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On topological entropy of interconnected
nonlinear systems

Daniel Liberzon, Fellow, IEEE

Abstract— We study topological entropy of a nonlin-
ear system represented as an interconnection of smaller
subsystems. Under suitable assumptions on the Jacobian
matrices characterizing the interconnection, we obtain an
explicit upper bound on the entropy of the overall system,
and show that it can be related to upper bounds on the
entropies of the subsystems. We also analyze in detail the
special case of a cascade connection of two subsystems,
establishing an upper bound on the entropy which is more
tightly linked to individual entropy bounds for the subsys-
tems.

Index Terms— Information theory and control, quan-
tized systems, stability of nonlinear systems

[. INTRODUCTION

HE object of study in this letter is entropy—

more specifically, topological entropy—of nonlin-
ear continuous-time systems. Entropy concepts are clas-
sical and fundamental in dynamical system theory, as
well documented, e.g., in [8], [10]. In the recent systems
and control literature, suitable entropy notions have been
introduced and studied in the context of controlled in-
variance [6], [17], stabilization [5], state estimation [13],
[15], [19], and model detection [13]. The interest in en-
tropy among control engineers stems at least in part from
the fact that entropy characterizes data rates necessary
for digital implementations of control and estimation
algorithms, as discussed in the above references.

Another paradigm of paramount importance in system
theory is that of representing a large system as an
interconnection of smaller and simpler subsystems, and
arguing about the behavior of the overall system on the
basis of analyzing its individual components. Small-gain
theorems for establishing stability of both linear and
nonlinear systems (see [7], [9]) can be mentioned as
standard examples of this line of reasoning.
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Recently there has been some work on applying en-
tropy concepts in the context of interconnected systems
(in discrete time): [11] studies invariance entropy of a
network of control systems and relates it to entropies of
the subsystems and to associated control data rates; [22]
explores invariance feedback entropy for a network of
uncertain systems; [16] analyzes observability rates of a
networked system and relates them to the topological
entropy of the entire system and to certain auxiliary
quantities (storage functions and supply rates) defined
for the linearizations of the subsystems. However, much
still remains to be understood about the basic question
considered here, namely: given an interconnection of
deterministic nonlinear systems, under what conditions
can we derive an explicit bound on its topological
entropy and relate it to bounds on the entropies of the
subsystems?

The entropy estimates that we derive involve upper
bounds on the matrix measures and induced norms of
the Jacobian matrices arising from the interconnection.
(We note that entropy bounds of this form are very
different from those obtained in [16].) For the case of
a general interconnection, we establish an upper bound
on the entropy that involves the largest eigenvalue of the
interconnection matrix obtained from these Jacobians,
multiplied by the system dimension. We then consider
the special case of a cascade connection of two sub-
systems, and discover a rather simple upper bound on
the entropy which involves, this time more transparently,
upper bounds on the entropies of the two subsystems in
terms of their Jacobians as well as their dimensions.

Section II introduces the class of systems under con-
sideration and develops the necessary background, in-
cluding basic definitions and facts on topological entropy
and a bound on the separation between trajectories of the
system which plays a key role in proving our results.
The main results—an upper bound for the entropy of
a general interconnection, followed by a more specific
bound for the case of a cascade connection—are stated
and proved in Section III. Section IV concludes this
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letter.

[I. PRELIMINARIES

Consider a system & = f(z), z € R™ written as a
collection of interconnected subsystems

&; = fi(z1, ..., 2E), =1k Q)

with dim(z;) = n; and ny + - - - + ni = n. We assume
that the initial state x(0) belongs to a known compact
and convex set ' C R™. We denote by |-| the co-norm in
RY Gie., |z| := maxj<;<q |;|); here d can be either the
total system dimension n or the number of subsystems &
or one of the subsystem dimensions n;, ¢ = 1,..., k. We
write || - || for the corresponding induced matrix co-norm
on R4*? (or, occasionally, on C4*%). The matrix measure
u: R4 5 R (with respect to the infinity norm) is
defined by p(A) := lim.\ w (see, e.g., [23]).
We assume that f is C'' and let J denote the Jacobian
matrix with blocks

Jij(z) = gi; (z),
We assume that the following holds for some known
numbers a;j, 1 <1i,5 < k.

