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Chapter 1

Spectral theory

If A is a complex unital algebra then we denote by G(A) the set of elements
which have a two sided inverse. If x ∈ A, the spectrum of x is

σA(x) = {λ ∈ C | x− λ 6∈ G(A)}.

The complement of the spectrum is called the resolvent and denoted ρA(x).

Proposition 1.0.1. Let A be a unital algebra over C, and consider x, y ∈ A.
Then σA(xy) ∪ {0} = σA(yx) ∪ {0}.

Proof. If 1− xy ∈ G(A) then we have

(1− yx)(1 + y(1− xy)−1x) = 1− yx+ y(1− xy)−1x− yxy(1− xy)−1x

= 1− yx+ y(1− xy)(1− xy)−1x = 1.

Similarly, we have

(1 + y(1− xy)−1x)(1− yx) = 1,

and hence 1− yx ∈ G(A). �

Knowing the formula for the inverse beforehand of course made the proof
of the previous proposition quite a bit easier. But this formula is quite natural
to consider. Indeed, if we just consider formal power series then we have

(1− yx)−1 =
∞∑
k=0

(yx)k = 1 + y(
∞∑
k=0

(xy)k)x = 1 + y(1− xy)−1x.

7
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1.1 Banach and C∗-algebras

A Banach algebra is a Banach space A, which is also an algebra such that

‖xy‖ ≤ ‖x‖‖y‖.

An involution ∗ on a Banach algebra is a conjugate linear period two anti-
isomorphism such that ‖x∗‖ = ‖x‖, for all x ∈ A. An involutive Banach
algebra is a Banach algebra, together with a fixed involution.

If an involutive Banach algebra A additionally satisfies

‖x∗x‖ = ‖x‖2,

for all x ∈ A, then we say that A is a C∗-algebra. If a Banach or C∗-algebra
is unital, then we further require ‖1‖ = 1.

Note that if A is a unital involutive Banach algebra, and x ∈ G(A) then
(x−1)∗ = (x∗)−1, and hence σA(x∗) = σA(x).

Lemma 1.1.1. Let A be a unital Banach algebra and suppose x ∈ A such
that ‖1− x‖ < 1, then x ∈ G(A).

Proof. Since ‖1− x‖ < 1, the element y =
∑∞

k=0(1− x)k is well defined, and
it is easy to see that xy = yx = 1. �

Proposition 1.1.2. Let A be a unital Banach algebra, then G(A) is open,
and the map x 7→ x−1 is a continuous map on G(A).

Proof. If y ∈ G(A) and ‖x− y‖ < ‖y−1‖ then ‖1− xy−1‖ < 1 and hence by
the previous lemma xy−1 ∈ G(A) (hence also x = xy−1y ∈ G(A)) and

‖xy−1‖ ≤
∞∑
n=0

‖(1− xy−1)‖n

≤
∞∑
n=0

‖y−1‖n‖y − x‖n =
1

1− ‖y‖−1‖y − x‖
.

Hence,

‖x−1 − y−1‖ = ‖x−1(y − x)y−1‖

≤ ‖y−1(xy−1)−1‖‖y−1‖‖y − x‖ ≤ ‖y−1‖2

1− ‖y−1‖‖y − x‖
‖y − x‖.

Thus continuity follows from continuity of the map t 7→ ‖y−1‖2
1−‖y−1‖tt, at t =

0. �
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Proposition 1.1.3. Let A be a unital Banach algebra, and suppose x ∈ A,
then σA(x) is a non-empty compact set.

Proof. If ‖x‖ < |λ| then x
λ
− 1 ∈ G(A) by Lemma 1.1.1, also σA(x) is closed

by Proposition 1.1.2, thus σA(x) is compact.
To see that σA(x) is non-empty note that for any linear functional ϕ ∈ A∗,

we have that f(z) = ϕ((x−z)−1) is analytic on ρA(x). Indeed, if z, z0 ∈ ρA(x)
then we have

(x− z)−1 − (x− z0)−1 = (x− z)−1(z − z0)(x− z0)−1.

Since inversion is continuous it then follows that

lim
z→z0

f(z)− f(z0)

z − z0

= ϕ((x− z0)−2).

We also have limz→∞ f(z) = 0, and hence if σA(x) were empty then f would
be a bounded entire function and we would then have f = 0. Since ϕ ∈ A∗
were arbitrary this would then contradict the Hahn-Banach theorem. �

Theorem 1.1.4 (Gelfand-Mazur). Suppose A is a unital Banach algebra
such that every non-zero element is invertible, then A ∼= C.

Proof. Fix x ∈ A, and take λ ∈ σ(x). Since x − λ is not invertible we have
that x− λ = 0, and the result then follows. �

If f(z) =
∑n

k=0 akz
k is a polynomial, and x ∈ A, a unital Banach algebra,

then we define f(x) =
∑n

k=0 akx
k ∈ A.

Proposition 1.1.5 (The spectral mapping formula for polynomials). Let A
be a unital Banach algebra, x ∈ A and f a polynomial. then σA(f(x)) =
f(σA(x)).

Proof. If λ ∈ σA(x), and f(z) =
∑n

k=0 akz
k then

f(x)− f(λ) =
n∑
k=1

ak(x
k − λk)

= (x− λ)
∑
k=1

ak

k−1∑
j=0

xjλk−j−1,
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hence f(λ) ∈ σA(x). conversely if µ 6∈ f(σA(x)) and we factor f − µ as

f − µ = αn(x− λ1) · · · (x− λn),

then since f(λ) − µ 6= 0, for all λ ∈ σA(x) it follows that λi 6∈ σA(x), for
1 ≤ i ≤ n, hence f(x)− µ ∈ G(A). �

If A is a unital Banach algebra and x ∈ A, the spectral radius of x is

r(x) = sup
λ∈σA(x)

|λ|.

Note that by Proposition 1.1.3 the spectral radius is finite, and the supre-
mum is attained. Also note that by Proposition 1.0.1 we have the very useful
equality r(xy) = r(yx) for all x and y in a unital Banach algebra A. A priori
the spectral radius depends on the Banach algebra in which x lives, but we
will show now that this is not the case.

Proposition 1.1.6 (The spectral radius formula). Let A be a unital Banach
algebra, and suppose x ∈ A. Then limn→∞ ‖xn‖1/n exists and we have

r(x) = lim
n→∞

‖xn‖1/n.

Proof. By Proposition 1.1.5 we have r(xn) = r(x)n, and hence

r(x)n ≤ ‖xn‖,

showing that r(x) ≤ lim infn→∞ ‖xn‖1/n.
To show that r(x) ≥ lim supn→∞ ‖xn‖1/n, consider the domain Ω = {z ∈

C | |z| > r(x)}, and fix a linear functional ϕ ∈ A∗. We showed in Propo-
sition 1.1.3 that z 7→ ϕ((x − z)−1) is analytic in Ω and as such we have a
Laurent expansion

ϕ((z − x)−1) =
∞∑
n=0

an
zn
,

for |z| > r(x). However, we also know that for |z| > ‖x‖ we have

ϕ((z − x)−1) =
∞∑
n=1

ϕ(xn−1)

zn
.
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By uniqueness of the Laurent expansion we then have that

ϕ((z − x)−1) =
∞∑
n=1

ϕ(xn−1)

zn
,

for |z| > r(x).

Hence for |z| > r(x) we have that limn→∞
ϕ(xn−1)
|z|n = 0, for all linear

functionals ϕ ∈ A∗. By the uniform boundedness principle we then have

limn→∞
‖xn−1‖
|z|n = 0, hence |z| > lim supn→∞ ‖xn‖1/n, and thus

r(x) ≥ lim sup
n→∞

‖xn‖1/n. �

An element x of a involutive algebra A is normal if x∗x = xx∗. An
element x is self-adjoint (resp. skew-adjoint) if x∗ = x (resp. x∗ = −x).
Note that self-adjoint and skew-adjoint elements are normal.

Corollary 1.1.7. Let A be a unital involutive Banach algebra and x ∈ A
normal, then r(x∗x) ≤ r(x)2. Moreover, if A is a C∗-algebra, then we have
equality r(x∗x) = r(x)2.

Proof. By the previous proposition we have

r(x∗x) = lim
n→∞

‖(x∗x)n‖1/n = lim
n→∞

‖(x∗)nxn‖1/n ≤ lim
n→∞

‖xn‖2/n = r(x)2.

By the C∗-identity, the inequality above becomes equality in a C∗-algebra.
�

Proposition 1.1.8. Let A be a C∗-algebra and x ∈ A normal, then ‖x‖ =
r(x).

Proof. We first show this if x is self-adjoint, in which case we have ‖x2‖ =
‖x‖2, and by induction we have ‖x2n‖ = ‖x‖2n for all n ∈ N. Therefore,
‖x‖ = limn→∞ ‖x2n‖2n = r(x).

If x is normal then by Corollary 1.1.7 we have

‖x‖2 = ‖x∗x‖ = r(x∗x) = r(x)2. �

Corollary 1.1.9. Let A and B be two unital C∗-algebras and Φ : A → B
a unital ∗-homomorphism, then Φ is contractive. If Φ is a ∗-isomorphism,
then Φ is isometric.
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Proof. Since Φ is a unital ∗-homomorphism we clearly have Φ(G(A)) ⊂
G(B), from which it follows that σB(Φ(x)) ⊂ σA(x), and hence r(Φ(x)) ≤
r(x), for all x ∈ A. By Proposition 1.1.8 we then have

‖Φ(x)‖2 = ‖Φ(x∗x)‖ = r(Φ(x∗x)) ≤ r(x∗x) = ‖x∗x‖ = ‖x‖2.

If Φ is a ∗-isomorphism then so is Φ−1 which then shows that Φ is iso-
metric. �

Corollary 1.1.10. Let A be a unital complex involutive algebra, then there
is at most one norm on A which makes A into a C∗-algebra.

Proof. If there were two norms which gave a C∗-algebra structure to A then
by the previous corollary the identity map would be an isometry. �

Lemma 1.1.11. Let A be a unital C∗-algebra, if x ∈ A is self-adjoint then
σA(x) ⊂ R.

Proof. Suppose λ = α + iβ ∈ σA(x) where α, β ∈ R. If we consider y =
x − α + it where t ∈ R, then we have i(β + t) ∈ σA(y) and y is normal.
Hence,

(β + t)2 ≤ r(y)2 = ‖y‖2 = ‖y∗y‖
= ‖(x− α)2 + t2‖ ≤ ‖x− α‖2 + t2,

and since t ∈ R was arbitrary it then follows that β = 0. �

Lemma 1.1.12. Let A be a unital Banach algebra and suppose x 6∈ G(A).
If xn ∈ G(A) such that ‖xn − x‖ → 0, then ‖x−1

n ‖ → ∞.

Proof. If ‖x−1
n ‖ were bounded then we would have that ‖1 − xx−1

n ‖ < 1
for some n. Thus, we would have that xx−1

n ∈ G(A) and hence also x ∈
G(A). �

Proposition 1.1.13. Let B be a unital C∗-algebra and A ⊂ B a unital
C∗-subalgebra. If x ∈ A then σA(x) = σB(x).

Proof. Note that we always have G(A) ⊂ G(B). If x ∈ A is self-adjoint such
that x 6∈ G(A), then by Lemma 1.1.11 we have it ∈ ρA(x) for t > 0. By the
previous lemma we then have

lim
t→0
‖(x− it)−1‖ =∞,
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and thus x 6∈ G(B) since inversion is continuous in G(B).

For general x ∈ A we then have

x ∈ G(A)⇔ x∗x ∈ G(A)⇔ x∗x ∈ G(B)⇔ x ∈ G(B).

In particular, we have σA(x) = σB(x) for all x ∈ A. �

Because of the previous result we will henceforth write simply σ(x) for
the spectrum of an element in a C∗-algebra.

Exercise 1.1.14. Suppose A is a unital Banach algebra, and I ⊂ A is a
closed two sided ideal, then A/I is again a unital Banach algebra, when
given the norm ‖a+ I‖ = infy∈I ‖a+ y‖, and (a+ I)(b+ I) = (ab+ I).

1.1.1 Examples

The most basic example of a C∗-algebra is found by considering a locally
compact Hausdorff space K. Then the space C0(K) of complex valued con-
tinuous functions which vanish at infinity is a C∗-algebra when given the
supremum norm ‖f‖∞ = supx∈K |f(x)|. This is unital if and only if K is
compact. Another commutative example is given by considering (X,µ) a
measure space. Then we let L∞(X,µ) be the space of complex valued essen-
tially bounded functions with two functions identified if they agree almost
everywhere. This is a C∗-algebra with the norm being given by the essential
supremum.

For a noncommutative example consider a Hilbert space H. Then the
space of all bounded operators B(H) is a C∗-algebra when endowed with the
operator norm ‖x‖ = supξ∈H,‖ξ‖≤1 ‖xξ‖.

Proposition 1.1.15. Let H be a Hilbert space and suppose x ∈ B(H), then
‖x∗x‖ = ‖x‖2.

Proof. We clearly have ‖x∗x‖ ≤ ‖x∗‖‖x‖. Also, ‖x∗‖ = ‖x‖ since

‖x‖ = sup
ξ,η∈H,‖ξ‖,‖η‖≤1

|〈xξ, η〉| = sup
ξ,η∈H,‖ξ‖,‖η‖≤1

|〈ξ, x∗η〉| = ‖x∗‖.
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To see the reverse inequality just note that

‖x‖2 = sup
ξ∈H,‖ξ‖≤1

〈xξ, xξ〉

≤ sup
ξ,η∈H,‖ξ‖,‖η‖≤1

|〈xξ, xη〉|

= sup
ξ,η∈H,‖ξ‖,‖η‖≤1

|〈x∗xξ, η〉| = ‖x∗x‖. �

1.2 The Gelfand transform

Let A be a abelian Banach algebra, the spectrum of A, denoted by σ(A), is
the set of non-zero continuous homomorphsims ϕ : A→ C, which we endow
with the weak*-topology as a subset of A∗.

Note that if A is unital, and ϕ : A→ C is a homomorphism, then it follows
easily that ker(ϕ) ∩ G(A) = ∅. In particular, this shows that ϕ(x) ∈ σ(x),
since x− ϕ(x) ∈ ker(ϕ). Hence, for all x ∈ A we have |ϕ(x)| ≤ r(x) ≤ ‖x‖.
Since, ϕ(1) = 1 this shows that ‖ϕ‖ = 1. We also have ‖ϕ‖ = 1 in the
non-unital case, this will follow from Theorem 2.1.1.

