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Abstract

We consider the problem of stabilizing a continuous-time linear time-invariant
system subject to communication constraints. A noiseless finite-capacity commu-
nication channel connects the process sensors to the controller/actuator. The
sensor’s state measurements are encoded into symbols from a finite alphabet,
transmitted through the channel, and decoded at the controller/actuator. We
suppose that the transmission of each symbol costs one unit of communication
resources, except for one special symbol in the alphabet that is “free” and effec-
tively signals the absence of transmission. We explore the relationship between
the encoder’s average bit-rate, its average consumption of communication re-
sources, and the ability of the controller and encoder/decoder pair to stabilize
the process. We present a necessary and sufficient condition for the existence of a
stabilizing controller and encoder/decoder pair, which depends on the encoder’s
average bit-rate, its average resource consumption, and the unstable eigenvalues
of the process. Moreover, if this condition is satisfied, a stabilizing encoding
scheme can be constructed that consumes resources at an arbitrarily small rate,
provided the encoder has access to a sufficiently precise clock or large memory.
The paper concludes with the analysis of a simple emulation-based controller
and event-based encoder/decoder pair that are easy to implement, stabilize the
process, and have average bit-rate and resource consumption within a constant
factor of the optimal bound.
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1 Introduction

We consider the problem of stabilizing a continuous-time linear time-invariant process
subject to communication constraints. The basic setup, also considered in [3, 6, 11, 14,

, 21] and many other works, assumes that a finite capacity communication channel
connects the process sensors to the controller/actuator. An encoder at the sensor sends
a symbol through the channel once per sampling time, and the controller determines the
actuation signal based on the incoming stream of symbols. The question arises: what
is the smallest channel average bit-rate for which a given process can be stabilized? It
was shown in [0, 14, 21] that a necessary and sufficient condition for stability can be
expressed as a simple relationship between the unstable eigenvalues of the open-loop
system matrix and the bit-rate of the communication channel. Extensions of this result
have been enthusiastically explored, see [12, 13] and references therein.

A starting point for the present work is the observation that an encoder can ef-
fectively save communication resources by occasionally not transmitting information
— the absence of an explicitly transmitted symbol nevertheless conveys information.
We formulate a framework to capture this by supposing that each symbol’s transmis-
sion costs one unit of communication resources, except for one special free symbol that
represents the absence of a transmission.

Within this framework, we define an encoder’s average cost per symbol — essentially
the largest average fraction of non-free symbols emitted by that encoder over all possible
symbol streams. This paper’s first technical contribution is a necessary and sufficient
condition for the existence of a stabilizing controller and encoder/decoder pair obeying
a constraint on its average cost per symbol. This condition depends on the channel’s
average bit-rate, the encoder’s average cost per symbol, and the unstable eigenvalues
of the open-loop system matrix. The proof is constructive in that it explicitly provides
a family of controllers and encoder/decoder pairs that stabilize the process when the
condition holds. The pairs are optimal in the sense that they satisfy the stability
condition as tightly as desired. As the constraint on the average cost per symbol is
allowed to increase (becomes looser), our necessary and sufficient condition recovers
the condition from [0]. Moreover, we show that if an encoder can stabilize the process,
then it can do so using arbitrarily small amounts of communication resources per time
unit. One way to achieve this is by transmitting only a few non-free symbols per
time unit, but being very selective about which transmission period to send them in.
Alternatively, the encoder and decoder could share a massive symbol library so that
each symbol carries sufficient information about the state. Finally, a counterintuitive
corollary to our main result shows that if the process may be stabilized with average bit-
rate r bits per time unit, then there exists a stabilizing controller and encoder/decoder
pair using average bit-rate r which uses no more than 50% non-free symbols in any
stream of symbols it may transmit.

It is important to point out that in our problem setup, the transmission times are
fixed; this prevents the encoder from communicating an infinite amount of informa-
tion in the (real-valued) transmission times, which would require clocks with infinite



precision.

The encoders developed in the first part of the paper are optimal in the sense
that they can stabilize a process with an average cost-per-symbol as low as possible.
However, they are possibly very complex and difficult to implement. In particular,
as an encoder’s cost-per-symbol approaches the minimum bound, its codeword library
grows to infinite size. In the last part of the paper, we develop an easily-implementable
event-based encoder /decoder and compare it to the encoders from the paper’s first part.

Recent results in event-based control [I, 2, 10, 18] indicate that an encoder can
conserve communication resources by transmitting only on a “need-to-know” basis.
Since our framework forces transmission at fixed transmission times, it would appear
to prohibit any sort of event-based control. However, our framework can be regarded
as event-based if one interprets non-free symbols as transmission-worthy events and the
free symbol as “no transmission.”

Preliminary work in event-based control assumed that the event-detector could
transmit infinite-precision quantities across the communication channel to the con-
troller /actuator. To extend this work to finite-bit-rate communication channels, recent
works explore event-based quantized control, typically introducing an encoder/decoder
or quantizer in the communication path to limit the number of bits transmitted. Sev-
eral recent works offer strategies for event-based quantized control that study trade-offs
between quantizer complexity, bit-rate, and minimum inter-transmission intervals. For
example, [7] explores an intuitive event-based quantized control scheme that sends sin-
gle bits based on the state estimation error transitioning between quantization levels.
The design in [3] of an event-based quantized control scheme for a disturbed, stable
LTT system allows the state trajectory to match as closely as desired the state-feedback
state trajectory that would be obtained without communication constraints. In [19] the
authors consider the simultaneous co-design of the event-generator and quantizer for the
control of a non-linear system using the hybrid system framework from [5]. Sufficient
bit-rates for event-triggered stabilizability of nonlinear systems were also studied in [9].
In [20] a method is developed for event-based quantized control design that achieves
a desired convergence rate of a Lyapunov function of the state, while guaranteeing a
positive lower bound on inter-transmission times and a uniform upper bound on the
number of bits in each transmission.

In contrast to the optimal encoders introduced in the paper’s first part, the proposed
event-based encoders are easy to implement but not optimal. However, they are only
slightly sub-optimal. Specifically, the paper’s second technical contribution presents a
sufficient condition for the existence of an emulation-based controller and event-based
encoder/decoder pair. The condition resembles the sufficient condition from the paper’s
first part, and exceeds it by less than a factor of 2.5, meaning that the proposed event-
based encoding scheme needs at most 2.5 times as many communication resources as an
optimal encoding scheme requires. This establishes that event-based encoding schemes
can offer “order-optimal” performance in communication-constrained control problems.

The remainder of this paper is organized as follows. Section 3 contains a necessary
condition for stability, namely that stability is not possible when our condition does not



hold. To prove this result we actually show that it is not possible to stabilize the process
with a large class of encoders — which we call M-of-N encoders — that includes all
the encoders with average cost per symbol not exceeding a given threshold. Section 4
contains a sufficient condition for stability, showing that when our condition does hold,
there is an encoder/decoder pair that can stabilize the process. We explicitly construct
a possible encoding scheme. Finally, in Section 5 we develop an event-based encoding
scheme that stabilizes the process, provided a sufficient condition holds.

A subset of the results in Sections 3 and 4 appeared with an incomplete proof in
the conference paper [16]. This paper provides a complete proof and generalizes the
problem statement to permit a larger class of encoders with arbitrary transmission
times. Preliminary work for the results in Section 5 appeared in the conference paper

[17].

2 Problem Statement

Consider a stabilizable linear time-invariant process
x = Ax + Bu, reR" ueR™, (1)

for which it is known that z(0) belongs to a known bounded set Xy, < R"™. A sensor that
measures the state x(t) is connected to the actuator through a finite-data-rate, error-
free, and delay-free communication channel, see Figure 1. An encoder collocated with
the sensor samples the state at a fixed sequence of transmission times {t; € [0,0) :
k € N.o}, and from the corresponding sequence of measurements {z(ty) : k € N.o}
causally constructs a sequence of symbols {s; € A : k € Noy} from a nonempty finite
alphabet A. Without loss of generality, A = {0,1,...,S} with S := |A| — 1. At time t;
the encoder sends the symbol s through the channel to a decoder/controller collocated
with the actuator, which causally constructs the control signal u(t), t > 0 from the
sequence of symbols {s, € A : k € Noy} that arrive at the decoder. The sequence of
transmission times {t;} is assumed to be monotonically nondecreasing and unbounded
(i.e., limg_,nty = +00). The fact that the sequence of transmission times is fixed a
priori prevents the controller from communicating information in the transmission times
themselves. Note that because the sequence of transmission times is not necessarily
strictly increasing, this allows multiple transmissions at a single time instant, which
can be viewed as encoding several symbols in the same message. The non-negative
average bit-rate r of a sequence of symbols {s;} < {0,...,S} transmitted at times {t}
is the rate of transmitted information in units of bits per time unit, and is defined as

k
r = logy(S + 1) limsup —. (2)
k—oo Uk

We assume that the symbol 0 € A can be transmitted without consuming any com-
munication resources, but the other S symbols each require one unit of communication
resources per transmission. One can think of the “free” symbol 0 as the absence of an
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Figure 1: The limited-communication setup. At time t, the encoder samples the plant state x(y)
and selects symbol sj from alphabet A to send to the decoder/controller. The decoder/controller

constructs the actuation signal u(t) for the plant.

explicit transmission. The “communication resources” at stake may be energy, time, or
any other resource that may be consumed in the course of the communication process.
In order to capture the average rate at which an encoder consumes communication
resources, we define the average cost per symbol of an encoder as follows: We say an en-
coder has average cost per symbol not exceeding y if there exists a non-negative integer
Ny such that for every symbol sequence {s;} generated by the encoder, we have

Ni1+Na—1
1 1 2

N,
Iy 0 <7+ ﬁo YNy, Ny € No, (3)
2

N k=N1
where [, .o = 1 if the kth symbol is not the free symbol, and 0 if it is. The summation
in (3) captures the total resources spent transmitting symbols Sn,, Sn 1, - - - » SN+ Ny—1,
independent of the symbols’ transmission times. Motivating this definition of average
cost per symbol is the observation that the lefthand side has the intuitive interpretation
of the average cost per transmitted symbol between symbols sy, and sy, 1n,—1. As
N; — oo, which corresponds to averaging over a growing window of symbols, the
rightmost term vanishes, leaving v as an upper bound on the average long-term cost
per symbol of the symbol sequence. To illustrate the necessity of the Ny term, note that
without it, any symbol sequence with a nonzero symbol at some index k will violate
(3) for any v € [0,1) by picking N; = k and Ny := 1; the presence of the Ny term
allows an encoder to have a very small average cost per symbol while still enabling
it to transmit long runs of non-free symbols. Note that because the left-hand side of
(3) never exceeds 1, every encoder has an average cost per symbol not exceeding ¢ for
any ¢ = 1. Also, note that any encoder with average cost per symbol not exceeding
~v = 0 can transmit at most Ny non-free symbols for all time, making it unsuitable for
stabilization. For these two reasons, any encoder of interest will have an average cost
per symbol not exceeding some 7 € (0, 1].



