z(¢)| = 0. (23)
t— oo

Remainder of the proof shows that |Z(t;)] — 0 as ¢ — oo
under the conditions stated in the theorem statement.
Note that, £(t;) can be written as,

i(t7) = 7] h o] = sy w2

The matrix W) (T{i+1,j})7 defined in (17), transports Z(t; )
to &(t; ) along (14) by

E(t;) = Ul (1(iv1.4))E Z‘I’f (Trar,50)6@;). (25)

We now have the following series of equivalent expressions
for Z(t; ):
Itg) = 272%(tg ) + Wiw(tg)
=Wl Z T () + W W T ()
q 15(1*1( qfl)
=W, 2020 (o) + W, WP R ()
ququZ( qu) - qflgqfl(tqil)

= \IlngZqiquiN(ttsz)

q—1

> wia).

l=q—N

+ W W (¢ ) —

(26)

To appreciate the implication of this equivalence, we first
note that for each ¢ — N < i < ¢, the term WIZz'(t])
transports the observable information of the i-th mode from
the interval [tz 1,t;) to the time instant ty . This observ-
able information is corrupted by the unknown term wi(t;)7
but since the information is being accumulated at t, from
modes i = ¢ — N,---,q, the idea is to combine the par-
tial information from each mode to recover Z(¢;). This is
where we use the notion of determinability. By Properties
1, 5, and 6 in the Appendix, and the fact that R(W*)*
(ker Gi)* = R(G]) and e=44 TR(G]) = R(GY), it follows
under Assumption 1.2 that

RWE + R, WIH 4 4 R W) E
= e M7 (R(Gy) + B, i R(G )+
q—2 ) -
S ol B Te ”E;TR(GZ))
i=q—N
= eiAqTT"/\/lng =R".
(27)

Thus, the matrix ©4 defined in (18) has rank n, so that for
each equality in (26), that is i = ¢ — N,--- ,q, we have the

relation

K3

q—1
CHEAECH <\P?Zizi<ti> -> \P?&(m) :

=i

Employing left-invertibility of G)—r to get,

F(ty) = (0q ) ("t )s -, 2" N (tron) € nig1y)

:EQ(Zq(t;)v'--7Zq7N(t;7N)7€{q—N,q71})' (28)

It is seen from (28) that, if we can estimate z'(t;), i =
g— N,...,q, without error, then by (28) the plant state

x(t;) is exactly recovered because x(t;) = &(t;) — Z(t; ),

and both entities on the right side of the equation are known.
However, since this is not the case, we set {,(¢;) to be an
estimate of Z(t, ) as described in (19).

Due to the linearity of Q, in z"’s and &,’s, it is noted that,

T(tq) = Eq(2(ty) — &a(ty)) (29a)
"7Zq7N(t;7N)7€{7q7N,q71})
— 2Bt )s 2 () €y
(29b)
= —Eq(90)'Q(%(ty), ..., 2 N (t,_n),0)  (29¢)
where Z := 2 — z. It follows from (15) and (16) that
2 (tim1) = 2 (tic1) — 2' (tic1) = 0 — Z" T E(ti—1).
and that
F(t7) = eSimLiRITI () = _SimLiROT ZiT gy, )

Plugging this expression in (29),
Mj,j=gq—N,...,q, from (20),

~

and using the definition of
we get

~

q
B(tg) = > MI(t(q-ni1,q)) 2 eS0T 20T 5 (15 ).

j=q—N

In order to bound the norm of Z(tq), consider the constants
a5, Y5, )\;1- > 0 defined in the theorem statement to get,

q
[E(tg)] < Y Maje 9T [F(t; 1) (30)

j=q—N

The statement of the following lemma, proof of which ap-
pears in the appendix, aids us in the completion of the proof.

LEMMA 1. A sequence {a;} satisfying

lai] < c(lai-1] + |ai—2| + - + |ai—N-1]), i> N,

with 0 < ¢ < 1/(N + 1) converges to zero: lim a; = 0.
1—> 00
Applying Lemma 1 to (30), we see that |Z(t;)] — 0 as
q — 00, whence the desired result follows. [

Note that the computation of the gains requires the knowl-
edge of switching times in order to generate converging es-
timates. Thus, post-processing of the switching signal is
involved in computing the gains. Also, in the design of ob-
server, we ignored the time required for computation at time
instant ¢4. In fact, the outcome §,(t; ) becomes available not
at t4 but at ty + Teomp for some Teomp > 0. It is conjectured
that the error caused by this time-delayed update in (13)



can be suppressed by taking smaller value of ¢ in (21) while
the update is actually performed at tq + Teomp using an-
other state-flow matrix. Detailed analysis on improving the
quality of the observer is an ongoing work.

