IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 56, NO. 1, JANUARY 2011

27

Supervisory Control of Uncertain
Linear Time-Varying Systems

Linh Vu, Member, IEEE, and Daniel Liberzon, Senior Member, IEEE

Abstract—We consider the problem of adaptively stabilizing
linear plants with unknown time-varying parameters in the pres-
ence of noise, disturbances, and unmodeled dynamics using the
supervisory control framework, which employs multiple candidate
controllers and an estimator based switching logic to select the
active controller at every instant of time. Time-varying uncertain
linear plants can be stabilized by supervisory control, provided
that the plant’s parameter varies slowly enough in terms of mixed
dwell-time switching and average dwell-time switching, the noise
and disturbances are bounded and small enough in terms of
L-infinity norms, and the unmodeled dynamics are small enough
in the input-to-state stability sense. This work extends previously
reported works on supervisory control of linear time-invariant
systems with constant unknown parameters to the case of linear
time-varying uncertain systems. A numerical example is included,
and limitations of the approach are discussed.

Index Terms—Adaptive control, input-to-state-stability, in-
terconnected switched systems, linear time-varying systems,
supervisory control.

1. INTRODUCTION

DAPTIVE control of uncertain time-varying plants is a

challenging control problem and has attracted consider-
able research attention over the last several decades. Various ro-
bust adaptive control schemes for linear time-varying systems
have been proposed, including direct model reference adaptive
control [1], indirect adaptive pole placement control [2]-[5], and
back-stepping adaptive control [6], [7] (see also, e.g., [8]-[11]).
These works and a majority of the literature on adaptive control
of time-varying systems, more or less, employ continuously pa-
rameterized control laws in combination with continuously es-
timated parameters. A notably different approach is [12], where
the strategy is to approximate the control input directly using
sampled output data.

We present in this paper a new approach to adaptively
stabilizing uncertain linear time-varying plants, using the
supervisory control framework [13], [14] (see [15, Chapter 6]
and the references therein for further background and related
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works on supervisory control; we also cover the supervisory
control framework in Section III). Supervisory control differs
from other adaptive control schemes (such as those mentioned
in the first paragraph) in that instead of continuous parameter
estimation, it discretizes the parameter space into a finite set of
nominal values and employs a family of candidate controllers,
one for each nominal value of the parameter. At every instant
of time, an active controller is selected by an estimator-based
supervisory unit using a logical decision rule. Advantages
of supervisory control include i) simplicity and modularity
in design: controller design amounts to controller design of
known linear time-invariant systems for which various com-
putationally efficient tools are available; and ii) the ability to
handle large uncertainty (see [16] for more discussions on the
advantages and drawbacks of supervisory control).

The supervisory control framework has been successfully
applied to linear time-invariant systems with constant un-
known parameters in the presence of unmodeled dynamics
and noise [14], [17], [18]. Nonetheless, supervisory control
of time-varying systems has not been studied, and it is the
objective of this paper to explore this topic (see also a related
problem of identification and control of time-varying systems
using multiple models [19]). When parameter variation is small
such that the time-varying plant can be approximated by a
system with a constant parameter and small (time-varying)
unmodeled dynamics, the robustness result in [18] can be
applied. However, when parameter variation is large such that
the previous approximation is not justified, the result in [18] is
no longer applicable. The main contribution of this paper is to
show that supervisory control is capable of stabilizing plants
with large variation in the parameter space over time, provided
that the parameter varies slowly enough in the mixed average
dwell-time and dwell-time senses. Further, stabilization can
be achieved in the presence of unmodeled dynamics, bounded
disturbances, and bounded measurement noise, provided that
the unmodeled dynamics are small in the input-to-state sense
and the noises and disturbances are small in the £., norm. The
contribution can be viewed in two ways: at the qualitative level,
it says that the supervisory control design provides a margin
of robustness against noise, disturbances, and unmodeled
dynamics; at the quantitative level, it provides a description of
this robustness margin.

Another contribution, relevant to switched system research,
is the use of a new class of slowly switching signals, which is
quantified by both dwell-time [17] and average dwell-time [20],
in stability analysis of switched systems. We use this class of
switching signals to obtain an input-to-state-stability-like (ISS-
like) result for interconnected switched systems (which is essen-
tial in the stability proof of supervisory control of time-varying
plants). The tool used to establish stability of interconnected
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switched systems can also be used to study stability of switched
nonlinear systems in which a constant switching gain among
a family of ISS-Lyapunov functions of the subsystems is not
available (see Remark 2).

The paper’s organization is as follows. In Section II, we
clarify the notation used in the paper, and in Section III, we
formulate the control problem and describe the supervisory
control framework. Our main result on closed-loop stability of
supervisory control of uncertain time-varying linear plants is
presented in Section IV. The subsequent sections are devoted
to the proof of the main result: the structure of the closed-loop
system is described in Section V and then formalized as an
interconnected switched system in Section VI, for which we
provide a stability analysis, following by the proof of the main
theorem in Section VII. We provide a numerical example and a
performance discussion in Section VIII and conclude the paper
in Section IX with a summary of the results and a discussion
of future work.

NOTATION

Denote by (-)j4,,). t = to = 0, the segmentation operator
such that for a function f, (f),.4)(7) = f(7) if 7 € [to,1),
and (f)[,,¢)(7) := 0 otherwise. For a vector v, denote by | - |
the 2-norm: |v| := (v7v)'/2, and by | - | the co-norm: |v]
max |v;|. Denote by ||A|| the induced 2-norm of a matrix A.
For a function f, denote ||(f),.4)ll = supqego,,) |f(s)| and
I flloe := [I(f)[0,00)ll. For A >0, deﬁne the e wezghted Ly
norm of a function f as

t 1/2
N()to,t)ll2x = (/ eA(tT)|f(T)|2dfr> , t>tp.
to

Denote by [|(f)[ty,%)ll2,x the function obtained when we let  be

the norm || - ||2,x, see, e.g., [21, Chapter 3]. A switching signal
$:]0,00) — P, where P is an index set, is a piecewise constant
and continuous from the right function, and the discontinuities
of s are called switches or switching times. We assume that there
are finitely many switches in every finite interval (i.e., no Zeno
behavior). For a switching signal s and a time ¢, denote by %,
the latest switching time of s before the time ¢. By convention,
ts = 0 if ¢ is less than or equal to the first switching time of s.

A switching signal has a dwell-time 7,4 if every two consecu-
tive switches are separated by at least 7;. Denote by N, (T, to)
the number of switches in the interval [tg,T). A switching
signal has an average dwell-time 1, [20] if ANy > O such
that Ny(T,t0) < No + (T —to)/7a VT = to. The number
Ny is called a chatter bound. When N 1, we recover
dwell-time switching with the dwell-time being 7,. Denote by
Sawenr|Ta] the class of switching signals with dwell-time 74
and by Suve[7a, No| the class of switching signals with average
dwell-time 7, and chatter bound Nj.

Recall that (see, e.g., [22]) a continuous function
a : [0,00) — [0,00) is of class K if « is strictly increasing,
and «(0) = 0, and further, @« € K if a(r)—oo as r—oo.
A function § : [0,00) X [0,00) — [0, 00) is of class KL if
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B(-,t) € K for every fixed ¢, and [(r,t) decreases to O as
t—oo for every fixed . Denote by J the class of continuous
non-decreasing functions f : [0,00) — [1,00).

II. PROBLEM FORMULATION AND THE SUPERVISORY

CONTROL ARCHITECTURE
A. Problem Formulation

Consider uncertain time-varying plants of the following form:
i = AW (O)a + B@* (O)u+ (Aa(z2,u,8) +w,),

y = C(p*(t))x + (Ay(z,x,u, t) + wy)7
2= falz,z,u,t)

P:

ey

where z € R™ is the state, v € R’ is the input, y € R" is the
output, w, and w, are the disturbance and measurement noise,
respectively, z € R* is the state of the unmodeled dynamics,
and p* : [0,00) — R™7 is the unknown time-varying parameter.
We assume that A, B, and C are continuous in p*, and fa, A
and A, are locally Lipschitz in x, u, z and continuous in ¢. We
assume that p* is nice enough so the existence and uniqueness
of a solution of (1) for every initial condition and piecewise-
continuous input is guaranteed.

Our objective is to use the supervisory control framework
[13], [14] to stabilize the uncertain plant (1) in the presence of
noise, disturbances, and unmodeled dynamics.

B. Switched System Approximation of Time-Varying Plants

Assumption 1: A compact set Q0 C R"» is known such that
p*(t) € Q Vt.

We proceed by approximating the time-varying system (1)
by a switched system plus unmodeled dynamics in the fol-
lowing way. We divide (2 into a finite number of subsets {2;
such that (J;cp 2 = Q, and Q; N Q; € 99; N 0Q;, where
P = {1,...,m}, m is the number of subsets, and 912; is the
boundary of the set €2;. How to divide and what the number of
subsets is are interesting research questions of their own and
are not pursued here (see [23]), but intuitively, we want the sets
2, small in some sense. Define the signal s : [0,00) — P

s(t) :

such that s is continuous from the right. Because p* are not
known, the signal s is not known a priori. We assume that the
sets ;, A, B, C, and p* “behave well” in the sense that the
signal s in (2) is a well-defined switching signal without chat-
tering. Right continuity of o can always be ensured by setting
the value of o to be the limit from the right at the time the
signal p* crosses the boundary shared by two or more subsets;
if p* travels along the shared boundary of some sets, right conti-
nuity can still be ensured by carefully defined convention. Chat-
tering of s could possibly occur for a general p* and general
regions 2; but there exist works that address the issue of how
to design regions to avoid chattering (see, e.g., [24]). Gener-
ally, fast varying parameters (such as p* with large derivatives)
and a large number of subsets (the size of P is large) imply fast
switching signal s.

Assumption 2: The signal s defined in (2) is a well-defined
switching signal.

—iipt(t) e )
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Fig. 1. Supervisory control framework.

