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Abstract Improving an old idea of Hermite, we associate to each natural number k
a modified zeta function of order k. The evaluation of the values of these functions
Fy at positive integers reveals a wide class of identities linking Cauchy numbers,
harmonic numbers and zeta values.
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1 Introduction

It has been well known since the second half of the nineteenth century that the
Riemann zeta function may be represented by the (normalized) Mellin transform
(cf. [14])

1 oo et
= = dt for R 1,
¢(s) o) /0 = or N(s) >

and from late works of Hermite (cf. [11]) that one also has

o0

c(s)—L: : /mtf“ < ZA—”(l—e—f)” dt  for R(s) > 1
s—1 T Jo 1—et n! -

n=1
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306 B. Candelpergher, M.-A. Coppo

where A; = % and A, 41 = fol x(1 —x)---(n—x)dx are the (non-alternating) Cauchy
numbers. !

Improving Hermite’s idea, one may, more generally, consider Mellin transforms
of type

F(s) = /%ot*‘l e’ 1—e")dr with —i z
()= A fl—e™)dt with f() =) o

I'(s) 1 —e !

n=1

for suitable sequences (wy),>1 of rational numbers. The simplest interesting case
w, = 1 corresponds to the Arakawa—Kaneko zeta function and has been studied ex-
tensively in [8]. In this article, we investigate the case w, = ?1 L. i.e., we study the
function

Fr(s) =

1 +oo 1 efl ,
o _
F(s)/o t 1_e_tfk(l—e )dt

o0 )\' Zn
with fk(z)=2n—f? (k=0,1,2,...),

n=1

which is a priori defined in the half-plane i (s) > 1 but analytically continues in the
whole complex s-plane (Theorem 7). We call this function Fj the modified zeta func-
tion of order k. An evaluation by two different methods of the values of Fj at positive
integers g leads to a new class of identities linking Cauchy numbers, harmonic num-
bers, and zeta values. In the case k = 0, Hermite’s formula for ¢ (cf. [7]) is regained,
ie.,

kn

) ) (g—1)
P (HV, H?, ..., 1Y),

Folq) =¢(q) — —— = Z

where the polynomials P, are the modified Bell polynomials defined by the generat-
ing function

0o Zk 00
eXP(ZXk;) = Z Pu(xt,. ... xm)2™,
k=1 m=0

evaluated at harmonic numbers H,E’”) = Z’}: 1 L. In the simplest higher case k =1,
this extension of Hermite’s formula leads to the following new relation (Theorem 10):

o]

An -1
Filg) =) s Pyt (. BY . HTY)
n=1
00 00 g—1 00
log(n + 1) H, 1 1
=y = I e R ey
n=1 nd " yé.(q) ! é‘(q " ) n=1 nd k=1 k n=1 (}’l + Dknq_k

IThe sequence of numbers 22 L appeared for the first time in a letter of James Gregory dated back to 1670
(cf. The correspondence of I saac Newton, vol. 1, p. 46). For this reason, they are sometimes called Gregory
coefficients.
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A new class of identities involving Cauchy numbers 307

where H, = H,Sl), and y =lim, .« (H, — logn) is the Euler—Mascheroni constant.
For example, for g = 2, since Pi(H,) = H,, and Z =2¢(3) (cf. [6, 7]),
then the previous relation may be written

e ¢]

MnHy = log(n+ 1
FO=Y" =Z°g(zz L ye@ -1,

n'n?
n=1 n=1

and this generalizes the known formula

o]

an
Fo(2) = — =021

n=1

The function Fj also has an interesting interpretation in terms of Ramanujan sum-
mation (cf. [3]) as underscored by Theorem 11. In particular, one shows the identity

R 2 k

by Nt LA PH B EY)

D=2 e =2 : |
n=1 n>1

where, in the right member, Zzzzzl denotes the sum (in the sense of Ramanujan) of
the divergent series. This raises a kind of reciprocity between Fi (1) and Fp(k + 1).
2 Preliminaries

2.1 The non-alternating Cauchy numbers

Definition 1 The non-alternating Cauchy numbers (cf. [7, 12]) are the sequence of
(positive) rational numbers (A,),>1 defined by the exponential generating function

Z An g
m+1=2—z. (l)

Dividing by z and setting z =1 — ¢~ and ¢ > 0, this relation may be rewritten

c>o)L ;
I’L
- "—nz_lml—e ' @

From (1), one may easily deduce the following recursive relation:

n

Aj 1
> - L — =0 forn>1.
1J!(n—j+1) n+1

Example 1 The first non-alternating Cauchy numbers are

1 19 9
Ay =-— Ay = As=—.