It is easy to see that when A is unital σ(A) is closed and bounded, by the
Banach-Alaoglu theorem it is then a compact Hausdorff space.

Proposition 1.2.1. Let A be a unital abelian Banach algebra. Then the
association ϕ 7→ ker(ϕ) gives a bijection between the spectrum of A and the
space of maximal ideals.

Proof. If ϕ ∈ σ(A) then ker(ϕ) is clearly an ideal, and if we have a larger ideal
I, then there exists x ∈ I such that ϕ(x) 6= 0, hence 1−x/ϕ(x) ∈ ker(ϕ) ⊂ I
and so 1 = (1− x/ϕ(x)) + x/ϕ(x) ∈ I which implies I = A.

Conversely, if I ⊂ A is a maximal ideal, then I ∩ G(A) = ∅ and hence
‖1 − y‖ ≥ 1 for all y ∈ I. Thus, I is also an ideal and 1 6∈ I which
shows that I = I by maximality. We then have that A/I is a unital Banach
algebra, and since I is maximal we have that all non-zero elements of A/I are
invertible. Thus, by the Gelfand-Mazur theorem we have A/I ∼= C and hence
the projection map π : A→ A/I ∼= C gives a continuous homomorphism with
kernel I. �

Corollary 1.2.2. Let A be a unital abelian Banach algebra, and x ∈ A \
G(A). Then there exists ϕ ∈ σ(A) such that ϕ(x) = 0. In particular, σ(A)
is a non-empty compact set.
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Proof. If x 6∈ G(A) then the ideal generated by x is proper, hence by Zorn’s
lemma we see that x is contained in a maximal ideal I ⊂ A, and from
Proposition 1.2.1 there exists ϕ ∈ σ(A) such that Γ(x)(ϕ) = ϕ(x) = 0.

Considering x = 0 shows that σ(A) 6= ∅. We leave it as an exercise to
see that σ(A) is a weak*-closed subset of A∗, which is then compact by the
Banach-Alaoglu theorem. �

Suppose A is a unital C∗-algebra which is generated (as a unital C∗-
algebra) by a single element x, if λ ∈ σ(x) then we can consider the closed
ideal generated by x−λ which is maximal since x generates A. This therefore
induces a map from σ(x) to σ(A). We leave it to the reader to check that
this map is actually a homeomorphism.

Theorem 1.2.3. Let K be a compact Hausdorff space. For each k ∈ K
denote by ϕk : C(K) → C the homomorphism given by ϕk(f) = f(k), then
K 3 k 7→ ϕk ∈ σ(C(K)) is a homeomorphism.

Proof. Since C(K) separates points it follows that k 7→ ϕk is injective. If
{ki} ⊂ K is a net such that ki → k, then for any f ∈ C(K) we have
ϕki(f) = f(ki) → f(k) = ϕk(f), hence ϕki → ϕk in the weak*-topology.
Thus, k 7→ ϕk is continuous and then to see that it is a homeomorphism
it is enough to show that it is surjective. Which, by Proposition 1.2.1 is
equivalent to showing that for every maximal ideal I in C(K) there exists
k ∈ K, such that I = {f ∈ C(K) | f(k) = 0}.

Suppose therefore that I ⊂ C(K) is an ideal such that I 6⊂ {f ∈ C(K) |
f(k) = 0}, for any k ∈ K. Thus, for every k ∈ K there exists fk ∈ I \ {f ∈
C(K) | f(k) = 0}. If we let Ok = {x ∈ K | fk(x) 6= 0}, then Ok is open
and k ∈ Ok. As K is compact there then exists k1, . . . , kn ∈ K such that
K = ∪ni=1Oki . If f̃ =

∑n
i=1 |fki |2, then f̃ ∈ I, and f̃(x) > 0 for all x ∈ K.

Hence, f̃ is invertible, showing that I = C(K) is not proper. �

Let A be a unital abelian Banach algebra, the Gelfand transform is
the map Γ : A→ C(σ(A)) defined by

Γ(x)(ϕ) = ϕ(x).

Theorem 1.2.4. Let A be a unital abelian Banach algebra, then the Gelfand
transform is a contractive homomorphism, and Γ(x) is invertible in C(σ(A))
if and only if x is invertible in A.
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Proof. It is easy to see that the Gelfand transform is a contractive homo-
morphism. Also, if x ∈ G(A), then Γ(a)Γ(a−1) = Γ(aa−1) = Γ(1) = 1, hence
Γ(x) is invertible. Conversely, if x 6∈ G(A) then by Corollary 1.2.2 there
exists ϕ ∈ σ(A) such that Γ(x)(ϕ) = ϕ(x) = 0. Hence, in this case Γ(x) is
not invertible. �

Corollary 1.2.5. Let A be a unital abelian Banach algebra, then σ(Γ(x)) =
σ(x), and in particular ‖Γ(x)‖ = r(Γ(x)) = r(x), for all x ∈ A.

Theorem 1.2.6. Let A be a unital abelian C∗-algebra, then the Gelfand
transform Γ : A → C(σ(A)) gives an isometric ∗-isomorphism between A
and C(σ(A)).

Proof. If x is self-adjoint then from Lemma 1.1.11 we have σ(Γ(x)) = σ(x) ⊂
R, and hence Γ(x) = Γ(x∗). In general, if x ∈ A we can write x as x = a+ ib

where a = x+x∗

2
and b = i(x∗−x)

2
are self-adjoint. Hence, Γ(x∗) = Γ(a− ib) =

Γ(a)− iΓ(b) = Γ(a) + iΓ(b) = Γ(x) and so Γ is a ∗-homomorphism.
By Proposition 1.1.8 and the previous corollary, if x ∈ A we have

‖x‖ = r(x) = r(Γ(x)) = ‖Γ(x)‖,

and so Γ is isometric, and in particular injective.
To show that Γ is surjective note that Γ(A) is self-adjoint, and closed since

Γ is isometric. Moreover, Γ(A) contains the constants and clearly separates
points, hence Γ(A) = C(σ(A)) by the Stone-Weierstrauss theorem. �

1.3 Continuous functional calculus

Let A be a C∗-algebra. An element x ∈ A is:

• positive if x = y∗y for some y ∈ A.

• a projection if x∗ = x2 = x.

• unitary if A is unital, and x∗x = xx∗ = 1.

• isometric if A is unital, and x∗x = 1.

• partially isometric if x∗x is a projection.
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We denote by A+ the set of positive elements, and a, b ∈ A are two self-
adjoint elements then we write a ≤ b if b− a ∈ A+. Note that if x ∈ A then
x∗A+x ⊂ A+, in particular, if a, b ∈ A are self-adjoint such that a ≤ b, then
x∗ax ≤ x∗bx.

Since we have seen above that if A is generated as a unital C∗-algebra
by a single normal element x ∈ A, then we have a natural homeomorphism
σ(x) ∼= σ(A). Thus by considering the inverse Gelfand transform we obtain
an isomorphism between C(σ(x)) and A which we denote by f 7→ f(x).

Theorem 1.3.1 (Continuous functional calculus). Let A and B be a unital
C∗-algebras, with x ∈ A normal, then this functional calculus satisfies the
following properties:

(i) The map f 7→ f(x) is a homomorphism from C(σ(x)) to A, and if
f(z, z) =

∑n
j,k=0 aj,kz

jzk is a polynomial, then f(x) =
∑n

j,k=0 aj,kx
j(x∗)k.

(ii) For f ∈ C(σ(x)) we have σ(f(x)) = f(σ(x)).

(iii) If Φ : A→ B is a C∗-homomorphism then Φ(f(x)) = f(Φ(x)).

(iv) If xn ∈ A is a sequence of normal elements such that ‖xn − x‖ → 0,
Ω is a compact neighborhood of σ(x), and f ∈ C(Ω), then for large
enough n we have σ(xn) ⊂ Ω and ‖f(xn)− f(x)‖ → 0.

Proof. Parts (i), and (ii) follow easily from Theorem 1.2.6. Part (iii) is obvi-
ous for polynomials and then follows for all continuous functions by approx-
imation.

For part (iv), the fact that σ(xn) ⊂ Ω for large n follows from continuity
of inversion. If we write C = supn ‖xn‖ and we have ε > 0 arbitrary, then
we may take a polynomial g : Ω→ C such that ‖f − g‖∞ < ε and we have

lim sup
n→∞

‖f(xn)− f(x)‖ ≤ 2‖f − g‖∞C + lim sup
n→∞

‖g(xn) + g(x)‖ < 2Cε.

Since ε > 0 was arbitrary we have limn→∞ ‖f(xn)− f(x)‖ = 0. �

1.3.1 The non-unital case

If A is not a unital Banach-algebra then we may consider the space Ã = A⊕C
which is a algebra with multiplication

(x⊕ α) · (y ⊕ β) = (xy + αy + βx)⊕ αβ.
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If, moreover, A has an involution ∗, then we may endow Ã with an involution
given by (x⊕α)∗ = x∗⊕α. We may place a norm on Ã by setting ‖x⊕α‖ =
‖x‖+ |α|, and in this way Ã is a Banach algebra, the unitization of A, and
the natural inclusion A ⊂ Ã is an isometric inclusion.

If A is a C∗-algebra, then the norm defined above is not a C∗-norm.
Instead, we may consider the norm given by

‖x⊕ α‖ = sup
y∈A,‖y‖≤1

‖xy + αy‖.

In the setting of C∗-algebras we call Ã, with this norm, the unitization of
A.

Proposition 1.3.2. Let A be a non-unital C∗-algebra, then the unitization Ã
is again a C∗-algebra, and the map x 7→ x⊕0 is an isometric ∗-isomorphism
of A onto a maximal ideal in Ã.

Proof. The map x 7→ x ⊕ 0 is indeed isometric since on one hand we have
‖x⊕ 0‖ = supy∈A,‖y‖≤1 ‖xy‖ ≤ ‖x‖, while on the other hand if x 6= 0, and we
set y = x∗/‖x∗‖ then we have ‖x‖ = ‖xx∗‖/‖x∗‖ = ‖xy‖ ≤ ‖x⊕ 0‖.

The norm on Ã is nothing but the operator norm when we view Ã as
acting on A by left multiplication and hence we have that this is at least a
semi-norm such that ‖xy‖ ≤ ‖x‖‖y‖, for all x, y ∈ Ã. To see that this is
actually a norm note that if α 6= 0, but ‖x ⊕ α‖ = 0 then for all y ∈ A we
have ‖xy + αy‖ ≤ ‖x ⊕ α‖‖y‖ = 0, and hence e = −x/α is a left identity
for A. Taking adjoints we see that e∗ is a right identity for A, and then
e = ee∗ = e∗ is an identity for A which contradicts that A is non-unital.
Thus, ‖ · ‖ is indeed a norm.

It is easy to see then that Ã is then complete, and hence all that remains
to be seen is the C∗-identity. Since, each for each y ∈ A, ‖y‖ ≤ 1 we have
(y ⊕ 0)∗(x⊕ α) ∈ A⊕ 0 ∼= A it follows that the C∗-identity holds here, and
so

‖(x⊕ α)∗(x⊕ α)‖ ≥ ‖(y ⊕ 0)∗(x⊕ α)∗(x⊕ α)(y ⊕ 0)‖
= ‖(x⊕ α)(y ⊕ 0)‖2.

Taking the supremum over all y ∈ A, ‖y‖ ≤ 1 we then have

‖(x⊕ α)∗(x⊕ α)‖ ≥ ‖x⊕ α‖2 ≥ ‖(x⊕ α)∗(x⊕ α)‖.
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Note that the C∗-identity also entails that the adjoint is isometric. Indeed,
for x⊕ α ∈ Ã we have ‖x⊕ α‖2 = ‖(x⊕ α)∗(x⊕ α)‖ ≤ ‖(x⊕ α)∗‖‖x⊕ α‖,
and hence ‖x⊕α‖ ≤ ‖(x⊕α)∗‖, and the reverse inequality then follows from
symmetry. �

Lemma 1.3.3. If A is a non-unital abelian C∗-algebra, then any multiplica-
tive linear functional ϕ ∈ σ(A) has a unique extension ϕ̃ ∈ σ(Ã).

Proof. If we consider ϕ̃(x⊕ α) = ϕ(x) + α then the result follows easily. �

In particular, this shows that σ(A) is homeomorphic to σ(Ã)\{ϕ0} where
ϕ0 is defined by ϕ(x, α) = α. Thus, σ(A) is locally compact.

If x ∈ A then the spectrum σ(x) of x is defined to be the spectrum of
x⊕ 0 ∈ Ã. Note that for a non-unital C∗-algebra A, since A ⊂ Ã is an ideal
it follows that 0 ∈ σ(x) whenever x ∈ A.

By considering the embedding A ⊂ Ã we are able to extend the spectral
theorem and continuous functional calculus to the non-unital setting. We
leave the details to the reader.

Theorem 1.3.4. Let A be a non-unital abelian C∗-algebra, then the Gelfand
transform Γ : A→ C0(σ(A)) gives an isometric isomorphism between A and
C0(σ(A)).

Theorem 1.3.5. Let A be a C∗-algebra, and x ∈ A a normal element, then
if f ∈ C(σ(x)) such that f(0) = 0, then f(x) ∈ A ⊂ Ã.

Exercise 1.3.6. Suppose K is a non-compact, locally compact Hausdorff
space, and K ∪ {∞} is the one point compactification. Show that we have a

natural isomorphism C(K ∪ {∞}) ∼= C̃0(K).

1.4 Applications of functional calculus

Given any element x in a C∗-algebra A, we can decompose x uniquely as a
sum of a self-adoint and skew-adjoint elements x+x∗

2
and x−x∗

2
. We refer to

the self-adjoint elements x+x∗

2
and ix

∗−x
2

the real and imaginary parts of x,
note that the real and imaginary parts of x have norms no grater than that
of x.

Proposition 1.4.1. Let A be a unital C∗-algebra, then every element is a
linear combination of four unitaries.
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Proof. If x ∈ A is self-adjoint and ‖x‖ ≤ 1, then u = x + i(1 − x2)1/2 is a
unitary and we have x = 1

2
(u+ u∗). In general, we can decompose x into its

real and imaginary parts and then write each as a linear combination of two
unitaries. �

Also, if x ∈ A is self-adjoint then from above we know that σ(x) ⊂ R,
hence by considering x+ = (0 ∨ t)(x) and x− = −(0 ∧ t)(x) it follows easily
from functional calculus that σ(x+), σ(x−) ⊂ [0,∞), x+x− = x−x+ = 0, and
x = x+ − x−. We call x+ and x− the positive and negative parts of x.