For every subset 2;, 7 € P, pick a nominal value g; € €2;. Let
A; = A(q;), B; :== B(q;), and C; := C(g;). We can rewrite
the plant (1) as

r=A s()T + Bs(t)u + [5A(t)x + 5B(t)u]

P —i—(A (2,2, u,t) I), 3)
y=Csnyr + [5(; ] (Ay z,m,u,t) + wy)
Z2 = fa(z,z,u,t)

where 6.4 (t) := A(p*(t)) — Aswy» 0B(t) := B(p*(t)) — Bsg),
and é¢(t) == C(p*(t)) — Csr). The terms inside the square
brackets are those due to the process of approximating the time-
varying plant by a switched system, and the terms inside the
parentheses are the unmodeled dynamics.

Assumption 3: (A;, B;) are stabilizable, and (A;, C;) are de-
tectable Vi € P.

C. The Supervisory Control Framework

The supervisory control framework [13], [14], [16], [17] con-
sists of a family of candidate controllers and a supervisor that
orchestrates the switching among the controllers (see the archi-
tecture of supervisory control in Fig. 1). The supervisory control
scheme described below is essentially the same as those in [14]
with a particular type of multi-estimator; the reader is referred
to [14] for further in-depth discussion.

1) Multi-Controller: A family of candidate controllers, pa-
rameterized by p, are designed such that the controller with
index p € ‘P stabilizes the linear time-invariant plant £ =
Apz + Byu, y = Cpx. Denote a state-space realization of the
controller with an index p as

. jZC = Fp($C7u7y)
Cy: {u = Hyzc )

where z¢ € R"¢, F, is a linear function, and H), € Rrex¢,
2) Supervisor: The supervisor comprises a multi-estimator,
monitoring signals, and a switching logic.

Multi-Estimator: A multi-estimator is a bank of estimators,
each of which takes in the input u and the output y and produce
the estimated output ,,, p € P. A multi-estimator must have the
property that at least one of the output estimation errors g, —y is
small for all u. We use the following particular observer-based
multi-estimator whose state is g = (Z1,..., %) € R™" and
whose dynamics are

{571' = ApZp + Bpu+ Lyp(fp — y)

. A eP 5
iy = Cpit, P &)

where L, are such that A, 4+ L,C,, are Hurwitz for all p € P.
We set the initial state Z,(0) = O forallp € P.Let g, := g, —y
be the output estimation errors.

Monitoring Signals: Monitoring signals are functions of
certain norm of the output estimation errors, and they are used
in the switching logic to produce the switching signal (see the
switching logic (7) below). We use the following particular type
of monitoring signals p,, p € P, which is the e~ M-weighted
Lo-norm of the output estimation errors [20]:

Np(t) =c+ ’Y”(Cgp)[o,t)”g,)\ (6)

for some design constants {e, A\,v} > 0. The signal p, can
be implemented as e plus the output of the linear filter £ =
—AE + |9,|? with £(0) = 0. The constant ¢ is to ensure that
the switching signal generated by the particular switching logic
below is a slow switching signal—a property necessary for sta-
bility proof (see the (28b) and (29b)).

Switching Logic: A switching logic produces a switching
signal that indicates at every instant of time the active controller.
We use the scale-independent hysteresis switching logic [20]

if 3¢ € P such that

(1+ h)Nq(t) < Na(t*)(t)’ @)
else

argmin /i, (t)
q€P

a(t7)

o(t) :=

where h > 0 is a hysteresis constant.
Altogether, the supervisory control law is given by

T = Fa(xC7u7y>7
u=H,xc

®

in view of (4), where o is as in (7).

D. Design Parameters

The design parameters h, A, and y must satisfy certain con-
ditions to ensure closed-loop stability. The relationship among
these parameters involves the so-called injected systems [25],
which are defined below.

An injected system with index p is obtained by combining
the controller with index p with the multi-estimator and takes
Y—1Up = Yp as the input. For the multi-estimator (5), the injected
system with index p € P is of the form

Zce = Aprce + Bpip 9

TE
Trc
the state of the injected system, and A, is a Hurwitz ma-
trix (see Appendix A for detail on how to arrive at (9)).
Then there exists a family of quadratic Lyapunov functions
Vo(zce) = z&g Pyrce, Py > 0 (P, is positive definite) such
that Vp € P

where xcg = € R"CE, ncg := nm + ng, is

a1lzcel? <V, (zce) < as|rce|? (10a)
IV, (zcE)

e —XoVy(zcE) + Yolp|?

(10b)

(Apzce + Bpyp) <

for some constants {a1,as, Ao, 70} > 0 (the existence of such
common constants for the family of injected systems is guaran-
teed because P is finite). In fact, one can take — g to be twice
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the maximum (negative) real part of the eigenvalues of the ma-
trices A, over all p € P. There also Iy > 1 such that

Vo(zce) < pVp(zce) VYece € R"€7, Vp,ge P.  (11)
We can always pick /1 = ag/ay but there may be other smaller
w satisfying (11) (for example, p = 1 if V), are the same for all
p even though az/a; > 1).

Let —\ be twice the maximum (negative) real part of eigen-
values of the matrices A, + L,C overallp € P

A= —2max{Re(eig(4, + L,C,))}. (12)
pPEP

For switched plants (6p = 0, and there are no unmodeled dy-
namics), the constant € in (6) can be chosen arbitrarily. The
larger ¢ is, the larger the ultimate bound of the closed-loop states
will be. For the original plant with unmodeled dynamics, we
need e to be small enough, and the bound on ¢ depends on the
bounds on the unmodeled dynamics. This quantification on ¢
will be made precise in Theorem 1’s statement in Section IV.
The parameters h, A, and y are chosen such that

In(1+h)<mlop (13)
 mlnp

(k+ DX <X, k= —ln(l T h) (14)

A <A 15)

where hisasin (7), pisasin (11), Aisasin (6), g is asin (11),
Ais asin (12), Ag is as in (10b), y is as in (6), and yg is as in
(10b).

Remark 1: We can give the conditions (13), (14), and (15) the
following interpretations: (13) means that the switching logic
must be active enough (smaller h ) to cope with changing pa-
rameters in the plant; (14) implies that the “learning rate” \
of the monitoring signals must be slower in some sense than
the “convergence rate” \g of the injected systems; and (15) can
be seen as saying the “learning rate” \ must be slower than
the “estimation rate” ) of the multi-estimator. For the case of
time-invariant plants (i.e A, B,C are constant matrices), we
only need the condition (14), not the extra conditions (15) and
(13), to prove stability of the closed-loop system [14] (the condi-
tion (14) can be rewritten as In(1+ h)/(Am) > Inpu/(Ag — A),
exactly as in [14]).

III. MAIN RESULT

Assumption 4: For the plant (1), the unmodeled dynamics of
z is input-to-state stable (ISS) [26] with respect to x and u:

2 (1) < B=(12(0)], ) + 2 (ll2lljo.0)) + 7 (l[ulljo,e)) VE=0 (16)

forsome 3. € KL, v}, 72 € Koo. The unmodeled dynamics A,
and Ay satisfy
A (2, 2,u,8)] <8a(72(|2(0) )2
+ (o) + 22 (lullo)) (172)
Ay (2,2, u,1)] <8a (7 (|2(0))e of
+ ’Y;(||$||[0,t)) + ’Yf(”“”[o,t))) (17b)
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forall z,x,u, and t and for some {\a,6A} > 0 with respect to
some given {fyfr,fy;} € Kooyt =0,1,2.

The following constant 6p quantifies how well the
time-varying plant (1) without the unmodeled dynamics,
noise, and disturbances can be approximated by the nominal
switched system = Asz + Byu, y = Cyx:

6p = max {[[8alloc. [65]l. I6cllc} . (18)
When ép = 0, p* is a switching signal, and hence, the plant is a
switched plant (if further p* is a constant signal, then the original
plant, without unmodeled dynamics, is a linear-time invariant
system).

Slow switching signals are often characterized by dwell-time
or average dwell-time switching; see the paper [27] for an
in-depth discussion on various types of dwell-time switching.
For stability results in this paper, we define the class of hybrid
dwell-time signals Shypria[Td, T, No|, which is characterized
by three numbers—a dwell-time, an average dwell-time, and a
chatter bound—as follows:

ShybriaTda; Ta; No| = Sawen[Ta] N Save[Tas No- (19)
When 74 = 0 (which means the dwell-time can be infinitesi-
mally small), we have Spypri4[0, 7o, No| = Save[Ta; No]- Let

X(t) = max{z(®)], |2(D)]; [z (@] lze(®)], #(1)} (20)
Ve 1= prg%);) ||[Cp - q]||. 21

Theorem 1: Consider the uncertain plant (1). Suppose that
Assumptions 1, 2, 3, and 4 hold. Consider the supervisory con-
trol scheme with the multi-controller (4) with the state x¢c, the
multi-estimator (5) with the state xg, the monitoring signals (6)
with the states [i,, and the switching logic (7). Suppose that
the design parameters satisfy (13), (14), and (15). For every
X > 0, there exist a function f : [0,00) x [0,00) — [0, 00)
and numbers {w,,,w,,6,e} > 0 such that if {6p,7.,0a} < 6,
|welloo < Wa, and ||wy|oo < Wy, for all | X (0)| < Xo and for
every s € Shybria|0d, 7, N| such that

Tz f((sd*, N)?
all the closed-loop signals are bounded, and

|2(1) |2 < e1 X ae ™ + (1, iy, 8)(1 + Foe 1)) Vi 0

(22)

for some {¢1,72} > 0 and for some function ¢3 : [0,00)% —

[0, 00) such that ¢y — € as {Wy, Wy, 6} — 0 for some con-
stant . > 0 independent of €, where € is as in (6).