Whereas the average bit-rate r only depends on the symbol alphabet A and trans-
mission times {t;}, the average cost per symbol of an encoder/decoder pair depends on
every possible symbol sequence it may generate, and therefore may in general depend
on the encoder/decoder pair, the controller, process (1), and the initial condition z(0).

The specific question considered in this paper is: under what conditions on the aver-
age bit-rate and average cost per symbol do there exist a controller and encoder/decoder
pair that stabilize the state of process (1)7?

3 Necessary condition for boundedness with limited-
communication encoders

It is known from [6, 14, 21] that it is possible to construct a controller and encoder/decoder
pair that stabilize process (1) with average bit-rate r only if

rin2> > N[4] (4)

where In denotes the base-e logarithm, and the summation is over all eigenvalues of A
with nonnegative real part. The following result shows that a larger average bit-rate r
may be needed when one poses constraints on the encoder’s average cost per symbol 7.
Specifically, when 7 > S/(S + 1) the (necessary) stability condition reduces to (4), but
when v < S/(S + 1) an average bit-rate r larger than (4) is necessary for stability.

Theorem 1. Suppose a controller and encoder/decoder pair keep the state of process (1)
bounded for every initial condition xo € Xy. If the encoder uses an alphabet {0, ... S},
has average bit-rate r, and has average cost per symbol not exceeding v, then we must
have

rf(nS)m2= Y A[A] (5)

Z§R>\Z [A]>0

where the function f:[0,1] x Nog — [0,00) is defined as

H(y)+ logy S _S_
= {8 021 .
1 Si1 <Y< 1,

and H(p) = —plogy(p) — (1 —p) log,(1 —p) is the base-2 entropy of a Bernoulli random
variable with parameter p.

It is worth making three observations regarding the function f: First, f(v,S5) is
nondecreasing and continuous in vy for any fixed S, as illustrated in Figure 2. Second,
f(v,5) is monotone nonincreasing in S for any fixed v € [0,1]. Therefore, for a fixed
r and ~, an encoder can increase its value of f(v,S) “for free” by decreasing S while



commensurately decreasing its average transmission period to keep r constant in accor-
dance with (2). This implies that smaller alphabets are preferable to large ones when
trying to satisfy (5) with a given fixed average bit-rate and average cost per symbol.

The third observation is that the average cost per time unit, which is v lim sup,,_, ., %,
can be made arbitrarily small while still satisfying (5). This can be achieved in several
ways:

1. Large symbol library with infrequent transmissions: For a given average cost per
symbol 7, pick the encoder’s transmission times as t; := kT for sufficiently large
T so that the average cost per time unit v limsup,_,., k/ty = v/T is as small as
desired. Then, using r = log,(S + 1)/T and leveraging the fact that

H(y)+v logy S < s
Tf(’% S) = {logQ(Szl) OS\ 1< i+i (7)
T S+ ST S

is monotone increasing in S for fixed v, pick S large enough to satisfy (5). By
choosing a large T and S, this scheme elects to send data-rich symbols only
infrequently. The state — although remaining bounded — may grow quite large
between these infrequent transmissions. Moreover, the large symbol library may
require sizeable computational resources to store and process.

2. Large symbol library with costly symbols rarely sent: If the encoder’s transmission
times {t;} are fixed, pick  small enough to make the average cost per time unit
~vlimsup,_,,, k/tx as small as desired, then increase S as in the previous case
to satisfy (5). Like the previous case, this approach requires processing a large
symbol library.

3. Frequent transmissions with costly symbols rarely sent: If the number of non-free
symbols S is fixed, it is still possible to choose an average cost per symbol v and
transmission times ¢ == k7" so that (5) is satisfied and the average cost per time
unit v lim sup,,_, ., k/t is as small as desired. To verify that this is possible, note
that the sequences v; == e*, T; == e \/i, i € No

have the property that as i — o0, we have v; — 0, T; — 0, and ~;/7; — 0, but
H(v;)/T; — o0, so leveraging (7) we conclude that r;f(v;,S)In2 — oo (where
r; = logy(S + 1)/T;). This means that one can find ¢ € N sufficiently large to
make the average cost per time unit arbitrarily small and also satisfy the necessary
condition (5). In practice, to operate with a very small sampling period T, this
approach requires an encoder/decoder pair with a very precise clock.

Remark 1. The addition of the “free” symbol effectively increases the average bit-
rate without increasing the rate of resource consumption, as seen by the following two
observations:



e Without the free symbols, the size of the alphabet would be S and the average
bit-rate would be

k k
log,(S) limsup — < logy (S + 1) lim sup —.
k- Uk k—o0 k
It could happen that this average bit-rate is too small to bound the plant, yet
after the introduction of the free symbol, the condition (5) is satisfied.

e Since v is essentially the fraction of non-free symbols, the quantity rv is the
number of bits per time unit spent transmitting non-free symbols. But since
f(v,5) = 7, again we see that the free symbols help satisfy (5). To see that
f(v,S) = ~, observe that for any S € N.g, f(+,S5) is concave and reaches 1 before
the identity function does, hence it is everywhere above the identity function on
(0,1), and it matches the identity function at the endpoints 0 and 1.
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Figure 2: A plot of f(v,S) versus v for S = 1,4, 20.

3.1 Setup and Proof of Theorem 1

We lead up to the proof of Theorem 1 by first establishing three lemmas centered around
a restricted but large class of encoders called M-of-N encoders. We first define M-of-N
encoders, which essentially partition their symbol sequences into N-length codewords,
each with M or fewer non-free symbols. Lemma 1 demonstrates that every encoder
with a bounded average cost per symbol is an M-of-N encoder for appropriate N and
M. Next, in Lemma 2 we establish a relationship between the number of codewords
available to an M-of-N encoder and the function f as defined in (6). Then, in Lemma 3
we establish a necessary condition for an M-of-N encoder to bound the state of process
(1). Finally, the proof of Theorem 1 is built upon these three results.
We now introduce the class of M-of-N encoders. For N € N.g, ¢ € N5, we define the
(" N-symbol codeword to be the sequence {Sen11, Sen+2y -+ -5 Senven ) of N consecutive
symbols starting at the index £k = /N + 1. For M € Ry with M < N, an M-of-N
encoder is an encoder for which every N-symbol codeword has M or fewer non-free
symbols, i.e.,
EN+N
> L. <M, VleNs. (8)

k=(N+1



The total number of distinct N-symbol codewords available to an M-of-N encoder is
thus given by

L(N,M,S) = lZMJ <]ZV> s, (9)

where the 7th term in the summation counts the number of N-symbol codewords with
exactly ¢ non-free symbols. In keeping with the problem setup, the M-of-N encoders
considered here each draw their symbols from the symbol library A == {0,1,...,S} and
transmit symbols at times {t}.

An intuitive property of M-of-N encoders is that they have an average cost per
symbol not exceeding M /N with Ny = 2M. This result is presented as Lemma 5 in
the appendix.

The fact that an M-of-N encoder refrains from sending “expensive” codewords
effectively reduces its ability to transmit information: A codeword sent from an M-of-
N encoder conveys log, L(N, M, S) bits of information, whereas a codeword from an
encoder without the M-of-N constraint conveys log, L(N, N, S) = Nlog,(S + 1) bits.

The next lemma, proved in the appendix, shows that the set of M-of-N encoders is
“complete” in the sense that every encoder with average cost per symbol not exceeding
a finite threshold v is actually an M-of-N encoder for N sufficiently large and M ~ vyN.

Lemma 1. For any encoder/decoder pair with average cost per symbol not exceeding
v € (0,1], and every constant € > 0, there exist M € Rsq and N € N.y with M <
N~(1 + €) such that the encoder/decoder pair is an M-of-N encoder.

The next lemma establishes a relationship between the number of codewords L(N, M, S)
available to an M-of-N encoder and the function f defined in (6).

Lemma 2. For any N € Nog, S € N5y and v € [0,1], the function L defined in (9)
and the function f defined in (6) satisfy

In L(N, N, S)
Nln(S +1)

<f(9), (10)

with equality holding only when v = 0 or vy = 1. Moreover, we have asymptotic equality
in the sense that
. InL(N,N~,S)
lim

= f(7,9). (11)

The left and right sides of (10) are plotted in Figure 3.

