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Motivation

A basic question in number theory is, if we have a number of polynomials
fi ∈ Z[x1, . . . , xn], how to find or just count solutions of {fi(x) = 0} over rings
like Z or Q?
One may try mod p (Z→ Z/p) or p-adic method (Q→ Qp). It’s interesting to
count solutions over finite fields beyond Fp = Z/pZ, and the answer will have
some beautiful and uniform patterns, revealing the topology of the space.
Let’s look at some examples:

#Pn(Fqm) = 1 + qm + q2m + . . .+ qmn

#GLn(Fqm) = (qmn − 1)(qmn − q)...(qmn − qm(n−1))

#E(Fqm) = 1 + qm − αm − βm (E elliptic curve, αβ = q, |α| = |β| = q1/2)

#{A ∈Mn(Fqm)|An = 0} = qm(n2−n)

Weil also computed the number of Fqm -points for Fermat hypersurfaces using
Jacobi sums, which is also of the form

∑
ami − bmj for some specific algebraic

integers ai, bj . This motivates the Weil conjecture:
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Weil conjecture

Weil conjecture
Let X0 be a n-dimensional smooth projective variety over a finite field k = Fq
. Then there exists algebraic integers αi,j ∈ Z, (0 ≤ i ≤ 2n, 0 ≤ j ≤ hi − 1)
such that

1 (Trace formula) #X0(Fqm) =
∑

(−1)iαmij , for all m.
2 (Poincare duality) For fixed i, {q2n/αi,j} is the same as {α2n−i,j} as

multisets.
3 (Purity) ∀τ : Q ↪→ C, |τ(αij)| = q

i
2 .

A naive idea: X0(Fqm) is the fixed point set of Frobenius map Frmq on X(k̄).
If we have a cohomology theory for Xk̄ that looks like singular cohomology for
good topological spaces (locally contractible), then Lefschetz trace formula
and Poincare duality will give the first and second parts. For any prime
number ` 6= p, Grothendieck developed a new topology i.e étale topology (so
any variety is "locally contractible" (not really..) by some vanishing theorems
of Galois cohomology), and the `-adic étale cohomology theory H∗(Xk̄,Q`).
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The Riemannian hypothesis for X0

Analogous to the Riemannian zeta function, one can formulate the zeta
function of X0 (or any piece "Hi(X)"):

ζ(X, s) = exp

( ∞∑
m=1

#X(Fqm)

m
q−ms

)
It’s a rational function by Lefschetz trace formula. The purity is equivalent to
some sort of Riemannian hypothesis. Now the real question is:
How to show the purity of the Frobenius action on H∗(X), if you
can’t compute the action on the cohomology explicitly?

Weil proved it for curve C using Hodge index theorem on the surface C × C
(#X0(Fqm) is exactly the intersection number of the graph of Frobmq with the
diagonal inside X ×X).
For higher dimension X, the Hodge index type results are unknown and is one
of the standard conjectures. Grothendieck has a proof of purity in general
using his standard conjectures.
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Too naive approaches

Another
naive approach (Today): every variety is indeed birational to a hypersurface
in projective space. But this hypersurface can be highly singular.
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Deligne’s approach and Rankin method

Later, Degline proves the purity by developing many new tools: a general
theory of weights, use of L-functions and Rankin–Selberg method to bound
the weights.. The Lefschetz pencil is a geometric tool for induction, and its
vanishing cycles are computed in SGA7. The machinery in Weil II is heavy
but very powerful.

Informally, Rankin method is the idea that you can bound the coefficient of a
modular form more efficiently if you know the symmetric square L function is
again automorphic (and analytic on <s > 1). Such ideas have many
applications to the Ramanujan conjecture. Also, one powerful application of
Weil II is the Ramanujan conjecture for ∆(z) = q

∏
n>0 (1− qn)

24.
Laumon, Brylinski and Katz simplify the proof of Deligne by using `-adic
Fourier transform on affine line and Plancherel identity.
Today, we will give a simple proof of the Weil conjecture (but not Weil II),
based on works of Katz, Scholl, Deligne... No Lefschetz pencil, no Fourier
transform is used, but we still need L-functions and Rakin method.
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Strategy Today

The "10-line" proof of Weil conjecture is as follows:

Using things like |
∑p
n=1 χ(n)e

2πin
p | = p1/2, we can prove purity for a

specific smooth hypersurface with given degree d and dimension n.
For any local system F on U0, Rankin method implies the persistence of
purity in a smooth proper family.
By deformation, we get purity for all smooth hypersurfaces.