1 1
)"lz_’ )\'2=_7 ) )
2 6 4 30 4
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308 B. Candelpergher, M.-A. Coppo

2.2 The modified Bell polynomials evaluated at harmonic numbers

Definition 2 The modified Bell polynomials (cf. [5, 7, 10]) are the polynomials P,
defined for all natural numbers m by Py = 1 and the generating function

k
z
exp(Zxk?)=1+2Pm(x1,...,xm)z’". 3)
k>1 m>1
The general explicit expression for P, is
1 X1 ki X2 ky X3 ks
Pulit i)=Y W<T> 2 ()
k1 +2ky 43k +o=m T

One may also compute recursively the polynomials P, by means of the following
relation:

m

M Py (X1, Xn) = Y Xk Pk (1, Xmg) (= 1),
k=1

Proposition 1 For all natural numbers m, and each integer n > 1,

—dt = , “4)
m! n

/+Ooe_t(1 _e_t)n—l tm Pm(HmvHrSm))
0

with
n

1
H™ = Z — and H,= Hé]).

n
=17

Proof One starts from the classical Euler relation (cf. [14])

1
B(a,b):/ w1 —u)bfldu:w7
0 I'a+Db)

and substitute u =e~', a =1 — z, and b = n + 1; then one obtains

+00 n!
/ e '(1- e_t)netZ dt = .
0 1-22-2)---(n+1-2)

Moreover, one has

n! n! " z -1
1-20C2—-2--(+1—-2 G+ XE)(l_jH)

1 - z
= Y xexp(—Zlog(] — j+1>>

J=0
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(n+ n p<zzk(1 +1)k>

0 k=1

Z
R (ZH,:@] )

9] (m)
o (HY )
n+1’ n+1 m
= by (3)).
E o " (by (3))

Thus (4) results by identification of the term in 7. O

Example 2 For small values of m, one has

(2)
(Hy)?
P\(Hy) = Hy, P>(Hy, H?) = 5t
2) 3)
H, H,H, H,
(i 12, 1) = P T T

2.3 The Laplace—-Borel transformation

We consider the vector space E of complex-valued functions f € C 190, +o0[) such
that

for all ¢ > 0, there exists C, > 0 such that |f(t)| < Cge®" forallt e ]0, +o00[.

In particular, a function f € E satisfies the following two properties:

(a) for all x with R(x) > 0, r > e™* f(¢) is integrable on ]0, +o00[,
(b) forall BwithO< B < 1,1+ |f(t)|tiﬂ is integrable on ]0, 1[.

We recall now some basic properties (cf. [13]) of the Laplace transformation in
this frame which are appropriate for our purpose.

Definition 3 Let f be a function in E. The Laplace transform L(f) of f is defined
by

+00
L(Of)(x) =f e f(r)dt for R(x) > 0.
0

Proposition 2 (cf. [13]) Let £ = L(E) be the image of E under L. If a is a function
in &, then

(a) a is an analytic function of x in the half-plane Ri(x) > 0,
(d) a(x) — 0 when R(x) - 400,
(¢c) L:E — & is an isomorphism.
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310 B. Candelpergher, M.-A. Coppo

Definition 4 Let a € £. The Borel transform of a is the unique function @ € E such
that a = £(@). One has the two reciprocal formulas

1 c+i00
at) = — / e“'a(z)dz forallc>0andt >0,
27 Je—ioo

and

+00
alx) = / e Mat)dr  for R(x) > 0.
0

Definition 5 Let f and g be two functions in E. The convolution product f % g of f
and g is the function defined for all 7 > O by

t
(f % )(0) = /O Fg(t —uw)du.

Proposition 3 (cf. [13]) If f €e Eand g € E, then f x g € E and

L(f*xg)=L(fHL(g). 5
Hence, ifa € £ and b € € then ab € £ since ab = L(a * E).