Proof of Lemma 2. In this proof we use the base-2 logarithm to match the notation
of an information theoretic theorem that we invoke. Let N € N.g and S € N5 be
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Figure 3: A plot of f(v,S) and In L(N, N+, S)/N In(S + 1) versus « for S = 1 and N = 4,12, 50.

arbitrary. First we prove (10) for v € (0, SLH] Applying the Binomial Theorem to the

identity 1 = (v + (1 — )Y, we obtain

1= i (Zj)vi(l -V

Since each term in the summation is positive, keeping only the first | Ny| terms yields
the inequality

[N N\ ‘
1> > <Z )ﬁ(l — )N (12)
i=0
Next, a calculation presented as Lemma 6 in the appendix reveals that
=) 5 2 S (13

for all N, S € Nog, v € (0,52], and i € [0, N7]. Using this in (12) and taking log, of
both sides yields

logQ L(N7N77 S)

N < H(7) + vlog, S. (14)
By the definition of f, we have log,y(S +1)f(v,S) = H(v) +vlog, S when 7 € [0, SLH]
Thus, (14) proves the strict inequality in (10) for v € (0, Siﬂ] Next, suppose v €

(SLH, 1) and observe from (9) that L(N, M, S) is a sum of positive terms whose index

reaches | M|, hence L(N,N~,S) is strictly less than L(N,N,S) for any v < 1. We
conclude that

logQL(NvN’va) < IOgQL(N7N7S)

N N
= logy(S + 1) = log, (S + 1) f(7, 9), (15)

10



where the first equality follows simply from the fact that L(N, N, S) is the number of
all possible codewords of length N and hence equals (S + 1), and the second equality
follows from the definition of f when v € (Sil, 1). This concludes the proof of the
strict inequality in (10) for 7 € (0,1). The proof of (10) for v = 0 follows merely from
inspection of (10), and the v = 1 case follows from (15).

Next we prove the asymptotic result (11) using information-theoretic methods. First

we prove (11) for v € [0, <2 ). Consider a random variable X parameterized by S € N5

1 5+1
and ~y € [0, SS -) which takes values in X := {0,1,...,S} with probabilities given by
P(X =0):=(1—7)and P(X =1) =~/S,i={1,2,...,5}. Following our convention,
we call 0 the “free” symbol and 1,...,5 the “non-free” symbols. To lighten notation

we write p(z) == P(X = ),z € X. The entropy of the random variable X is

S
H(X):=— Zp(i) log, p(i) = H(7) + ylog, S, (16)

where we have overloaded the symbol H so that H(y) = —vylog,vy— (1 —7)logy(1 —7)
is the entropy of a Bernoulli random variable with parameter ~.

Next, for some arbitrary N € N+, we consider N-length sequences of i.i.d. copies of X.
Let XV == {(x1,...,2x) : 7; € X}. We use the symbol 2V as shorthand for (z1, ..., xy),

and we use p(z”) as shorthand for P <(X1,X2, oo XN) = (21,10, ,xN)>.
Given an N-length sequence ¥ € XV, the probability that the N i.i.d. random vari-
ables (X1,...,Xy) take on the values in the N-tuple z% is given by

7Zf\i1 I, 20

N — _ N72£1 I%‘#U -
pa) = (1=7) s (17)
The summation Z I, .0 is the number of non-free symbols in the N-tuple =
For arbitrary € > 0, deﬁne the set AY) ¢ AN as
AEN) =
N
{xNe)cN‘N(7—5€)<Z]$i¢O<N(7+6€)}, (18)
i=1

where 6, = €/ log (1= V)S. That is, A™ is the set of all N-length sequences with
“roughly” N~ non- free symbols. Using (16), (17), and the definition of J., we can
express the inequalities in (18) as

AN —

{xN c XN ‘ 9~ NUHX)+e) ¢ p(zN) ¢ 2—N(H(X)—e)}' (19)

Here we relied on the fact that =25 ) > 1 for S € Nog,v € [0, Sil) In the form of (19),

we recognize A™) as the so—called “typical set” of N-length sequences of i.i.d. copies of

11



X as defined in [1]. Theorem 3.1.2 of [1] uses the Asymptotic Equipartition Property
of sequences of i.i.d. random variables to prove that for any € > 0, we have

(1 —e)2NHE)=9 < | AN (20)

for N € N. large enough.
Next, we observe that

[AM] < L(N,N(v+6.),5), (21)

because |A£N)\ is the number of N-length sequences with a number of non-frees in the
interval [N(y — d¢), N(v + d.)], whereas the right-hand side counts sequences with a
number of non-frees in the larger interval [0, N(v + d.)]. Combining (20) and (21), we
obtain that for any € > 0,

1
NlogQ(l—e)—I—H(”y)—i—”ylog25—6<

1

for N large enough. Moreover, by (10) we have
1
NlogQL(N,N(7+5E),S) <

for any v € [0,<>), N,S € Ny, and ¢ > 0. Combining these two observations
S+1

establishes an upper and lower bound on 3 log, L (N, N (v + 4,) , S). Letting € — 0, the

upper and lower bounds converge to H(v) +ylog, S , establishing (11) for ~y € [0, SLH)

Since the upper and lower bounds are continuous in +, this proves (11) for v = Siﬂ as
well.
Lastly, suppose v € (si+p 1]. Since L is monotonically nondecreasing in its second
argument, we have
L tos, L (N, N=2 8 < Lo, L(N, N, 8) (24)
—lo — < —lo ,Nv,9).
Moreover, by (10) we have
1
N log, L (N, N7, S) <logy(S +1). (25)
Combining these establishes an upper and lower bound on % log, L (N, N~,S). Taking
N — o0, the bounds become equal because (11) holds for v = 27 in the lower bound.
Here we relied on the fact that f(v,S) is continuous in . We obtain
1
lim —log, L (N, N~,S) =log,(S + 1). (26)
Now N
This concludes the proof of Lemma 2. [
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The following lemma provides a necessary condition for an M-of-N encoder to be
able to bound the state of process (1).

Lemma 3. Consider an M-of-N encoder/decoder pair with average bit-rate r using a
channel with alphabet {0, ..., S} (with 0 the free symbol). If the pair keeps the state of
process (1) bounded for every initial condition, then we must have

In L(N, M, S)

r———2—""m2> > \[A] (27)
NIH(S + 1) RN [A]>0

Proof of Lemma 3. The proof of this result can be constructed using an argument sim-
ilar to the ones found in [0, 21], which considers the rate at which the uncertainty on
the state, as measured by the volume of the set where it is known to lie, grows through
the process dynamics (1) and shrinks upon the receipt of each N-symbol codeword.
We proceed with a proof by contradiction inspired by [0, 21], which considers the rate
at which the uncertainty on the state, as measured by the volume & < R™ of the set
where the initial state is known to lie, grows through process (1) and shrinks upon
the receipt of information from the encoder. Consider an encoder/decoder pair whose
encoder is an M-of-IN encoder using symbols {0, ..., S} and has average bit-rate r. For
the sake of contradiction, suppose the controller and encoder/decoder pair keep the
state of process (1) bounded for every initial condition xy € &p, but that

Nn(S +1)
o STon[A] 2
" i T TN, M, 8) In 2 Z,,m[AMA’[ ] (28)

After a change of coordinates, process (1) can be transformed to

B i | R )

where x, € R" z_ € R, w e R™ n, +n_ = n, and the eigenvalues of A are
partitioned between A, € R™*™+ and A_ € R"*"-, with A, having the eigenvalues
of A with strictly positive real part and A_ the remaining ones. We focus our attention
on the unstable subsystem

l"+ - A+x+ + B+u, l’+ € RnJr,u € Rm (30)

Let ¢, (t; z9) denote the solution of (30) in closed-loop, that is, where u(t) is determined
by the decoder/controller in response to symbols sent by the encoder. Suppose that by
time ¢ the decoder/controller has observed the specific sequence of symbols {sy, : t < t}.
Define

Xi(t) = {zy eR™ 13m0 € Xyt oy (t20) = 24
& El’lC(t,Io) = {Sk : tl IN < t}}a

L
N
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where Enc(¢; zy) denotes the set of codewords that the decoder/controller has observed
from the encoder over time interval [0,¢] as process (1) runs in closed-loop from the
initial condition x(0) = zo. The set X, (¢) is the tightest set of points that the de-
coder /controller can deduce that the state =, lies in at time ¢, based on the observation
of all N-length codewords up to time ¢. Since the decoder/controller cannot be certain
of where z, (¢) lies within X, (¢), we refer to X' (t) as the uncertainty region.

Let v(t) := SxeX+(t) dz denote the volume of X, (t), and let v*(¢) == lim,, v(7) and
v~ (t) = lim; v(7) denote the limits of v(¢) from above and below.

Let us now explore how the volume of the uncertainty region evolves due to the process.
For arbitrary k& € N.(, consider the open time interval (tk Ny LN+ N) during which the
kth codeword is transmitted. Since no complete codewords arrive in this time interval,
Enc(t; x¢) remains constant and the set A’ (¢) simply expands under process (30) for
te (tk Ny tkNt N). By the variation of constants formula,

T (tingn) = eI TN g (4 0) + g, (31)

where wuy, 1= S§:§+N eA+tnen=ten=T) By (7)dr. Therefore X, (t) = e+ NX, (tpy) +

uy for t € (tkN, tkN+N). The volume v~ (tgn4n) is then given by

v (tavan) = f dz. (32)

ree+ TN+ N ~tN) x| (tn)+ur

Next we define z := eA+tN+Nv=ten) g 4 and apply the integral substitution formula

f g(z) di = f 4(p(2)) |det(D @) (2)] d= (33)
o(U)

U

with the values U = X, (txn), g(x) = 1, o(z) = e+Enen=ten)y 4 for which
Dy = eA+tnven=ten)  This yields

v (tknen) = f | det e+ tenen—ten) | g (34)
zeXy (tn)
= | det €A+(tkN+N*tkN)‘ v (tew). (35)

Using the fact that det eM = etraceM — oXiss MIM] for any n x n matrix M with eigen-

values \[M], \o[M], ..., \p[M], we conclude that

_ _ Tty
v (tengw) = enen i) s A (. ()

— trN+N—teN) D 1a)50 Ail Al + (ten)

: (36)
where the second equality follows from the fact that the eigenvalues of A, are precisely

the eigenvalues of A with positive real part. Equation (36) establishes the rate of
expansion of the uncertainty region between codewords.