1.4.1 The positive cone

Lemma 1.4.2. Suppose we have self-adjoint elements x, y ∈ A such that
σ(x), σ(y) ⊂ [0,∞) then σ(x+ y) ⊂ [0,∞).

Proof. Let a = ‖x‖, and b = ‖y‖. Since x is self-adjoint and σ(x) ⊂ [0,∞)
we have ‖a − x‖ = r(a − x) = a. Similarly we have ‖b − y‖ = b and since
‖x+ y‖ ≤ a+ b we have

sup
λ∈σ(x+y)

{a+ b− λ} = r((a+ b)− (x+ y)) = ‖(a+ b)− (x+ y)‖

≤ ‖x− a‖+ ‖y − b‖ = a+ b.

Therefore, σ(x+ y) ⊂ [0,∞). �

Proposition 1.4.3. Let A be a C∗-algebra. A normal element x ∈ A is

(i) self-adjoint if and only if σ(x) ⊂ R.

(ii) positive if and only if σ(x) ⊂ [0,∞).

(iii) unitary if and only if σ(x) ⊂ T.

(iv) a projection if and only if σ(x) ⊂ {0, 1}.

Proof. Parts (i), (iii), and (iv) all follow easily by applying continuous func-
tional calculus. For part (ii) if x is normal and σ(x) ⊂ [0,∞) then x =
(
√
x)2 = (

√
x)∗
√
x is positive. It also follows easily that if x = y∗y where y

is normal then σ(x) ⊂ [0,∞). Thus, the difficulty arises only when x = y∗y
where y is perhaps not normal.

Suppose x = y∗y for some y ∈ A, to show that σ(x) ⊂ [0,∞), decompose
x into its positive and negative parts x = x+ − x− as described above. Set
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z = yx− and note that z∗z = x−(y∗y)x− = −x3
−, and hence σ(zz∗) ⊂

σ(z∗z) ⊂ (−∞, 0].
If z = a+ib where a and b are self-adjoint, then we have zz∗+z∗z = 2a2 +

2b2, hence we also have σ(zz∗+z∗z) ⊂ [0,∞) and so by Lemma 1.4.2 we have
σ(z∗z) = σ((2a2 + 2b2) − zz∗) ⊂ [0,∞). Therefore σ(−x3

−) = σ(z∗z) ⊂ {0}
and since x− is normal this shows that x3

− = 0, and consequently x− = 0. �

Corollary 1.4.4. Let A be a C∗-algebra. An element x ∈ A is a partial
isometry if and only if x∗ is a partial isometry.

Proof. Since x∗x is normal, it follows from the previous proposition that x
is a partial isometry if and only if σ(x∗x) ⊂ {0, 1}. Since σ(x∗x) ∪ {0} =
σ(xx∗) ∪ {0} this gives the result. �

Corollary 1.4.5. Let A be a C∗-algebra, then the set of positive elements
forms a closed cone. Moreover, if a ∈ A is self-adjoint, and A is unital, then
we have a ≤ ‖a‖.

Proposition 1.4.6. Let A be a C∗-algebra, and suppose x, y ∈ A+ such that
x ≤ y, then

√
x ≤ √y. Moreover, if A is unital and x, y ∈ A are invertible,

then y−1 ≤ x−1.

Proof. First consider the case that A is unital and x and y are invertible,
then we have

y−1/2xy−1/2 ≤ 1,

hence

x1/2y−1x1/2 ≤ ‖x1/2y−1x1/2‖ = r(x1/2y−1x1/2)

= r(y−1/2xy−1/2) ≤ 1.

Conjugating by x−1/2 gives y−1 ≤ x−1.
We also have

‖y−1/2x1/2‖2 = ‖y−1/2xy−1/2‖ ≤ 1,

therefore

y−1/4x1/2y−1/4 ≤ ‖y−1/4x1/2y−1/4‖ = r(y−1/4x1/2y−1/4)

= r(y−1/2x1/2) ≤ ‖y−1/2x1/2‖ ≤ 1.
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Conjugating by y1/4 gives x1/2 ≤ y1/2.
In the general case we may consider the unitization of A, and note that if

ε > 0, then we have 0 ≤ x+ ε ≤ y+ ε, where x+ ε, and y+ ε are invertible,
hence from above we have

(x+ ε)1/2 ≤ (y + ε)1/2.

Taking the limit as ε→ 0 we obtain the result. �

In general, a continuous real valued function f defined on an interval I
is said to be operator monotone if f(a) ≤ f(b) whenever σ(a), σ(b) ⊂ I,
and a ≤ b. The previous proposition shows that the functions f(t) =

√
t,

and f(t) = −1/t, t > 0 are operator monotone.
Note that if x ∈ A is an arbitrary element of a C∗-algebra A, then x∗x

is positive and hence we may define the absolute value of x as the unique
element |x| ∈ A+ such that |x|2 = x∗x.

Corollary 1.4.7. Let A be a C∗-algebra, then for x, y ∈ A we have |xy| ≤
‖x‖|y|.

Proof. Since |xy|2 = y∗x∗xy ≤ ‖x‖2y∗y, this follows from the previous propo-
sition. �

1.4.2 Extreme points

Given a involutive normed algebra A, we denote by (A)1 the unit ball of A,
and As.a. the subspace of self-adjoint elements.

Proposition 1.4.8. Let A be a C∗-algebra.

(i) The extreme points of (A+)1 are the projections of A.

(ii) The extreme points of (As.a.)1 are the self-adjoint unitaries in A.

(iii) Every extreme point of (A)1 is a partial isometry in A.

Proof. (i) If x ∈ (A+)1, then we have x2 ≤ 2x, and x = 1
2
x2 + 1

2
(2x − x2).

Hence if x is an extreme point then we have x = x2 and so x is a projection.
For the converse we first consider the case when A is abelian, and so we
may assume A = C0(K) for some locally compact Hausdorff space K. If x
is a projection then x = 1E is the characteristic function on some open and
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closed set E ⊂ K, hence the result follows easily from the fact that 0 and 1
are extreme points of [0, 1].

For the general case, suppose p ∈ A is a projection, if p = 1
2
(a + b) then

1
2
a = p − b ≤ p, and hence 0 ≤ (1 − p)a(1 − p) ≤ 0, thus a = ap = pa. We

therefore have that a, b, and p commute and hence the result follows from
the abelian case.

(ii) First note that if A is unital then 1 is an extreme point in the unit ball.
Indeed, if 1 = 1

2
(a + b) where a, b ∈ (A)1, then we have the same equation

when replacing a and b by their real parts. Thus, assuming a and b are self-
adjoint we have 1

2
a = 1− 1

2
b and hence a and b commute. By considering the

unital C∗-subalgebra generated by a and b we may assume A = C(K) for
some compact Hausdorff space K, and then it is an easy exercise to conclude
that a = b = 1.

If u is a unitary in A, then the map x 7→ ux is a linear isometry of A,
thus since 1 is an extreme point of (A)1 it follows that u is also an extreme
point. In particular, if u is self-adjoint then it is an extreme point of (As.a.)1.

Conversely, if x ∈ (As.a.)1 is an extreme point then if x+ = 1
2
(a + b)

for a, b ∈ (A+)1, then 0 = x−x+x− = 1
2
(x−ax− + x−bx−) ≥ 0, hence we

have (a1/2x−)∗(a1/2x−) = x−ax− = 0. We conclude that ax− = x−a = 0,
and similarly bx− = x−b = 0. Thus, a − x− and b − x− are in (As.a.)1 and
x = 1

2
((a − x−) + (b − x−)). Since x is an extreme point we conclude that

x = a− x− = b− x− and hence a = b = x+.
We have shown now that x+ is an extreme point in (A+)1 and thus by

part (i) we conclude that x+ is a projection. The same argument shows that
x− is also a projection, and thus x is a self-adjoint unitary.

(iii) If x ∈ (A)1 such that x∗x is not a projection then by applying func-
tional calculus to x∗x we can find an element y ∈ A+ such that x∗xy =
yx∗x 6= 0, and ‖x(1 ± y)‖2 = ‖x∗x(1 ± y)2‖ ≤ 1. Since xy 6= 0 we conclude
that x = 1

2
((x+ xy) + (x− xy)) is not an extreme point of (A)1. �
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Chapter 2

Representations and states

2.1 Approximate identities

If A is a Banach algebra, then a left (resp. right) approximate identity
consists of a uniformly bounded net {aλ}λ such that ‖aλx− x‖ → 0, for all
x ∈ A. An approximate identity is a net which is both a left and right
approximate identity. If A is a Banach algebra, then the opposite algebra
Aop is the Banach algebra which has the same Banach space structure as
A, but with a new multiplication given by x · y = yx. Then A has a left
approximate identity if and only if Aop has a right approximate identity.

Theorem 2.1.1. Let A be a C∗-algebra, and let I ⊂ A be a left ideal, then
there exists an increasing net {aλ}λ ⊂ I of positive elements such that for all
x ∈ I we have

‖xaλ − x‖ → 0.

In particular, I has a right approximate identity. Moreover, if A is separable
then the net can be taken to be a sequence.

Proof. Consider Λ to be the set of all finite subsets of I ⊂ A ⊂ Ã, ordered
by inclusion. If λ ∈ Λ we consider

hλ =
∑
x∈λ

x∗x, aλ = |λ|hλ(1 + |λ|hλ)−1.

Then we have aλ ∈ I and 0 ≤ aλ ≤ 1. If λ ≤ λ′ then we clearly have hλ ≤ hλ′
and hence by Proposition 1.4.6 we have that

1

|λ′|

(
1

|λ′|
+ hλ′

)−1

≤ 1

|λ|

(
1

|λ|
+ hλ′

)−1

≤ 1

|λ|

(
1

|λ|
+ hλ

)−1

.

25
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Therefore

aλ = 1− 1

|λ|

(
1

|λ|
+ hλ

)−1

≤ 1− 1

|λ′|

(
1

|λ′|
+ hλ′

)−1

= aλ′ .

If y ∈ λ then we have

(y(1− aλ))∗(y(1− aλ)) ≤
∑
x∈λ

(x(1− aλ))∗(x(1− aλ)) = (1− aλ)hλ(1− aλ).

But ‖(1 − aλ)hλ(1 − aλ)‖ = ‖hλ(1 + |λ|hλ)−2‖ ≤ 1
4|λ| , from which it follows

easily that ‖y − yaλ‖ → 0, for all y ∈ I.
If A is separable then so is I, hence there exists a countable subset

{xn}n∈N ⊂ I which is dense in I. If we take λn = {x1, . . . , xn}, then clearly
an = aλn also satisfies

‖y − yan‖ → 0. �

If I is self-adjoint then we also have ‖aλx − x‖ = ‖x∗aλ − x∗‖ → 0 and
in this case {aλ} is an approximate identity. Taking I = A we obtain the
following corollary.

Corollary 2.1.2. Every C∗-algebra has an approximate identity consisting
of an increasing net of positive elements.

Using the fact that the adjoint is an isometry we also obtain the following
corollary.

Corollary 2.1.3. Let A be a C∗-algebra, and I ⊂ A a closed two sided ideal.
Then I is self-adjoint. In particular, I is a C∗-algebra.

Exercise 2.1.4. Show that if A is a C∗-algebra such that x ≤ y =⇒ x2 ≤
y2, for all x, y ∈ A+, then A is abelian.

Exercise 2.1.5. Let A be a C∗-algebra and I ⊂ A a non-trivial closed two
sided ideal. Show that A/I is again a C∗-algebra.

2.2 The Cohen-Hewitt factorization theorem

Let A be a Banach algebra with a left approximate identity. If X is a Banach
space and π : A→ B(X) is a continuous representation, then a point x ∈ X is
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a point of continuity if limλ→∞ ‖π(eλ)x− x‖ → 0, for some left approximate
identity {eλ}. Note that if {ẽα} is another left approximate identity and
x ∈ X is a point of continuity, then we have limα→∞ ‖ẽαeλx− eλx‖ = 0, for
each λ, and hence it follows that x is a point of continuity with respect to any
left approximate identity. We denote by Xc the set of points of continuity.

Theorem 2.2.1 (The Cohen-Hewitt factorization theorem). Let A be a
Banach algebra with a left approximate identity, X a Banach space, and
π : A → B(X) a continuous representation. Then Xc is a closed invariant
subspace, and we have Xc = π(A)X.

Proof. It’s easy to see that Xc is a closed invariant subspace, and it is also
easy to see that π(A)X ⊂ Xc. Thus, it suffices to show Xc ⊂ π(A)X. To
show this, we consider the Banach algebra unitization Ã, and extend π to a
representation π̃ : Ã→ B(X) by π̃(x, α) = π(x) + α.

Let {ei}i∈I denote a left approximate unit, and set M = supi ‖ei‖, so that
1 ≤ M < ∞. Set γ = 1/4M . We claim that γei + (1 − γ) is invertible and
limi→∞ π̃((γei + (1− γ))−1)x = x, for all x ∈ Xc. Indeed, we have

‖γei − γ‖ = γ(‖ei‖+ 1) ≤ (M + 1)/4M ≤ 1/2. (2.1)

Thus, γei+(1−γ) is invertible, and we have (γei+(1−γ))−1 =
∑∞

k=0(γ−γei)k,
hence

‖(γei + (1− γ))−1‖ ≤
∞∑
k=0

γk(1 +M)k ≤ 2. (2.2)

We then have

lim
i→∞

π̃((γei + (1− γ))−1)x = lim
i→∞

π̃((γei + (1− γ))−1(γei + (1− γ)))x = x.

Fix x ∈ Xc. We set a0 = 1, and inductively define a sequence of invertible
elements {an} ⊂ Ã, satisfying the following properties:

• an − (1− γ)n ∈ A.

• ‖an − an−1‖ < 2−n + (1− γ)n−1.

• ‖a−1
n ‖ ≤ 2n.

• ‖π(a−1
n )x− π(a−1

n−1)x‖ < 2−n.
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Indeed, suppose that an−1 has been constructed satisfying the above prop-
erties. Since {ei}i∈I is a left approximate unit for A, and since an−1 − (1 −
γ)n−1 ∈ A, there exists i ∈ I such that ‖(ei − 1)(an−1 − (1− γ)n−1)‖ < 2−n.
Moreover from above we may choose i so that it also satisfies ‖π((γei + (1−
γ))−1)x− x‖ < 2−2n.