Roughly speaking, the theorem says that the supervisory con-
trol scheme is capable of stabilizing time-varying systems in the
presence of unmodeled dynamics with bounded disturbances
and bounded noise provided that the plant varies slowly enough
in the sense of hybrid dwell-time, the unmodeled dynamics are
small enough in the ISS sense, and the noise and disturbances
are small enough in the £, sense. The ultimate bound on the
plant state = as t — oo can be made arbitrarily close to the order
of ¢ if the unmodeled dynamics, disturbances, and noise are suf-
ficiently small. Note that the bounds depends on the bounds on
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the initial states (similarly in spirit to the result in [18]); the
bounds given in the theorem are conservative (see Remark 3).

The supervisory control scheme for plants with time-varying
parameters is the same as those for plants with constant pa-
rameters [14]. However, unlike the case of constant parame-
ters where we have only one switching signal and hence, one
switched system (i.e., the switched injected system), here we
have two switching signals in the closed loop: one is generated
by the supervisory unit, the other comes from the plant itself.
The switching times of these two signals, in general, do not co-
incide, leading to a more complex analysis than in the case of
constant parameters.

The rest of the paper is devoted to the proof of the theorem
and to the quantification of the class of switching signals S and
the number ¢ in the theorem’s statement. We present the struc-
ture of the closed-loop system in Section V, followed by a for-
malism of interconnected asynchronous switched systems and a
corresponding stability result in Section VI. In Section VII, we
provide the proof of Theorem 1 using the result for intercon-
nected switched systems in Section VI.

IV. CLOSED-LOOP STRUCTURE

The closed loop consists of two switched systems:

1) The switched system I',: The first switched system arises
from the dynamics of the state estimation errors. Let T, :=
x — 4 be the state estimation error of the g-th subsystem of
the multi-estimator, ¢ € P. Let (() := 4(,)(t). Because
s is constant in [t4, t) and s(¢,) is the index of the nominal
switched plant for time in [ts, ), in view of the linear ob-
server dynamics (5), the dynamics of & for time in [ts, t)
are exponentially stable when 04,065, 0c, Az, Ay, v, and
w are all zero. Further, because u(t) = Hypzc(t) (in
view of (4)), ¥ = Zy(;,) + Zs(r,)» and £, and z¢ are com-
ponents of xcg for all p € P, any term of the form Mz or
Mw for some matrix M can be written as a linear combi-
nation of Z(;,) and zcg. It follows that the dynamics of ¢
are of the following form:

(1) = By (1) + 61(£)C(E) + 62(t)zce(?)

+A(z,z,u,t) +o(t) (23)
where E, := A, + L,C), are Hurwitz for all p € P, 6;
and 6y are such that {||61||c0, ||02]lcc} — 0 as ép — O,
Ay is such that if z,z,u are bounded, then ||A{]] — 0
as 5o — 0, where 6 is as in (17), and v is such that
lollcc — 0'as {lluw, o, 1wy llec} — 0: sec Appendix B
for the formula and detailed derivation of 61, 02, Ay, and
v. For the purpose of analysis later, we will augment (
with the variable £(t) := ||(gjs(ts))[07t)||§,>\ (the variable
¢ relates to p, as g,y (t) = € 4+ v€(t)) to arrive at the
following switched system with jumps:

C:z E ( + 61C + d2zcE + A1 + v,
£ ==X +7]3s)%,

<g8§> v ((gg?%) 7t57xCIE(tS)) Vi,

where 74 (t) := s(t,)(t), and for some jump map ¢ (recall
that ¢ is the latest switching time of s before ).

.

(24)

2) The switched system 11, : The second switched system is
the switched injected system from (9) and (7)

. {:f:CE = Auce + B, g, 25)

xCE(ta) = xq:[E(t;) Vt.

The second equation in (25) is to explicitly indicate that
there is no state jump at switching times (cf. the system I';
which has jumps at switching times).

These two switched systems interact as follows:

1) Constraint on I's: The following inequalities give a bound
on the state jump of I'y at switching times: for all £ > 0:

()P
£(ts)
for some . > 0. Also, g5 has the following property:

Us(t) = (Cyqa,y + 6c(t))C(t)
+As(z,, TCE, U, t) + wy(t)

21C(t) P + 4lzce(ts)]?
26(t7) + 29ell(wcE) o, 132

(26a)
(26b)

NN

27)

where Ay = 03(t)zce + Ay(z, z,u,t), 63 is such that
I63]lcc — 0 as ép — 0, and A, is as in (3). See Ap-
pendix C for the derivation of (26) and (27).

2) Constraint on I, : This constraint tells how the input and
the switching signal of I, are bounded in terms of the state
of I'y (see Appendix C for the derivation)

. 14+ H
ool <™ ey s
No(t,t0) < No(6,1) + - (28b)
where
 In(1+4h)
Kyt (292)

No(£(t)) :=m + ﬁ In ((’Si—w) + 1> . (29b)

V. INTERCONNECTED SWITCHED SYSTEMS

In order to make it easier to understand the closed-loop
structure in the previous section, we consider the formalism
of the closed loop described in the previous section and call it
an interconnected switched system. The two switched systems
(without unmodeled dynamics) are interconnected in the fol-
lowing way (see Fig. 2; the dash lines indicate that a subsystem
constrains another subsystem or signal, and the solid lines are
actual signals):

» The input y, of the second switched system II,, is bounded
in terms of the state £ of the first switched system I'; by
means of the relation (28a);

* The input g, of the first switched system I'; is bounded in
terms of the state ( of the first switched system I'y and the
state zcg of the second switched system 1I, by means of
the relation (27);

» The switching signal o of the second switched system II,,
is bounded in terms of the state of the first switched system
I's by means of the relation (28b);
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Fig. 2. Interconnected switched systems.
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Fig. 3. Interconnected switched systems with unmodeled dynamics.

* The jump map ¢ of I'y as in (25) is bounded in terms of
the state ( of 'y and the state xcg of I, by means of the
relation (26).

Interconnected switched systems with the presence of unmod-
eled dynamics are illustrated in Fig. 3.

Assuming that the subsystems of both the switched systems
T's and II, are affine and zero-input exponentially stable, we
want to study stability of the closed loop.

Stability of certain types of interconnected switched systems
has been studied in [28]-[30]. In these works, the connec-
tion between the two switched systems in a loop is the usual
feedback connection. In [28], a small-gain theorem for in-
terconnected switched systems is provided. The works [29],
[30] give passivity theorems for interconnected switched sys-
tems and hybrid systems. However, for the loop in Fig. 2,
the small-gain theorem in [28] and the passitivity theorem in
[29], [30] are not directly applicable because it is difficult to
quantify input-output relationship/input-output gains of the two
switched systems, in which the first switched system’s jump
map is affected by the second switched system and the second
switched system’s switching signal is constrained by the first
switched system. We provide here tools for analyzing such
interconnected switched systems.

Lets look at the special case where s is a constant signal, and
there are no unmodeled dynamics, no noise, and no disturbance
(bp = 0, v = 0, w = 0). Because s is a constant signal, the
jump constraint (26) for I'y does not come into effect, and I',
is a non-switched stable linear system. Then ( is exponentially
decaying to zero, and hence, 75 goes to zero in view of (27),
and also, ¢ goes to zero. Then Ny is bounded in view of (29),
and o is an average dwell-time switching signal. From (28a),
(25), and the slow switching condition(14), it follows from the
stability result for switched systems under average dwell-time
[20] that zcE is bounded. From there, stability of the plant state
« can be concluded.

However, the situation is much more complicated when s is
not a constant signal. The stability results [20], [31] for switched
systems without jumps are not applicable here because I'; has
jumps. The stability result for impulsive systems [32] is also
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not applicable here (we are not able to find a Lyapunov function
as in [32]). But moreover, the issue here is that the jump map
of I'; involves the state of the second switched system, while
the input as well as the switching signal of the second switched
system is affected by the state of the first system. This type of
mutual interaction makes the analysis of the closed loop’s be-
havior between switching times challenging. We observe that
the switching signal ¢ is constrained by I's but s is not con-
strained at all, so we use the following technique: we first elim-
inate the presence of o by incorporating the properties (28a)
and (28b) of o into other inequalities, and after that we find
the closed-loop behavior with respect to the switching signal s
(without worrying about the switching signal o).

Before going into details, we outline the steps for proving
stability of the interconnected switched system [[',,II,] with
the interrelations (26), (27), (28a), and (28b).

1) We establish an ISS-like property of the switched system
T's in terms of the state of II, and unmodeled dynamics,
noise, and disturbances between consecutive switches of s
(Lemma 1).

2) We establish an ISS-like property of the switched system
11, with respect to ¢ for arbitrary time intervals using the
property of N, (Lemma 2 and Lemma 3).

3) We define a Lyapunov-like function W which depends on
the states of I'y and II, and their norms, and analyze the
behavior of W between consecutive switches of s (Lemma
4).

4) We establish boundedness of W using a hybrid dwell-time
switching signal s and conclude boundedness of all con-
tinuous signals in the loop.

A. Switched System I

The lemma below says that the state of I's is bounded by
an exponentially decaying term with respect to the state ¢ and
zcg at the last switching time ¢; and by || - ||2,» norms of the
unmodeled dynamics, noise, and disturbances; see Appendix D
for the proof.

Lemma I: Consider the switched system I's in (24) with the
constraints (26) and (27). For every A < A, where ) is as in
(12), for all t = 0, we have

SO <ao(@C(r; )P + Al (t)P) e A

+ U (1) + Vi(®) (30a)
E() < fu(ts) e M1 + Us(t) + Va(t) (30b)
where
fi(ts) :=26(t7) + 27ell(zce) o, 13,
dctag, ... .o  8ciag 9
~ t — ts 31
+)\_)\|<(s>| +)\_)\|xC[E( ) (31a)
Ui (t) =4l (A8) 1ol 5 (31b)
Vi (t) =l (), 013 5 (3lc)

20%’71 2 2
Us(t) == - )\H(Ai)[ts,t)HQ,A + 47[[(A2), 2,5,
(31d)
20%’72 2 2
Vs (t) :== . )\H(U)[ts,t)Hz,A + 4[| (wy) e, 0 ll50, (Ble)

Az :=061C+ baxcE + Ay (311)
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01,02, A1, and v are as in (24), Ay is as in (27), and
{ao,c1,91,92} > 0 are constants.