14



Next we characterize how much the uncertainty region shrinks upon the receipt of a
codeword.

Let C < {0,...,S}" denote the set of N-length codewords with M or fewer non-
free symbols, and note that |C| = L(N,M,S). Consider v~ (txy), the volume of the
uncertainty region immediately before a codeword is received at time ;5. Depending
on precisely which codeword is received, the volume of the uncertainty region may
shrink. To capture this, for each codeword ¢ € C let v* (txn|c) denote the volume of the
uncertainty region at time ¢,y supposing that codeword c is received at that time.
Since for every point 2’ in the pre-codeword uncertainty region there must exist at least
one codeword for which 2’ is in the post-codeword uncertainty region, we must have
v (ten) < Dee Y (tenle) < |C| maxeee v (ten|c), and so there must exist a codeword
c* = arg max,eo V" (trnle) for which v* (tin|e®) = v (k) = sargy v ()
Provided that v~ (txn) > 0, there exists a set of initial conditions for which the closed-
loop solution results in codeword ¢* being transmitted at time ¢y and therefore

1
L(N, M, S)

Thus, there exist initial conditions for which, at time t;, the post-codeword uncertainty
region is at least 1/L(N, M, S) times as big as the pre-codeword uncertainty region. In
other words, for certain initial conditions, at time ¢,y the scheme cannot reduce the
uncertainty volume by more than a factor of 1/L(N, M, S).

Iterating (36) and (37) from time 0 to ¢, for arbitrary k € N.g, we conclude that for
appropriately selected initial conditions, we will have

v (ten) = v (tiw)- (37)

1
+ (¢ > LN Zia,[a]=0 Ai[A] 0 38
14 (kN) L(N,M,S)ke y( ) ( )
_ R Sim, 4150 /\i[A]—klnL(N,M,S)V(O) (39)

Next, let us consider the consequences of our limited bit-rate r < rp;,. Define § =
Tmin — 7 S0 that 7y — 6/2 > r. Using the definition of r from (2) we find that

Tmin — 5/2 . k
————— > limsup —, 40

meaning that (rmm — 0/2)/logy(S + 1) is an eventual upper bound on the sequence
{k/tr}, and therefore also on the sequence {kN/t;y}. This means that for any € > 0,
there exists K € N.y such that for all £ > K we have
kN Tmin — 5/2
RS < S
teN IOgQ(S + 1)
In particular, pick € = §/(4log,(S + 1)) in (41). Using the definition of 7y, from (28)
and straightforward algebraic manipulations yields

5ln L(N, M, S)
iy (4Nlog2(5—|—1)> <tv 2 A4

+ €. (41)
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—kIn L(N, M, S) Vk > K.

The left-hand side is unbounded because the sequence {t;} is unbounded. Hence, we
conclude that

lim |ty >0 AM[A] = kInL(N,M,S) | = .
k—o0
RN [A]>0

Note that this is the exponent in (39), which means that the volume of sets {X, ()}
grows to infinity as t — oo, which in turn means that we can find values for the state in
these sets arbitrarily far apart for sufficiently large ¢ and thus arbitrarily far from the
origin. We thus conclude that the controller and encoder/decoder pair cannot stabilize
the process. [

Now we are ready to prove Theorem 1.

Proof of Theorem 1. 1f v = 0, then the encoder transmits at most Ny non-free symbols,
and therefore cannot bound an unstable system for all time. We assumed that the en-
coding scheme keeps the state of process (1) bounded, so we must have >, p 4720 Mi[A] =
0, and so (5) is satisfied trivially. Now suppose v > 0. By Lemma 1, for any ¢ > 0
there exist M € R5y and N € Noy with M < N~v(1 + €) for which the encoder/decoder
is an M-of-IN encoder. Since the state of the process is kept bounded, by Lemma 3 we
have

> AlAl<r w In 2. (42)
RN [A]>0 n( + )

Since L is monotonically nondecreasing in its second argument and M < N~v(1 +¢€), we
have

In L(N, M, S) _ In L(N,N~(1 +¢),S)

< 43
NlIn(S +1) Nln(S +1) (43)
Lemma 2 implies that

In L(N,N~(1 +¢),5)
Nln(S +1)

<rf(y(1+e),S). (44)

Combining these and letting e — 0, we obtain (5). This completes the proof of Theo-
rem 1. |
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4 Sufficient condition for stability with limited-communicatior
encoders

The previous section established a necessary condition (5) on the average bit-rate and
average cost per symbol of an encoder/decoder pair in order to bound process (1). In
this section, we show that with a strict inequality this condition is also sufficient for a
stabilizing encoder/decoder to exist. The proof is constructive in that we provide the
encoder/decoder.

The proposed scheme is sometimes called emulation-based because the encoder/decoder
emulates a stabilizing state-feedback controller u = Kx. This state-feedback controller
cannot be used in the limited-communication environment considered in this paper be-
cause the infinite-precision state x(t) € R™ cannot be sent over the channel and hence
is unavailable to the controller. Instead, in emulation-based control, the state-feedback
controller is coupled to an encoder/decoder pair that estimates the state as z(t), re-
sulting in the control law u(t) = Kz(t), t = 0.

Theorem 2. Assume that A+ BK is Hurwitz. For every S € Nxg, r = 0, and vy € [0, 1]
satisfying

rf(v,S)m2> > A[A] (45)

RN [A]>0

where the function f is defined in (6), there exists an emulation-based controller and
an M-of-N encoder/decoder pair that uses S non-free symbols, has average bit-rate not
exceeding r, has an average cost per symbol not exceeding v, and exponentially stabilizes
process (1) for every initial condition xy € Xj.

Remark 2. The encoding scheme that follows relies on a strict inequality in (45) for
the existence of a suitable M-of-N encoder, and as that gap shrinks to 0, the codeword
length N becomes unbounded. In contrast, the event-based encoding scheme presented
in Section 5 has the property that if its corresponding data-rate condition (82) holds
with equality, the scheme bounds the state of the process, c¢f. Remark 5.

The proof of Theorem 2 uses the following lemma, proved in the appendix, which
establishes a useful coordinate transformation for the error system of an emulation-
based controller.

Lemma 4. Consider the process and the (open-loop) state estimator
z(t) = Az(t) + Bu(t), x(ty) =xzo YtE€ [tg,trs1) (46)
(t) = Az(t) + Bu(t), (ty) =2¢ Vte [tk,tpr1). (47)

There exists a time-varying matriz P(t) € R™*™ such that for any tg,tgi1,xo, To, the
state estimation error

&>

e(t) = P(t)(x(t) — (1)) (48)



satisfies
€l(t) = eai(t_tk)Gi(t — tk)el(tk), 61(t) € Rdi, (49)

for allt € [ty,tyr1) and all i € {1,... ,ny}, where ny is the number of real Jordan blocks
in the real Jordan normal form of A, a; is the real part of the eigenvalue associated with
Jordan block i, and d; is the geometric multiplicity of that eigenvalue; the time-varying
real matriz G;(t) has the form

- 2 d;—1 7
1t 5 .. (3171)!
1t
Gi(t) = L e R%x (50)
L 1 i

if the ith Jordan block corresponds to a real eigenvalue, and

(L Lt LY .. Lty ]
I It
Gy(t) = - e R 24 (51)
] L ]

1

0 (1)] Moreover, there exists

if it corresponds to a complex conjugate pair, where Iy = [

a positive scalar ep for which
O'min(P(t)) = €p Vi = 0, (52)

where owin(+) denotes the smallest singular value of a matriz.

4.1 Proof of Theorem 2

The basic idea of the proof is as follows. The encoder and decoder each run internal
copies of the process to compute an estimate 2 of the state. Since there is no channel
noise, the encoder’s and decoder’s state estimates will be equal, which corresponds to
an information pattern “encoder class 1a” in the terminology of [22].

The encoder monitors the state estimation error and periodically transmits symbols
to the decoder that essentially encode a quantized version of the error, making sure that
the average cost per symbol does not exceed . The decoder then uses those symbols
to update its state estimate z.
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4.1.1 Definition of the encoding and decoding scheme

We first select the integers M and N for our M-of-N encoder. Assume that S, r, and
~ satisfy (45), so that

ne=rf(y,8)m2— > A[A]>0. (53)
i:@R)\i[A]>0
In view of (10) and (11), we conclude that we can pick N sufficiently large to satisfy
In L(N, N, S)
Nn(S +1)

rf(y,S)In2 —r In2 <n/2, (54)
and we then define M = N~. By Lemma 5 in the appendix, this encoder has an
average cost per symbol not exceeding .

Now we specify which N-length codewords will be transmitted. Here is the basic
idea: The encoder and decoder each estimate the state of the process as Z(t) as defined
in (47), with ¢y == 0 and Z(ty) = 0. The encoder monitors the state estimation error
e(t) = P(t)(x(t) — z(t)), where P(t) is determined by Lemma 4. For each of the n,
error subsystems e;(t) € R% given by (49) we employ a sub-encoder i that monitors
e;(t) and every T; time units (to be defined shortly) transmits to the decoder a set of
N-length codewords with M or fewer non-free symbols from the alphabet {0,...,S}.
The chosen set of codewords is essentially the index of the d;-dimensional quantization
cell in which e;(kT;) € R% lies. Based on this set of codewords, the encoder and decoder
each adjusts their state estimates, and the procedure repeats.