If we set an = (γei + (1− γ))an−1 then

an − (1− γ)n = (γei + (1− γ))an−1 − (1− γ)n

= γeian−1 + (1− γ)(an−1 − (1− γ)n−1) ∈ A,

and from (2.1) we then have

‖an − an−1‖ = ‖(γei − γ)an−1‖
≤ ‖(γei − γ)(an−1 − (1− γ)n−1)‖+ (1− γ)n−1‖γei − γ‖
< 2−n + (1− γ)n−1.

Moreover, from (2.2) we have

‖a−1
n ‖ ≤ ‖a−1

n−1‖‖(γei + (1− γ))−1‖ ≤ 2n,

and hence

‖π(a−1
n )x− π(a−1

n−1)x‖ ≤ ‖a−1
n−1‖‖π((γei + (1− γ))−1)x− x‖ < 2−n.

Thus, we have that {an} and {π̃(a−1
n )x} are Cauchy and hence converge to

elements a and y respectively. Note that since an−(1−γ)n ∈ A it follows that
a ∈ A. We then have x = limn→∞ π̃(an)(π̃(a−1

n )x) = π(a)y ∈ π(A)X. �

Corollary 2.2.2. Let A be a Banach algebra with a left or right approximate
identity. Then A2 = A.

Proof. If A has a left approximate identity then by considering left multipli-
cation we obtain a representation of A into B(A) such that every point is a
point of continuity. Hence the Cohen-Hewitt factorization theorem gives the
result. If A has a right approximate identity then Aop has a left approximate
identity the result again follows. �
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2.3 States

If A is a C∗-algebra then A∗ is a Banach space which is also an A-bimodule
given by (a · ψ · b)(x) = ψ(bxa). Moreover, the bimodule structure is contin-
uous since

‖a · ψ · b‖ = sup
x∈(A)1

|ψ(bxa)| ≤ sup
x∈(A)1

‖ψ‖‖bxa‖ ≤ ‖ψ‖‖b‖‖a‖.

A linear functional ϕ : A→ C on a C∗-algebra A is positive if ϕ(x) ≥ 0,
whenever x ∈ A+. Note that if ϕ : A → C is positive then so is a∗ · ϕ · a
for all a ∈ A. A positive linear functional is faithful if ϕ(x) 6= 0 for every
non-zero x ∈ A+, and a state if ϕ is positive, and ‖ϕ‖ = 1. The state space
S(A) is a convex closed subspace of the unit ball of A∗, and as such it is a
compact Hausdorff space when endowed with the weak∗-topology.

Note that if ϕ ∈ S(A) then for all x ∈ A, x = x∗, then ϕ(x) = ϕ(x+ −
x−) ∈ R. Hence, if y ∈ A then writing y = y1 + iy2 where yj are self-adjoint

for j = 1, 2, we have ϕ(y∗) = ϕ(y1) − iϕ(y2) = ϕ(y). In general, we say a
functional is Hermitian if ϕ(y∗) = ϕ(y), for all y ∈ A. Note that by defining
ϕ∗(y) = ϕ(y∗) then we have that ϕ+ ϕ∗, and i(ϕ− ϕ∗) are each Hermitian.

Also note that a positive linear functional ϕ : A→ C is bounded. Indeed,
if {xn}n is any sequence of positive elements in (A)1 then for any (an)n ∈ `1N
we have

∑
n anϕ(xn) = ϕ(

∑
n anxn) < ∞. This shows that (ϕ(xn))n ∈ `∞N

and since the sequence was arbitrary we have that ϕ is bounded on the
set of positive elements in (A)1. Writing an element x in the usual way as
x = x1−x2 + ix3− ix4 then shows that ϕ is bounded on the whole unit ball.

Lemma 2.3.1. Let ϕ : A→ C be a positive linear functional on a C∗-algebra
A, then for all x, y ∈ A we have |ϕ(y∗x)|2 ≤ ϕ(y∗y)ϕ(x∗x).

Proof. Since ϕ is positive, the sesquilinear form defined by 〈x, y〉 = ϕ(y∗x)
is non-negative definite. Thus, the result follows from the Cauchy-Schwarz
inequality. �

Lemma 2.3.2. Suppose A is a unital C∗-algebra. A linear functional ϕ :
A→ C is positive if and only ‖ϕ‖ = ϕ(1).

Proof. First suppose ϕ is a positive linear functional, then for all x ∈ A we
have ϕ(‖x+ x∗‖ ± (x+ x∗)) ≥ 0. Since ϕ is Hermitian we then have

|ϕ(x)| = |ϕ(
x+ x∗

2
)| ≤ ‖x+ x∗

2
‖ϕ(1) ≤ ‖x‖ϕ(1),
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showing ‖ϕ‖ ≤ ϕ(1) ≤ ‖ϕ‖.
Now suppose ‖ϕ‖ = ϕ(1), and x ∈ A is a positive element such that

ϕ(x) = α + iβ, where α, β ∈ R. For all t ∈ R we have

α2 + (β + t‖ϕ‖)2 = |ϕ(x+ it)|2

≤ ‖x+ it‖2‖ϕ‖2 = (‖x‖2 + t2)‖ϕ‖2.

Subtracting t2‖ϕ‖2 from both sides of this inequality shows 2βt‖ϕ‖ ≤ ‖x‖2‖ϕ‖,
thus β = 0.

Also, we have

‖x‖‖ϕ‖ − ϕ(x) = ϕ(‖x‖ − x) ≤ ‖‖x‖ − x‖‖ϕ‖ ≤ ‖x‖‖ϕ‖,

hence α > 0. �

Proposition 2.3.3. If ϕ : A → C is a positive linear functional on a C∗-
algebra A, then ϕ has a unique extension to a positive linear functional ϕ̃ on
the unitization Ã, such that ‖ϕ̃‖ = ‖ϕ‖.

Proof. Suppose ϕ : A → C is a positive linear functional. If {aλ}λ is an
approximate identity consisting of positive contractions as given by Theo-
rem 2.1.1, then we have that ϕ(a2

λ) is a bounded net and hence has a clus-
ter point β > 0. If x ∈ A, ‖x‖ ≤ 1, then |ϕ(x)| = limλ→∞ |ϕ(aλx)| ≤
lim infλ→∞ ϕ(a2

λ)
1/2ϕ(x∗x)1/2 ≤ β1/2‖x‖‖ϕ‖1/2. Thus, we have ‖ϕ‖ ≤ β and

hence β = ‖ϕ‖, since we also have ϕ(a2
λ) ≤ ‖ϕ‖, for all λ. Since β was an

arbitrary cluster point we then have ‖ϕ‖ = limλ→∞ ϕ(aλ).
If we define ϕ̃ on Ã by ϕ̃(x, α) = ϕ(x) + α‖ϕ‖, then for all x ∈ A, and

α ∈ C we then have ϕ̃(x, α) = limλ→∞ ϕ(aλxaλ + αa2
λ). Thus, we have

ϕ̃((x, α)∗(x, α)) = lim
λ→∞

ϕ((xaλ + aλ)
∗(xaλ + aλ)) ≥ 0.

Uniqueness of such an extension follows from the previous lemma. �

Proposition 2.3.4. Let A be a C∗-algebra and x ∈ A. For each λ ∈ σ(x)
there exists a state ϕ ∈ S(A) such that ϕ(x) = λ.

Proof. By considering the unitization, we may assume that A is unital. Con-
sider the subspace Cx+ C1 ⊂ A, with the linear functional ϕ0 on this space
defined by ϕ0(αx+β) = αλ+β, for α, β ∈ C. Since ϕ0(αx+β) ∈ σ(αx+β)
we have that ‖ϕ0‖ = 1.

By the Hahn-Banach theorem there exists an extension ϕ : A → C such
that ‖ϕ‖ = 1 = ϕ(1). By Lemma 2.3.2 ϕ ∈ S(A), and we have ϕ(x) = λ. �
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Proposition 2.3.5. Let A be a C∗-algebra, and x ∈ A.

(i) x = 0 if and only if ϕ(x) = 0 for all ϕ ∈ S(A).

(ii) x is self-adjoint if and only if ϕ(x) ∈ R for all ϕ ∈ S(A).

(iii) x is positive if and only if ϕ(x) ≥ 0 for all ϕ ∈ S(A).

Proof. (i) If ϕ(x) = 0 for all ϕ ∈ S(A) then writing x = x1 + ix2 where
xj = x∗j , for j = 1, 2, we have ϕ(xj) = 0 for all ϕ ∈ S(A), j = 1, 2. Thus,
x1 = x2 = 0 by Proposition 2.3.4

(ii) If ϕ(x) ∈ R for all ϕ ∈ S(A) then ϕ(x − x∗) = ϕ(x) − ϕ(x) = 0, for
all ϕ ∈ S(A). Hence x− x∗ = 0.

(iii) If ϕ(x) ≥ 0 for all ϕ ∈ S(A) then x = x∗ and by Proposition 2.3.4
we have σ(x) ⊂ [0,∞). �

2.3.1 The Gelfand-Naimark-Segal construction

A representation of a C∗-algebra A is a ∗-homomorphism π : A → B(H).
If K ⊂ H is a closed subspace such that π(x)K ⊂ K for all x ∈ A then the
restriction to this subspace determines a sub-representation. If the only
sub-representations are the restrictions to {0} or H then π is irreducible ,
which by the double commutant theorem is equivalent to the von Neumann
algebra generated by π(A) being B(H). Two representations π : A→ B(H)
and ρ : A→ B(K) are equivalent if there exists a unitary U : H → K such
that Uπ(x) = ρ(x)U , for all x ∈ A.

If π : A→ B(H) is a representation, and ξ ∈ H, ‖ξ‖ = 1 then we obtain
a state on A by the formula ϕξ(x) = 〈π(x)ξ, ξ〉. Indeed, if x ∈ A then
〈π(x∗x)ξ, ξ〉 = ‖π(x)ξ‖2 ≥ 0. We now show that every state arises in this
way.

Theorem 2.3.6 (The GNS construction). Let A be a unital C∗-algebra, and
consider ϕ ∈ S(A), then there exists a Hilbert space L2(A,ϕ), and a unique
(up to equivalence) representation π : A → B(L2(A,ϕ)), with a unit cyclic
vector 1ϕ ∈ L2(A,ϕ) such that ϕ(x) = 〈π(x)1ϕ, 1ϕ〉, for all x ∈ A.

Proof. By Corollary 2.3.3 we may assume that A is unital. Consider Aϕ =
{x ∈ A | ϕ(x∗x) = 0}. By Lemma 2.3.1 we have that Aϕ = {x ∈ A |
ϕ(yx) = 0, y ∈ A}, and from this we see that Nϕ is a closed linear subspace.
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We also see that Nϕ is a left ideal since for x ∈ Nϕ Lemma 2.3.1 gives
ϕ((ax)∗(ax)) ≤ ϕ(x∗x)1/2ϕ(x∗(a∗a)2x)1/2 = 0.

We considerH0 = A/Nϕ which we endow with the inner product 〈[x], [y]〉 =
ϕ(y∗x), where [x] denotes the equivalence class of x in A/Nϕ, (this is well
defined since Nϕ is a left ideal). This inner product is then positive definite,
and hence we denote by L2(A,ϕ) the Hilbert space completion.

For a ∈ A we consider the map π0(a) : H0 → H0 given by π0(a)[x] =
[ax]. Since Nϕ is a left ideal this is well defined, and since ‖π0(a)[x]‖2 =
ϕ((ax)∗(ax)) ≤ ‖a‖2ϕ(x∗x) we have that this extends to a bounded operator
π(a) ∈ B(L2(A,ϕ)) such that ‖π(a)‖ ≤ ‖a‖. The map a 7→ π(a) is clearly
a homomorphism, and for x, y ∈ A we have 〈[x], π(a∗)[y]〉 = ϕ(y∗a∗x) =
〈π(a)[x], [y]〉, thus π(a∗) = π(a)∗. Also, if we consider 1ϕ = [1] ∈ H0 ⊂
L2(A,ϕ) then we have 〈π(a)1ϕ, 1ϕ〉 = ϕ(a).

If ρ : A→ B(K) and η ∈ K is a cyclic vector such that ϕ(a) = 〈ρ(a)η, η〉,
then we can consider the map U0 : H0 → K given by U0([x]) = ρ(x)η. We
then have

〈U0([x]), U0([y])〉 = 〈ρ(x)η, ρ(y)η = 〈ρ(y∗x)η, η = ϕ(y∗x) = 〈[x], [y]〉

which shows that U0 is well defined and isometric. Also, for a, x ∈ A we have

U0(π(a)[x]) = U0([ax]) = ρ(ax)η = ρ(a)U0([x]).

Hence, U0 extends to an isometry U : L2(A,ϕ)→ K such that Uπ(a) = ρ(a)U
for all a ∈ A. Since η is cyclic, and ρ(A)η ⊂ U(L2(A,ϕ)) we have that U is
unitary. �

Corollary 2.3.7. Let A be a C∗-algebra, then there exists a faithful repre-
sentation.

Proof. If we let π be the direct sum over all GNS representations correspond-
ing to states, then this follows easily from Proposition 2.3.5. Note also that if
A is separable, then so is S(A) and by considering a countable dense subset
of S(A) we can construct a faithful representation onto a separable Hilbert
space. �

If ϕ and ψ are two Hermitian linear functionals, we write ϕ ≤ ψ if ϕ(a) ≤
ψ(a) for all a ∈ A+, alternatively, this is if and only if ψ−ϕ is a positive linear
functional. The following is a Radon-Nikodym type theorem for positive
linear functionals.
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Proposition 2.3.8. Suppose ϕ and ψ are positive linear functionals on a
C∗-algebra A such that ψ is a state. Then ϕ ≤ ψ, if and only if there exists
a unique y ∈ πψ(A)′ such that 0 ≤ y ≤ 1 and ϕ(a) = 〈πψ(a)y1ψ, 1ψ〉 for all
a ∈ A.

Proof. First suppose that y ∈ πψ(A)′, with 0 ≤ y ≤ 1. Then for all a ∈ A,
a ≥ 0 we have πψ(a)y = πψ(a)1/2yπψ(a)1/2 ≤ πψ(a), hence 〈πψ(a)y1ψ, 1ψ〉 ≤
〈πψ(a)1ψ, 1ψ〉 = ψ(a).