The first terms in (30a) and (30b) are those involving the
states at and up to the time ¢, and they are multiplied by ex-
ponentially decaying functions of ¢ — ¢5. The terms Uy and Us
are due to the unmodeled dynamics and switched plant approx-
imation, and the terms V; and V5 are due to disturbances and
noise. These four terms are not multiplied by exponentially de-
caying functions.

B. Switched System 11,

We now characterize the property of the second switched
system II,,. See Appendix E for the proof of Lemma 2 and Ap-
pendix F for the proof of Lemma 3.

Lemma 2: Consider the switched system 11, in (25) with the
constraints (28a) and (28b). Suppose that (14) and (15) hold.
For every A < Ao, where \q is as in (10b), we have

lzce(t))? < (e + £(t)) e P2 Et0) 1k (1))

+y2(e + )T VE=to (32)
for some constants {y1,v2} > 0 and & as in (14).
Define
A= min{\g — Ak, (k + 1)A} (33)

where )\g is as in (10b), \is asin (12), and & is as in (14).
Lemma 3: Consider the switched system 11, in (25) with the
constraints (28a) and (28b) and the switched system T in (24)
with the constraints (26) and (27). Suppose that ) satisfies (13),
(14), and (15). We have
[ree ()P < g(t) X0 + 92" AZE()

TCE

(34a)

l(@ee)onllza <l (@ee)n,e)ll3a fm_t“”f@ e M=t
122" (ALY 2)e, o35 (34b)

forallt > 0, where X is as in (33)

Apce(t):=e+ Uy(t) + Va(t), (35a)

g(t):= (2" )+ 2" I (Awce ), gl lrce (ts)1?

+ 722" fEFL () (35b)

f1, Us, and V5 are as in Lemma 1, & is as in (14), and v, and
o are as in Lemma 2.

C. Lyapunov-Like Function

We now introduce a Lyapunov-like function for the closed
loop. Let

W(t) := 26(t) + 27 [|(zcE oyt I3,

4 2 8 2
F17a0|<(t>|2 + Acl’}/(lo
A—A A=A

By convention, W(0~) = W (0). Note that W(t;) = f(¢s),
where f(ts) is as in (31a). The following lemma gives a char-
acterization of W with respect to the switching signal s; see
Appendix G for the proof.

Lemma 4: Consider the switched system 11, in (25) with the
constraints (28a) and (28b) and the switched system T in (24)

+ |37CIE (t)|2. (36)

with the constraints (26) and (27). Suppose that (13), (14), and
(15) hold. Let W be as in (36). Let T' > 0 and suppose that for
allt € [0,T)

1), )1 <T5 [1(wy )iz, o) | <@y (37a)
(A7)0l <6z (37b)
||(AZCE)[ts,t)” < 5$CE (37¢)

for some positive constants 6,.. > ¢ and {5576711)?/} > 0,
where v is as in (24), wy is as in (27), Az is as in(31f), and
Agcp is as in (35a). We have

W(t) < (W"(t7) + ap) W(t7) e 271

+a3(0pcg, 05, 0,,) VEE[0,T] (38)

where Xisasin (33), kis as in(14), {1, oz;} > 0 are some con-
stants, and acg is such that az — Yee as {0zce , 07,7, Wy } — 0.

D. Stability Property of the Function W

From (38), the function W : [0,00) — [0, 00) satisfies an
inequality of the following form:

W) < p(W(E )Wt )e M + oy (39)
for all t; > 0 for some p € J and ag = 0. If there is no
switching or s has finitely many switches (i.e., 5 is bounded),
then it can seen from (39) that W (¢) — a3 ast — oo. However,
the situation is more complicated when s has infinitely many
switchings. We want to find a condition on the switching signal
s to guarantee that W is bounded, and goes to zero when iz —
0. Before presenting such a result (Lemma 6 below), we need
a preliminary result on hybrid average dwell-time switching
signals.

Define the function H, which is parameterized by p € J,
{Wo, a3, Ta,Ta} > 0,and N > 1, as follows:

¥ ¥ L
BNTIWLL + as + agﬂNﬁ - M,
fi:=p(M),

L= e~ A-mi/ma)ma, (40)
The constant W, plays the role of a bound on the initial state
W (0). This function H stems from stability analysis of W. In
particular, we can guarantee boundedness of W if there exists M
such that H(M') < 0 (see the proof of Lemma 6 in Appendix I).
This leads us to find conditions on 7,, 74, and N to guarantee
that there exists M > 0 such that H(M) < 0. Formally, let

HP’VVO’OE’A(M)

Ta,Td, N

SP(Wy, a3, \):={(7q, N, 7a) such that 74 >0, N >1, and

IM > Wy : At > In fi, HP’WO’%A(M) <0} (41

Ta,Td,
The set S?(Wy, as, A) is always nonempty. To see this, pick any
M >_max{a3, Wo}.Because L — 0astq — oo, forevery Wy
and N, for a large enough 74, we will have H”’w‘)’ﬁ’)‘(M)QO

Ta,Td,

and hence, S” (W), a3, \) is nonempty. We have the following
lemma to characterize the set S”(Wy, as, A) (see Appendix H
for the proof).

Lemma 5: Consider the set SP(Wy, as, \) defined as in (41).
For every {Wy, az, A} > 0, there exist T4 > 0 and a function
filrgq,00) X [1,00) — [0,00) such that

Sp(W(h ag, /\):{(Td7N7 Ta)|7-d >Idvﬁ> 17Ta>f(7—d7ﬁ)}'
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Furthermore, the function f can be characterized by two func-
tions, ¢, rq.w, : [1,00) — [0,00) and 9 [Tgq,00) —
[0, 00), such that

f(1a, N) = max{$p,rq,wo (N), ¥, 5w, (Ta) }-

Using Lemma 5, we have the following stability result for the
function W (see Appendix I for the proof).

Lemma 6: Consider a scalar function W : [0, 00) — [0, 00)
which satisfies (39) for some class J function p and some con-
stant {Wy, az} > 0. Suppose that s € Shyb,,id[Td./Ta7N] and
Ta = f(7a, N), where f is as in Lemma 5. Then for all W (0) <
Wo, we have

p,N,Wo :

(42)

W(t) < ’71W(0)€_At + a3z + 013’726_A(t_t5) Vi >0 (43)

Sor some constants {31,752, A} > 0.

Remark 2: The result in Lemma 6 can also be applied to sta-
bility analysis of switched nonlinear systems in which a constant
gain among the ISS-Lyapunov functions of the subsystems either
does not exist or is not available (cf. [31] where such a constant
gain is assumed). Consider the switched nonlinear system

&= fo(z,u)

where o : [0,00) — P is a switching signal. Assume that
every subsystem & = f,(x,u) is ISS. We want to find classes
of switching signals that guarantee ISS of the switched system.
Since every subsystem is ISS, there exists a family of positive
definite functions V,,(z), p € P, such that Yz

ar(|z]) < Vp(@) < az(|z)

Pal2) () <AV (a) + ()

Sfor some functions a1, 9,7 € Koo and X > 0. The existence
of such a common 1,2,y , and X is guaranteed if the set
‘P is finite or if the set P is compact and suitable continuity
assumptions with respect to p hold (see [31, Remark 1]). Let p
be a class J function such that

V(@) < p(Vy()) Vy()
Such p always exists, e.g.,

p(r) :

(44)

(45a)

(45b)

Vz # 0,Yp,q € P. (46)

(ez(l2]) /e (|z])).

sup

z:V, (z)=r

From (45) and (46), we get

Va(t) (il?(t)) < P(Va(t;)(:v(t;))) Va(t;)(x(t;))e—)\(t—tg)

t
v
Tk

We then can apply Lemma 6 with W(t) = Vy(x(t)) and
ag = (1/A)y(l[ulljo,¢)) to conclude ISS of the switched system
(44) with bounded inputs (with a known bound) under a class
of hybrid dwell-time switching signals.

e 2Ty (ju(r)|)dr.  (47)

E. Stability of Interconnected Switched System

We first state a result for interconnected switched systems
with disturbances and noise but without unmodeled dynamics
and without switched system approximation (i.e., the plant is
a switched system). Basically, the following theorem says that
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if the noise and disturbances are small enough (the condition
(49)), the switching signal s is a hybrid dwell-time switching
signal, and s satisfies the condition (50), then the states have the
ISS-like property (51) with respect to the bounds on the noise
and disturbances. Let

Z(t) = max{[¢(t)], [C(), |wce (t)]}-

Theorem 2: Consider the interconnected switched system of
II, in (25) and U5 in (24) with the constraints (26), (27), and
(28). Suppose that A1 = 0,61 = 0,62 = 0,6c = 0,A,
0, where Ay, 61, and b5 are as in (24), and 6c and Ao are
as in (27). Suppose that (13), (14), and (15) hold. For every
{9, @y, Zy} > 0, there exists f : [Tq,00) X [1, Nimax) — [0, 00)
for some T4 > 0, Nyax > 1 such that if

(48)

[0lloe < 0, |lwy lloe<wy

(49)

where v is as in (24) and wy is as in (27), and s €
Shybrid[Td, Ta, N| and

Ta 2 f(Td7N)
then for all Z(0) < Zy, we have

(50)

Z(t) < e12(0)e 2 4 &5(0, 1wy ) (1 4+ F2e 2E8)) W0
(1)
for some {1,742} > 0, and a function & : [0,00)? — [0, 00)
such that ¢y — ~.€ as {v, @y} — 0 for some . > 0 indepen-
dent of €.
Proof: Consider the function W defined as in (36). If
{£(0),1¢(0)[?, |zce (0)[*} < Zo, then

12¢2
W (0) < 2Z0 + ;”;‘0 Zo = W.

