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MINIMALISTIC CONTROL & SENSING MODEL

[Y
e O
=T x; = Uu; COS @;
m . .
. Yi = u; SIN Q;
- P; = w;
agent %

> X
« Assume forward speed is constant & fixed (say u; = 1)
» Angular speed w; € {—w, 0, w}

» Can detect presence of another agent in windshield sector (—a, )
(unlimited sensing range)

e Agents cyclically arranged, with each agent 7 seeing its target agent 141
in its windshield (connectivity) — can be maintained if w is large enough

« System behavior depends critically on windshield angle o
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SMALL WINDSHIELD ANGLE: RENDEZVOUS

o < w/n where n = # of agents
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To play around:

+ Input the mimber of agents,
* Click o cithrthe make rendervousor the ke diverging buton,
® Click on the 'launch simulation’ button, watch, and enjoy!

- o
N Please note that the above semi-automated process set the parameters looscly. If you have read the paper and
Rah [epeecepm Jhe Sorw. ‘want to explore more. here 1:: the bn:fmnmm of the parameters (although time step’ is counted in
munc smuiaten seconds, it is only relative; ‘Ul update delay’ is in actual sesond:

crmatin Dy

» number of ageats: Total mumber of agents inthe system initilly.

* initial range: Length, in units, of the bounding square of the simulation window.

o line spee ed, in units, of all the agents that are m

« angulas velosity: Angular velocity when an ageat is tuming.

+ threshold angle: Half of the vehicle windshicld span.

 time step: Time step between eystem updates. The unit i (virtual) scconds of the agent system. Each
update calculate where an agent should be based on its last contro input and update whether it should

b turning).
o e 3 et e Ul e St of e o o e
) . o Ul update delay: To and also make simula watchable, this is the time

in actual seconds between each UL upah::las well u ey updaes)
. m:rgtl:mm\ Minimum distance, in units, befween two agents when an agent can merge with ts
ct. By default thi o be vy sl (000 10 preves morging o e e i of e
VEcke tyican canbs bt vbrarvod, akin 5) will cvse merging 1o happen arlcr
» fulleyclic: Cysle plus branches o cycle only. For the Tt ehaioe e gemen ek o anging iz

In this case all agents converge to a single point, wi
perimeter P(t) of the formation polygon serving as a
Lyapunov function [Yu-LaValle-L, IEEE TAC, 2012]
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LARGE WINDSHIELD ANGLE: REGULAR POLY GONS?

a > m/n where n = # of agents
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[rowon To play sround:

et it

twahond sagr # Input the number v[iiﬂnl!

;‘Wm i # Click on either ndezvous’ or the mdn\ﬂgmy button,
PR Click on the launch simulation’ button, watch, and enjoy!

[——

ot ecac o

Please note that the above semi-automated process set the parameters loosely: 1f you have read the paper and
want ere are of the ters (although ‘time step’ is sounted in
scconds, it is oaly relative; ‘UL update delay’ is in octual seconds):

number of agents: Total number of agents in the system initially

range: Length, in units, of the bounding square of the simulation window.
i et Line tpd. it of l st s movin

angular velosity: Angular velocity when an agent
beeshold angle: Hal Ilhcwlnvk nmdnhl:\dwln
ime step: Time step b updates. The usit i the agent system. Each
oy e wihces e g ol e bard o i s Skl et ml wpdate whether it should
be turning)

steps per Ul update; Number of fime steps between screen updates

Ul update deiay: To avoid oscupying CPU and also make simulation more warchabe, this is the time
i actual veconds betueen each Ul update (as well as system updates).

jus: Minimum distance, in units, between two agents when an agent can merge with its

whole system can be better obscrved. Making it larger (0.5) will cause merging to happen earlier
& full/eyclic: Cycle plus branches or eycle only. For the "full” choise, reassignment and changing target -
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ndavous withou!Cosbaates