We now define the scheme formally. We first select the transmission periods 7;:
partition the n;, error systems based on whether or not they are stable:

S = {ie{l,...,nb}:ai<0}
U={ie{l,...,ny}:a; =0},

where a; is the real part of the ith eigenvalue of A. For the subsequent argument, in
the case that a; = 0 we add a small positive number to it so that (45) still holds, and
use the same label a; to denote this number. Note that, in contrast with the previous
section, we treat eigenvalues with zero real part as unstable.

The error dynamics for e; with ¢ € S are stable and so there is no need to transmit
information on behalf of ¢;, 7 € S, since these errors will converge to zero exponentially
fast. So there is no need to define T; for i € S. For ¢ € U, we select the transmission
period for sub-encoder i to be

InL(N,M,S 1
7—‘7; =G - ( ’ ’ ) ) (55)
a; L+ 0/(2 24720 AilA])
where the positive integer ¢; is chosen large enough so that T; satisfies

J T]
k<t (56)
— 4l
7=0
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where & = a;n/(4 Y, (1100 MA]) > 0.

Note that for those eigenvalues whose real part was 0, the transmission period can
be arbitrarily large (but finite) because the positive number that was added to them
can be arbitrarily small.

Now we specify how the sub-encoder 7 selects which codeword to transmit. For
¢ € § no symbols are transmitted. For i € U, the ith sub-encoder initializes with
Lip = sup,,cx, || Tollw and at time kT;, k € N5, performs the following steps:

1. Divide the d;-dimensional box e+ [, [~1,1]% into L(N, M, S)%% smaller boxes
of equal size by dividing each of its d; dimensions into L(N, M, S)% intervals of equal
length. the sub-encoder ¢ determines in which of these boxes the error e;(kT;)~ lies
and transmits this information to the decoder. Since there are L(N, M, S)%% boxes,
this requires sending exactly ¢;d; M-of-N codewords.

Let B;j < R% denote the indicated box, b;; € R% denote the box’s center, and w; .
denote the transmitted set of codewords. Note that set B, — b, < R% is a cube
centered at 0.

2. Update the state estimate as
(KT = 2(KT;)™ + Ibig, (57)

where 27 (t) = lim,; 2(7) and 2~ (¢) = lim,4; 2(7), and the matrix I; € R%*" “ex-

tracts” from the error e(t) its component e;(t) such that e;(t) = Le(t). Specifically,
L= [Ogixdy Odixds -+ lTaixa; - Odixds, |-
3. Define
Lij = AP (E1(E8 (58)

The sequences {w; i}, {Bix}, {bix}, and {L,} are available both to the encoder and
the decoder, so the decoder can maintain and update its own state estimate via Step 2,
which is used by the state feedback controller v := Kz. We now show that the proposed
encoding/decoding scheme satisfies the conditions of Theorem 2, namely that the state
goes to 0 and that the average bit-rate is at most 7.

4.1.2 The scheme exponentially stabilizes the process

From process (1) and the definition of e(t) in (48), the control law u = Kz results in
the following closed-loop dynamics:

#(t) = (A + BK)a(t) — BKe(t). (59)
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Since A + BK is Hurwitz, the state x(t) converges exponentially to 0 provided that
e(t) — 0 exponentially. We now prove that e(t) — 0 exponentially under the proposed
scheme.

The basic idea is as follows: On one hand, in view of (49) and (56), the error e;(t)
grows in magnitude by a factor less than e(®*%7T in the 7T} time units between the
transmission of sets of codewords. On the other hand, every T; time units the ith
sub-encoder sends L(N, M, S)%4 codewords, allowing the ith sub-decoder to reduce its
uncertainty of e;(t) by a factor of L(N, M, S)%4. We will show that condition (45)
in Theorem 2 implies that L(N, M, S)%% > e(@+%)T meaning that the sub-decoder’s
uncertainty in e;(t) shrinks faster than the error dynamics expands e;(t). Therefore the
decoder can determine e(t) and drive it to 0.

First we prove by induction that the rule (57) for updating the state estimate guar-
antees that |e;(kT;)"||oo < L;g. From the definition of e(t) and I; we have

ei(KT;)™ = Le(kT3)™ = I (z(kT;) ™ — 2(kT)7) . (60)
Solving the update rule (57) for Z(kT;)~ and substituting the result into (60) yields
e;(kKT)” =1, (a:(le)* — (9%(/67})+ — Iby ))
= e;(kT;)" + bi, (61)

where we used the fact that z(kT;)~ = z(kT;)" due to the continuity of the solution
z(t). Next, suppose by the induction hypothesis that |e;((k —1)7;)*|lso < Lig—1. Then
we have

lei((k = D)T) [l < Lig— (62)
< ei((k — ))+€Lk1[1ﬂ (63)
= ei(kT;)" € Gi(T3) | Lig—a[-1,1]" (64)
= ei(KT))~ ee“z“)TlL eoa[—1,1]%, (65)

where (64) holds because e;(t) follows the dynamics (49) between transmissions, and
(65) follows because T; was chosen to satisfy (56) and we have ||G;(T})| e = Zj;gl T7 /5.
Moreover, the set in (65) is precisely the box in Step 1 of the proposed scheme, so
therefore we must have e;(kT;)~ € B; ;. Applying (61) yields e;(kT;)* € B; ), — bk, and
therefore
lei(KT) oo < sup 2]l = Lig. (66)
2€B; 1 —b; 1
This demonstrates that |le;(kT;)" | < L;y for all k € Noy.
From Step 1 of the encoding scheme, the length L, j is essentially the side-length of
the cube B; ;. The set B, ;, was constructed by dividing every dimension of elaitr)T; Lij1[—1, 1]
into L(NV, M, S)% pieces. Therefore the lengths L, are recursively related via

e(ai +x)T;

Lix=———
* T L(N, M, S)e

Li,k’—la (67)
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and therefore

Lij =™ Lo, (68)
where
plai+R)T;
R:=In <W> (69)
The transmission period 7T; and k were chosen in (55) to satisfy
elaitr)T;
LN LS <1, (70)

and so R < 0. Therefore the event boundaries L; ;, shrink to 0 at an exponential rate.
This implies that e;(t) — 0 exponentially, as follows. For any time ¢ we have
t = kT; +t, where k == |t/T;] and t € [0, T;). Therefore

lei() oo = llei(KTs + £)]o (71)
< e Gi(t) oo fles (RT3) oo (72)
<e““ i(T3) ool €:(KT3) ™ [loo (73)
< " GT) oo L (74)
= Gi(T) oo Lige"™ (75)
< T Gi(T) oo Lige e, (76)

where (72) follows from the error dynamics (49), (74) follows from (66), and (75) follows
from (68). Since R < 0, this establishes that e;(t) — 0 at an exponential rate. Since
this holds for all 4, e(t) exponentially converges to 0 as well. Therefore by (59), the
state x(t) exponentially converges to 0.

4.1.3 The scheme’s average bit-rate does not exceed r

Since each sub-encoder is transmitting independently, the average bit-rate of this en-
coding scheme as a whole is simply the sum of the sub-encoder’s average bit-rates. For
i € S, the ith sub-encoder never transmits. For ¢ € U, every T; time units the ith
sub-encoder sends ¢;d; codewords, each from a codeword library of length L(N, M, S).
Therefore its average bit-rate is r; == ¢;d; logy L(N, M, S)/T;. The encoder’s total aver-
age bit-rate is therefore

cid;
Zn logy, L(N, M, S) T
el e "l

Leveraging (55) yields

1
Zn\—2< QZNR,\ A )261@1- (77)

e
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Since U contains the non-negative real parts of the eigenvalues of A, we have » ., d;a; =
2imn[a]>0 Ai[A]. From this and (77) we conclude that

1 n
Zn < — Z N[A] + =
ey In2 \ im0 2
In L(N, M, 5)

<
ST Nms+y S" (78)

where in (78) we leveraged (53) and (54) and then used the fact that L is nonincreasing
in its second argument and so L(N,M,S) < L(N,N,S) = (S + 1)¥.  We conclude
that this encoding scheme has average bit-rate less than r.

This concludes the proof of Theorem 2. [

An unexpected consequence of Theorems 1 and 2 is that when it is possible to drive
the state of process (1) to 0 with a given average bit-rate r, one can always find M-of-N
encoders that stabilize it for (essentially) the same average bit-rate and average cost
per symbol not exceeding S/(S + 1), i.e., approximately a fraction 1/(S + 1) of the
symbols will not consume communication resources. In the most advantageous case,
the encoder/decoder use the alphabet {0, 1} and the encoder’s symbol stream consumes
no more than 50% of the communication resources.

The following summarizes this observation.

Corollary 1. If process (1) can be bounded with an encoder/decoder pair with average
bit-rate r, then for any ¢ > 0 and S € N.g there exists an M-of-N encoder using
alphabet {0, ..., S} with average bit-rate r + € and average cost per symbol not exceeding
S/(S + 1) that bounds its state.

Proof of Corollary 1. Since the original encoder/decoder pair bounds the state, then
by (4) we have

Z M[A] <rln2 < (r+¢€)ln2
RN [A]>0

=(r+ef <SL+1’S) In2.