(52)
Because 61 = 62 = 0, A; = 0, Ay = 0, we have Uy = 0 and
Az = 0 (where Us and A; are as in (31)), which implies (37b)
is true. Also, A, < €4 (2civao/(A — A)A)2? + 4y
SmCE, and so (37c¢) is true. Thus, (37b) and (37¢) hold for all
t > 0 (i.e., T = oo in Lemma 4). Because(13)—(15) hold, the
function W satisfies the inequality (38) by Lemma 4. Because
az — 0 as {v,w,} — 0, where e is as in Lemma 4, by
Lemma 5, there exist v, wy, v > w,, small enough such that
SP(Wo,a3,A) # 0, and a function as in Lemma 5 exists.
Because the switching signal s € Shypria[7d, 7a, N], and
(74, Ta, IN) satisfies the condition (50), it follows from Lemma
6 that W has the ISS-like property (43) for all ¢ > 0. From (43)
and the definition of W as in (36), we obtain(51), where ¢; :=
max{1/2, (A = A)/4civao} (2 + 12c¢tyag/(A —A)) and
¢y = max{1/2, (A — X)/4ciyao}as, in view of the fact that
{60, 1¢(1)1%, |wce (t) P }< max{1/2, (A=) /4civao } W (1)
(from the definition of W as in (36)). The property of ¢
asserted in the theorem follows from the property of a3 as in
Lemma 4. [ |

When unmodeled dynamics are present, we have the fol-
lowing result, which essentially says that we still have the
ISS-like property if the unmodeled dynamics are small enough
in a certain sense. Suppose that A; and Ay, where Ay is as in
(24) and A, is as in (27), satisfy

|AL(1)] <6g(m(2(1)) + ), (53a)
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|R2(2)] < 83(t)zce(t) + by (F2(2(1)) + @)

where #(t) 1= max{|(wce ol ().l 1 (©)o.q} for
some {6,,03} > 0 with respect to some ¥1,7, € Ko and
constant o > 0.

Theorem 3: Consider the interconnected switched system of
II, in (25) and T's in (24) with the constraints (26), (27), and
(28). Suppose that (53) holds for some {64,063} > 0. Suppose
that (13), (14), and (15) hold. Suppose that Z(0) < Zy, where
Z is as in (48). There exist {e,v,10,,0,6,} > 0 such that for
all v, wy, 61,02, A1, and Ay such that

vVt (53b)

(54a)
(54b)
(54¢)

[0]loc <, [lwylloo < @y,

{l181]10 1821150, I83]loc } <6,

8y <A

where v is as in (24), wy is as in (27), 61,02, and Ay are as
in (24), Ay is as in (27), and 64 is as in (53a), there exists f :
[Tq,00) X [1, Nimax) — [0,00) for some 4 > 0 such that if

S € Shybri(l[Td7 Ta, N] and

Ta = f(7a, N) (55)

then

Z(t) < &1 Z(0)e 2 4 &y(,1@,,0,A) VE=0 (56)
for some constant ¢y > 0 and a function ¢y such that o — v.€
as {v,wy, 8, A} — 0 for some . > 0.

Proof: The basic idea behind the proof is that if the
switched plant is stable with disturbances and noise (Theorem
2), then the supervisory control scheme is able to handle un-
modeled dynamics with small enough ¢, and smaller noise and
disturbances bounds.

From the definition of Az as in (31f) and (53), we get

1(Az)[0,1)llcc <b20Z(t) + 6g(71(2(1)) + @)

=:1b3(8, 6,4, (t), ) 57
for some constant by, where T and « are as in (31f). The func-
tion b3 has the property that for a fixed Z(¢) and «, b3 — 0 as
{6,6,} — 0. From the definition of A as in (35a), (53), and
(57), we have

TCE

202'}/& _ B
1(Aves)p.gllo <+ ﬁcéwg;m(t),a)

i _ o
+4(3) 82321 + )
2civ4 4
¢ 2o g (1) a2
(A= A)A A
=g+ by(6,64,%(t), a, v, 10,) (58)
where by has the property that by — 0 as {6, 8, ¢, w, } — 0 for
fixed Z(t) and a. From the definition of W as in (39), we have

{loce®)”, [COP, (1)} < W (1)

for some constant ¢ > 0.

Let a3 be as in Lemma 5 and a3 as in Lemma 4. From the
properties a3 — 0 as {&CE,&,@,@,} — 0, b3 — 0 as
{6,641 — 0,and by — Oas {6,8,,¢,w,} — 0, we have that for

(59)

given 8, > € and 8; > 0, there exist €, ¢, 0, A, v,w, > 0,
v > w,, such that

3(8uce 07,0, 10y) < Q3 (60a)

e+b4(6, A, c(W + €),a,0,y,) + €0 <zce  (60b)
b3(6, A, c(W + ¢g), ) + €0 < 0z (60c)

W = 1 Wo + v203(0zce , 03, U, Wy) (60d)

where Wy is as in (52) and c is as in (59).

Now, let f be the function as in Lemma 5 with the parameter
W, as, A. Consider the interconnected switched system in the
theorem with this function f.Let T := sup{t > 0 | Vs € [0,¢] :
W(t) < W + €}. From (60d), we have W(0) < W, < W,
and so 7" > 0. Suppose that T' < oo.

Because W (t) < W + ¢ forall t € [0,T), we have Z(t) <
c(W + ¢o) forall t € [0,T) in view of (59) and the defini-
tion of . Then for all ¢ € [0,T), we have ||[(Azee )0l <
dzce in view of (58) and (60b), and ||(Az)jo,» || < 6z in view
of (57) and (60c), and in particular, [[(Asce )i, oll < Ovce
and ||(Az)i,.5ll < 0z forall t € [0,T). From Lemma 4,
we have that W satisfies (38) up to the time 7. Because s €
Shybrid|Td; Ta, N] and s satisfies the condition (55), by Lemma
6, W(t) < y1Wo + y2a3 = W for all t € [0, T]. No matter
whether T is a switching time of s or not, there exists €; > 0
such that there is no switching of s in the open interval (T, T +
€1). Because W is continuous on [1', T'+¢€1 ), there exists €2 > 0
such that W (t) < W + ¢q forall t € [T, T + €3], and hence
W(t) < W + ¢ forall t € [0,T + €]. This contradicts the
definition of 7', and therefore, we must have 7" = oco. We then
have [|(Azce ) 0.0l < dxce and [[(Az )0, < 0z forallt > 0.
Because s € Shypria[Td, Ta, V] and s satisfies the condition
(55), by Lemma 6, we obtain W(t) < v W(0) + o3 for
all ¢ > 0. In view of the definition of W as in (36), the fore-
going inequality implies(56) for some constant ¢; and some
function c» (see the proof of Theorem 2 for the formula). We
have ¢, — 0 as {9, w,,0,A} — 0 so one can take &,
as {0, 1,,6, A} — 0. The limiting property of ¢, follows from
the property of 3 as in Lemma 4. [ |

— £

PROOF OF THEOREM 1
E. Bounds of the Unmodeled Dynamics

Note that u = Ka(t)jrr(t) = fa(t)xcug (t) Also, z = Lfs(t) +
(1), 50 |2 ()] < |Zs(e) (£)+ |25y (£)] and ||zl [0,y < [ICljo,0)+
lzce|lj0,+)- From (17a), using the separation property of class
Koo functions (that for every v € Koo, 371,72 € Koo : y(r +
t) < y(r) + 72(t) Vr,t), we have

1Au(z,m,u,1)| < 6570(12(0))e 2" + 8,92 (11¢]l10,4)
+672(lwcelljo,g)  (61)

for some 71,72 € Ko and §, > 0 such that §, — 0 as §a — 0.
Similarly, we have

1Ay (z,2,u, )] < 6,79(12(0))e™2" + 8,7, (11l jo,1)
+647; (llzcellp,g)  (62)

for some ¥,,7; € Koo.
From the definition of Ay = A, + Lyt )Ay, (61), and (62),
we have

|A1 ()| < 8g (71 (max{{lzcelljo,1, I<]j0,0 })+32(12(0)])) (63)
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for some 71,72 € Koo. Because |2(0)] < Xy, it follows from
(63) that A; has the property (53a) where o = 72(X). From
the definition of Ay = 032cg + A, asin (27), (62), and the fact
|2(0)| < X, we have that A, has the property (53b) for some
constant .. Because of the property of K, functions, we can
always have the same « in both (53a) and (53b).

G. Stability

From (20) and (48), we have that if X (0) < X, then Z(0) <
27(2] =: Zy. We have shown that A; and A, have the properties
(53). Because {]|61]|cos [|62|00, |63]lcc} — 0 as ép — 0, for
every 6 in (54b), the condition (54b) is satisfied if &p is small
enough. Also, because §; — 0 as 6o — 0, the condition (54c)
is satisfied if 6 is small enough. The foregoing facts and the
fact Z(0) < Zop, when applied to Theorem 3, imply that for
small enough v, w,, 6p, A, €, there exists a function f such
that if s € Shypria[Ta, Ta, N] and 7, > f(7aq, N), then for all
7Z(0) < Zp, we have (56). From (56) and the fact that x
%, 42, for all p, it follows that 2 has the property (22). Since the
unmodeled dynamics is input-to-state stable, from boundedness
of =, u, we also have z bounded. From the fact that v — 0 as
Wy, Wy — 0and 6y, — € as {W,, Wy, 0p} — 0, the limiting
property of ¢, follows as in Theorem 3, such that ¢o — 7€ as
{wraw%g} — 0.

VI. NUMERICAL EXAMPLE

Consider the following uncertain system:

=l ]l

y=10"*[1 0]z

where b(t) are unknown. We know that b(t) € (—3,3)\ {0} =:
Q. The stabilization of the foregoing uncertain system is chal-
lenging because the sign of b is not known. The previously re-
ported result for supervisory control with constant unknown pa-
rameters is not applicable here if b has large variation such that
the system cannot be approximated by a system with a constant
b and small unmodeled dynamics to a good degree. An example
of such b is a periodic square signal alternating equally between
two values —1 and 1 with period 27", T" > 0.