Theorem 1 Let a be a function in £. Then the series

+o00 1
va/ "(1—e™)'""a)dr

n>1

converges and

o0 400 —+00
Z %/0 e '(1- eft)nfl’a\(t) dt =/(; <1 —16_’ - %)eta(t) dt. (0
n=1""

Proof By (2)

+00 1 1 +o0 X ne1
/o (1 i ;)e’ﬁ(z)dt =/O Z n' e 'a) dr.

In the right member, the order of /5™ and Y"2° | may be interchanged since

+oo X +oo X o,
/O dt = / Zn‘ e~'|a)|dr

1 N -
:‘/(; <1_e—t —;)e |Cl(t)|dt,

and the convergence of this last integral follows from the assumption thata € £. [

n‘ ) T
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A new class of identities involving Cauchy numbers 311

Example 3 Leta(x) = xS with R(s) > 1. Thena € £ and a(t) =

o0

A +o00 _ ts_l +o00 1
Z_”/ g—t(l _e—t)" 1 / ( _ —>ts_ldt
o n! Jo F(s) F(s) 1—e" t

y ifs=1,
e - ifs#1

where y refers to the Euler constant. In particular, since

+00 el 1
/ e'(l—e™")" dt=— foreachintegern>1,
0 n

then

>
S| =

00

n

r=2
n=1

3 The operator D

Proposition 4 Ifa € £, then the integral

+o00 1
/ e_[(l —e ) at)dt
0

converges for all x with R(x) > 0.
Proof If a € € and N(x) > 0, we may write for ¢ € ]0, +o0],
|e_’ (1 _ )x 1A(t)| < g—ze(l—m(x))(—1og(1—e*f)) ”c?(t)|.

The convergence when ¢ — 400 results from the inequality

et (1M (—log(=e™) 5| < —la@)| <2e7'[a@)| (fort >log2).

The convergence when r — 0 results from the inequality

if Rx) >1,
e(l—m(X))(—log(l—e*’)) < )=
since the function ¢ > e’ |a(t)| _,) =——r7 is integrable at 0 for 0 < 8 < 1 by the defi-

nition of E (note that (1 —e™")~ ﬂ < (kt)~! for small enough 7). Il
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312 B. Candelpergher, M.-A. Coppo

Definition 6 Let a be a function in £. We call D(a) the function defined for all x
with 9i(x) > 0 by

+00
D(a)(x) = / e_t(l — e_t)x_lﬁ(t) dt. @)
0

Remark 1

(a) By Theorem 1, the series an 1 %D(a)(n) converges and its sum is given by
formula (6).

(b) The values of D(a) at positive integers may be computed directly without re-
course to @. The development of (1 — e~ )" by the binomial theorem gives

D@)(n+1) = Z(—l)k (Z)a(k + 1) for all integer n > 0. ®)
k=0

Definition 7 We call A the C'-diffeomorphism of R defined by A(u) = —log(1 —
e~ ). In particular, it is important to note that A is involutive:

A= AL

Theorem 2 Let a be a function in £. Then the function D(a) € £ and, moreover,
verifies the relation

—

D(a) =a(4), C))

where a(A) denotesa o A.

Proof The change of variables t = A(u) in (7) gives
+00
D(a)(x) = f e ™a(Aw))du for R(x) > 0.
0

Thus, D(a) = L(a(A)). It remains to prove that D(a) € £. One has only to check that
the function @(A) is in E. This function being in C! (]0, 4+-00[), it suffices to show that
for all ¢ > 0, the function u > e~ *"[a(—log(1 —e™"))| is bounded on ]0, +oc[. This
results from the existence of C, > 0 such that

[@(—log(1—e™))| < Ce(1—e™™)" forallu €10, +ool. O

51
I'(s)*

1 AS*I
D<F> :['(F(s))’ {10

and if s =m + 1 with m a natural number and n > 1, then by (4),

1 P (H,, ..., H™)
X n

Example 4 Leta(x) = L with N(s)>1.Thena(t) =

xS

Thus, by (9),
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A new class of identities involving Cauchy numbers 313

Remark 2 Theorem 2 may be summarized in the following diagram:

8L>8

lﬁ’l TC

E-~,F

where A*(a@) =a(A). The algebraic properties of D are summed up in the following
theorem.

Theorem 3 The operator D is an automorphism of £ which verifies D = D~ and
lets the function x — % invariant.