Any variety is birational to a hypersurface Xs, deform Xs into smooth
hypersurfaces, get a family over a smooth curve with one singular fiber.
By alteration, we can assume the family is of strictly semi-stable situation.
(Weight-monodromy) monodromy filtration for H∗(Xη̄) has pure pieces.
(Today) Weight spectral sequence relates these pieces with cohomology of
(intersections of irreducible components of) Xs̄, we’re done by induction.
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Vanishing cycles and nearby cycles
Let R be a complete DVR with finite residue field k, and X → R proper with
i : Xs ↪→ X, j : Xη ↪→ X. If X/R is smooth, then by smooth and proper base
change, Hi(Xs̄) ∼= Hi(Xη̄) as Galois representation, in particular the inertia
group acts trivially.
In general, how do you relate the cohomology of the special fiber and generic
fiber?
The idea is to think X → R as a degeneration from Xη to Xs. We need to
work with geometric fibers so will do a base change to Rur. Consider
H∗(Xη̄)→ H∗(XR̄) ∼= H∗(Xs̄) (proper base change), by dual we get the
specialization map Hi(Xs̄)→ Hi(Xη̄).

It’s not an isomoprhism in general, because in such degeneration progress,
some cycles will "shrink" into low dimension cycles hence vanish in the
homology, they’re called "vanishing cycles" RΦΛ ∈ D(Xs̄). What will remain
is called "nearby cycles" RΨΛ := ī∗Rj̄∗Λ ∈ D(Xs̄) (definition). By design,

Proposition
Hi(Xη̄,Λ) ∼= Hi(Xs̄, RΨΛ), and there is a long exact sequence

...→ Hi−1(Xs̄, RΦΛ)→ Hi(Xs̄,Λ)→ Hi(Xs̄, RΨΛ)→ Hi(Xs̄, RΦΛ)→ ...
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A picture

Zhiyu Zhang (STAGE seminar) November 16th, 2020 10 / 24



Weight spectral sequence
If one can construct a resolution or just a filtration of the nearby cycle in the
derived category, then we may relate RΨΛ with several i∗Λ where i : Z ↪→ Xs

is a closed immersion, hence relate the cohomology of the special fiber and
generic fiber.
Let X be a strictly semi-stable scheme over R, and assume X is projective of
relative dimension n. Here "strictly semi-stable" means that X is Zariski
locally étale over SpecR[t1, . . . , tn]/(t1..tk − π).
Then Xk =

⋃m
i=1Xi, the irreducible components Xi are smooth and

projective. We take the disjoint union X(p) :=
∐
I⊆{1,,m},|I|=p+1XI ,

where XI = ∩i∈IXi is smooth projective of dimension n− p.

Theorem (Rapoport–Zink, Saito)
For coefficient Λ = Z/`n,Z`,Q`, we have the weight spectral sequence:

Ep,q1 =
⊕

i≥0,i≥−pH
q−2i(X

(p+2i)

k̄
,Λ)(−i)⇒ Hp+q(XK̄ ,Λ)

The inertia group acts on E1 by Ep,q1 → Ep+2,q−2
1 (1), and agrees with the

action on Hp+q(XK̄ ,Λ) after taking graded pieces.
The differential dpq1 : Ep,q1 → Ep+1,q

1 are just alternating sums of
push-forwards and pull-backs on cohomology.
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Weight spectral sequence for a semi-stable curve
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Construction

The induced filtration Gi on Hp+q(XK̄ ,Λ) satisfies NGi ⊆ Gi−2, so it looks
like the monodromy filtration. And it is the weight filtration if we know Weil
conjecture (and Λ = Q`). But firstly, why do we have such spectral sequence?
Construction: in any abelian category, we can consider the monodromy
filtration of a nilpotent operator on an object, the recipe is the same.
So the nearby cycle RΨΛ itself has a monodromy filtration, which will give the
weight-spectral sequence Ep,q1 = Hp+q