Conversely, if ϕ ≤ ψ, the Cauchy-Schwarz inequality implies

|ϕ(b∗a)|2 ≤ ϕ(a∗a)ϕ(b∗b) ≤ ψ(a∗a)ψ(b∗b) = ‖πψ(a)1ψ‖2‖πψ(b)1ψ‖2.

Thus 〈πψ(a)1ψ, πψ(b)1ψ〉ϕ = ϕ(b∗a) is a well defined non-negative definite
sesquilinear form on πψ(A)1ψ which is bounded by 1, and hence extends to
the closure L2(A,ψ).

Therefore there is an operator y ∈ B(L2(A,ψ)), 0 ≤ y ≤ 1, such that
ϕ(b∗a) = 〈yπψ(a)1ψ, πψ(b)1ψ〉, for all a, b ∈ A.

If a, b, c ∈ A then

〈yπψ(a)πψ(b)1ψ, πψ(c)1ψ〉 = 〈yπψ(ab)1ψ, πψ(c)1ψ〉 = ϕ(c∗ab)

= 〈yπψ(b)1ψ, πψ(a∗)πψ(c)1ψ〉
= 〈πψ(a)yπψ(b)1ψ, πψ(c)1ψ〉.

Thus, yπψ(a) = πψ(a)y, for all a ∈ A.
To see that y is unique, suppose that 0 ≤ z ≤ 1, z ∈ πψ(A)′ such that

〈πψ(a)z1ψ, 1ψ〉 = 〈πψ(a)y1ψ, 1ψ〉 for all a ∈ A. Then 〈(z−y)1ψ, πψ(a∗)1ψ〉 = 0
for all a ∈ A and hence z − y = 0 since 1ψ is a cyclic vector for πψ(A). �

2.3.2 Pure states

A state ϕ on a C∗-algebra A is said to be pure if it is an extreme point in
S(A).

Proposition 2.3.9. A state ϕ on a C∗-algebra A is a pure state if and
only if the corresponding GNS representation πϕ : A → B(L2(A,ϕ)) with
corresponding cyclic vector 1ϕ is irreducible.

Proof. Suppose first that ϕ is pure. If K ⊂ L2(A,ϕ) is a closed invariant
subspace, then so is K⊥ and we may consider ξ1 = [K](1ϕ) ∈ K and ξ2 =
1ϕ − ξ1 ∈ K⊥. For x ∈ A we have

〈xξ1, ξ1〉+ 〈xξ2, ξ2〉 = 〈x1ϕ, 1ϕ〉 = ϕ(x).
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Thus, either ξ1 = 0, or ξ2 = 0, since ϕ is pure. Since 1ϕ is cyclic, we have
that ξ1 is cyclic for K and ξ2 is cyclic for K⊥ showing that either K = {0} or
else K⊥ = {0}.

Conversely, suppose that πϕ is irreducible and ϕ = 1
2
ϕ1 + 1

2
ϕ2 where ϕj ∈

S(A) for j = 1, 2, then we may consider the map U : L2(A,ϕ)→ L2(A,ϕ1)⊕
L2(A,ϕ2) such that U(x1ϕ) = (x 1√

2
1ϕ1) ⊕ (x 1√

2
1ϕ2), for all x ∈ A. It is not

hard to see that U is a well defined isometry and Uπϕ(x) = (πϕ1(x)⊕πϕ2(x))U
for all x ∈ A. If we denote by p1 ∈ B(L2(A,ϕ1) ⊕ L2(A,ϕ2) the orthogonal
projection onto L2(A,ϕ1) then the operator U∗p1U ∈ B(L2(A,ϕ)) commutes
with πϕ(A), and since πϕ is irreducible we then have that U∗p1U = α ∈ C,
and in fact U∗p1U = 〈U∗p1U1ϕ, 1ϕ〉 = 1/2. Thus, u1 =

√
2p1U implements

an isometry from L2(A,ϕ) to L2(A,ϕ1) such that u11ϕ = 1ϕ1 , and u1πϕ(x) =
πϕ1(x)u1 for all x ∈ A. It then follows, in particular, that ϕ1(x) = ϕ(x), for
all x ∈ A, hence ϕ = ϕ1 = ϕ2 showing that ϕ is pure. �

Note that the previous proposition, together with Proposition 2.3.8 shows
also that a state ϕ is pure if and only if for any positive linear functional ψ
such that ψ ≤ ϕ there exists a constant α ≥ 0 such that ψ = αϕ.

Since irreducible representations of an abelian C∗-algebra must be one
dimensional, the following corollary follows from the above Proposition.

Corollary 2.3.10. Let A be an abelian C∗-algebra, then the pure states on
A agree with the spectrum σ(A).

Theorem 2.3.11. Let A be a C∗-algebra, then the convex hull of the pure
states on A are weak*-dense in S(A).

Proof. If A is unital, then the state space S(A) is a weak* compact convex
subset of A∗, and hence the convex hull of extreme states are dense in S(A)
by the Krein-Milman theorem.

If A is not unital, then consider the unitization Ã. Any irreducible repre-
sentation of A extends to an irreducible representation of Ã, and conversely,
for any irreducible representation of Ã we must have that its restriction to A
is irreducible, or else contains A in its kernel and hence is the representation
given by π0(x, α) = α.

Thus, any pure state on A extends uniquely to a pure state on Ã, and the
only pure state on Ã which does not arise in this way is ϕ0(x, α) = α. Since
every state on A extends to a state on Ã we may then use the Krein-Milman
theorem on the state space of Ã to conclude that any state on A is a weak*
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limit of convex combinations of pure states on A and 0. However, since states
satisfy ‖ϕ‖ = 1, we see that there must be no contribution from 0. �

Corollary 2.3.12. Let A be a C∗-algebra and x ∈ A, x 6= 0, then there exists
an irreducible representation π : A→ B(H) such that π(x) 6= 0.

Proof. By Proposition 2.3.5 there exists a state ϕ on A such that ϕ(x) 6= 0,
and hence by the previous theorem there exists a pure state ϕ0 on A such
that ϕ0(x) 6= 0. Proposition 2.3.9 then shows that the corresponding GNS-
representation gives an irreducible representation π such that π(x) 6= 0. �

2.3.3 Jordan Decomposition

Theorem 2.3.13 (Jordan Decomposition). Let A be a C∗-algebra and ϕ ∈
A∗, a Hermitian linear functional, then there exist unique positive linear
functionals ϕ+, ϕ− ∈ A∗ such that ϕ = ϕ+ − ϕ−, and ‖ϕ‖ = ‖ϕ+‖+ ‖ϕ−‖.

Proof. Suppose ϕ ∈ A∗ is Hermitian. Let Σ denote the set of positive linear
functionals on A, then Σ is a compact Hausdorff space when given the weak∗
topology. Consider the map γ : A → C(Σ) given by γ(a)(ψ) = ψ(a), then
by Proposition 2.3.4 γ is isometric, and we also have γ(A+) ⊂ C(Σ)+.

By the Hahn-Banach theorem there exists a linear functional ϕ̃ ∈ C(Σ)∗

such that ‖ϕ̃‖ = ‖ϕ‖, and ϕ̃(γ(a)) = ϕ(a), for all a ∈ A. By replading
ϕ̃ with 1

2
(ϕ̃ + ϕ̃∗) we may assume that ϕ̃ is also Hermitian. By the Reisz

representation theorem there then exists a signed Radon measure ν on Σ
such that ϕ̃(f) =

∫
f dν for all f ∈ C(Σ). By the Jordan decomposition of

measures there exist positive measures ν+, and ν− such that ν = ν+ − ν−,
and ‖ν‖ = ‖ν+‖+ ‖ν−‖.

Define the linear functionals ϕ+, and ϕ− by setting ϕ+(a) =
∫
γ(a) dν+,

and ϕ−(a) =
∫
γ(a) dν−, for all a ∈ A. Then since γ(A+) ⊂ C(Σ)+ it follows

that ϕ+, and ϕ− are positive. Moreover, we have ϕ = ϕ+−ϕ−, and we have
‖ϕ‖ ≤ ‖ϕ+‖+ ‖ϕ−‖ ≤ ‖ν+‖+ ‖ν−‖ = ‖ν‖ = ‖ϕ‖. �

Corollary 2.3.14. Let A be a C∗-algebra, then A∗ is the span of positive
linear functionals.

Corollary 2.3.15. Let A be a C∗-algebra and ϕ ∈ A∗, then there exists
a representation π : A → B(H), and vectors ξ, η ∈ H, such that ϕ(a) =
〈π(a)ξ, η〉, for all a ∈ A.
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Proof. Let ϕ ∈ A∗ be given. By the previous corollary we have that ϕ =∑n
i=1 αiψi for some αi ∈ C, and ψi states. If we consider the GNS-representations

πi : A → B(L2(A,ψi)), then setting π = ⊕ni=1, ξ = ⊕ni=1αi1ψi , and η =
⊕ni=11ψi , we have ϕ(a) = 〈π(a)ξ, η〉, for all a ∈ A. �

Note that ‖ϕ‖ ≤ ‖ξ‖‖η‖, however we may not have equality. We’ll show
in Theorem 3.11.7 below that we may also choose a representation π and
vectors ξ, η ∈ H which additionally satisfy ‖ϕ‖ = ‖ξ‖‖η‖.



Chapter 3

Bounded linear operators

Recall that if H is a Hilbert space then B(H), the algebra of all bounded
linear operators is a C∗-algebra with norm

‖x‖ = sup
ξ∈H,‖ξ‖≤1

‖xξ‖,

and involution given by the adjoint, i.e., x∗ is the unique bounded linear
operator such that

〈ξ, x∗η〉 = 〈xξ, η〉,
for all ξ, η ∈ H.

Lemma 3.0.16. Let H be a Hilbert space and consider x ∈ B(H), then
ker(x) = R(x∗)⊥.

Proof. If ξ ∈ ker(x), and η ∈ H, then 〈ξ, x∗η〉 = 〈xξ, η〉 = 0, hence ker(x) ⊂
R(x∗)⊥. If ξ ∈ R(x∗)⊥ then for any η ∈ H we have 〈xξ, η〉 = 〈ξ, x∗η〉 = 0,
hence ξ ∈ ker(x). �

The point spectrum σp(x) of an operator x ∈ B(H) consists of all
points λ ∈ C such that x−λ has a non-trivial kernel. The operator x has an
approximate kernel if there exists a sequence of unit vectors ξn ∈ H such
that ‖xξn‖ → 0. The approximate point spectrum σap(x) consists of all
points λ ∈ C such that x− λ has an approximate kernel. Note that we have
σp(x) ⊂ σap(x) ⊂ σ(x).

Proposition 3.0.17. Let x ∈ B(H) be a normal operator, then σp(x
∗) =

σp(x). Moreover, eigenspaces for x corresponding to distinct eigenvalues are
orthogonal.

37
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Proof. As x is normal, so is x − λ, and hence for each ξ ∈ H we have
‖(x− λ)ξ‖ = ‖(x∗ − λ)ξ‖. The first implication then follows.

If ξ, η ∈ H are eigenvectors for x with respective eigenvalues λ, µ, such
that λ 6= µ, Then we have x∗η = µη, and so λ〈ξ, η〉 = 〈xξ, η〉 = 〈ξ, x∗η〉 =
µ〈ξ, η〉. As λ 6= µ, it then follows 〈ξ, η〉 = 0. �

Proposition 3.0.18. Let x ∈ B(H), then ∂σ(x) ⊂ σap(x).

Proof. Suppose λ ∈ ∂σ(x). Then there exists a sequence λn ∈ ρ(x), such
that λn → λ. By Lemma 1.1.12 we then have that ‖(x−λn)−1‖ → ∞, hence
there exists a sequence of unit vectors ξn ∈ H, such that ‖ξn‖ → 0, and
‖(x − λn)−1ξn‖ = 1. We then have ‖(x − λ)(x − λn)−1ξn‖ ≤ |λ − λn|‖(x −
λn)−1ξn‖+ ‖ξn‖ → 0. Hence, λ ∈ σap(x). �

Lemma 3.0.19. Let H be a Hilbert space and x ∈ B(H), then x is invertible
in B(H) if and only if neither x nor x∗ has an approximate kernel. Conse-
quently, σ(x) = σap(x) ∪ σap(x∗), for all x ∈ B(H).

Proof. If x is invertible, then for all ξ ∈ H we have ‖x−1‖‖xξ‖ ≥ ‖x−1xξ‖ =
‖ξ‖, and hence x cannot have an approximate kernel. Neither can x∗ since
it is then also invertible.

Conversely, if neither x nor x∗ has an approximate kernel then x is injec-
tive, and the previous lemma applied to x∗ shows that x has dense range. If
{xξn} ⊂ R(x) is Cauchy then we have limn,m→∞ ‖x(ξn − ξm)‖ → 0. Since x
does not have an approximate kernel it then follows that {ξn} is also Cauchy
(Otherwise an approximate kernel of the form (ξn − ξm)/‖ξn − ξm‖ may be
found) and hence converges to a vector ξ. We then have limn→∞ xξn = xξ ∈
R(x), thus R(x) is closed and hence x is surjective. The open mapping
theorem then implies that x has a bounded inverse. �

The numerical range W (x) of an operator x ∈ B(H) is the closure of
the set {〈xξ, ξ〉 | ξ ∈ H, ‖ξ‖ = 1}.

Lemma 3.0.20. Let H be a Hilbert space and x ∈ B(H), then σ(x) ⊂ W (x).

Proof. Suppose λ ∈ σ(x). Then from the previous lemma either x − λ or
(x−λ)∗ has an approximate kernel. In either case there then exists a sequence
of unit vectors ξn ∈ H such that 〈(x− λ)ξn, ξn〉 → 0. Hence, λ ∈ W (x). �

Proposition 3.0.21. Let H be a Hilbert space, then an operator x ∈ B(H)
is
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(i) normal if and only if ‖xξ‖ = ‖x∗ξ‖, for all ξ ∈ H.

(ii) self-adjoint if and only if 〈xξ, ξ〉 ∈ R, for all ξ ∈ H.

(iii) positive if and only if 〈xξ, ξ〉 ≥ 0, for all ξ ∈ H.

(iv) an isometry if and only if ‖xξ‖ = ‖ξ‖, for all ξ ∈ H.

(v) a projection if and only if x is the orthogonal projection onto some
closed subspace of H.

(vi) a partial isometry if and only if there is a closed subspace K ⊂ H such
that x|K is an isometry while x|K⊥ = 0.

Proof.