Proof We can write D = LA*L~! and A* is an automorphism of E, which verifies
A* = (A*)’] since A = A~!. Furthermore,

1 1

4 The harmonic product

Our aim is to define the harmonic product of two functions a and b in £ as being the
unique function f of £ such that

D(a)(x).D()(x) = D(f)(x).

Thus, we have to establish that such a function exists and is unique. In order to do
this, we introduce first a A-convolution product of two functions in E.

4.1 The A-convolution product
Proposition 5 Ifa and b are in £, then a(A) x b(A) e E.

Proof From the definition of the convolution product, one may write

t

(@A) xb(A))(1) = /0 a(AW)b(A@ —u)) du.

Now, for all & > 0, there exists C; > 0 and D, > 0 such that
[a(—log(l —e™))| < Ce(1— e*”)E and
[b(—log(1—e ")) < Ds(1 — e~ ")* forall u € 10, +oo[.

It follows that

t
|(5(A) *E(A))(t)| < CgD,;/ (1 —e_“)'s(l _ e—(t—u))s du.
0
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314 B. Candelpergher, M.-A. Coppo

One has also

t
f (1= ) (1 = e Y du
0

1
_ (1 _ —t\1+2 £01 _ 1\E 1
_(1 e ) /0 ut (1 —u) A= (e du

1
1
< 1_ —t 1+28[ d
S WM

it €1
(1 ) (1 —e)e
_ 2¢e e[é‘ -1 é
s(l=e) ——=-

Hence, |(a(A) * 3(A))(t)| <C¢D; %, which proves that this function belongs to E
as required. g

Definition 8 Let a and b be two functions in £. The A-convolution product @ ® b of
@ and b is defined by

a®b=A*(A*(a) x A*(D)),
or equivalently (since A* = (A*)™1)

@®b)(A)=a(A) xb(A).

Remark 3 The A-convolution product inherits the algebraic properties of the ordi-
nary convolution product, i.e., bilinearity, commutativity, and associativity.

4.2 The harmonic product

Definition 9 Let ¢ and b be two functions in £. The harmonic product a x b of a
and b is defined by

awb=L(a®b)eE.
This construction may be summarized in the following diagram:

(a,b) — (a@,b) —— (@(A),b(A))

! l !

axb «—— a®b «——— A(A)xb(A)

Remark 4 The harmonic product inherits the properties of the A-convolution prod-
uct: it is bilinear, commutative, and associative.
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A new class of identities involving Cauchy numbers 315

Theorem 4 Let a and b be in £. Then,

D(a x b)=D(a)D(b), (12)
and

D(ab) = D(a) x D(b). (13)
Proof One knows from Theorem 2 that

D=caA "
Hence
D(awb) =LA L N (amb)=LA*@®b) =L(A*(@) * A*(D)),
and it follows from (5) and (9) that
L(A*(@) * A*(b)) = L£(A*(@))£(A4*(P)) = D(@)D(b)
which proves (12). Moreover, (12) enables us to write
D(D(a) x D(b)) = D*(a)D*(b) =ab (since D =D""),

and so
D(ab) = DZ(D(a) X D(b)) = D(a) X D(b)
which proves (13). O

Remark 5 The values of (a ® b)(n) may be computed without recourse to @ and b.
By elementary transformations, it can be shown that

+00  p+400
(@axby(n+1)= / / (e )+ = e_’e_s)"a(t)’b\(s) dtds.
0 0

Hence, if the numbers C, ff ! are defined by

(X+Y—Xyy'= Y Cr'x*tyl,
0<k<n,

0<i<n

then one has the following explicit formula:

@xb)n+1)= Y  Crlat+ Dbl +1).
0<k<n,

0<l<n

For small values of 7, this enables one to compute

(axb)(1) =a(l)b(1),
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316 B. Candelpergher, M.-A. Coppo

(@ b)2) =a2)b(1) +a(1)b(2) —a(2)b(2),
(@ x b)(3) = a3)b(1) +a(1)b(3) +2a(2)b(2) — 2a(3)b(2)
—2a(2)b(3) +a3)b(3).

Theorem 5 Let

1 Xk 1 1 1
“) = exeweew— (k=1,2,3,..)),

=

=
E

=

where % denotes (improperly) the function x +— % Then, for all natural numbers

m >0,
1 X (m+1) 1
; = D W .