The design procedure is as follows. Pick ; := (—3,0),
Qs (0,3), q1 -2 € Qq, and q2 2 € Q. The

set P = {1,2}. We have 4, 01 , B, = 0 ,
2 —6 dp
C, = 107*[1 0], p € P. Design feedback gains K, such

that A, + B, K, have poles at —2, —1 for all p € P, and design
observer gains L, such that A, 4+ L,C have poles at —6, —2 for
allp € P.

For these K, L,,, we have the constants p 3.5, =
0.1,70 = 180, a1 = 1078 and ae = 2 x 1077 (see Appendix J
for the procedure of how to calculate theses constants using
LMIs). Pick h = 0.5, = 1072, and v = 79 x 103 = 1.8 x 10°.
Calculate £ = 6.1794. Pick A = X\o/(k + 1) — 0.001. Cal-
culate A\ = min{\g — Ak, (k + 1)A} = 0.0201. Calculate
Yo = 1414274, 5 = w = 1075, &, = 0.0101, 6, =
2 x 1075, Calculate oy = 1.1146 x 107, ap = 6.1759 x 10%,
and a3 = 0.0170. For W, = 103, the curves Dp,ra, W, With
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Fig. 5. Simulation result.

74 = 102 and the curve '%,ﬁ,wo with N = 2 are plotted in
Fig. 4.

For W, = 1073, it is calculated that X, = 0.0158. For
Ta = 103, 79 = 300, N = 2, we get M = 0.01 and then,
8 = 1.8686 x 10~2%. Then for all the initial state less than
X, for all noise and disturbances less than @, and Wy, for all
unmodeled dynamics less than 6, the state will satisfy (22) with
¢ = 7.5795 x 10'7, & = 4.7360, and 7, = 3.7479 x 10'°,

We simulate the control system with the following noise, dis-
turbances, and unmodeled dynamics:

.o 1 N 0 fw
xr = 2 _6 €T b(t) U+ wy + 2
y=10"*[1 0]z +w,

2= —z+107%z

where w, = w, = Rand(—1072,1072) are uniform random
sequences in [—~1072,1072], and b is a periodic square signal
alternating equally between two values —1 and 1 with period
2T, T = 12.5. The simulation result is plotted in Fig. 5.
Remark 3: The bounds provided in this paper are very con-
servative: the bounds in the simulation are much smaller than
the calculated bounds, and the calculated stability margin is ex-
tremely small (simulation shows the state bound of about 5 x 10°
with the unmodeled dynamics bound of 10~%, compared with
the calculated values of 1.1952 x 106 and 1.8686 x10~24, re-
spectively). It is observed that in simulations with larger ini-
tial states, noise, disturbances, and unmodeled dynamics, the
control system in the example still remains stable. The conser-
vativeness of the bounds comes from three main sources: i) the
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bounds on the switching signal’s properties in (28) ii) the bound
on the state xcg under the switching signal o in (32), and iii)
the bounds on the state xcg under the switching signal s in (34),
not to mention the conservativeness of the numerical calculation
of the constants used in these bounds (e.g., 1, a1, az, Ag.) While
the difference between the simulation bounds and the calculated
bounds is large, the conservativeness of the bounds is not en-
tirely surprising because even in the case of constant unknown
parameters, the reported bounds on the closed-loop states under
supervisory control are also conservative, several of which are
the starting points for the analysis of the time-varying case in
this paper. It is noted that performance of supervisory control,
even in the case of constant unknown parameters, is still an open
question. The use of LMIs to improve the numerical bounds as
in this work (see Appendix J) is a step forward in addressing
performance issues in supervisory control.

Remark 4: We have also performed simulations of the su-
pervisory control scheme in this paper applied to the output
tracking problem, where we make the output of the uncertain
plant & = a(t)x + b(t)u,y = = with unknown a and b to track
the output of the reference model P, = 1/(1 + s). Simulation
results show that the supervisory control scheme also works well
in this output tracking example and is the motivation for further
theoretical research on supervisory control.

VII. CONCLUSION

We addressed the stabilization problem for time-varying un-
certain systems using supervisory control. We introduced a new
class of switching signals called hybrid dwell-time switching
signals, which are characterized by both dwell-time and average
dwell-time. We showed that in the presence of bounded distur-
bances and noise, all the closed-loop signals are bounded pro-
vided that the plant varies slowly enough in the hybrid dwell-
time sense and the unmodeled dynamics are small enough. In
the absence of unmodeled dynamics, disturbances, and noise,
the closed-loop plant state can be made as small as desired. In
proving closed-loop stability, we also studied stability of inter-
connected switched systems in which the jump map of the first
switched system is bounded by the state of the second switched
system, and the switching signal of the second switched system
is bounded in terms of the state of the first switched system.
We provided an ISS-like stability result for such interconnected
switched systems. This stability result can also be applied to sta-
bility analysis of switched nonlinear systems. Numerical simu-
lations and discussions are provided to illuminate the utility and
drawback of the proposed control scheme.

This work has provided a theoretical foundation for applying
supervisory control to time-varying systems. This contribution
can be viewed in two ways: at the qualitative level, it says that
the supervisory control design provides a margin of robustness
against noise, disturbances, and unmodeled dynamics; at the
quantitative level, it provides a description of this robustness
margin. Future work aims to address performance issues such
as how to obtain tighter bounds and how to choose the design
parameters to improve transient response. Another potential di-
rection is to address the issue of fast-switching plants by finding
the design parameters that yield the largest class of hybrid dwell-
time signals. Also, supervisory control for output tracking of un-
certain time-varying plants deserves further exploration.

APPENDIX A
THE INJECTED SYSTEMS

Because the linear controller C,, stabilizes the plant & =
Apz + Bpu, y = Cpa, it follows that the system:

&, = Apiy + Bpu+ Ly(Cpitp — )

Ip = Oyl X ) (64)
Ic = FP(‘T‘Cvu:y) = Fp($C>u7yp - (CP‘TP - y))
u=H,zc

is exponentially stable when C),%,, —
we can write

y = 0. Also, for g # p,

Ayiq + Byu+ Ly(Cyg — y)
= (Aq + Lqu)iq + (Bqu — LqCpip) + Lq(Cpi“p )

and so the system

Zg = Agitg + Byu+ Ly(Cyitg — y)
3‘70: = F])(xﬂ:7u7y>
u= Hy,zc

(65)

is exponentially stable if Cp2, — y = 0 and B, Hyzc —
L,Cyz, = 0. Therefore, if C,2, —y = 0, then z¢ and
Z, go to zero exponentially in view of (64), and hence,
ByH,xc — L,Cp%), goes to zero exponentially, and thus,
Z4 goes to zero exponentially for all ¢ # p. The foregoing
reasoning shows that for a fixed controller, the injected system
is exponentially stable when y — 7, = 0. Because the injected
system is linear, it follows that each injected system must be of
the form zcg = A,zce +B, (9, —y), where zcg = (g, zc)
is the state of the injected system, and A, is Hurwitz Vp € P.

APPENDIX B
THE ERROR DYNAMICS

Because s is constant in [ts,t) and s(¢s) is the index of the
nominal switched plant for time in [¢s, t), in view of the linear
observer dynamics (5), we have
Za(e) (1) = Bage)Fae) () + 61(D)2(t) + 65(t)u

+AS (2,2, u,t) +v(t)

, 01(t) = da(t) + Lyu,)oc(l),
u,t) + Lo )Ay(z,7,u,t), and
) A, are Hurwitz for all peP
H,)wc(t) (from (4)) and

where E, := + L,C,
Al (z,x,ut) == A, (7 x,
o) = wa(t) + Lygyw, (i
by construction. In view of u(t) =
T = Tgr,) + Ls(s,), We then obtain

o) (t) = By Toqr,) () + 61(8)T g, (2)
+é2(t)xce(t) + AL(z, z,u,t) + v(t)

A,

(66)

where 02 (t)rcE = 01(t)T5,) + 0B(t)Hy(, )z (recall that
Z, and z¢ are components of zcg forallp € P so 6 is a
linear combination of §; and 63). Equation (66) is rewritten as
the switched system

(=B 4610+ bamce + AL+ v (67)

where ((t) := Z,4,)(t) and Ay := A5 (z,2,u,t). It is clear
from the definitions that é; is such that {||61 ||co, ||62|cc } — O as
§p — 0, Ay issuch that ||Aq]] — 0as §a — 0,and ||v]|ec — 0
as {[|weoo [[wylloc} — 0.
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APPENDIX C
CONSTRAINTS BETWEEN I'y; AND 11,

Constraint for I's: Because Tp(t) + Z,(t) = Z4(t) +

Zq(t) = z(t) Vt,Vp,q € P, we have &, = T, + & — &
and so
| (8)[* <21 (1) + 2|2, (1) — 24 (1)
< 2|yf:q(t)|2 + 4|z (t)|* vt (68)

for all p,q € P in view of the fact that £, is a component of
wce. Therefore, in view of ((t) = Z,(;,)(t), we have (26a).

We have g,(t) = (i) — Bp(t) = () + [C, —
Cpl(zy(t),z,(t))T for all ¢ > 0, and hence, |7,(t)] <
|94()| + velzcel, where v, := maxp 4]|[Cq — Cpl|, and in
view of the fact that x,,, x, are components of zcg.

Note that the e ~**-weighted £ norm has the following prop-
erties. From the definition of || - ||2,x as in Section II, we have

d
Mo nllon = =M Po nllox + 1FOF. (©9)

The e~ *-weighted L5 norm is decreasing in A and additionally,
has the following properties:

t
/ e A=A« LAt (709
. XA
2 1 2
[ 22) ], , < 550D B 0D

for all A > A > 0 (note that the left-hand side of (70a) is the
e~ *-weighted £, norm of the exponentially decaying function
with the rate )).