1<i,j<k. 2

Assumption 1 (J;(z)) < a;; for all z and all ¢, and
|Ji(x)|| < ay; for all z and all i # j.

We note that one consequence of Assumption 1 (and
the fact that f is C') is that all solutions starting in K
exist globally in time, as can be seen from Lemma 2
below (see also the discussion in [13]).

Remark 1 Although we assumed the bounds in As-
sumption 1 to hold globally over R™ for simplicity, it
is clearly sufficient for all our purposes if they hold over
the set of all states reachable from the initial set K at
some time ¢ > 0. Moreover, if it so happens that all
solutions of (1) starting from K remain in a compact
set, then such finite bounds automatically exist; this will
be the case in Example 1 below.

A. Entropy background

The notion of topological entropy that we use here is
standard; see, e.g., [10], [19] for discrete-time versions
and [13] for a continuous-time version which is slightly
more general in that it also incorporates an exponential
decay rate (which we set to 0 here for simplicity). Let
us write &(x,t) for the solution of our system (1) from
initial state z(0) = = € K evaluated at time ¢ > 0. For
a given time horizon 7" > 0 and precision € > 0, we

say that a finite set of points S = {z1,...,zny} C K is
(T, e, K)-spanning if for every initial state = € K there
exists some point z; € S such that the corresponding
solutions satisfy

€@z, 1) = &(wis 1) <&

Letting s(7, ¢, K) denote the minimal cardinality of such
a (T,e, K)-spanning set, we define the entropy as

Vte 0, 7. @3

1
h(f, K) := lim lim sup T log s(T,¢e, K)

eNO Too
where log denotes the natural logarithm.

For each i € {1,...,k} we can consider the i-th sub-
system in (1) disconnected from the other subsystems,
i.e.,

i = f;(0,...,0,2,0,...,0). “4)

Its entropy, which we label as h(f;, K), satisfies the
following upper bound which is essentially well-known
(cf. [3], [51, [13D).

Lemma 1 Under Assumption 1 we have h(f;, K) <
nia:g, where a;-'; := max{a;;, 0}

Note that, as a special case, we could always ignore
the interconnection structure and just take £k = 1 (and
hence n1 = n, 1 = z, f1 = f), in which case Lemma 1
simply gives the upper bound on A(f, K) in terms of the
bound on the matrix measure of the overall Jacobian.

B. Separation between trajectories

The following separation bound was derived in [2],
building on earlier work such as [3] and [21]. We
briefly sketch the main idea of the proof below for
completeness.

Lemma 2 Let 2(0),2(0) € K be two arbitrary initial
states. Let z(-) = &(x(0),-) and z(-) = &£(2(0),-)
be the corresponding solutions of (1), with
individual ~ subsystem  components x1(-),...,xg(-)
and z1(+),...,zx(+), respectively. Let A be the matrix
with elements a;j from Assumption 1. Then for all t > 0
we have

|21(0) — 21(0)]
< e : (5)
|2(0) — 2(0)]

|1(t) = 21 (2)]

|z () = 2x(1)]
where the inequality holds element-wise.

Proof: (sketch) For A € [0, 1], recalling that K is
a convex set, let £(\, t) be the shorthand for £(Ax(0) +
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(1 —=X)z(0),t), the solutlon of (1) at time ¢ from initial
condition Az(0) + (1 — A)z(0), so that

8
SHEO D) = FEOD). ©

Note that £(1,t) = =(¢) and £(0,t) = z(t) are the solu-
tions from initial conditions x(0) and z(0), respectively.
We also denote by &(\,t), i = 1,..., k the components
corresponding to the individual subsystems. We have

2(t) — 2(t) = E£(1,1) — £(0, ) = / o

(A1) =

(A t)dA. (7)

The time evolution of %()\ t) is given by!

9 ¢
O A= ) = 2 FED)
= JE D) - S0 1).

By our Assumption 1 and the proof of Proposition 1
in [2], the solution of this LTV system satisfies the bound
8 1 8 1
a%(A,t)l 5L (\,0)]
< eAt .