In particular, for all integers n > 1,

1\ 2D Pu(H,,...,H™
x n
Proof By (13) we have
i 1 . | 1 i 1\ X0n+D
xm+l ) XX B X
m+1
1\ X 0n+D) 1 1
= (—) since D(—) =—.
X X X
Thus, (14) results from (11). Il

4.3 The harmonic property

The following theorem explains the main reason why the harmonic product is called
‘harmonic’.

Theorem 6 Leta € £. Then
1 A(x)
—Xa= ,
X X

where A denotes the function defined for R(x) > 0 by

+o0 e—xt -1
A(x) =/ - e ta@)dr.
0 e ! —1
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A new class of identities involving Cauchy numbers 317

In particular, for each integer n > 1,

1 Al 1§
(; X a)(n) =——=- (Za(k)). (15)

k=1

Proof By the definition of the harmonic product, one has

! xa=L(1®a).

X
Now
u A(u) e—t
(1®a)(Aw)) =(1*6(A))(u)=f a(A®W)) dvz—/ a) dt
0 +00 l—e™
(by the change of variables t = A(v)). Hence,
+00 e—t
1®a)u) = ar(t dt.
(tonw=[ a0y
Thus, we have
1 +o00o +0o0 e*f
—Ma :/ e ! / a@) dt | du
X 0 u 1—et
+o00 t e~ !
:f </ e du)Zz‘(t) —dt
0 0 l1—e
1 +00 R —t
= —/ (1 —e_’”)a(t) ¢ — dt
x Jo 1—et
_Ax)
=—
Furthermore, for each integer n > 1, we have
+00 ,—nt _ . n
An) = ——e Tal)dt = k).
(n) fo — e am ,;a() -

Example 5

lNl=D< ! ):[,(A):@ with H(x) =v¢(x +1) +y,

X X x2

¥ denoting the logarithmic derivative of I". In particular, for each integer n > 1,

(l ” l)(n) _Hw _ By
X X

n n
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318 B. Candelpergher, M.-A. Coppo

Example 6 For N(s) > 1,
1 1 HO®%

x xS X

’

with

H® Ol —e 15!
(x) = TG )/ 57 dt.

l—e’

For each integer n > 1,

11 _HO@m)  HY 1 1
()= == n;m—

From (15), by induction on k, we deduce the following important corollary.

Corollary 1 For each integer k > 2,

1) %% 1 a(ng)
((;> Ma)(n)—;<”>nl§nk>l—nl...nk_l>- (16)

Example 7 Applying (16) with a(x) = % (and k =m), we get

1M(m+1) 1 1
() e ) an

n>ny>->ny>1

Hence, it follows from (14) and (17) that

Po(Hn, H?, ..., H™) = > — (18)

n ...n
nznyz->np>1 ! "

which is a nice reformulation of Dilcher’s formula (cf. [2, 9]).

5 The modified zeta function Fj,
5.1 Integral representation

Definition 10 For all s € C with 9%(s) > 1 and each natural number k, the modified
zeta function of order k is defined by

1 +oo s— e_t _ . > nZ
Fk(S):m/o t ll_e—‘fk(l_e f)dt with fx(z) = gn——k (19)

Remark 6 By (2) and Example 3, one has Fo(s) = ¢(s) — 5.
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A new class of identities involving Cauchy numbers 319

The fact that F; may be represented by a Mellin transform enables us to analyti-
cally continue this function outside its half-plane of definition by a standard analytic
method (cf. [14, Sect. 6.7]).

Theorem 7 The function Fy analytically continues in the whole complex plane as an
entire function.

Proof The function z — log(ﬁ + l being analytic in the disc D(0, 1) with a singu-

larity at 1, we deduce from (1) that the radius of convergence of the series ) - | ’\"Z

is equal to 1. Thus 1 is also the radius of convergence of the series Y - i‘l"z Wthh

defines an analytic function fj in the disc D (0, 1). Hence, the function
gk: tH> fk(l — eit)

is analytic forall ¢ € C such that 1 —e™" € D(0, 1). Since 1 — e¥ =0, it follows that Sk
is analytic in a neighbourhood of 0. Since g;(0) = 0, the function ¢ > g () 5= T 18
itself analytic in a neighbourhood of 0. It follows that its Mellin transform analytlcally
continues in the complex plane with simple poles at negative integers which are all
cancelled by the poles of I". d