Taking e~ *-weighted £5 norm of both sides of the fore-
going inequality, we get [|(7,)j0.nl5 5 < 20T, 134 +
2%||(:17C|E)[07t)||§7)‘. Letting ¢ = s(ts), p = s(t7), and t = t,,
we get (26b) in view of {() = [|(¥s(r.))jo,) ||%A

We have

Usto) () = Cseym(t) + 0c(t)z(t) + Ay (2,7, u, t) + w(t)
- s(ts)ff?s(ts)(t)
= (Cse,) + 60(1))p(t) + 00 (t)2,(t)
+ Ay(z,z,u,t) + w(t).

Therefore

Ua(t) (1) = (Car,) + 00 (1) Tar,) (1) + 03(t)7cE
+A,(z,z,u,t) + w(t)

where 63 := ||6c||o0, and we get (27).

Constraint for I1,,: The hysteresis switching logic has the
following properties ([31, Lemma 4.2],[14, Lemma 1]): for
every index ¢ € P and arbitrary t > tg > 0, we have Vt > £,

m fg(t) mA(t — o)
No(t,to) <m + In(1+ h) n < € ) + In(1+h)’
(71)
1+h
Gl < 252D, 72)

v
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Note that the above inequalities hold for any ¢ € P. In view of
tse,)(t) = € + £(t), we obtain (28b) and (28a).

APPENDIX D
PROOF OF LEMMA 1

Since s is constant in [t;, ) and E,(;  is Hurwitz, from (24),
we have

[SOlk

< a(]e_)\(t_ts)

Ct)P + 71022015 5
+%||(’U)[ts.,t)||;;\

for some ag, 7. The foregoing inequality and (26a) give (30a).

From (27), we have [7,(¢) (1) < c1]|C(#)[ 4+ [A2(t)] + |wy (2)],
where ¢ := max,, ||C,||+6p, and so |§s() (¢)[* < 2¢1[C(8) >+
41A5(t)|? + 4|w, (t)|*. Then

1G9, 33 < 26N ll5x + 4l1(A2) 1, 0 l13 0
Hll(wy) e 35 (73)

Taking e~**-weighted L5 norm on both sides of (30a), in view

of (70a) and (70b), we get

) a
H(C)[ts,t)H%,A < 2KE)IP+ 4|xCE(tS)|2)ﬁ
||(A5:)[ts,t)||g,/\ + j\fY_Q)\H

o AE—ts)

M
A=A

+ (U)[ts,t)H%,A-

Combining the foregoing inequality with (73), the fact that
€(t) = §(t)e™ ) 191 (72)r, [I35 and (26D), we get (30b).

APPENDIX E
PROOF OF LEMMA 2

LetT > to be an arbitrary time. Let 74, k = 1,..., N, (T, to)
be the switching times of o in [tg, T'); by convention, 79 = tg
and Ty, (7,ty)41 = 1. Let Vo (t) := V) (zce(t)) where V,
are as in (10). From (10b), we have

Valt) < eV, (0) 4 20l )i B (79)
for all ¢ € [rg, Tg+1). The foregoing inequality and (11) give
Va(t) < e 000 (1) + 70l (5o ey [3.0, for all £ €
[Tk, Tk+1). Letting ¢ = 741 and iterating the foregoing in-
equality for £ = 1 to N,, together with (74) with ¢ = 7y and
TR = To, We then have

VU(T_) < MN”(T’to)e_)‘O(T_tO)Vg(to)
N, (T\,to)
+70 Z gi||(y0')[7'q',‘l'i+1)||§,)\o (75)
i=0
where g; := pNo(Tto)=ig=2(T=Tit1) Because there are no
more than N, (T, to) — 7 switches in the interval [7; 1, T), from
(28b), we have

NO-(T,to)fi < Nd1+d2 1n(€+£(t))u(T7ti+1)/Ta

=0(e + £(t)) ATt

I
(76)

where 7, is as in (29), d1 := m — (m/In(1 4+ h))Ine, ds :
m/In(1 + h), 5o = u® = p™e %, and K = dyIn p, and the
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equality follows from the fact that In /7, = Ak. Note that we
have x > 1 in view of (13). Because A < Ag, we have

||(y(7)‘ri,7'z‘+1 ||%,>\0 < ||(y”)7iy7'i+1 ||%,/\'
The foregoing inequality and (76) give:

N, (T,to)
> il Wo)riri I3
1=0
<Hole +&(1)"
N, (T,to)

>

=0

<Fo(e + &) Nl (Wa)eo Tll3 0

where the last inequality holds because 0 < A < A\g — Ak in
view of (14). From (75), (77), and (28a), we obtain

ef()\()*)\“)(TfTi+1) ||(ya)‘ri,7'i+1 ”;,)\

(77)

VU(T—) < (Ao—An)(T—to)Va(tO)

m(1+ h) (e + £(T))=+1.

To(e +&(T))"e™

+%070 (78)
The foregoing inequality and (10a), in view of the fact that x¢cg
is continuous, give (32) (replacing T in (78) with t) where y; :=
Yoaz/a1 and 2 := Yom (1 + h)(v0/7)(az/a1).

APPENDIX F
PROOF OF LEMMA 3

For the convex function @ — a",7 > 1,a > 0 we have
(a/2+b/2)" < (1/2)(a” +b") and so, (a + b)" < 27" 1(a" +
b") Ya,b > 0. Using the foregoing identity with (30a), for all
r > 1, we have

(e +&(1) <27 (ts)e )
+2" e+ Ua(t) + Va(t))".  (79)
Applying (79) with r = x and r = k 4 1 to (32), we get
|zce(t)®
<25 () e 00T face (1)
+m27 e+ Us(t) + Va(t))"e (ts)I?

+ 72214, 1/€+1(ts)e—(n+1))\(t—ts)
+ 722“’(8 + Ug(t) + VQ(t))K—H.
The foregoing inequality leads to (34a) in view of the defini-

tion of g and the fact v(7) < s, t). Taking
e~ M-weighted L5 norm on both sides of (34a), we get

g9(t)

2
<4
||(37CIE>[ts,t)“2,)\ Y=\

e_)\(t_ts) n 722K||(V(Kl+1)/2>t5,t 2

From  (69), we have |[(zce)joll3a =
e M (weg)onlzn + l@ee)mpl3a The
preceding inequality, in view of the fact that

l(zce)po.nl3x = (@) 3 ae T +l(weE) . p 130
[which follows directly from (69)], gives (34b).

APPENDIX G
PROOF OF LEMMA 4

From the definition of W, we have

lzce(t)]? < uW(t) V.

80
8c2yag 80)

From the definition of f; as in Lemma 1 and g as in (35), in
view of (80), we have

1) < QR — Wn+1 - QR — 15n ts 2
9(0) <N2 T S W) + 2 B e (1)
+ ’YQZKW'H—l(tS_)
= WD) + alzce(ts)|* Yt € [0,T] 81)

where 73 = 1257 N(A = A)/8c3vag) + 722% and
Yy 1=y 28168 e » In view of (37b) and (37¢). From (34a) and
(81), we get

lzce () P<(W Tt + yalvce(ts)[)e ) 4 45
(82)

where v5 1= 7122%6%*!. From (34b) and (81), we have

ZCE *

—A(t—t.)

I(zee)pnllzA < ll(zee)pe) 2 2e

1 w+liy 1 2\, -A(t-t) 5
(T )+ alres ()R )e X4 2
(83)
From (30b), we get
() S W(17)e07%) 4 (84)

where Y6 1= 0zcp

CB)* < ao(21C(1

in view of A < A, where v7 := (§1/A)82 4 (92/A)52. From
(82), (83), (84), (85), and the definition of W as in (36), we get

— €. From (30a), we get

DI +4lzce(ts)?)e ) + 47 (85)

W (t) <2W (t7)e 1) 4 e Wt (7 )e M E1e)
+ (call(zce)o.r. I3 IC(t) 2
+ colrce(t5)[*)e ) 4 o7

(86)

where ¢3 := 27cy3/(A — A) + 4c3yaoye /(X = N), ¢4 = 27,
C5 = 801’)’“0/(/\ ), €6 = 27e7a/ (A= A) +16¢3vad /(A — -A)
+8c3vapya/(A— A),and ¢7 1= 276+27.75/ A+4ciyagyr /(A —
A) +8c2yagys/ (A — A). Let

Cg = Mmax = c ‘6
8 (27.)’ (M)’ (M)
(A=) (A=)
=
6(80%7(10)'

Then from (86), we get

W(t) S 2W(t8_>e_)‘(t_ts) + C3WK+1(tS_>6_A(t_t“)
+esW (15)e M) e,

We then have (38) where a1 := c3, as := 2+ cg, and a3 := c7.
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From the definition of v, we have v5 — ¢, ¢ for some con-
stant ¢, > 0 as 6, — e. From the definitions of 6, 76 — 0
as SI'CIE — ¢. From the definition of 7, we have v7 — 0 as
{6.,9} — 0. It follows from the definition of cg that cg — ¢ &

for some constant ¢, > 0 as {6z, 9,w,} — 0 and §

zce — €-

APPENDIX H
PROOF OF LEMMA 5

The function f has two parameters, 74 and N, and thus, is a
mesh in 3-D if we plot 7, versus 7q and ‘N . 1tis difficult to solve
for the function f analytically, but for given Wy, a3, and p, it
can be numerically calculated as follows.

Start from 7q = 0 and N = 1. For each pair of 74 and N,
starting from 7 = 74 and in small increment of 6, > 0, sequen-
tially check M from 0 in increment of 6, until M, for some
M.x > 0 whether that M satisfies H” VZOA? (M )<0. The

first 7 that gives the existence of M such that Hp Wo 3"\? (M)<0
Td,

is an approximated value of f(74, N). Repeat the procedure for
anew N with a small increment § v or a new 7q with a small in-
crement §4; Stop when both 74 and N reach some chosen upper
bounds. This procedure will produce a granular mesh for the
function f. The smaller é,, 6, and 64 are, the closer the nu-
merically calculated mesh is to the function f, at the expense of
the computational time.