EXAMPLE 2. We demonstrate the working of our observer
for the switched system considered in Example 1. As men-
tioned earlier, the system is observable with mode sequence
1 — 2 — 1, and hence determinable. We assume that
each mode is activated for 7 seconds, so that the persistent
switching signal exciting the system is:

a@>—{;

where £ = 0,1,2,-- -, and the underlying assumption is that
7 # km, for any k € N. With this switching signal, the
determinability conditions are guaranteed to hold over any
time interval that involves three switches, so we pick N = 3.
For brevity, we call [2kT, (2k + 1)7), the odd interval, and
[(2k + 1)7, (2k 4+ 2)7), the even interval. With an arbitrary
initial condition Z(0), the observer to be implemented is:

if t € [2k7, (2k+ 1)7),

if t € [(2k + 1)7, (2k + 2)7), 3

zég _ gig} » L€ [2k7, (2K + 1)7), (32a)
;8 _ éﬁg} , tE[(2k+ 1) (2k+2)7),  (32b)
#(qr) = 2(qr7) — €q(qm7), q>3. (32¢)

In order to determine the value of £,(g7 ™), we start off with
the estimators for observable modes of each subsystem, de-
noted by z? in (15). Note that mode 1 has one-dimensional
observable subspace whereas for mode 2, the unobservable
subspace is R?. Since mode 1 is active on every odd interval
and mode 2 on every even interval, z? for every odd ¢ rep-
resents the partial information obtained from mode 1, and
z? for every even q is a null vector as no information is ex-
tracted from mode 2. So the one-dimensional z-observer in
(16) is only implemented on odd intervals and for every odd
q, the differential equation for 2? can be derived as follows:

o=y 8 s}~ [~ ]

so that one may choose S? =0, and R? = 1, which yields

29 = 1,27 + 1,7, te(¢g—1)T,q7), ¢ odd,

with the initial condition 29((¢ — 1)7) = 0, and § as the
difference between the measured output and the estimated
output of (32). The gain I, will be chosen later by (35).
The next step is to use the value of 29(¢7™) to compute
&q(gT7), ¢ > 4. We use the notation £? to denote &q(g77),
and let &7 be the first component of the vector £?. For
initialization, we pick &' = ¢? = £3 = col(0, 0). The matrices
appearing in the computation of £? are given as follows: for

every odd q¢ > 3:

—sinT cosT

. 1
¢ _ | cosT sinT| [ _4 0 _ CoST
Voo = [— sinT cos 7':| ’ (\Ilq*Q {1]) - {(— sin7'> }’

L
Wiy = Txz = (V] R*)" = {0},

Vi = oo = (‘1’3 [ﬂ)l - {<é>}

where the braces {-} denote the linear combination of the
elements it contains. These subspaces directly lead to the
expressions for @;1., j=q—3,...,q, so that

cosT sinT 1
Vi = { ] = (‘1’373R2) = {0},

1 cosT
@q—|:0 —SinT:|7 q_5777"'7

and hence the error correction term can be computed recur-
sively for every odd g > 3 by the formula:

e 2(t;)
=007 Losr e loosr —snrler]

Also, it can be verified that the matrix M]‘? =0for j =
q—1,q—3 and, for j = q,q — 2 we get

10 0 0
Mg:[cw 0}7 Mg,zz{_ ] 0}. (33)

sin T sin T

Next, for every even q > 3, we can repeat the same calcula-
tions to get:

ol — [ cos2r sin2r B 0]\ " _ cos 2T
=8 7 | —sin27 cos27|’\ 773 [1] T\ —sin2r/ [’

cosT sinT i
\I/gfz = { ] = (‘11372R2) = {0},

—sinT cosT

- . FaTy L
cosT  sinT 0 COS T
ve = . A = .
g-1 —sinT cosT| a=1 11 —sint ) [’

T = Ioyo (WIR?)T = {0}

Once again, using the the expressions for @g, 1=4q-3,...,q,
based on these subspace, one gets,
Ccos T cos 27
0q = |:—SiIlT —sin27} v 4=46,8,,

so that

- S () -
¢=9, [zq73(tqi3) — «5‘1173 — [goslT — ;in T)(£772 + qul)}

Again, it can be verified that the matrix qu =0 for j =
q,q9 — 2 and, for j =q—1,q — 3 we get

sin 27
==L 0 -1 0
M(?:[c%;lrff 0}, Ml?fg:{_cw 0}. (34)

sin T sin T

Finally, we derive the bound on gains [, that gives con-
verging estimates. Note that the matrix M]‘?, for each ¢ > 3

and each j = ¢, -+, ¢— 3, has the following induced 2-norm,
0 if j is even
M = | M| = .
5 = IVl {shl” if j is odd
Also, ||Z9e(Sa—taRa)Ta 74T || = 7447 for every odd ¢, and null

for ¢ even. Thus, (21) is trivially satisfied when j is even,
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Figure 1: Switching signal and the state estimation
error.
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Figure 2: Converging state estimates.

and for odd values of j, the inequality

—lgT < 1
| sin 7| 4
holds if, and only if,
1 4
lg > = In S| (35)

Once again it can be seen that, if 7 is an integer multiple
of 7, or even when 7 approaches this point of singularity,
then the gain required for convergence gets arbitrarily large.
This also explains why the knowledge of switching signal is
required in general to compute the observer gains.