Theorem 8 For all s with R(s) > 1 and each integer k > 1,

k
Fu(s) = 005 () + Y (D9 — )HZ;(5)

j=1
NI /%O 1! k(e_t_l)
+(=1) 5 b P T . dt (20)
with
9 (k) = Z—"’— 1)
1
Zi(s) = n>m>n§»>n->o Wy’ (22)
+00 e U
= [ s 23)
t -

Proof Formula (20) results from the integral representation (19) and the two follow-
ing lemmas. g

Lemma 1 Forallt >0,
() e ' —1
1— t Nk —j)—= lkai,
e Z( ) (k= j) +(=1) ( . )
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320 B. Candelpergher, M.-A. Coppo

where ¥ is defined by (21) and T is the operator defined by (23).

Proof Let gi(t) = fi(1 —e™"). The function g verifies the recursive relation

—t —t

= fl(1=e™) = = i (1= e7) = T g1 0.

Thus

—u

o gk—1(u)du

t e U +o00o
gk(t) = / gkt () dt = g (+00) — /
t

o 1l—e¥
with
gk (+00) = fi(1) = (k).

Thus, one has

—+00 —u
ge(t) = v (k) —/ g 1wy du=0(k) — T (g1,
t

1]—et

and a repeated iteration k times of this relation gives

k—1
gty =Y 9k — )H(=D/T/ (1) + (=1)*T*(g0).
Jj=0
Now, by (2),
Sa(l—eHr et
go(l)=2_; =1
and thus
e —1
T"(go)zT"( >+T"(l).
Hence
! o e —1
gty =Y (k= HED/TI )+ (=DFTH() + <—1)ka<7>.
j=0

Since 9(0) = Y2 b (by (1) and a Tauberian theorem), one deduces that

n=1 n! —

k —t
o e -1
g =Y 0k — j)(—=DITI (1) + (=DFT* <f)
j=0
and, now, it remains to prove that

Aj(t) .
T = Tj(l)a
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A new class of identities involving Cauchy numbers 321

which follows from the recursive relation

AV (1) /f et ATl ( AJ] )
=  du=T[= )
J! oo I—e™ (j =1 (- D! O

Lemma 2 Let Z;(s) be defined by (22). Then, for all s € C with R(s) > 1,

1 [ree Al
zj(s)=_/ AR f)dz.
I'(s) Jo 1—e J!

Proof From the recursive relation

JA0 _ AT, A e AT ¥ —m AT
R = : =- e ; )
it G- l—e =D =" (=D
and A=), e;—m one may check by induction on j that

Al(r) Z e~ Ml ] 1

J! - ny np n;j

ny>ny>-->n;>0

Furthermore, one has

1 o e e 1
e ———dt = E —  (forn 1).
I'(s) /(‘) T o (for R(s) > 1)

Hence

1 Foo - Al 111 1
/ 1€ - .( ) Ji — Z S =Zi(s).
() Jo l1—e J! j

r

n>ny>ny>-->n;>0
5.2 Values of Fj at integers

Theorem 9 For all s in C with i(s) > 1 and each natural number k, then

e.¢]

A 1
Fi(s)=Y_ mD(;) (n). (24)

n=1
In particular, for all natural numbers m,

o~ A P (Hys By, HY™)

n! nk+1
n=1

Fem+1) = (25)

Proof The change of variables t = A(«) in (19) enables to write
Fi(s) = —— /m fille™)(Aw)* ™ du
I'(s) Jo '
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322 B. Candelpergher, M.-A. Coppo

Since D(x%) = E(%), we deduce (24) from this last expression of F(s). More-

(m)
over, by (11), one also has D(xm%)(n) = M, which proves (25). Il

Corollary 2 Let ¥ (s) be the Dirichlet series defined for R(s) > 0 by

e¢]

|
—nln
Then for each natural number k,
O (k+ 1) = Fi(1). (26)
Example 8
o
Fo(h =) —“=y=v(D),
n:ln
o
M Hy,
Fo(2) = =2)—-1
=) =@ -1,
n=1
1S HE 1S 0, P
F 3 = — —n n = 3 - =,
0(3) 2; P +2Z ! (3) -3
A
n
Fi()y=)_ 5 =9(),
n=1
o
)\-an
@)=}~