(i) If x is normal than for all ξ ∈ H we have ‖xξ‖2 = 〈x∗xξ, ξ〉 =
〈xx∗ξ, ξ〉 = ‖x∗ξ‖2. Conversely, is 〈(x∗x− xx∗)ξ, ξ〉 = 0, for all ξ ∈ H,
then for all ξ, η ∈ H, by polarization we have

〈(x∗x− xx∗)ξ, η〉 =
3∑

k=0

ik〈(x∗x− xx∗)(ξ + ikη), (ξ + ikη)〉 = 0.

Hence x∗x = xx∗.

(ii) If x = x∗ then 〈xξ, ξ〉 = 〈ξ, xξ〉 = 〈xξ, ξ〉. The converse follows again
by a polarization argument.

(iii) If x = y∗y, then 〈xξ, ξ〉 = ‖yξ‖2 ≥ 0. Conversely, if 〈xξ, ξ〉 ≥ 0,
for all ξ ∈ H then we know from part (ii) that x is normal. From
Lemma 3.0.20 we have that σ(x) ⊂ [0,∞) and hence x is positive by
functional calculus.

(iv) If x is an isometry then x∗x = 1 and hence ‖xξ‖2 = 〈x∗xξ, ξ〉 = ‖ξ‖2

for all ξ ∈ H. The converse again follows from the polarization identity.

(v) If x is a projection then let K = R(x) = ker(x)⊥, and note that for
all ξ ∈ K, η ∈ ker(x), xζ ∈ R(x) we have 〈xξ, η + xζ〉 = 〈ξ, xζ〉, hence
xξ ∈ K, and xξ = ξ. This shows that x is the orthogonal projection
onto the subspace K.

(vi) This follows directly from (iv) and (v). �
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Proposition 3.0.22 (Polar decomposition). Let H be a Hilbert space, and
x ∈ B(H), then there exists a partial isometry v such that x = v|x|, and
ker(v) = ker(|x|) = ker(x). Moreover, this decomposition is unique, in that if
x = wy where y ≥ 0, and w is a partial isometry with ker(w) = ker(y) then
y = |x|, and w = v.

Proof. We define a linear operator v0 : R(|x|) → R(x) by v0(|x|ξ) = xξ, for
ξ ∈ H. Since ‖|x|ξ‖ = ‖xξ‖, for all ξ ∈ H it follows that v0 is well defined and
extends to a partial isometry v from R(|x|) to R(x), and we have v|x| = x.
We also have ker(v) = R(|x|)⊥ = ker(|x|) = ker(x).

To see the uniqueness of this decomposition suppose x = wy where y ≥ 0,
and w is a partial isometry with ker(w) = ker(y). Then |x|2 = x∗x =
yw∗wy = y2, and hence |x| = (|x|2)1/2 = (y2)1/2 = y. We then have ker(w) =

R(|x|)
⊥

, and ‖w|x|ξ‖ = ‖xξ‖, for all ξ ∈ H, hence w = v. �

3.1 Trace class operators

Given a Hilbert space H, an operator x ∈ B(H) has finite rank if R(x) =
ker(x∗)⊥ is finite dimensional, the rank of x is dim(R(x)). We denote the
space of finite rank operators by FR(H). If x is finite rank than R(x∗) =
R(x∗| ker(x∗)⊥) is also finite dimensional being the image of a finite dimensional
space, hence we see that x∗ also has finite rank. If ξ, η ∈ H are vectors we
denote by ξ ⊗ η the operator given by

(ξ ⊗ η)(ζ) = 〈ζ, η〉ξ.

Note that (ξ ⊗ η)∗ = η ⊗ ξ, and if ‖ξ‖ = ‖η‖ = 1 then ξ ⊗ η is a rank one
partial isometry from Cη to Cξ. Also note that if x, y ∈ B(H), then we have
x(ξ ⊗ η)y = (xξ)⊗ (y∗η).

From above we see that any finite rank operator is of the form pxq where
p, q ∈ B(H) are projections onto finite dimensional subspaces. In particular
this shows that FR(H) = sp{ξ ⊗ η | ξ, η ∈ H}

Lemma 3.1.1. Suppose x ∈ B(H) has polar decomposition x = v|x|. Then
for all ξ ∈ H we have

2|〈xξ, ξ〉| ≤ 〈|x|ξ, ξ〉+ 〈|x|v∗ξ, v∗ξ〉.
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Proof. If λ ∈ C such that |λ| = 1, then we have

0 ≤ ‖(|x|1/2 − λ|x|1/2v∗)ξ‖2

= ‖|x|1/2ξ‖2 − 2Re(λ〈|x|1/2ξ, |x|1/2v∗ξ〉) + ‖|x|1/2v∗ξ‖2.

Taking λ such that λ〈|x|1/2ξ, |x|1/2v∗ξ〉 ≥ 0, the inequality follows directly.
�

If {ξi} is an orthonormal basis for H, and x ∈ B(H) is positive, then we
define the trace of x to be

Tr(x) =
∑
i

〈xξi, ξi〉.

Lemma 3.1.2. If x ∈ B(H) then Tr(x∗x) = Tr(xx∗).

Proof. By Parseval’s identity and Fubini’s theorem we have∑
i

〈x∗xξi, ξi〉 =
∑
i

∑
j

〈xξi, ξj〉〈ξj, xξi〉

=
∑
j

∑
i

〈ξi, x∗ξj〉〈ξi, x∗ξj〉 =
∑
j

〈xx∗ξj, ξj〉. �

Corollary 3.1.3. If x ∈ B(H) is positive and u is a unitary, then Tr(u∗xu) =
Tr(x). In particular, the trace is independent of the chosen orthonormal basis.

Proof. If we write x = y∗y, then from the previous lemma we have

Tr(y∗y) = Tr(yy∗) = Tr((yu)(u∗y∗)) = Tr(u∗(y∗y)u). �

An operator x ∈ B(H) is said to be of trace class if ‖x‖1 := Tr(|x|) <∞.
We denote the set of trace class operators by L1(B(H)) or L1(B(H),Tr).

Given an orthonormal basis {ξi}, and x ∈ L1(B(H)) we define the trace
of x by

Tr(x) = Σi〈xξi, ξi〉.
By Lemma 3.1.1 this is absolutely summable, and

2|Tr(x)| ≤ Tr(|x|) + Tr(v|x|v∗) ≤ 2‖x‖1.

Lemma 3.1.4. L1(B(H)) is a two sided self-adjoint ideal in B(H) which
coincides with the span of the positive operators with finite trace. The trace
is independent of the chosen basis, and ‖ · ‖1 is a norm on L1(B(H)).
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Proof. If x, y ∈ L1(B(H)) and we let x + y = w|x + y| be the polar decom-
position, then we have w∗x,w∗y ∈ L1(B(H)), therefore

∑
i〈|x + y|ξi, ξi〉 =∑

i〈w∗xξi, ξi〉 + 〈w∗yξi, ξi〉 is absolutely summable. Thus x + y ∈ L1(B(H))
and

‖x+ y‖1 ≤ ‖w∗x‖1 + ‖w∗y‖1 ≤ ‖x‖1 + ‖y‖1.

Thus, it follows that L1(B(H)) is a linear space which contains the span of
the positive operators with finite trace, and ‖ · ‖1 is a norm on L1(B(H)).

If x ∈ L1(B(H)), and a ∈ B(H) then

4a|x| =
3∑

k=0

ik(a+ ik)|x|(a+ ik)∗,

and for each k we have

Tr((a+ ik)|x|(a+ ik)∗) = Tr(|x|1/2|a+ ik|2|x|1/2) ≤ ‖a+ ik‖2 Tr(|x|).

Thus if we take a to be the partial isometry in the polar decomposition of x
we see that x is a linear combination of positive operators with finite trace,
(in particular, the trace is independent of the basis). This also shows that
L1(B(H)) is a self-adjoint left ideal, and hence is also a right ideal. �

Theorem 3.1.5. If x ∈ L1(B(H)), and a, b ∈ B(H) then

‖x‖ ≤ ‖x‖1

‖axb‖1 ≤ ‖a‖ ‖b‖ ‖x‖1,

and
Tr(ax) = Tr(xa).

Proof. Since the trace is independent of the basis, and ‖x‖ = supξ∈H,‖ξ‖≤1 ‖xξ‖
it follows easily that ‖x‖ ≤ ‖x‖1.

Since for x ∈ L1(B(H)), and a ∈ B(H) we have |ax| ≤ ‖a‖|x| it follows
that ‖ax‖1 ≤ ‖a‖‖x‖1. Since ‖x‖1 = ‖x∗‖1 we also have ‖xb‖1 ≤ ‖b‖‖x‖1.

Since the definition of the trace is independent of the chosen basis, if
x ∈ L1(B(H)) and u ∈ U(H) we have

Tr(xu) =
∑
i

〈xuξi, ξi〉 =
∑
i

〈uxuξi, uξi〉 = Tr(ux).

Since every operator a ∈ B(H) is a linear combination of four unitaries this
also gives

Tr(xa) = Tr(ax). �
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We also remark that for all ξ, η ∈ H, the operators ξ⊗η satisfy Tr(ξ⊗η) =
〈ξ, η〉. Also, it’s easy to check that FR(H) is a dense subspace of L1(B(H)),
endowed with the norm ‖ · ‖1.

Proposition 3.1.6. The space of trace class operators L1(B(H)), with the
norm ‖ · ‖1 is a Banach space.

Proof. From Lemma 3.1.4 we know that ‖ · ‖1 is a norm on L1(B(H)) and
hence we need only show that L1(B(H)) is complete. Suppose xn is Cauchy
in L1(B(H)). Since ‖xn−xm‖ ≤ ‖xn−xm‖1 it follows that xn is also Cauchy
in B(H), therefore we have ‖x − xn‖ → 0, for some x ∈ B(H), and by
continuity of functional calculus we also have ‖|x| − |xn|‖ → 0. Thus for any
finite orthonormal set η1, . . . , ηk we have

k∑
i=1

〈|x|ηi, ηi〉 = lim
n→∞

k∑
i=1

〈|xn|ηi, ηi〉

≤ lim
n→∞

‖xn‖1 <∞.

Hence x ∈ L1(B(H)) and ‖x‖1 ≤ limn→∞ ‖xn‖1.
If we let ε > 0 be given and consider N ∈ N such that for all n > N we

have ‖xn−xN‖1 < ε/3, and then take H0 ⊂ H a finite dimensional subspace
such that ‖xNPH⊥0 ‖1, ‖xPH⊥0 ‖1 < ε/3. Then for all n > N we have

‖x− xn‖1

≤ ‖(x− xn)PH0‖1 + ‖xPH⊥0 − xNPH⊥0 ‖1 + ‖(xN − xn)PH⊥0 ‖1

≤ ‖(x− xn)PH0‖1 + ε.

Since ‖x− xn‖ → 0 it follows that ‖(x− xn)PH0‖1 → 0, and since ε > 0 was
arbitrary we then have ‖x− xn‖1 → 0. �

Theorem 3.1.7. The map ψ : B(H)→ L1(B(H))∗ given by ψa(x) = Tr(ax),
for a ∈ B(H), x ∈ L1(B(H)), is a Banach space isomorphism.

Proof. From Theorem 3.1.5 we have that ψ is a linear contraction.
Suppose ϕ ∈ L1(B(H))∗, then (ξ, η) 7→ ϕ(ξ ⊗ η) defines a bounded

sesquilinear form on H and hence there exists a bounded operator a ∈ B(H)
such that 〈aξ, η〉 = ϕ(ξ ⊗ η), for all ξ, η ∈ H. Since the finite rank operators
is dense in L1(B(H)), and since operators of the form ξ ⊗ η span the finite
rank operators we have ϕ = ψa, thus we see that ψ is bijective.
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We also have

‖a‖ = sup
ξ,η∈H,
‖ξ‖,‖η‖≤1

|〈aξ, η〉|

= sup
ξ,η∈H,
‖ξ‖,‖η‖≤1

|Tr(a(ξ ⊗ η))| ≤ ‖ψa‖.

Hence ψ is isometric. �

3.2 Hilbert-Schmidt operators

Given a Hilbert space H and x ∈ B(H), we say that x is a Hilbert-Schmidt
operator on H if |x|2 ∈ L1(B(H)). We define the set of Hilbert-Schmidt
operators by L2(B(H)), or L2(B(H),Tr).

Lemma 3.2.1. L2(B(H)) is a self-adjoint ideal in B(H), and if x, y ∈
L2(B(H)) then xy, yx ∈ L1(B(H)), and

Tr(xy) = Tr(yx).

Proof. Since |x+y|2 ≤ |x+y|2 + |x−y|2 = 2(|x|2 + |y|2) we see that L2(B(H))
is a linear space, also since |ax|2 ≤ ‖a‖2|x|2 we have that L2(B(H)) is a left
ideal. Moreover, since we have Tr(xx∗) = Tr(x∗x) we see that L2(B(H)) is
self-adjoint. In particular, L2(B(H)) is also a right ideal.

By the polarization identity

4y∗x =
3∑

k=0

ik|x+ iky|2,

we have that y∗x ∈ L1(B(H)) for x, y ∈ L2(B(H)), and

4 Tr(y∗x) =
3∑

k=0

ik Tr((x+ iky)∗(x+ iky))

=
3∑

k=0

ik Tr((x+ iky)(x+ iky)∗) = 4 Tr(xy∗). �
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From the previous lemma we see that the sesquilinear form on L2(B(H))
give by

〈x, y〉2 = Tr(y∗x)

is well defined and positive definite. We again have ‖axb‖2 ≤ ‖a‖ ‖b‖ ‖x‖2,
and any x ∈ L2(B(H)) can be approximated in ‖ · ‖2 by operators px where
p is a finite rank projection. Thus, the same argument as for the trace
class operators shows that the Hilbert-Schmidt operators is complete in the
Hilbert-Schmidt norm.

Also, note that if x ∈ L2(B(H)) then since ‖y‖ ≤ ‖y‖2 for all y ∈
L2(B(H)) it follows that

‖x‖2 = sup
y∈L2(B(H)),
‖y‖2≤1

|Tr(y∗x)|

≤ sup
y∈L2(B(H)),
‖y‖2≤1

‖y‖‖x‖1 ≤ ‖x‖1.

Proposition 3.2.2. Let H be a Hilbert space and suppose x, y ∈ L2(B(H)),
then

‖xy‖1 ≤ ‖x‖2‖y‖2.