[TAC submission])
Toplay sround:
+ Input the number of agents,

« Click on either the 'make rendezvous’ or the ‘make diverging’ bution,
* Click on the ‘launch simulation’ buttan, watch, and enjo;

acpene o e
femiece LA Please note that i sct loosely. If you have read the paper and
mats renterns | mane svergng want here are the brief meaning of the parameters (although ftime step'is counted in
[Ep— seconds, it is only relative: Ul update delay’ is in acual seconds):

number of agents: Total rumber of ageats i the system initally.
initial range: Leagth, in units, of the bounding square of the
lin speed: Line sped, in units, of all the agents that are moving.

angular velocity: Angular velocity when an agent s fursing

threshold angle: Half of the vehicle windshicld span.

time step: Time step betwoen system updates. The unit is (virtual) seconds of the agent sysiem. Each
update caleulate where an agent should be based on ite ast control input and update whether it should

ation window

be turning).
s 15 = steps e Ul update: Number of time steps between sercen updates.
: o « Ul update delay: To aveid occupying CPU and also make watchable, this is the time

in actual scconds between cach Ul updatc (as well as system updates).
« merge radius: Mininsum distance, in units, between two ageats when an agent ean merge with its

targst, By default this is set to be very small {0.01) 1o prevent merging so that the behavior of the

whole system ean be better observed. Making it larger (0.5) will cause menging 1 o earlier
o fullisysiis: Cysle plus branches or cysle only. For the "full” choics, reassignment and changing target -

Agents diverge but tend to form regular polygons

Our goal: theoretically justify this empirically observed phenomenon
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RELATION to PRIOR WORK

« Many works on convergence of multi-agent formations to regular
shapes, using different tools and different modeling assumptions:

Behroozi-Gagnon (1980s), Richardson (2001),
Marshall-Broucke—Francis (2004, 2006), Pavone—Frazzoli (2007),

Sinha—Ghose (2007), Arnold—Baryshnikov—LaValle (2012),
Galloway—Justh—Krishnaprasad (2013), Sharma—Ramakrishnan—Kumar (2013)

* Unique feature of our model (same as in Yu-LaValle-L, 2012):
neither inter-agent distance nor heading error available for feedback

e As in Marshall et al., we will use eigenvalue properties of
block-circulant matrices to show convergence

 But unlike in Marshall et al., here regular shape is attractive while

formation size grows, which makes analysis different
50f11



SYSTEM EQUATIONS

a;

a .
Qi1 +

Angles are subject to constraint ;1 ¥; = w(n — 2k)
Vi = (sin o1 + sin(y; + o)) /4;
— (sina; + sin(¥j41 + ;1)) /4it1

0; = —cosa;_1 — cos(v; + a;)

“Constant-bearing” case: assume «; = « Vi, i.e., each a;
maintains its target a;; exactly on its windshield boundary

This is sliding regime for angular velocity w; € {—w, 0, w}
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STATIONARY SHAPES ARE REGULAR POLYGONS

a;

Y; = (sina + sin(y; + @) /¢;
— (Sin a + Siﬂ(¢i+1—|— Oé))/ez_|_1
¢; = —cosa — cos(y; + a)

* A shape is an equivalence class of polygons w.r.t. scaling & rigid motions
* A shape is stationary if it is invariant under system dynamics

« For a shape to be stationary we must have ; = 0 Vi

e Can show that then all angles must be equal: |y, = ¥ V12
so all edges have the same derivative:

; lar 1-
0:(t) = £,(0) — t (Cos a + cos(ip+a)) E:;ample convex regular n-gon
» Case of interest here is when « is large a Y =7 —27/n
enough s.t. cosa + cos(v+a) <0 \ Need a>7/n

* Since ¢;(t) — oo and £;(t)/¢;(t) — 1, e
stationary shape must have equal edges: | £;(t) = £;(t) Vi, j
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SPACE-TIME COORDINATE CHANGE

» Similarly to [Galloway et al., 2013], instead of edge lengths ¢;(t)
n
G() \where P(t):= > £;(t) is perimeter