5.3 Identities linking Cauchy numbers, harmonic numbers and zeta values

Theorem 10 For all integers q > 2,

]

A -1
Fl(q)=Zn,—l’;2Pq_1(Hn,H,§2>,...,H,§q )
n=1""
00 00 qg—1 00
log(n + 1) H, 1 1
=y =" )P Wi N i . S—
,; i@+t ; - ;k}; D

27)
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Proof By (20) and (25), one may write

o]

An 2 (g—1)
Fi(g) =3~y Pyt (Ho, 2 HyT)
n=1

k
=g+ Y (=1 o k- )Zj(q)

j=1

1 +00 e ! et —1
—k— q-1 Tk ) 2
e s ( : >dt @

We apply now (28) with k = 1. This gives

Fi(q) =v¢(q) ZH”‘I + ! /+°otq—1 el E|(¢) dt
1g)=vclq Z nd @ Jo 1 —o— ! )
with By (1) = —Ei(—1) = /" £~ du. Thus

H,,
Fi@=yi@ =Y 2 +i@+)+1@),

n>1

where

1ot et R
I(q) = —/ 11~ Ei(t)dt = —— / e M1 E 1 (t) dt.
I'(q) Jo I—et F(Q),; 0

Since

o]

Ei(t) = —y —logt + Z

)n 1[”

_ logx _ logrtD)
and —y —logr = === (cf. [13]), then E; = == Thus

+oo (Q*l)
/ e M E () dt = (—1)47! (M) (n).
0

X

Hence, by a calculation of the (¢ — 1)th derivative, we get

_ DT S (loglr + 1)) 47
= (q—l)!,é( x ) ™
10g(n+1) =1 &
_; P 1%2(n+1)kn‘1 ke O
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324 B. Candelpergher, M.-A. Coppo

Remark 7
(1) We recall Euler’s formula (cf. [6])

-2
iﬂ _ @+ 2e@+ D =3 XS e+ Delg k) forg =2,
=20 forq = 2.
(2) From ) 7, (n+—11)n =1, and the decomposition

1 1 1
(n+ Dknd=k ~ (n + Dk=Tpa=k — (n + 1kpa—k=1

O <k<gq)),

the sum of the series Y -, W may be expressed as a linear combination

of zeta values and integers.

Example 9
log(n+ 1) = AHa
;7,1 +y0Q) - 4(3)—1—;—n!n2,
log(n + 1) An H2 > An H(2)
ZT+ PE®) — oL@~ 560) = Z o Z :
n=l1 n:] : n=1

log(n + 1) 2 1 1
27+V§(4) 2((5)+§(2)§(3)—5((3)+§§(2)—§
n=1 n

1S H TS HHED 180, D

=) Tty T T

6n:l n'n 2n:1 n'n 3n:l n'n

5.4 Link with the Ramanujan summation

The function Fy has strong connections with the Ramanujan summation (cf. [3, 4]).
If a € £, then the series an 1 a(n) may be written

Za(n) Z f e ") dt,

n>1 n>1

and a formal permutation of ) _, _; and f0+oo would lead us to write

> am) = / - _1e_t e At dt.

n>1

However, this last integral may be divergent at 0. Nevertheless we can renormalize
it by removing the singularity at zero. This may be done merely by subtracting the
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A new class of identities involving Cauchy numbers 325

polar part % of 1_17 From Theorem 1, we know that

+o0 1 1 —f~ ad )\-n +00 —t —t n—1~
; = a(t)dt:ZH A e (l—e ) a(t)dt
n=1

o I
= E —'D(a)(n).
n!

n=1

This justifies the following definition.

Definition 11 Let a be a function in £ = L(E). The Ramanujan sum of the series
> p>1a(n) is defined by

R too /g 1 * )
> am) =/ ——JeTawydt=>_ = D(a)(n). (29)
0 1—e! t n!
n>1 n=l1
Lemma 3 Leta and b in £. Then
R 00 2
Y axbym) =) =D@mDb)n). (30)
n!
n>1 n=1
Proof This results directly from (12) and (29). O
Theorem 11 For all s € C with R (s) > 1, one has
R R
Fos)=Y — and Fi(s)= - — k>1. 31
0(s) ;n and  Fi(s) ;((x) x xs>(”) for k> 31

Proof By (24) and (30), taking into account the invariance of % by D, one may write