% <A t)] % (X, 0)|

where the inequality holds element-wise. Using (7) and
the fact that £(A,0) = Az(0) + (1 — X)z(0), we arrive
at (9). O

[1l. MAIN RESULTS

Our goal is to relate the entropy of the interconnected
system (1) to the entropies of its individual subsys-
tems. To this end, since the latter are characterized via
Lemma 1, we want to express (actually, upper-bound) the
entropy of (1) in terms of the elements of the matrix A,
particularly the diagonal ones. The general result stated
as Theorem 1 below is loosely in this spirit (see also
Remark 2), and afterwards Proposition 1 achieves this
goal more precisely for a special case.

As before, let A be the matrix with elements a;; from
Assumption 1. Since it is a Metzler matrix (a;; > 0 for
i # j), its eigenvalue with the largest real part is real
(see, e.g., [4, Theorem 10.2]); we denote this eigenvalue
by Amax(A4).

Theorem 1 The entropy of the interconnected system (1)
satisfies
h(f, K) < nXg,

max

®)

(4)
where A\, (A) := max{A\max(4),0}.

ISee, e.g., [12, Section 4.2.4] for a more rigorous argument that
can be used to arrive at the same conclusion.

Remark 2 It is worth noting that due to the Metzler
property of A, the eigenvector corresponding to Apax(A)
can be selected to have non-negative components (see,
e.g., [4, Theorem 10.2]). If, in addition, we can choose all
components of this eigenvector to be strictly positive—
which can be done if A is irreducible (see again [4])—
then it follows that Ap,ax(A) > ay; for all 7. Consequently
we have nAt, (A) > S°F  naf, which in view of
Lemma 1 implies that the right-hand side of (8) is at
least as large as the sum of the entropy bounds of the
disconnected individual subsystems (4).

Proof: To prove the theorem, we build a grid which
we show serves as a spanning set, and then count its
cardinality to upper-bound the entropy. Let R denote the
radius (with respect to the infinity norm) of the initial
set K, i.e., R > 0 is the smallest number such that K
is contained in the hypercube [—R, R|™. The value of R
affects the grid construction but does not appear in the
resulting entropy bound.

Let

A=P AP 9)

where A is a matrix in (complex) Jordan normal form.
Let
ci=PHIIPIl. (10)

We need the following easy fact (see, e.g., [20, Chap-
ter 4]).

Lemma 3 For every § > 0 there exists a time Ty > 0
such that ||eM|| < ePmax(D+D for gl t > T,

We omit the proof of this lemma but note that it fol-
lows by observing, first, that ||| = max;<;<, |||
where Ay, ..., A, are the Jordan blocks of A, and then
applying [20, Lemma 4.1].

Continuing with the proof of the theorem, fix an
arbitrary ¢ > 0, and use Lemma 3 to define

Ms := max ||eM]. (11)
te[0,T5]
For e >0 and T > 0, let
0= ° . (12)

C maX{M(S’ e()‘rtaX(A)-‘ré)T}

Consider the grid of points in R given by {k0 : k € Z}.
Using this grid on each scalar component of z, build a
product grid on R™ and denote by G the set of all points
in this grid that belong to the hypercube [—R, R]".

By Lemma 3 and by definition of Mj, we have
M| < max{ Mg, ePmex(AHEY for all ¢ > 0. It follows
that

max HeAtH < max {M§ e mX(A)Jré)T}'
te[0,T)
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Combining this with (9) and (10), applying Lemma 2,
and recalling that | - | is the oco-norm, we can easily
conclude that G is a (7', ¢)-spanning set.

The cardinality of the grid G is
#G = (2|R/0] +1)"
which gives
log(#G) < nlog(2R/0 + 1) = nlog (2R + 6)/6)

and hence
L 1og(#G) < Znlog(1/6) + ~nlog(2R + 0)
T og < Tn og Tn og .

Since 6 converges to 0 as T' — oo, upon taking the
limsup as T' — oo only the first term will remain:

1 1
lim sup T log(#G) < limsup Tnlog(l/@).