=1

consider p;(t):=

* In rescaled coords, stationary shapes (regular polygons) —»
stationary points, i.e., equilibria: ¥; =¥, p; =1/n Vi

e Also introduce time rescaling 7(t) := t/P(t) which
allows us to write the system in (1),, p;) coords

« If equilibria are locally exponentially stable for this new system,
then regular polygons are locally attractive for original system
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EIGENVALUE ANALYSIS of LINEARIZED SYSTEM

 Rescaled coords: (1, p1,--.,%n, pn) Where p;(t) := £;(t)/P(t)
* 2n X 2n Jacobian matrix at

e Ao Ay Ay -+ Ap_q
equilibria ¥; =¥, p; = 1/n (An—l Ay Al 5 \
takes block-circulant form J = ; ;

* It always has one O eigenvalue \ A:l A2 o An-—.l A:o )

with eigenvector (d,0,...,d,0)
— not an admissible direction as all angles 1); cannot increase

 k-th pair of eigenvalues of J is eigenvalues of 2 x 2 matrix
Ao+ A1xp+Axxa+.. -+An—1X7];L_1 where xy ‘= e2mik/n

* By Routh-Hurwitz criterion for polynomials with complex coefficients
can show that these eigenvalues have Re(\) < O if and only if

(3C2+ACH+1+B)cos(2n/n) < (6C%24+A24+5AC—-1—B)

where A .= COS«, ™\ sufficient condition for local
B:= cosy, C:= cos(y+a) attractivity of regular polygons
9o0f 11




DISCUSSION

We have convergence to regular polygonsif A 4+ C < 0 and
(3C2+ACH+1+B)cos(2n/n) < (6C%24+A%2454AC—-1—-B) %
where A:= cosa, B:= cos, C:= cos(yp+ )

For convex regular n.-gon we have ¢ = (1 — 2/n) and
can show that (%) holds for o> /n as long as « is not too large

(recall that o< 7 /n gives rendezvous)

Example: n =4 3.0/
25

Pink regioniswhere A+ C > 0

2.0¢

Blue region is where (%) fails "
1.5¢
White region is the ‘good’ region Lol
Square (¢ = 7 /2) is locally 0.5
attractive for a € (7 /4, ) ool N
00 05 10 15 20 25 3.0
84
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DISCUSSION

We have convergence to regular polygonsif A 4+ C < 0 and

(3C2+ACH+1+B)cos(2n/n) < (6C%24+A%2454AC—-1—-B) %

where A:= cosa, B:= cos, C:= cos(yp+ )

For convex regular n.-gon we have ¢ = (1 — 2/n) and
can show that (%) holds for o> /n as long as « is not too large

(recall that o< 7 /n gives rendezvous)

Example: n =5 30/

Pink regioniswhere A+ C > 0

2.0¢

Blue region is where (%) fails b, .
White region is the ‘good’ region Lot
Both pentagon (p = 37 /5) and 0.5
pentagram (¢ = w/5) are locally 0.0

attractive for some range of « (separatrix?)

2.5¢

00 05 1.0 15 20 25 3.0

(01
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DISCUSSION

We have convergence to regular polygonsif A 4+ C < 0 and
(3C2+ACH+1+B)cos(2n/n) < (6C%24+A%2454AC—-1—-B) %
where A:= cosa, B:= cos, C:= cos(yp+ )

Using 1 instead of cos(27/n) in (%), we obtain
3C?+A°+4AC—-2-2B >0

which can be simplified to

COS (2a—|—g) + 3 COos (Qa—l—%) > 0

This sufficient condition is more conservative but works for any n
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CONCLUSIONS

» Agents in cyclic pursuit with large fixed relative heading
angle diverge but tend to form regular patterns

 Stationary shapes are regular polygons

 Block-circulant structure of linearization matrix gives a
sufficient condition for convergence

* Need to better understand system behavior, especially
far away from stationary shapes

» Extensions to non-constant heading angles and
non-cyclic formations are also of interest
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