S((2) =S () Yoo

n>1 n=
YA
S5 el
n=1 X
2 1
=> 5 kD<7)(n)=Fk<s)
—r nn X D

In particular, by (14), one deduces from (31) the following identity.
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326 B. Candelpergher, M.-A. Coppo

Corollary 3 For each natural number k,

0o R o)) 3
A, 1 P.(H,,H,”,...,Hy")
ﬂﬂ):ﬂ@+¢):§ Z%M+1=§: n nn n)
n=1 n>1

(32)

Example 10

U L e

n= 1 n>1

00 R
An Hy,
UCR Bl D
n= n>
’9(3)_i i I HE 1 HY
C Lpnd 2 no 2 n
n=1 n>1 n>1
Remark 8 Comparing (32) with
o0
A
Fo(k+1)=Zﬁpk(ﬂn,ﬂ,§2>,...,H,§k>),
n=1""

one may observe a kind of reciprocity between Fy (1) and Fy(k + 1). This results
from the fact that D = D~

log(n+1)

Remark 9 In the case ¢ = 1, (27) is meaningless since both the series ), .| ==,

and ), - % diverge. However, since

l—e™™ u

+oo —XU 1 l —Uu
log(x+1)—(1p(x+1)+y)=/o (e —1)< ——)e du,

it follows that

o(x o RNy +00
(10g(x+ D ye+ 1)+y>(t)=/ ( I l)e‘”du,
by by ‘ l—e™ u

and then one may easily deduce from (29) the relation

2

Zlog(n+1) Z____

n>1 n>1

which may be rewritten in the following form (cf. Example 10):

R
log(n+1) B 1 2
ZT_&‘(Z) AU

n>1
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5.5 Link with the Arakawa—Kaneko zeta function

For %(s) > 1 and k > 1, one can define in an algebraic fashion the function & by

> % 1 1 1
sk<s>=ZD(<;) g ;><">=Zn—kD(;)<">- (33)
n=1 n=1
In particular, for all natural numbers m, one has (cf. [8, Corollary 1])
[ 00 2) (m)
1 1 Pm(Hn,Hn a-~~aH)’l )
n= n=

Since D(x%) = E(%), one may also rewrite (33) as

L Ly (aw)
80 = /0 (™) (A)* " du.

and the change of variables t = A(u) leads to the integral representation

—t

1 oo s—1_ ¢ : —t
a0 = [P - e an

which is the analogue of (19) (with Li, in place of fi) and also the original definition
of the Arakawa—Kaneko zeta function (cf. [1, 8]).

Thus, taking into account the facts that £ (1) = ¢(k+1) and Li; (1 —e~ ") =¢, and
following the same process as in the proof of Theorem 8, one obtains the following
analogue of (20):

k—1
Ep1() =Lk + DC) + Y (=D ek +1—7)Z;(s)
j=1

—t

+oo
+(—1)"L 1Tk ar. (34)
') Jo 1 —et

In particular, in the simplest case k = 1, since

+o00 e U +o00 eftm eftm
— — —mu -
T(”‘/, 1_e_uudu_2/t Mudu= Y i Y
m>0 m>0 m>0
(34) again gives the formula
1 1 11
EEO=CQEE =5 Y, —m—= Y, ——
n>m=>0 n>m>0

already obtained by Arakawa and Kaneko (cf. [1, Theorem 6(ii)]).
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6 Conclusion

Most of the general results given for the modified zeta function Fy, especially The-
orems 7, 8, and 9, also apply (with minor adaptations) to a wide class of functions
including the Arakawa—Kaneko zeta function &, specifically to the class of functions
represented by normalized Mellin transforms of type

o

1 +oo | t ,
o _
F(s)/o L frw(l—e")dt

—e

Fro(s) =

with @ = (Wn)n>1 and fi o (2) =Y 0oy %’}z". In particular, under the assumption that

“:—;jl =0 (%), we have for positive integers m the nice formula
00 00 @) (m)
Wy 1 Py (Hy, Hy ..., HY')
Fk»w(m“):ZJD(W)(”):Z“’n pra) :
n=1 n=1

which extends (25). However, this formula is more theoretical than practical because
of the fast increase in the size of polynomials P,,: the number of monomials in Py, is
equal to the number p(m) of partitions of m, as shown by the explicit expression of
the mth modified Bell polynomial.
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