Applying Theorem 2 completes the proof. ]

The price paid for using an encoder/decoder with average cost per symbol close to
S/(S +1) is that it may require prohibitively long codewords (large N) as compared to
an encoder with higher average cost per symbol. To see this, note that f(v,S) = 1 when
v e [S/(S + 1),1] and recall that In L(N, N+, S)/N is monotonically nondecreasing in
v and N. Hence, with r and S fixed, one can decrease 7 from 1 toward S/(S + 1) and
still satisfy (54) by increasing N. This can be seen in Figure 3.
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Remark 3. In the problem statement, x(0) was assumed to belong to a known bounded
set. If the region A&} is not precisely known, the proposed scheme could be modified by
introducing an initial “zooming-out” stage as described in [3], where the encoder picks
an arbitrary box to quantize and successively zooms out at a super-linear rate until the
box captures the state.

5 Event-driven encoders

In Section 4 we constructed an N-of-M encoding scheme that stabilizes process (1)
provided that the bit-rate and average cost condition (45) holds. This scheme may be
difficult to implement in practice if the encoder/decoder pair use a large number of
codewords. In this section we present an event-based encoding scheme that is easy to
implement and does not require storing a large set of codewords. Instead, it uses a
library of only three symbols {—1,0,1} and does not group them into codewords. The
basic idea is to monitor in parallel each one-dimensional component of the error system,
and as long as it stays inside a fixed interval, send the free symbol 0. A non-free symbol
is sent only when the one-dimensional component of the error leaves the interval: send
—1 if the error exited the left side of the interval and send 1 if it exited out the right
side. Communication resources are therefore consumed only upon the occurrence of this
event, justifying the label event-based. The proposed scheme resembles the distributed-
sensor scheme of [22], in that each coordinate of a plant measurement is sent by a
dedicated encoder to a central decoder.

The proposed scheme has similarities with the one from Section 4 in the following
ways: the encoder and decoder each estimate the process as & using (47); the emulation-
based controller is u = Kz, where K is a stabilizing state-feedback gain; Lemma 4
decouples the error system into n;, sub-systems; each of n;, sub-encoders monitors the
d;-dimensional component of the error and transmits a block of symbols every T; time
units; only the unstable systems U require transmission. If A is diagonalizable over C,
then this event-based encoding scheme reduces to the one proposed in [17].

Unlike the scheme from Section 4, this scheme differs in what symbols are sent and
how the state estimate & is updated: For ¢ € U, at time KT}, k € Noy (with 7; to be
determined shortly), the sub-encoder i monitors the d; scalar components e; ;(t) € R,
je{l,...,d;} of e;(t), and for each one sends a symbol s; ;(k) € {—1,0, 1} according to

-1 61‘73‘(]{7,1—;) < —Lj
S@j(k’) = 0 em(k‘Ti) € [—Lj, LJ] ke N>0, (79)

with the event boundaries L; > 0 also to be determined shortly. The encoder and
decoder then each update their state estimates as

(KT;) " = 2(KT;) "+ P(KT;) " vi i Aij(si(k)),
ie{l,...n}, ke Ny, (80)

24



where the unit vector v; ; € R% satisfies e; ;(t) = v/ ;e(t), #(t)* and &(¢)~ denote limiting
values of Z(t) from above and below ¢, P(t) is from Lemma 4, and the decoding function
A;;:{—1,0,1} — R is defined as

~
<

1+ ep(@T) =1
Aj(s) =14 0 s=0 (81)
%(1 + exp(a;T;)) s =1,

where a; = \;[A] is defined as before. Note that the nonzero values of A, ; are merely
the midpoints of the intervals [L;, L; exp(a;T;)] and [—L;, —L; exp(a;1;)].

The event-based encoding/decoding scheme and controller are described in pseudo-
code as Algorithms 1 and 2 below.

Algorithm 1.  (Encoder)
Set state estimate £(0) < 0
Continuously compute state estimate Z(t) from (47)
for each sub-encoder i € U in parallel, do
for timet = kT;, ke {1,2,...} do
measure state x(t) and compute e;(t) from (48)
for each scalar component e; ;(t), j € {1,...,d;}, do
compute s; ;(k) from (79) and transmit it to decoder
update z(t) from (80)
end for
end for
end for

Algorithm 2.  (Decoder)
Set state estimate &(0) < 0
Continuously compute state estimate Z(t) from (47)
Continuously compute actuation signal u(t) = Kz(t)
for each sub-decoder i = 1 to n in parallel, do
for timet =kT;,, k=1,2,... do
receive s; j(k) from the encoder
update &(t) from (80)
end for
end for

This concludes the description of the event-based encoder/decoder pair, except for
the precise choice of the transmission periods 7; and the event boundaries L;. The
following result states that if the average bit-rate and average cost per symbol satisfy
a particular condition, then one can choose transmission periods and event boundaries
for which this scheme obeys the communication constraints and bounds the process
state.
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Theorem 3. Consider process (1), and assume that A + BK is Hurwitz. For every
v €[0,1] and r > 0 satisfying

—1
r () In2> Z MilA], (82)
In3 ‘
hz) = ILQ z € (0,1n3), h(0) =0, (83)
Y

there exists an emulation-based controller and event-based encoder/decoder pair of the
type described above that keeps the state of the process bounded for every initial condition
n Xy, the encoder has average bit-rate not exceeding r and has average cost per symbol
not exceeding .

Remark 4. Whereas the necessary and sufficient bounds from Theorems 1 and 2 had
the term f(v,S), the event-based encoding bound in (82) has the term h~'(v)/In 3.
The ratio g(v,5) = f(v,S)/(h"*(7)/In 3) captures the factor by which the event-based
bound exceeds the tight theoretical bound developed in the previous sections. This
factor is a function of the encoder’s average cost per symbol v and the alphabet size .S,
and is plotted in Figure 4 for S = 2 and S = 1. Since the event-based encoder has S = 2,
the g(7,2) curve provides a “fair” comparison between the event-based encoder and all
other encoders with alphabet size S = 2. The g(v, 1) curve compares the event-based
encoder with all other encoders with the smallest (most efficient) alphabet, S = 1. We
observe:

e g(v,1) < 2.43 for all v € (0,1].
e g(7,2) < 2.0 for all v € (0,1].
e g(1,5) =In3/In2 ~ 1.58 for all S € N..

The first point guarantees that this encoding and control scheme is never more than
2.43 times more conservative than the optimal bound established in Theorems 1 and 2.
Specifically, if a given process may be bounded with a certain average bit-rate r, then
there exists an average bit-rate 7 not exceeding 2.43r such that this event-based scheme
can bound the process using average bit-rate 7. The second point establishes that this
event-based scheme never requires more than twice the average bit-rate of any stabilizing
N-of-M encoding scheme that, like this scheme, uses a three-symbol alphabet. The
third point states that as the communication constraint relaxes (y — 1), this event-
based encoding scheme is only 1.58 times more conservative than the optimal average
bit-rate bound from Theorems 1 and 2. A consequence of g(vy,S) > 1 is that event-
based encoders are sub-optimal in the following sense: if r, v, and S satisfy (82), then
there exists 7 == r/g(v,5) < r for which 7, 7, and S satisfy (45). Therefore, whenever
Theorem 3 could be invoked with (r,7,S) to build a stabilizing event-based encoding
scheme, one could instead invoke Theorem 2 with (7,7, S) to construct a stabilizing
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Figure 4: Plot of g(v, S) versus v, for S = 1 (thick solid line) and S = 2 (thin solid line).

M-of-N encoding scheme with a smaller average bit-rate. This is the price paid for
the convenience of the simple event-based logic as opposed to having to implement an
encoder/decoder with a (possibly quite large) library of M-of-N codewords.

Remark 5. In Remark 2 it was noted that the sufficiency result in Theorem 2 would
not bound the process state if the data-rate condition (45) held only with equality.
In contrast, if the present data-rate inequality (82) holds with equality, the following
event-based scheme bounds the state of the process, as we will show in the proof of
Theorem 3. However, the two sufficiency results of Theorem 2 and Theorem 3 are
consistent in the sense that if their data-rate conditions [(45) and (82) respectively]
hold with strict inequality, then exponential stabilization can be achieved, with the
rate of exponential convergence determined by the “gap” in the inequality. To see this
for the present scheme, suppose (82) holds with strict equality and let T(t) = e“x(t),
where € > 0 is small enough that

()
"3

In2 > Z il A] + ne, (84)
RN [A]>0

and suppose A + el + BK is Hurwitz. Applying Theorem 3 to the T system provides
a controller and encoder /decoder that bounds T. However, |Z(t)| < ¢ is equivalent to
|x(t)]| < ce™, so the state z(t) converges to 0 exponentially fast.

5.1 Proof of Theorem 3

The main idea behind the proof is to show that, when assumption (82) holds, it is
possible to allocate the available average bit-rate among sub-encoders in such a way
that each sub-encoder has a sufficiently large average bit-rate to bound its components
of the state estimation error.

For the sub-encoder ¢ € U, we pick the transmission period T; as

T; = h~'(v)/(a; + ), (85)
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where the definition of h is from (83) and n > 0 satisfies

In2> Z Ni[A] + nn. (86)
i:§RA¢[A]>0

As mentioned above, no information needs to be sent on behalf of the stable systems

1€ 8.
The event boundaries L; > 0 are chosen as follows. Define

1 2
Ii = al—l ln <—€(ai+77)Ti — 1) . (87)

Note that o > 7, > 0 because a; > 0 for i € U and W > 1 by our choice of Tj.
Next, pick 1 > ¢ > 0 sufficiently small so that

¢ <e /4 (88)

T.<iln( . ) (89)
B e (T 2eTg) — 1+ 2e0

for all + € U. Finally, define the event boundaries recursively as

Ly, = sup [P(0)zo||e (90)
:EQEXO
Z L, jef{l,...,n—1} (91)
l J+1

5.1.1 The scheme’s average bit-rate does not exceed r

For i € U, sub-encoder i sends d; symbols from the alphabet {—1,0,1} every 7T; time
units, resulting in an average bit-rate of

ri = d;log, 3/T;, (92)

and so the average bit-rate used by the encoder as a whole is simply
log2
Zrl logQSZT = Zd (a; +n) (93)
e el zeZ/{
log, 3

= —= Z MN[A]l+nn | <, (94)
W) \ g0

where the last inequality follows from hypothesis (82). Hence, this encoding scheme
uses an average bit-rate of r or less.
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5.1.2 The scheme stabilizes the process

Next we show that this controller and event-based encoder/decoder pair bound the
state of process (1). In view of (59), this is ensured if e(¢) is bounded. Since e;(t) — 0
for i € S, we focus on e;(t) for i e U.