(
Xk̄, grM−pRΨΛ

)
⇒ Hp+q (XK̄ ,Λ). And

N : grM−pRΨΛ→ grM−p−2RΨΛ induces the action N : Epq1 → Ep+2,q−2
1 .
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What we need to compute

We only need to compute grM−pRΨΛ, recall the monodromy filtration is the
convolution of the kernel filtration Fi = KerN i and the image filtration
Gj = ImN j , and

GrMr
∼=
⊕
i−j=r

GrjGGr
F
i .

The idea: we have a canonical truncation F ′i = τ≤qRΨΛ by degree. By
definition, we just need to compute i∗Rij∗Λ, and it turns out that F ′i = Fi. It
remains to compute the induced image filtration on RiΨΛ, which is done by
understanding the inertial action on RiΨΛ. The computation is local, and the
vanishing cycle will only support on the singular locus.
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Curves
If X → R is just a curve with strictly semi-stable reduction, the local
geometry looks like Fp[[t]][x, y]/(xy − t)→ Fp[[t]], the special fiber is xy = 0.
Then the computation is easy, and essentially a special case of the
Picard-Lefschetz formula in SGA7.
Let G be the dual graph of Xs̄, i.e vertices Σ0 correspond to the irreducible
components of Xs̄, edges Σ1 = Σ correspond to the intersection points of
irreducible components of Xs̄. Then

Picard-Lefschetz formula (in the curve case)
For any point x ∈ Σ, there exists δx ∈ H1(Xη̄) well defined up to sign,
called the vanishing cycle at x. we have the exact sequence

0→ H1 (Xs̄)
sp→ H1 (Xη̄)

(−,δx)→ ⊕x∈ΣΛ(−1)→ H2 (Xs̄)→ H2 (Xη̄)→ 0
Here (a, b) = Tr(ab) with Tr : H2(Xη̄) ∼= Λ(−1), (δx, δy) = 0 if x 6= y,
(δx, δx) = 0.

The five-term exact sequence is from the (coarser) spectral sequence
Epq2 = Hp(Xs̄, R

qΨΛ)⇒ Hp+q(Xη̄). And H1(Xs̄) = H1(G,Λ) (cohomology of
a graph), H0(Xs̄, R

1ΨΛ) = ⊕x∈Σ1Λ(−1), H2(Xs̄) = ⊕x∈Σ0Λ(−1) (top degree
etale cohomology counts the number of irreducible components).
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General results
Let Y = Xs̄, ai : Y (i) → Y the union of closed immersions YI → Y .

Prop 1.3 in Saito’s paper

Part 1: Here θ′ are all isomorphisms, RpΨΛ = Ker(ap∗Λ(−p)→ ap+1∗Λ(−p)),
(R1ΨΛ) = CoKer(ΛY → ⊕mi=1ΛYi)⊗ Λ(−1), RqΨΛ = ∧qR1ΨΛ.
Part 2:RΓ(I`, RΨΛ) = i∗Rj∗Λ, I` is cyclic, and I` acts trivially on RqΨΛ (by
computation, which is a feature for the semi-stable reduction), so we
have a short exact sequence 0→ RnΨΛ→ i∗Rnj∗Λ→ Rn+1ΨΛ→ 0, the
second arrow is the θ̄.
Zhiyu Zhang (STAGE seminar) November 16th, 2020 16 / 24



A local-global computation

The computation will use the absolute purity conjecture (proved by Gabber
and Fujiwara), but I think it can be avoid in equal characteristic.
By an easy combinatoric exercise, ΛY → a0∗Λ→ a1∗Λ→ ...→ an∗Λ is exact
(here we take alternating sums of i∗), the non-trivial thing is to show
i∗Rpj∗Λ = ap∗Λ(−p).
Curve case: Fp[[t]][x, y]/(xy − t)→ Fp[[t]] globalizes to
Fp[t][x, y]/(xy − t)→ Fp[t], so the total space is A2, the complement of the
special fiber is j2 : A2 − {xy = 0} = (A1 − 0)2 ↪→ A2.
(we ignore the base!)