T—o00 T—o0

Recall that, by definition of 6,

1 cmax{M;, eMiax(A)+)T}

0 €

and thus

1 1
T log(1/0) = T log (max{Ma, e(’\rtax(A)*‘s)T})

+ %log(c/a).

It is now convenient to note that
(log Ms) /(M. (A) + &) we have

max

max { Mj, e(A$ax(A)+5)T} — eNhax(A)+O)T

for T >

This yields

1

lim sup Tnlog(l/&) =n(A\(A) +9)
T—o00

which is an upper bound on the entropy. Since § > 0 was

arbitrary, we have established the claimed bound (8). [J

Remark 3 If the matrix A is already in Jordan normal
form, it is not hard to see that we could define a different
grid spacing 6; on each invariant subspace corresponding
to a Jordan block A; of dimension n; with eigenvalue \;
by using A; instead of A (and taking ¢ = 1) in (11)
and (12), which would result in an improved entropy
bound of the form h(f, K) < 3%, niAf. For a general
A, it is not immediately clear how to explore its Jordan
normal form to refine the grid construction in the above
proof, because a linear coordinate transformation on R*
that brings A to Jordan form need not correspond to a
change of coordinates in R" for the original system (1).
In Section ITI-A below we examine a case when A has
a special structure which indeed enables us to construct

a more efficient (non-square) grid, leading to a tighter
entropy bound.

Example 1 To illustrate the entropy bound from The-
orem 1, we consider the well-known Lorenz system
(which models atmospheric convection and exhibits
chaotic behavior for certain parameter values [14]):

i’l =0Xx9 — 01

To = —x9 — 2123 + 017 (13)

i3 = —fBr3 + x172

where (3, o, 0 are positive parameters. This system fits
into the form (1) with £k = 3 and n; = ny = ng = 1.
For the initial set K, let us take the ball of radius
ro > 0 around the origin (with respect to the Euclidean
norm). Note that each scalar subsystem disconnected
from the others as in (4) is exponentially stable and
has zero entropy. It is well known that all solutions
of (13) are bounded; more specifically, it follows from
the calculations given, e.g., in [1] that all solutions
starting in K remain in the ball of radius

0
ri= max{a+9+rg, U; <1+\/1 +ﬁmaX{1u% )}

centered at (0,0, 0 + ). The Jacobian matrix (2) is

-0 o 0
J=10—-—x3 -1 —x
r2  x1 —f

and hence we can take the matrix A, whose elements
are the bounds from Assumption 1 but with respect to
the r-ball around (0,0, o + @) rather than the entire R™
(see also Remark 1), to be

—oc o 0
co+r -1 r

r r -0
Following [14], we select the values 8 = 8/3, o = 10
and 6 = 28. Then we can numerically obtain that for 0 <
ro < 17.382 we have r ~ 55.382, Amax(A) =~ 62.048,
and Theorem 1 yields h(f, K) < 186.15. We stress
that the purpose of this example is just to demonstrate
a simple application of Theorem 1, not to conduct a
detailed and accurate analysis of the entropy of the
Lorenz system (the reader interested in the latter can
consult, e.g., [18]).

A=

A. Cascade connection

We now consider the special case of the cascade
system

Ty = fi(z)

14
&y = fox1,x2) (19
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where dim(z1) = ny and dim(x2) = ngy as before. Here
the matrix A is block-triangular:

A= <‘“1 0 ) .
as1  ag2

This additional structure allows us to explicitly relate
the entropy of the cascade system to entropy bounds
for the individual subsystems (provided by Lemma 1).
In the next result, h(f, K) stands for the entropy of the
system (14) as defined in Section II-A for the system (1)
of which (14) is a special case.

15)

Proposition 1 The entropy of the cascade system (14)

satisfies
) < nymax{aj;,al,} + noaj, (16)

h(f, K
with aj; as defined in Lemma 1.
Proof: The bound (5) from Lemma 2 on the separa-

tion between two system trajectories specializes, in this
case, to

lz1(t) — 21(t)| < e |z1(0) — 21(0)] (17
and?
2o (t) — 22(t)] < e™!a5(0) — 2(0)]
(ot 22 (0) — 21(0)]. (18)
ailp — a2

(This can be verified by computing the exponential of
the matrix (15), or by directly solving the corresponding
linear system.)