We proceed with an inductive proof that the sequence {e; ;(kT;)* }ren., is bounded
foriel, je{1,...,d;}. The base of induction k£ = 0 follows from the definition of L; in
(90). Next we prove that e; ;(kT;)* € [—L;, L;] provided that e; (kT; — T3)* € [—Ly, L]
for [ € {j,...,d;}. If e; ;(kT; — T;)* is so small that it does not grow outside the box
[—L;, L;] by the next timestep, then we naturally have e; ;(kT;)" € [-L;, L;]. On the
other hand, suppose at a specific time t* satisfying kT; — T; < t* < kT;, the scalar error
e; ;(t*) grows to the boundary of the box [—L;, L;]; without loss of generality suppose
e;;j(t*) = L;. Up to T; time units later, the timestep k7; occurs and the sub-encoder
i transmits s; ;(k) = 1 to the decoder. Upon receiving symbol 1, the decoder knows
from the encoding scheme (79) that the scalar error e; ;(k7;)” immediately before the
transmission must have exceeded the event boundary L; and hence e; ;(kT;)” > Lj.
Moreover,

€15 (KT) ™| = |vi jes(KT3) | (95)
= |vi ;e Gi(Ty)es (KT, — To)| (96)
d;— Tl
<e Ty “rei(RT; = T)* (97)
=0
< T ( (KT, — T)"|
+ ) 7 2 lewn(RT = T[Y) (98)
=1 " I=1
< e“iT" Lj + Z l—‘l Lj+l (99)
=1  I=1
<elL; (1+eg), (100)

where v, ; € R% is a unit vector satisfying (95), (96) follows from the error dynamics
(49) in Lemma 4, (97) follows from the definition of the matrix G;(7;), (98) follows from
the triangle inequality, (99) follows from the induction hypothesis, and (100) follows by
the definition of ¢, and by upper-bounding the sum Z;li? T!/l! by eli. Therefore the
decoder can conclude that

eivj(k:TZ-)_ € (Lj, Lj et Tz(l + €Ti¢)]. (101)

We can express the scalar error e; ;(k7;)~ as the overall error vector e(k7;)~ € R™ times
an appropriate unit vector:

€ij(KTi)™ = vie(KT;)” (102)
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= v, P(kT;)(x(kT3)” — &(KT3)"). (103)
Rearranging the update rule (80) yields an expression for Z(k7;):
#(kTy)™ = 2(kT;)" — P(KT;) 'vi ;A 5(1). (104)

Substituting this into (103) yields

eij(KT)™ = vi ;P(KT;) (:B(kTi)__
(KT + P(KT;) ™ v ;A )

= vi;P(kT}) (z(kT3)” - l’(k?T) ) +Aq;(1)

= i (KT)" + Ai(1),
where we used the fact that z(kT;)~ = z(kT;)" due to the continuity of the solution
x(t). Substituting this into (101) yields

eij(KT) " + Aij(1) € (Ly, Lje" ™ (1 + e'¢)] (105)

which is equivalent to

Li(e%Ti — 1) L.(e®%Ti(] 2¢Ti -1
ei,j(lfTi)JrE (_ jle 5 )7 et "‘2 ) ) . (106)

Recall that 7; was chosen to satisfy h(a;T;) = v < 1. Applying h™! to this yields
a; T; <In2, and so e* i < 2. Combining this with the upper bound (88) on ¢ yields

Li(e®Ti(1 + 2eTig) — 1)
2

Applying this to (106) establishes that

eij(kT;)" € (=Lj, Ly) (108)

and completes the inductive proof that the sequence {e; ;(kT;)" }ren., is bounded. Since
this holds for arbitrary j € {1,...,d;}, the sequence {e;(kT;)"}ren., = R% is also
bounded. Following a similar argument to (71), we conclude that e;(¢) is bounded for
any ¢t > 0. Since e;(t) is bounded for all i € U and e;(t) — 0 for j € S, this controller
and encoder/decoder pair bound the estimation error. Therefore the state is bounded
for all time as well.

5.1.3 The scheme’s average cost per symbol does not exceed v

Lastly we prove that this encoding scheme has average cost per symbol not exceeding ~.
The symbol stream emitted by the encoder is comprised of the || individual symbol
sequences {s; j(k)}ren., © € U, j € {1,...,d;}. We first show that each individual
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symbol sequence has average cost per symbol not exceeding . Then we show that
superimposing these sequences preserves this property.

Consider the scalar error component e; ;(t), i€ U, j € {1,...,d;}. By (108) we have
le; j(KT;)*| < L; with strict inequality. So there will be a strictly positive period of
time with duration 7; ; > 0 starting at time kT until e; ;(¢) grows to leave the [—L;, L,]
box. During this time, no non-free symbols will be transmitted. The “dead time” 7, ; is

simply the amount of time required for the bound L; (eai Ti(1 4 2eTig) — 1)/2 in (106)
to grow to size L;. Specifically, the dead time 7; ; satisfies |e; ;(7; j + kT;)| = L; provided
that |e; ;(kT;)| < L; <e Ti(1+42eTip) — 1>/2. We now prove that the parameters 7, were
chosen so that

leij(T; + KTG)| < Ly (109)

provided that
e, (KT)*| < L, (eaiTiu 1+ 2¢Tig) — 1)/2, (110)

and therefore 7, lower-bounds the dead time 7, ;. Following a similar process to (95),
we have

lei (T + kT3)| = |vijei(z; + kT;)| (111)
= |v; ;" Gy(1;)ei(KT;) | (112)

dij i
< i 2 ﬁei,j+,(kTi)+| (113)

di—j 7 di—j
£ 2 Y leagnkT)IY) (114)
=1 " I=1
a; T; T;
<e“lll<LJ6 (1 +226 ¢)—1
di—j 7 di—j
2D L) (115)
=1 " I=1
aiTi(] +2¢Tg) — 1
< e (e ( +2€ ?) —|—eTL<b) (116)
<L, (117)

where v, ; € R% is a unit vector satisfying (111), (112) follows from the error dynamics
(49) in Lemma 4, (113) follows from the definition of the matrix G;(z;), (114) follows
from the triangle inequality, (115) follows from the premise (110) and also (108), (116)
follows by the definition of ¢, and by upper- boundmg the sum Zz 1] rL/I! by eTi, and
(117) follows from (89). We conclude that 7, < 7 ;.
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Therefore by (87) we have

1 2
Tij = T; = o In (—e(az T 1) (118)
a; +n T;
_ 119
(“27) G o) (19)
TA
= <Y<y, (120)

~
Ti,j a; + n

where (119) and (120) follow from the definitions of h and 7;. This establishes a bound
on the number of non-free transmissions as follows. Consider the symbol sequence
{si;(k)}ren., emitted by this encoding scheme. Let Ny, Ny be arbitrary positive in-
tegers, and let Ny = gi}ivrllsid(k)#o be the number of non-free symbols among
symbols s; ;(N1),...,sij(N1 + No —1). Let ¢;,1 € {1,..., Ny} be the time that the lth
non-free transmission occurred. The ¢; satisfy N17T; <t < ... <tn, < (N;+No—1)T;.

Only free symbols are transmitted in the time interval [¢;, ¢, + 7;;), and so
t1>7+ta,  Vl=2,... N (121)
Iterating this formula over [, we obtain
tny = T (Nog — 1) + 4. (122)

Rearranging this and using the facts that NiT; < ¢; and ty , < (N + Ny — 1)T;, we
obtain
Ni+Na—1 T
Z [szk;eo nf<#N2+1<7N2+17
k=Ny bJ

where we leveraged (120). This implies the average cost per symbol condition (3), so we
conclude that for any i € U and any j € {1,...,d;}, the symbol sequence {s; ;(k)}ren_,
has average cost per symbol not exceeding ~.

Finally we show that superimposing the symbol streams results in a stream with
average cost per symbol not exceeding 7. Let N1, Ny € N be arbitrary positive integers,
and let J;, 7 € U partition {Ny, Ny +1,..., Ny + Ny —1} such that J; is the set of indices
between N; and N; + Ny — 1 where the transmitted symbol was sent by sub-encoder 1.
Then ., |J;| = N2, and we obtain

Ni+No—1
Z Isi’k;ﬁo = Z Z Isi7k¢0
k=N, et keT;
< ) (I + Nog)
e
= 7Ny + N,

where Ng == >}, No,;. The inequality comes from leveraging (3) for each sub-encoder
on its respective index interval 7;. This completes the proof of Theorem 3. [
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5.2 Numerical example

In this subsection we present a numerical example of the event-based encoding scheme
from Section 5.
Consider process (1) with

b7 =25 1 -7

A= [125 —53] B = [0] K= [3.784]’
for which A\[A] = 2 £+ 10i and K is the state-feedback gain of a stabilizing emulation-
based controller. Suppose the initial condition is known to lie in the box Xy = {(z1, z2) :
—1 < x; < 2}, and that 2(0) = (1,—1). Using the coordinate transformation from
Lemma 4 yields the open-loop error system é;(t) = 2¢;(t) for ¢ € {1,2}. Note that
although the two error components grow at the same rate, their initial conditions are
different: e;(0) = =3, e2(0) = 2.