The results of the simulation for 7 = 1 and [, = 2 with
q odd, are shown in Fig. 1 and Fig. 2. Because of the error
correction term, it can be seen that there is jump disconti-
nuity in estimation error at switching times, and the error
remains constant between the switching times. This is be-
cause the subsystem 2 rotates any given initial condition in
a circle of constant radius, thus not letting the error grow. If
instead there were an unstable system then the error would
grow in between the switching times but the error correction
term would guarantee that the sequence formed by taking
the value of the estimation error at switching times is indeed
a decreasing sequence.

4. CONCLUSION

This paper presented conditions for observability and de-
terminability of switched linear systems with state jumps.

Based on these conditions, an observer is constructed that
combines the partial information obtained from each mode
at some time instant to get an estimate of the state vector.
Under the assumption of persistent switching, the error anal-
ysis shows that the estimate converges to the actual state.
It is noted that the transportation of the partial informa-
tion in (26), even under the added unknown information, is
achievable for linear systems, and may not be possible for
nonlinear systems, e.g., in [11].

Several directions for future work are being pursued. For
observability conditions, denseness of regular switching sig-
nals is being studied. This, in turn, leads to the question
whether there exists necessary and sufficient conditions if
we seek observability uniformly over all switching signals.
Furthermore, the quality of observer can be investigated
at various stages. The consideration of computation time
may lead to a delayed update and hence an additional er-
ror term which is required to be suppressed in computing
the estimate. Also, in order to avoid post-processing of the
switching signal to compute the observer gains, we believe
that it would be possible to pre-compute the observer gains
with conditions depending on mode-sequence independently
of switching times. Moreover, the construction of observers
without the assumptions of maximal switching time or dwell-
time switching is an interesting question that requires fur-
ther investigation.
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Appendix: Proof of Lemma 1
Let ¢ = a/(N + 1) with 0 < a < 1. Then it is obvious that

lai| < max lax|, i> N. (36)

i—N—1<k<i—1
The above inequality implies that
i

!
|ai+1|§N—+1 Z lag| <« max_|ax|

i—N<k<i
k=i—N -
< amax{|ai71\r71|7 - max Jaxl, |ai|}
i—N<k<i—1
<a max |ak|.

i—N-1<k<i—1
By induction, this leads to

max |aj| < a max |ag|.
i<j<i+N i—N—-1<k<i—1
that is, the maximum value of the sequence {a;} over the
length of window NN +1 is strictly decreasing and converging
to zero, which proves the desired result. O

Appendix: Some Useful Facts

Let V1, Vs, and V be any linear subspaces, A be a (not nec-
essarily invertible) m x n matrix, and B, C be matrices of
suitable dimension. For a matrix B, R(B) denotes the col-
umn space (range space) of B. The pre-image of V through
A is given by A™'V = {z : Az € V}. The following proper-
ties can be found in the literature such as [16], or developed
with little effort.

1. AR(B) = R(AB) and A~ ' ker B = ker(BA).



b

9.
10.

AT'AV =V + ker 4, and AAT'Y = VN R(A).
ATV W) = ATV N A7, and AV N V) C
AV: N AV, (with equality if and only if (V1 + V2) N
ker A = V1 Nker A + V> N ker A, which holds, in par-
ticular, for any invertible A).

AV + AVy = AWV1 + Vo), and A7V + A7, C
A7 (V1 +V,) (with equality if and only if (V1 4+ V2) N
R(A) = Vi NR(A) + V2 N R(A), which holds, in par-
ticular, for any invertible A).

(ker A)* =R(AT).

(ATV)t = A=Y+ and (A7'W)L = ATy,

(AV) = V+ AV + A2V + .- + A"V and (V|A) =
ynATlYNnATYA- AT Y,

<V1 N V2|A> = <V1|A>ﬂ<V2|A> and <A|V1 N Vz) C <A|V1>ﬂ

(A]Vz).
etV C (A|V) and (V|A) C etV for any .
(A[V)*t = (VHAT).

Now, with G := col(C,CA,...,CA™™1),

11.
12.

5.
1]

2]

8]

[4]

[5]

(6]

[7]

8]

[9]

eMker G =ker G and e "R(GT) = R(GT) for all t.
(ker G|A) = ker G and (AT|R(G")) =R(G").
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