As before, let R > 0 be the smallest number such that

the initial set K is contained in the hypercube [—R, R]".
For £ > 0 and T > 0, let?

1 la11 — a| }

01 := emin {
ea_l*—l’T7 2@216ma‘x{a;—17a;—2}T

Consider the grid of points in R given by {k6; : k € Z}.
Using this grid on each scalar component of x1, build a
product grid on R™ and denote it by G1(61). Similarly,

let
€

2¢03:T
Using the grid {k6; : k € Z} on each scalar component

of x9, build a product grid on R™ and denote it by
G2(62). Finally, construct the product grid on R™ from

0y :=

2We do not consider separately the case aj; = a9, as it can be
recovered from (18) in the limit as a;; — ag2 via L’Hopital’s rule
and, with minor modifications to the construction below, leads to the
same result.

3For the case az; = 0 we follow the convention that min{r,oco} =
r for r € R.

G1(01) and G2(62), and call G the set of all points in
this grid that belong to the hypercube [—R, R]".

The fact that G is (7T, ¢)-spanning follows directly
from (17) and (18). Indeed, by construction, for every
initial state (z1(0),22(0)) € K we can pick an initial
condition (21(0), 22(0)) € G such that the corresponding
trajectories satisfy, for all ¢ € [0, 77,

5
lz1(t) — 21(t)] < et —— < ¢

eauT -
and
|z2(t) — 22(t)] < ea2zt2€a22T
+ *< o
<5t3-

Next, the cardinality of the grid G is

#G = H |R/6;] +1)™

which gives

2
log(#G) < _n;ilog(2R/6; + 1)
i=1

2
=1

and hence

1 =1
T log(#G) < Z i log(1/6;)

i=1

2
1
+ Z T log(2R + 6;).
Since 6; converges to 0 (or remains constant) as 1" — oo,
1 =1, 2, upon taking the limsup as T" — oo only the first
summation will remain:
2

1
lim sup — T log(#G) < lim supz —n;log(1/6;).

T—o0 T—o0 i—1
For the first term in the summation, we have

1
— = max
1

and thus

{ allT 2a21emax{ah7a2+2}T}
)
€ la11 — as

1
T log(1/601) = max {au T loge,

1
max{aﬁ, a;Q} ~7 log(2a21/|a11 — GQQD}.
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We obtain

1

lim sup —ny log(1/61) = ny max{aj;, a3, }.
T—o0 T

For the second term in the summation, we have 1/6, =

Qea;ﬁ/e, hence similarly to how the first term in the

maximum above was handled, we have

1
limsup —nglog(1/60s) = nga;a.
T—o00 T

This proves the bound (16). O

To compare Theorem 1 with Proposition 1, we can
consider the case when ny = ny = 1 and A is as in (15)
with a;; > agg > 0. Then Theorem 1 gives the bound
2a1; while Proposition 1 gives the smaller bound a;; +

asy.

Remark 4 Sontag [21] derives an upper bound on the
matrix measure of the Jacobian of the overall cascade
system in terms of the a;;’s from Assumption 1. This
can then also be used to easily obtain an upper bound
on the entropy via, e.g., [13, Proposition 2]. However,
the resulting entropy bound appears to be slightly more
conservative than the one derived above.

[V. CONCLUSIONS

This letter was a preliminary investigation of topolog-
ical entropy for interconnected nonlinear deterministic
continuous-time systems. Two upper bounds for the
entropy were derived, one for a general interconnection
and another, more explicit one for the special case of
a cascade connection. These bounds were shown to
relate to entropy bounds for the individual subsystems
comprising the interconnection. Many avenues for future
work remain, such as using more general grids to obtain
tighter entropy estimates and relaxing the assumptions
on the Jacobian matrices. Obtaining entropy bounds
for switched systems is another interesting direction of
ongoing work, and some of the results on this topic
recently reported in [24] treat switched linear systems
in triangular form based on ideas similar to the ones
explored here.
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