With average bit-rate r := 10, average cost per symbol v = 0.2, and alphabet
A = {0,1}, the sufficient bound (45) is satisfied. Following the encoder design in
Subsection 4.1.1, we pick N = 10, M = 2, and T; = 1.9 for ¢ € {1,2}. There are
L(N, M, S) = 56 length-10 codewords with 2 or fewer non-free symbols. In accordance
with the encoder design in Subsection 4.1.1, at time kT;, k € N5, sub-encoder 7 mea-
sures the scalar e;(kT;), quantizes it into one of 56 bins — one per codeword — and
transmits the appropriate 10-symbol codeword to the decoder. Then the encoder and
decoder each update their state estimate according to (57). One observes the state x(t)
of the closed-loop system converging to 0. Plots were omitted for space reasons.

Next we demonstrate an event-based controller to stabilize the same system. Note
that r = 10 and v = 0.2 do not satisfy the sufficient bound (82), so they cannot be used
in Theorem 3. Instead we use r = 21, leaving v := 0.2 as before. This satisfies (84)
with € = 0.1, so we apply Theorem 3 to obtain an encoder/decoder and controller that
together bound the system Z(t) = ¢"!*z(t), and therefore z(t) decays exponentially.
This is illustrated in Figures 5 and 6.

With the codeword-based encoder, the two sub-encoders each transmit up to 2
non-free symbols every 1.9 time units, resulting in a total average rate of resource
consumption of 2.1 non-free transmissions per time unit. On the other hand, the event-
based encoder’s two sub-encoders each transmit a symbol every 0.151 time units, and
a fraction v = 0.2 of these symbols are non-free. Therefore this event-based encoder
consumes communication resources at a total average rate of 2.65 non-free transmissions
per time unit. This is in accordance with Remark 5: this larger rate of consumption is
the price paid for using an easier-to-implement event-based encoding scheme.

6 Conclusion and Future Work

In this paper we considered the problem of bounding the state of a continuous-time
linear process under communication constraints. We considered constraints on both the
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Figure 5: Plot of the closed-loop state estimation error component €; (¢) for the Z(t) system, using the

event-based encoding scheme. Once the error leaves [—Lj, L1] (thin dashed lines), a non-free symbol
is transmitted at the next transmission time. The error stays bounded between —L;e(@1t0-DT1 and
—Lyel@+0-DT1 (thick dashed lines). Unlike the encoder from Section 4, the transmission of non-free

symbols is event-triggered and non-periodic.
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Figure 6: Plot of the closed-loop state z(t) exponentially decaying to 0 using the event-based

—0.1t

encoding scheme described in Section 5. The curve 100e is plotted for reference.

channel average bit-rate and the encoding scheme’s average cost per symbol. Our main
contribution was a necessary and sufficient condition on the process and constraints for
which a bounding encoder/decoder/controller exists. In the absence of a limit on the
average cost per symbol, the conditions recovered previous work. A surprising corollary
to our main result was the observation that one may impose a constraint on the average
cost per symbol without necessarily needing to loosen the average bit-rate constraint.
Specifically, we proved that if a process may be bounded with a particular average
bit-rate, then there exists a (possibly very complex) encoder/decoder that can bound
it with that same average bit-rate, while using no more than 50% non-free symbols on
average. One would expect that the prohibition of some codewords would require that
the encoder necessarily compensate by transmitting at a higher average bit-rate, but
this not the case.

Another surprising result was the observation that, for any constraint on average
bit-rate and average cost per symbol satisfying the necessary and sufficient conditions
for stability, one can always construct a stabilizing encoder with an arbitrarily small
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average cost per time unit. In many communication-constrained control problems this
is the quantity of interest. We observed that constructing such an encoder boils down to
either having precisely-synchronized clocks between the encoder and decoder, or storing
a large symbol library on the encoder and decoder.

We then examined an event-based controller and proved its average bit-rate require-
ments were order-optimal with respect to the necessary and sufficient condition for sta-
bilizability. This supports the use of event-based controllers in limited-communication
control schemes.

The controller in the event-based scheme of Section 5 required state feedback. This
could be extended to an output-feedback setting by embedding a state observer in the
encoder, which is the subject of future work.

A Appendix

Proof of Lemma 1. Let ¢ € N5, be arbitrary. Since the pair’s average cost per symbol
is at most 7, (3) holds for some Ny € N.y. Rearranging (3) yields

N1+No—1
D Iz < Noy+ No, VN, Ny Na. (123)
k=N1

Let N be any positive integer greater than (Ny+ 1)/ey and define M = | Ny + Ny +1].
Invoking (123) for Ny :== /N + 1 and N, := N yields

IN+N
Y Lo <Ny+No<M
k=(N+1

< Nv+ Ny +1< Ny(1l+e). (124)

Therefore we have found an M and N satisfying M < Nv(1 + ¢€) and moreover (124)
implies the condition (8) defining M-of-N encoders. This completes the proof. ]

Proof of Lemma 4. There exists a real invertible matrix ) € R™*" that transforms A
to its real Jordan normal form, namely

Q'AQ = A = diag (Jiyeoosdny) s

where the J; are real Jordan blocks: for real eigenvalue a; with geometric multiplicity
d;, the corresponding real Jordan block J; € R%*% has the form

a; 1
; (125)
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for a complex conjuguate pair of eigenvalues a; + 7b; with multiplicity d;, the associated
real Jordan block J; € R2%*2d: has the form
A I
: (126)
A

where the 2-by-2 matrix A; € R?*? has the form

a; b

) a2

Next, define the time-varying invertible block-diagonal matrix R(t) € R™" ¢t > 0 as
R(t) = diag (Ri(t), ..., Ry, (1)) (128)

where R;(t) = I;, € R% if J; corresponds to a real eigenvalue a;, and R;(t) =
diag(0;(t)!) e R?%>2di if J; corresponds to a complex conjugate eigenvalue a; + jb;,
where

0.0 = [intt) cntry | <X (129

Let P(t) = R(t)Q~ ', t = 0. We have

e(t) = P(t)(x(t) — £(t)) (130)

(H)Q e (2(0) — 2(0)) (131)
(£)Q Qs (2 (0) — 2(0)) (132)
(t)e eI Q™ (2(0) — 2(0)) (133)
(t) (134)
(t) (135)

T
I VI

t edlag(.]l ( )

t)diag(e”)e(0),

where (133) follows from a well-known property of the matrix exponential, and (134)
follows the definition of e(0) and the observation that R(0) is the identity matrix. A
well-known property of real Jordan blocks is that

- 2 $di—1 ]
Lt 5 o o
t
e’it = g%t (136)
L 1 —
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if the real Jordan block J; corresponds to a real eigenvalue, and

[0,(t) ©;(t)t ®i<t)g_2! . O4(1) ((t;zj:l)!
Oi(t) (1)t
oJit _ pait (137)
| O;(t)

if it corresponds to a complex conjugate pair. In terms of R;(t) and G;(t) these equations
become simply

elit = YRy (1)1 Gy(t). (138)
Using this in (135) yields
e(t) = R(t)diag(e"'diag(R;(t) ™' Gi(t)))e(0) (139)
e(t) = diag(R,(1))diag(R,(1) ) diag(c“Cy(1))e(0) (140)
e(t) = diag(e®'G;(t))e(0), (141)

implying (49).

Lastly, it is straightforward to verify that the minimum singular value of R;(t) is
Omin(Ri(t)) = 1 for any t. Moreover, since @) is invertible, there exists € > 0 for
which o (P(t)) = € for all t. This concludes the proof. [

Lemma 5. For any N € Nog and M € Ry with M < N, every M-of-N encoder has
average cost per symbol not exceeding M /N.

Proof of Lemma 5. Suppose M and N are fixed and consider a sequence of Ny symbols
starting at index Ny, for arbitrary Ny, Ny € Nog. This index sequence {Ny,...,N; +
Ny — 1} overlaps or partially overlaps with at most [Ny/N] + 1 of the fixed N-symbol
codewords. Each codeword has at most M non-free symbols. Therefore the number of
non-free symbols in the sequence is upper-bounded by

Ni1+Na—1

Z L0 < M ([Ny/NT+1)

k=Ny
M
< M(Ny/N +2) = WNQ + 2M. (142)
We let Ny := 2M and rearrange terms to obtain (3), the definition of average cost, with
v =M/N. ]
Lemma 6. The following inequality holds for all N, S € N~qg, ¢ € (0,S/(S + 1)], and
i€ 0, Nq]:

Si
SNa
where H(q) = —qlogy, q— (1—q)logy(1—q) is the base-2 entropy of a Bernoulli random
variable with parameter q.

¢(1— )V > 27N (143)
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Proof of Lemma 6. Let N, S,q, and i take arbitrary values from the sets described in
the lemma’s statement. Since log, is a monotone increasing function, log,(¢/(1—q)) for
q > 0 is maximized at the right endpoint value, ¢ = S/(S + 1), where it equals log, S.
This leads to

logy ¢ —logy(1 — q) < log, S (144)

for all S € Nog and ¢ € (0,S/(S + 1)]. Next, i € [0, Ng] by assumption, therefore
i — Ng < 0. Multiplying (144) by ¢ — Nq and straightforward algebraic manipulation
yields

ilogy g+ (N —i)logy(1 —q)
> Nqlogy g + N(1 — q)logy(1 — q) + (i — Ng) log, S
= —-NH(q) + (i — Ng)log, S,

where the equality follows from the definition of H(gq). Raising 2 to the power of both
sides, (143) follows. [
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