Proof. If we consider the polar decomposition xy = v|xy|, then by the
Cauchy-Schwarz inequality we have

‖xy‖1 = |Tr(v∗xy)| = |〈y, x∗v〉2|
≤ ‖x∗v‖2‖y‖2 ≤ ‖x‖2‖y‖2. �

IfH and K are Hilbert spaces, then we may extend a bounded operator x :
H → K to a bounded operator x̃ ∈ B(H⊕K) by x̃(ξ⊕η) = 0⊕xξ. We define
HS(H,K) as the bounded operators x : H → K such that x̃ ∈ L2(B(H⊕K)).
In this way HS(H,K) forms a closed subspace of L2(B(H⊕K)).

Note that HS(H,C) is the dual Banach space of H, and is naturally anti-
isomorphic to H, we denote this isomorphism by ξ 7→ ξ. We call this the
conjugate Hilbert space of H, and denote it by H. Note that we have

the natural identification H = H. Also, we have a natural anti-linear map
x 7→ x from B(H) to B(H) given by xξ = xξ.

If we wish to emphasize that we are considering only the Hilbert space
aspects of the Hilbert-Schmidt operators, we often use the notation H⊗K for
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the Hilbert-Schmidt operators HS(K,H). In this setting we call H⊗K the
Hilbert space tensor product of H with K. Note that if {ξi}i and {ηj}j
form orthonormal bases for H and K respectively, then {ξi ⊗ ηj}i,j forms an
orthonormal basis for H⊗K. We see that the algebraic tensor product H⊗K
of H and K can be realized as the subspace of finite rank operators, i.e., we
have H⊗K = sp{ξ ⊗ η | ξ ∈ H, η ∈ K}.

If x ∈ B(H) and y ∈ B(K) then we obtain an operator x⊗ y ∈ B(H⊗K)
which is given by (x ⊗ y)Ξ = xΞy∗. We then have that ‖x ⊗ y‖ ≤ ‖x‖‖y‖,
and (x ⊗ y)(ξ ⊗ η) = (xξ) ⊗ (yη) for all ξ ∈ H, and η ∈ K. We also have
(x ⊗ y)∗ = x∗ ⊗ y∗, and the map (x, y) 7→ x ⊗ y is separately linear in each
variable. If A ⊂ B(H) and B ⊂ B(K) are algebras then the tensor product
A⊗B is the algebra generated by operators of the form a⊗ b for a ∈ A and
b ∈ B.

If (X,µ) is a measure space then we have a particularly nice description
of the Hilbert-Schmidt operators on L2(X,µ).

Theorem 3.2.3. For each k ∈ L2(X × X,µ × µ) the integral operator Tk
defined by

Tkξ(x) =

∫
k(x, y)ξ(y)dµ(y), ξ ∈ L2(X,µ),

is a Hilbert-Schmidt operator on L2(X,µ). Moreover, the map k 7→ Tk is a
unitary operator from L2(X×X,µ×µ) to L2(B(L2(X,µ))). Moreover, if we
define k∗(x, y) = k(x, y) then we have T ∗k = Tk∗.

Proof. For all η ∈ L2(X,µ), the Cauchy-Schwarz inequality gives

‖k(x, y)ξ(y)η(x)‖1 ≤ ‖k‖2‖‖ξ‖L2(X,µ)‖η‖2.

This shows that Tk is a well defined operator on L2(X,µ) and ‖Tk‖ ≤ ‖k‖2. If
{ξi}i gives an orthonormal basis for L2(X,µ) and k(x, y) =

∑
αi,jξi(x)ξj(y)

is a finite sum then for η ∈ L2(X,µ) we have

Tkη =
∑

αi,j〈ξ, ξj〉ξi = (
∑

αi,jξi ⊗ ξj)η.

Thus, ‖Tk‖2 = ‖
∑
αi,jξi⊗ξj‖2 = ‖k‖2, which shows that k 7→ Tk is a unitary

operator.
The same formula above also shows that T ∗k = Tk∗ . �
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3.3 Compact operators

We denote by (H)1 the unit ball in H.

Theorem 3.3.1. For x ∈ B(H) the following conditions are equivalent:

(i) x ∈ FR(H)
‖·‖

.

(ii) x restricted to (H)1 is continuous from the weak to the norm topology.

(iii) x(H)1 is compact in the norm topology.

(iv) x(H)1 has compact closure in the norm topology.

Proof. (i) =⇒ (ii) Let {ξα}α be net in (H)1 which weakly converges to ξ.
By hypothesis for every ε > 0 there exists y ∈ FR(H) such that ‖x−y‖ < ε.
We then have

‖xξ − xξα‖ ≤ ‖yξ − yξα‖+ 2ε.

Thus, it is enough to consider the case when x ∈ FR(H). This case follows
easily since then the range of x is then finite dimensional where the weak
and norm topologies agree.

(ii) =⇒ (iii) (H)1 is compact in the weak topology and hence x(H)1 is
compact being the continuous image of a compact set.

(iii) =⇒ (iv) This implication is obvious.
(iv) =⇒ (i) Let Pα be a net of finite rank projections such that ‖Pαξ −

ξ‖ → 0 for all ξ ∈ H. Then Pαx are finite rank and if ‖Pαx − x‖ 6→ 0
then there exists ε > 0, and ξα ∈ (H)1 such that ‖xξα − Pαxξα‖ ≥ ε. By
hypothesis we may pass to a subnet and assume that xξα has a limit ξ in the
norm topology. We then have

ε ≤ ‖xξα − Pαxξα‖ ≤ ‖ξ − Pαξ‖+ ‖(1− Pα)(xξα − ξ)‖
≤ ‖ξ − Pαξ‖+ ‖xξα − ξ‖ → 0,

which gives a contradiction. �

If any of the above equivalent conditions are satisfied we say that x is a
compact operator. We denote the space of compact operators by K(H).
Clearly K(H) is a norm closed two sided ideal in B(H).

Lemma 3.3.2. Let x ∈ K(H) be a compact operator, then σap(x) \ {0} ⊂
σp(x).
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Proof. Suppose λ ∈ σap(x) \ {0} and let ξn ∈ H be a sequence of unit
vectors such that ‖(x − λ)ξn‖ → 0. Since x is compact, by taking a sub-
sequence we may assume that xξn converges to a vector ξ. We then have
xξ = limn→∞ x

2ξn = limn→∞ λxξn = λξ. Moreover, ξ is non-zero since
‖ξ‖ = limn→∞ ‖xξn‖ = limn→∞ ‖λξn‖ = |λ| 6= 0. Hence, λ ∈ σp(x). �

Lemma 3.3.3. Let x ∈ K(H) be a compact operator, then each point in
σ(x) \ {0} is isolated.

Proof. Suppose that {λn}n ⊂ σ(x) \ {0} is a sequence of pairwise distinct
values such that λn → λ. From Lemma 3.0.19 we have σ(x) = σap(x) ∪
σap(x∗), and hence by taking a further subsequence, and replacing x with x∗

if necessary, we will assume that λn ∈ σap(x), for each n, and then from the
previous lemma we have λn ∈ σp(x), for each n.

Thus, there exists a sequence of unit eigenvectors {ξn} ⊂ H, whose cor-
responding eigenvalues are {λn}. Note that since {λn} are distinct values we
have that {ξn} is a linearly independent set. Let Yn = sp{ξ1, . . . , ξn}, and
choose unit vectors ηn ∈ Yn, so that ‖PYn−1(ηn)‖ = 0, for all n. Then for
n < m we have

‖xηn − xηm‖ = ‖xηn − (x− λm)ηm + λmηm‖,

and since xηn−(x−λm)ηm ∈ Ym−1 we conclude that ‖xηn−xηm‖ ≥ |λm|‖ηm‖.
Since x is compact, and {ηn} are pairwise orthogonal unit vectors it then
follows that |λ| = limm→∞ |λm| = 0, and hence 0 is the only possible accu-
mulation point of σ(x). �

Theorem 3.3.4 (The Fredholm Alternative). Let x ∈ K(H) be a compact
operator, then for any λ ∈ C, λ 6= 0, either λ ∈ σp(x), or else λ ∈ ρ(x), i.e.,
σ(x) \ {0} ⊂ σp(x).

Proof. By the previous lemma, each point in σ(x) \ {0} is isolated. It then
follows from Proposition 3.0.18, that σ(x) \ {0} = (∂σ(x)) \ {0} ⊂ σap(x),
and then from Lemma 3.3.2 it follows that σ(x) \ {0} ⊂ σp(x). �

Theorem 3.3.5 (The spectral theorem for compact operators). Let x ∈
K(H) be a normal compact operator. For each eigenvalue λ for x, denote by
Eλ the corresponding eigenspace. Then we have x =

∑
λ∈σ(x)\{0} λPEλ, where

the convergence is in the uniform norm.
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Proof. If ξn is an orthogonal sequence of unit eigenvectors for x, then ξn →
0 weakly, and since x is compact we then have that xξn → 0 in norm.
Thus, the eigenvalues corresponding to ξn must converge to 0. This shows,
in particular, that each eigenspace corresponding to a non-zero eigenvalue
must be finite dimensional. Also, since eigenspaces corresponding to distinct
eigenvectors are orthogonal by Lemma 3.0.17, it follows that x can have at
most finitely many eigenvalues with modulus greater than any fixed positive
number. Thus, by Theorem 3.3.4 we have that σ(x) is countable and has no
non-zero accumulation points.

If we set y =
∑

λ∈σ(x)\{0} λPEλ then y is compact since it is a norm
limit of finite rank operators. Thus, x − y is compact and normal, and
sp{Eλ} ⊂ ker(x − y). If ξ ∈ H is an eigenvector for x − y with non-zero
eigenvalue, then ξ must be orthogonal to ker(x−y), and hence ξ is orthogonal
to Eλ for each λ ∈ σ(x) \ {0}. Hence, we would have yξ = 0, and so ξ would
be an eigenvector for x. But then ξ ∈ Eλ for some λ ∈ σ(x) \ {0} giving a
contradiction.

Thus, we conclude that x − y is a compact operator without non-zero
eigenvalues. From Theorem 3.3.4 we than have that σ(x − y) = {0}. Since
x− y is normal we then have x = y =

∑
λ∈σ(x)\{0} λPEλ . �

Theorem 3.3.6 (Alternate form of the spectral theorem for compact oper-
ators). Let x ∈ K(H) be a normal compact operator. Then there exists a set
X, a function f ∈ c0(X), and a unitary operator U : `2X → H, such that
x = UMfU

∗, where Mf ∈ B(`2X) is the operator defined by Mfξ = fξ.

Proof. From the previous theorem we may write x =
∑

λ∈σ(x)\{0} λPEλ . We

then have ker(x) = ker(x∗), and H = ker(x) ⊕
⊕

λ∈σ(x)\{0}Eλ. Thus, there

exists an orthonormal basis {ξx}x∈X ⊂ H, which consists of eigenvectors
for x. If we consider the unitary operator U : `2X → H, which sends
δx to ξx, and we consider the function f ∈ c0(X) by letting f(x) be the
eigenvalue corresponding to the eigenvector ξx, then it is easy to see that
x = UMfU

∗. �

Exercise 3.3.7. Show that the map ψ : L1(B(H)) → K(H)∗ given by
ψx(a) = Tr(ax) implements an isometric Banach space isomorphism between
L1(B(H)) and K(H)∗.
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3.4 Locally convex topologies on the space of

operators

Let H be a Hilbert space. On B(H) we define the following locally convex
topologies:

• The weak operator topology (WOT) is defined by the family of
semi-norms T 7→ |〈Tξ, η〉|, for ξ, η ∈ H.

• The strong operator topology (SOT) is defined by the family of
semi-norms T 7→ ‖Tξ‖, for ξ ∈ H.

Note that the from coarsest to finest topologies we have

WOT ≺ SOT ≺ Uniform.

Also note that since an operator T is normal if and only if ‖Tξ‖ = ‖T ∗ξ‖
for all ξ ∈ H, it follows that the adjoint is SOT continuous on the set of
normal operators.

Lemma 3.4.1. Let ϕ : B(H)→ C be a linear functional, then the following
are equivalent:

(i) There exists ξ1, . . . , ξn, η1, . . . , ηn ∈ H such that ϕ(T ) =
∑n

i=1〈Tξi, ηi〉,
for all T ∈ B(H).

(ii) ϕ is WOT continuous.

(iii) ϕ is SOT continuous.

Proof. The implications (i) =⇒ (ii) and (ii) =⇒ (iii) are clear and so we
will only show (iii) =⇒ (i). Suppose ϕ is SOT continuous. Thus, the inverse
image of the open ball in C is open in the SOT and hence by considering the
semi-norms which define the topology we have that there exists a constant
K > 0, and ξ1, . . . , ξn ∈ H such that

|ϕ(T )|2 ≤ K

n∑
i=1

‖Tξi‖2.

If we then consider {⊕ni=1Tξi | T ∈ B(H)} ⊂ H⊕n, and let H0 be its closure,
we have that

⊕ni=1 Tξi 7→ ϕ(T )
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extends to a well defined, continuous linear functional on H0 and hence by
the Riesz representation theorem there exists η1, . . . , ηn ∈ H such that

ϕ(T ) =
n∑
i=1

〈Tξi, ηi〉,

for all T ∈ B(H). �

Corollary 3.4.2. Let K ⊂ B(H) be a convex set, then the WOT, SOT, and
closures of K coincide.

Proof. By Lemma 3.4.1 the three topologies above give rise to the same dual
space, hence this follows from the the Hahn-Banach separation theorem. �

If H is a Hilbert space then the map id⊗ 1 : B(H)→ B(H⊗`2N) defined
by (id⊗ 1)(x) = x⊗ 1 need not be continuous in either of the locally convex
topologies defined above even though it is an isometric C∗-homomorphism
with respect to the uniform topology. Thus, on B(H) we define the following
additional locally convex topologies:

• The σ-weak operator topology (σ-WOT) is defined by pulling back
the WOT of B(H⊗`2N) under the map id⊗1.

• The σ-strong operator topology (σ-SOT) is defined by pulling back
the SOT of B(H⊗`2N) under the map id⊗1.

Note that the σ-weak operator topology can alternately be defined by the
family of semi-norms T 7→ |Tr(Ta)|, for a ∈ L1(B(H)). Hence, under the
identification B(H) = L1(B(H))∗, we have that the weak∗-topology on B(H)
agrees with the σ-WOT.

Lemma 3.4.3. Let ϕ : B(H)→ C be a linear functional, then the following
are equivalent:

(i) There exists a trace class operator a ∈ L1(B(H)) such that ϕ(x) =
Tr(xa) for all x ∈ B(H)

(ii) ϕ is σ-WOT continuous.