Let j : A1 − {0} ↪→ A1, i : {0} ↪→ A1, what is i∗Rkj∗Λ? By definition, it’s the
stalk of Rkj∗Λ at 0, i.e colimU→A1"open"H

k(U − 0,Λ), it’s Λ(−1) if k = 1, and
Λ if k = 0, and zero else (image you are computing cohomology of C− 0). To
compute the nearby cycle i.e ī∗Rj̄∗Λ, go up along the Kummer tower (adding
t1/n), the computation is similar.
Let jn : (A1 − {0})n ↪→ (A1)n, n = 2 is the curve case. By Kunneth formula,
we computes nearby cycles for all n, hence the proposition.
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A picture
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The monodromy filtration on the nearby cycle

So RiψΛ[−i] is quasi-isomorphic to [ai∗Λ(−i)→ ...→ an∗Λ(−i)] (the degree is
from i to n). Then by computing the inertia action on RψΛ, one see the
decreasing image filtration Gj on RiψΛ[−i] = GrFi Rψλ is the same as the
truncation by [ai+j∗Λ(−i)→ ...→ an∗Λ(−i)]
We finally get
GrMr RψΛ ∼=

⊕
i−j=r Gr

j
GR

iψΛ ∼=
⊕

i−j=r a(i+j)∗Λ(−i)[−(i+ j)] .
Now we have the weight spectral sequence, and we return to the proof of Weil
conjecture.
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Weights and monodromy

If you have a Galois representation GalQ → GLn(Q`) coming from geometry,
it is unramfied almost everywhere. If you know that there exists an integer k
such that for all but finitely many unramified p, all eigenvalues of Frobp have
absolute value pk/2.
Then by density theorem, you may believe all eigenvalues of Frobp have
absolute value pk/2 for all unramified p. Even for ramified p, we can’t choose a
canonial Frobp, but it’s reasonable to believe all eigenvalues of Frobp on V Ip
has weight no bigger than k.
Plus some linear algebras on tensor product and duality, one may believe the
monodromy filtration has pure graded pieces.

In equal characteristic, one can easily prove this is indeed true using
L-function and Rankin-method, if we can globalize the DVR to a curve, and
we know other fibers have pure cohomology. This is section 1.6-1.8 of Weil II.
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The set up

Begin with a smooth projective X0/Fq, it’s birational to a hypersurface. And
we deform it into a generically smooth family, and use alteration to arrive at
the following set up:
T is a smooth affine curve over k, and we have a projective and strictly
semi-stable family f : E → T .
So there is a closed point t ∈ |T |, such that over U = T − {t} f : EU → U is
smooth, each fiber over U satisfies the purity assumption (by the proof of Weil
conjecture for smooth projective hypersurfaces). Ant Et = f−1(t) has a
generic finite dominant map to our starting X0. We only need to show the
Hi(Et̄) has weights no bigger than i.
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The End

Now we apply weight spectral sequence to ER over R = ˆOT,t.
Ep,q1 =

⊕
i≥0,i≥−pH

q−2i(X
(p+2i)

k̄
,Λ)(−i)⇒ Hp+q(XK̄ ,Λ).

By induction of dimension and weak Lefschetz, we see Ep,q1 is pure unless
p+ 2i = 0, q − 2i = n, but i ≥ 0, i ≥ −p shows i = 0, p = 0, q = n. Set
V = Hn(XK̄ ,Q`), which satisfies the weight-monodromy conjecture. So the
graded piece grGk V is pure unless k = 0.
By design, NGk ⊆ Gk−2. Now we use lemma 2.6 in Scholl’s paper:

Lemma
Let V be monodromy-pure of weight n, and let G∗ be a filtration on V by
GK-invariant subspaces such that

NGk ⊆ Gk−2 for all k.
The graded piece grGk V is pure of weight k + n, for all k 6= 0.

Then G∗ is the monodromy filtration, hence grG0 V is pure of weight n.

We see Hn(X(0)) has weight no bigger than n, hence Hn(Xs̄) has weight no
bigger than n by excision, we’re done.
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Thank you! Questions?
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