To help better understand the function f, we can also have
following characterization of cuts of f when we fixed either N
or 74.

Average Dwell-Time versus Chatter Bound Curves:
* Fix a 74. Define the set A, ., parameterized by W, as

A, - (Wy) == {(W Ta)|W >1,7 >0, and AM > Wy :

. In p(M)

Ta,Td, N

and H/Wooos (M)go}. (87)

Since the function H is increasing in N and de-
creasing in 7,, in view of (87), there exists a function
Ta = $pra.w,(IN) as the lower boundary of A, -, (W)
such that A, -, (Wo) = {(n,t) : 1 < n < Npax,t >
Gp.ra,wo(n)} for some Npmax (Wmax can be co). We will
call ¢, -, w, an average dwell-time versus chatter bound
curve. It is not easy to characterize the function ¢, -, w,
analytically, but the function can be calculated numerically
for given p, a3, A\, K, 79, and Wy (up to approximation
errors). The algorithm is as follows: Start from N = 1. For
each N, starting from 7 = 74 and in small increment of
6; > 0, sequentially check M from 0 in increment of §;
until M. for some M. > 0 whether that M satisfies
H” ’WO’OJ‘\?’A(M )<0. The first 7 that gives the existence of

Ta,Td;
M such that H”’“ 0";’ (M)<0 is an approximated value
of ¢prawy (N ) Repeat the procedure for new N with a
small increment 6. The smaller 6 and 65 are, the closer
the numerically calculated curve is to the curve ¢, -, w,,
at the expense of the computational time.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 56, NO. 1, JANUARY 2011

Average Dwell-Time versus Dwell-Time Curves:
+ Fix a N. Define the set B ~ parameterized by Wy as

Bp,N(WO) = {(Ta,Td) :Ta >0, and AM > Wy :

Inp(M
Ta > J Ta,Td,N

and H”"022A (M) < 0}- (88)

Since the function H is decreasing in 74 and also de-
creasing in 7,, in view of (88), there exists a function
Ta = ¥, % w,(7a) as the lower boundary of B, 5(Wo)
such thatB ( 0) == {(t,d) : 7" < d < ma",t >
Y, % w,(d )} fo.r some 7% > T“f““. We call ¢p,N,W0.an
average dwell-time versus dwell-time curve. The function
,l/}PaﬁyM/O is not easy to characterize analytically but can

be calculated numerically for given p,as, A, s, N, and
Wpo. Similarly to the case with fixed 74, the algorithm for
a fixed N is as follows: Start from 7q4 = 0. For each 74,
starting from 7 = 74 and in small increment of §, > 0,
sequentially check M from 0 in increment of 65, until
M. for some M. > 0 whether that M satisfies
HP,I%f'O,(Jx\TgaA( M)<0. The first 7 that gives the existence of

Ta,Td

M such that H” V[TO (])‘\f A(M)<0 is an approximated value

of ¥, 5y, (T ) Repeat the procedure for new 74 with a

small increment §,. The smaller §, and 8, are, the closer

the numerically calculated curve is to the curve 1)

at the expense of the computational time.

Using the average dwell-time versus chatter bound curve and
the average dwell-time versus dwell-time curve curve, we obtain
the (42).

Remark 5: When p is bounded, say p(M) < p VM, for
everyWy 20,7179 >0, N>1land7>1n p/ A, we can always
choose M large enough so that h,(M, N, Ta,7a, Wy) < 0.
Then, A, -s(Wo) = {(N,7a) : N > 1,74 > Inp/\} and
B,%(Wo) = {(t,d) : d > 0,t > Inp/A,t > d}, and there-
fore, both the sets A and B can be characterized by a single
number 1n p/\, which is exactly the lower bound on average
dwell-time for stability of W (as reported in [20], [31]; see also
[32]). In general, when p is an unbounded function, the set A
is characterized by an average dwell-time versus chatter bound
curve, and the set B is characterized by an average dwell-time
versus dwell-time curve (these curves are horizontal lines when
p is constant).

P, N, Wy’

APPENDIX 1
PROOF OF LEMMA 6

Because (74, N, 7a) € S?(Wy, a3, \), from the definition of
SP(Wy, as, A) as in (41), there exists M > W), such that
e_ATd

1 — e 27a sM

PN Woe ™2™ 4 g + asi™ (89)

where A := A —Inji/7, > 0 and i := p(M).
If the switching signal s is a constant (no switching in s), then
clearly W satisfies (43), in view of (39).
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Suppose that s has at least one switch. Denote by 7}, +) the
set of switching times of s in [tg,¢). Define

T:=sup{t=>0|W(r)< M V7€ Tpy}

Let 7 be the first switching time of s. We have

W(Tl_) Sp(Wo)Woe_)‘Tl + a3 < /)(I/V())I/Voe_h—1 + a3
< p(M)WOe_)‘Td + a3 <
in view of 71 > 74 and Wy < M. The foregoing inequality of
W together with (89) imply that W (7, ) < M inviewof N > 1
and A < A. From the definition of 1T', we have that T > 7
(and thus, T is not empty). We will next show that 7' = oo by
contradiction.

Suppose that ' < oo. This means there is a switching time
7 after T' such that W(77) > M. Let 71,...,Tn, (r0) be
the switching times of s in [0, 7); by convention 7y = 0 and
TN, (r,0)+1 = 7. From the definition of T" and 7;, we have

p(W(r, ) <p(M)=p Vi=0,...,N4(t0).

K2

(90)

From (39), we have W(7 ;) < AW (17 )e ATt =) 4
as, © = 0,...,Ng(t,0) in view of (90). Iterating the fore-
going inequality for ¢ = 0 to i = N,(¢,0), in view of
W(0~) = W(0), we obtain

W(r™) < TR (T’O)“W(O)e_’\T + a3
N,(7,0)
+as Z ﬂNS (T,O)—ie—k(‘r—rprl)‘ 91)
1=0

Because s € Shybrid [Td, Ta, W], in view of the fact t_hat there are
N,(7,0) switches in [0, ), we have V(70 g gN+(m0)+t/7a
Also, because there are N,(7,0) — 4 switches in [7;41,7), we
have iN+(m0) = < pN+(7=7+1)/7  The foregoing inequality
and (91) yield

N, (7,0)
W(T_) <ﬂN+1W(t0)e—Afr+a3+a3ﬂN Z 6—A(T—n+1)
1=0 (92)
where A := X\ — In fi/7,. Also because s € Spyprid[Ta, Tas N],
we have 7,41 — 7; > 7q, and then 7 — 7,41 > (Ng(7,0) — i —
Dra+ (1 — 7N, (r0)), i = 0,...,Ng(7,0) — 1.
We then have

N (7,0) N, (7,0)
Z e A(T=Tiv1) ¢ o=ATa Z e—2Ara(Ns(r,0)—i=1)
=0 i=0

e*A(T*TNS(r.o))

< -
(1 — e2ra)
The foregoing inequality and (92) yield

W(r™) < BN TW (t)e ™ + as

FagpNe 2N ) (1 — em2Ta)=1 (93)

Because s has a dwell-time 74, we have 7 — Ty (1,0) 2
7q. Then the right-hand side of (93) is bounded by
PN TIW (t)e 2™ 4 g 4+ azpNe 2T (1 — emATa)"ICM,

in view of (89). Thus, W(r~) < M, in which 7 > T, a
contradiction with the definition of 7'.
Therefore, T' = oo. In view of (93), we have

W) <Y W (to)e 2 + g + i e A1) (1 — g A7a) 1

_ (94)
for all t > 0. We then get (43) with 1 := g1 and 7, :=
AN (1 — emama)=t

APPENDIX J
LMIS FOR NUMERICAL CALCULATION
The explicit forms for the matrices A, and B,, of the injected
system in (9) are

Ap:: dlag(Ak + chk7]i} = 17 T ,m)

Oan(p_l) BlKI,—Lle Onx(n—p)
oo ByK,—LC, , 95)
Oan(p_l) Bpr—Lme Onx(n—p)
Ly
B,:= | : (96)
Ly,

Because A, are Hurwitz, the functions V,, as in (10) can be
obtained by solving the Lyapunov equation AI?P,, + P,A, =
—( for some ) > 0. However, this approach will likely lead
to a big Lyapunov gain p, which is undesirable. Instead, we
will employ LMIs to find P,, p € P that yield the smallest 1
possible. To do so, we write (10b) as

Vp =2¢E (A;?Pp + PyA,)rce + 28 PpB,g, + QZBzPP
< =Xzl Prrce + Y07, U
-~ AgPp+PpAp+)\0Pp Ppo:| |:;ECE

S| x 2 <0.
[ree yp][ szp —Yo! Yp }

Because the foregoing inequality is true for all zcg and all g,
it is implied by
[A;"Pp + P A, + P, P,B,

<0
BT P, ~0l

where < reads “negative definite” (similarly, > reads “positive
definite”). We then have the following LMIs:

|:A;1:PP +PPAP +/\0Pp PPBP:| <0
BIP, —vol

P,~0 p=1,....m. (97)

The above set of LMIs can be solved numerically for given
A,,B,, Ao, . For our analysis here, we also want the ratio
az/a; small, where a1 and ag are as in (10). This can be
achieved by adding the following LMIs into (97):
Pp > a1, Pp < asl. (98)
To find small p, a1, and aq, the algorithm is as follows. First,
pick a small Ay such that 0 < Ay < — max,cp Re(eigA,)
(for example, A\g = 0.001). Pick a; > 0 and as > 0 such that
az/ay is large (for example, az/a; = 10°). Start with some
small p and large v (such as ¢ = 1 and v = 1000), check for
feasibility of the set of (97) and (98). If the LMIs do not have
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a solution, then increase y until the LMIs have a solution. For
that p, try to reduce y while the LMIs still have a solution. Then
try to increase Ag and to reduce ay/a; while the LMIs still have
a solution. The increment and the decrement of those constants
can be fully automated by programming the above algorithm
into computer codes.
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