(iii) ϕ is σ-SOT continuous.
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Proof. Again, we need only show the implication (iii) =⇒ (i), so suppose ϕ
is σ-SOT continuous. Then by the Hahn-Banach theorem, considering B(H)
as a subspace of B(H ⊗ `2N) through the map id ⊗ 1, we may extend ϕ to
a SOT continuous linear functional on B(H ⊗ `2N). Hence by Lemma 3.4.1
there exists ξ1, . . . , ξn, η1, . . . , ηn ∈ H⊗`2N such that for all x ∈ B(H) we
have

ϕ(x) =
n∑
i=1

〈(id⊗ 1)(x)ξi, ηi〉.

For each 1 ≤ i ≤ n we may define ai, bi ∈ HS(H, `2N) as the operators cor-
responding to ξi, ηi in the Hilbert space isomorphism H⊗ `2N ∼= HS(H, `2N).
By considering a =

∑n
i=1 b

∗
i ai ∈ L1(B(H)), it then follows that for all

x ∈ B(H) we have

Tr(xa) =
n∑
i=1

〈aix, bi〉2

=
n∑
i=1

〈(id⊗ 1)(x)ξi, ηi〉 = ϕ(x). �

Corollary 3.4.4. The unit ball in B(H) is compact in the σ-WOT.

Proof. This follows from Theorem 3.1.7 and the Banach-Alaoglu theorem.
�

Corollary 3.4.5. The WOT and the σ-WOT agree on bounded sets.

Proof. The identity map is clearly continuous from the σ-WOT to the WOT.
Since both spaces are Hausdorff it follows that this is a homeomorphism from
the σ-WOT compact unit ball in B(H). By scaling we therefore have that
this is a homeomorphism on any bounded set. �

Exercise 3.4.6. Show that the adjoint T 7→ T ∗ is continuous in the WOT,
and when restricted to the space of normal operators is continuous in the
SOT, but is not continuous in the SOT on the space of all bounded operators.

Exercise 3.4.7. Show that operator composition is jointly continuous in the
SOT on bounded subsets.

Exercise 3.4.8. Show that the SOT agrees with the σ-SOT on bounded
subsets of B(H).

Exercise 3.4.9. Show that pairing 〈x, a〉 = Tr(a∗x) gives an identification
between K(H)∗ and (L1(B(H)), ‖ · ‖1).
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3.5 Von Neumann algebras and the double

commutant theorem

A von Neumann algebra (over a Hilbert space H) is a ∗-subalgebra of
B(H) which contains 1 and is closed in the weak operator topology.

Note that since subalgebras are of course convex, it follows from Corol-
lary 3.4.2 that von Neumann algebras are also closed in the strong operator
topology.

If A ⊂ B(H) then we denote by W ∗(A) the von Neumann subalgebra
which is generated by A, i.e., W ∗(A) is the smallest von Neumann subalgebra
of B(H) which contains A.

Lemma 3.5.1. Let A ⊂ B(H) be a von Neumann algebra. Then (A)1 is
compact in the WOT.

Proof. This follows directly from Corollary 3.4.4. �

Corollary 3.5.2. Let A ⊂ B(H) be a von Neumann algebra, then (A)1 and
As.a. are closed in the weak and strong operator topologies.

Proof. Since taking adjoints is continuous in the weak operator topology it
follows that As.a. is closed in the weak operator topology, and by the previous
result this is also the case for (A)1. �

If B ⊂ B(H), the commutant of B is

B′ = {T ∈ B(H) | TS = ST, for all S ∈ B}.

We also use the notation B′′ = (B′)′ for the double commutant.

Theorem 3.5.3. Let A ⊂ B(H) be a self-adjoint set, then A′ is a von Neu-
mann algebra.

Proof. It is easy to see that A′ is a self-adjoint algebra containing 1. To see
that it is closed in the weak operator topology just notice that if xα ∈ A′ is
a net such that xα → x ∈ B(H) then for any a ∈ A, and ξ, η ∈ H, we have

〈[x, a]ξ, η〉 = 〈xaξ, η〉 − 〈xξ, a∗η〉

= lim
α→∞
〈xαaξ, η〉 − 〈xαξ, a∗η〉 = lim

α→∞
〈[xα, a]ξ, η〉 = 0. �



54 CHAPTER 3. BOUNDED LINEAR OPERATORS

Corollary 3.5.4. A self-adjoint maximal abelian subalgebra A ⊂ B(H) is a
von Neumann algebra.

Proof. Since A is maximal abelian we have A = A′. �

Lemma 3.5.5. Suppose A ⊂ B(H) is a self-adjoint algebra containing 1.
Then for all ξ ∈ H, and x ∈ A′′ there exists xα ∈ A such that limα→∞ ‖(x−
xα)ξ‖ = 0.

Proof. Consider the closed subspace K = Aξ ⊂ H, and denote by p the
projection onto this subspace. Since for all a ∈ A we have aK ⊂ K, it follows
that ap = pap. But since A is self-adjoint it then also follows that for all
a ∈ A we have pa = (a∗p)∗ = (pa∗p)∗ = pap = ap, and hence p ∈ A′.

We therefore have that xp = xp2 = pxp and hence xK ⊂ K. Since 1 ∈ A
it follows that ξ ∈ K and hence also xξ ∈ Aξ. �

Theorem 3.5.6 (Von Neumann’s double commutant theorem). Suppose
A ⊂ B(H) is a self-adjoint algebra containing 1. Then A′′ is equal to the
weak operator topology closure of A.

Proof. By Theorem 3.5.3 we have that A′′ is closed in the weak operator
topology, and we clearly have A ⊂ A′′, so we just need to show that A ⊂ A′′

is dense in the weak operator topology. For this we use the previous lemma
together with a matrix trick.

Let ξ1, . . . , ξn ∈ H, x ∈ A′′ and consider the subalgebra Ã of B(Hn) ∼=
Mn(B(H)) consisting of diagonal matrices with constant diagonal coefficients
contained in A. Then the diagonal matrix whose diagonal entries are all x is
easily seen to be contained in Ã′′, hence the previous lemma applies and so
there exists a net aα ∈ A such that limα→∞ ‖(x−aα)ξk‖ = 0, for all 1 ≤ k ≤ n.
This shows that A ⊂ A′′ is dense in the strong operator topology. �

We also have the following formulation which is easily seen to be equiva-
lent.

Corollary 3.5.7. Let A ⊂ B(H) be a self-adjoint algebra. Then A is a von
Neumann algebra if and only if A = A′′.

Corollary 3.5.8. Let A ⊂ B(H) be a von Neumann algebra, x ∈ A, and
consider the polar decomposition x = v|x|. Then v ∈ A.
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Proof. Note that ker(v) = ker(|x|), and if a ∈ A′ then we have a ker(|x|) ⊂
ker(|x|). Also, we have

‖(av − va)|x|ξ‖ = ‖axξ − xaξ‖ = 0,

for all ξ ∈ H. Hence av and va agree on ker(|x|) + R(|x|) = H, and so
v ∈ A′′ = A. �

Proposition 3.5.9. Let (X,µ) be a σ-finite1 measure space. Consider the
Hilbert space L2(X,µ), and the map M : L∞(X,µ) → B(L2(X,µ)) defined
by (Mgξ)(x) = g(x)ξ(x), for all ξ ∈ L2(X,µ). Then M is an isometric ∗-
isomorphism from L∞(X,µ) onto a maximal abelian von Neumann subalgebra
of B(L2(X,µ)).

Proof. The fact that M is a ∗-isomorphism onto its image is clear. If g ∈
L∞(X,µ) then by definition of ‖g‖∞ we can find a sequence En of measurable
subsets of X such that 0 < µ(En) < ∞, and |g||En ≥ ‖g‖∞ − 1/n, for all
n ∈ N. We then have

‖Mg‖ ≥ ‖Mg1En‖2/‖1En‖2 ≥ ‖g‖∞ − 1/n.

The inequality ‖g‖∞ ≤ ‖Mg‖ is also clear and hence M is isometric.
To see thatM(L∞(X,µ)) is maximal abelian let’s suppose T ∈ B(L2(X,µ))

commutes with Mf for all f ∈ L∞(X,µ). We take En ⊂ X measurable
sets such that 0 < µ(En) < ∞, En ⊂ En+1, and X = ∪n∈NEn. Define
fn ∈ L2(X,µ) by fn = T (1En).

For each g, h ∈ L∞(X,µ) ∩ L2(X,µ), we have

|
∫
fnghdµ| = |〈MgT (1En), h〉| = |〈T (g|En), h〉| ≤ ‖T‖‖g‖2‖h‖2.

Since L∞(X,µ)∩L2(X,µ) is dense in L2(X,µ), it then follows from Hölder’s
inequality that fn ∈ L∞(X,µ) with ‖fn‖∞ ≤ ‖T‖, and that M1En

T = Mfn .
Note that for m ≥ n, 1Emfn = 1EmT (1En) = T (1En) = fn. Hence, {fn}
converges almost every where to a measurable function f . Since ‖fn‖∞ ≤
‖T‖ for each n, we have ‖f‖∞ ≤ ‖T‖. Moreover, if g, h ∈ L2(X,µ) then we
have ∫

fghdµ = lim
n→∞

∫
fnghdµ = lim

n→∞
〈1EnT (g), h〉 = 〈T (g), h〉.

Thus, T = Mf . �

1For technical reasons we restrict ourselves to σ-finite spaces, although here and
throughout most of these notes the proper setting is really that of localizable spaces [?]
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Because of the previous result we will often identify L∞(X,µ) with the
subalgebra of B(L2(X,µ)) as described above. This should not cause any
confusion.

Exercise 3.5.10. Let X be an uncountable set, B1 the set of all subsets of
X, B2 ⊂ B1 the set consisting of all sets which are either countable or have
countable complement, and µ the counting measure on X. Show that the
identity map implements a unitary operator id : L2(X,B1, µ)→ L2(X,B2, µ),
and we have L∞(X,B2, µ) ( L∞(X,B2, µ)′′ = idL∞(X,B1, µ) id∗.

3.6 Kaplansky’s density theorem

Proposition 3.6.1. If f ∈ C(C) then x 7→ f(x) is continuous in the strong
operator topology on any bounded set of normal operators in B(H).

Proof. By the Stone-Weierstrass theorem we can approximate f uniformly
well by polynomials on any compact set. Since multiplication is jointly SOT
continuous on bounded sets, and since taking adjoints is SOT continuous on
normal operators, the result follows easily. �

Proposition 3.6.2 (The Cayley transform). The map x 7→ (x− i)(x+ i)−1

is strong operator topology continuous from the set of self-adjoint operators
in B(H) into the unitary operators in B(H).

Proof. Suppose {xk}k is a net of self-adjoint operators such that xk → x in
the SOT. By the spectral mapping theorem we have ‖(xk + i)−1‖ ≤ 1 and
hence for all ξ ∈ H we have

‖(x− i)(x+ i)−1ξ − (xk − i)(xk + i)−1ξ‖
= ‖(xk + i)−1((xk + i)(x− i)− (xk − i)(x+ i))(x+ i)−1ξ‖
= ‖2i(xk + i)−1(x− xk)(x+ i)−1ξ‖ ≤ 2‖(x− xk)(x+ i)−1ξ‖ → 0. �

Corollary 3.6.3. If f ∈ C0(R) then x 7→ f(x) is strong operator topology
continuous on the set of self-adjoint operators.

Proof. Since f vanishes at infinity, we have that g(t) = f
(
i1+t

1−t

)
defines a

continuous function on T if we set g(1) = 0. By Proposition 3.6.1 x 7→ g(x)
is then SOT continuous on the space of unitaries. If U(z) = z−i

z+i
is the

Cayley transform, then by Proposition 3.6.2 it follows that f = g ◦U is SOT
continuous being the composition of two SOT continuous functions. �
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Theorem 3.6.4 (Kaplansky’s density theorem). Let A ⊂ B(H) be a self-
adjoint subalgebra of B(H) and denote by B the strong operator topology
closure of A.

(i) The strong operator topology closure of As.a. is Bs.a..

(ii) The strong operator topology closure of (A)1 is (B)1.

Proof. We may assume that A is a C∗-algebra. If {xk}k ⊂ A is a net of
elements which converge in the SOT to a self-adjoint element xk, then since
taking adjoints is WOT continuous we have that

xk+x∗k
2
→ x in the WOT.

But As.a. is convex and so the WOT and SOT closures coincide, showing (a).
Moreover, if {yk}k ⊂ As.a. such that yk → x in the SOT then by considering
a function f ∈ C0(R) such that f(t) = t for |t| ≤ ‖x‖, and |f(t)| ≤ ‖x‖, for
t ∈ R, we have ‖f(yk)‖ ≤ ‖x‖, for all k and f(yk) → f(x) in the SOT by
Corollary 3.6.3. Hence (A)1 ∩ As.a. is SOT dense in (B)1 ∩Bs.a..

Note that M2(A) is SOT dense in M2(B) ⊂ B(H ⊕ H). Therefore if

x ∈ (B)1 then x̃ =

(
0 x
x∗ 0

)
∈ (M2(B))1 is self-adjoint. Hence from above

there exists a net of operators x̃n ∈ (M2(A))1 such that x̃n → x̃ in the SOT.

Writing x̃n =

(
an bn
cn dn

)
we then have that ‖bn‖ ≤ 1 and bn → x in the

SOT. �

Corollary 3.6.5. A self-adjoint unital subalgebra A ⊂ B(H) is a von Neu-
mann algebra if and only if (A)1 is closed in the SOT.

Corollary 3.6.6. A self-adjoint unital subalgebra A ⊂ B(H) is a von Neu-
mann algebra if and only if A is closed in the σ-WOT.

3.7 The spectral theorem and Borel functional

calculus

For T ∈ K(H) a compact normal operator, there were two different perspec-
tives we could take when describing the spectral theorem for T . The first
(Theorem 3.3.5) was a basis free approach, we considered the eigenvalues
σp(T ) for T , and to each eigenvalue λ associated to it the projection E(λ)
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onto the corresponding eigenspace. Since T is normal we have that the E(λ)’s
are pairwise orthogonal and we showed

T =
∑

λ∈σ(T )

λE(λ).

The second approach (Theorem 3.3.6) was to use that since T is normal,
it is diagonalizable with respect to a given basis, i.e., we produced a set X
unitary matrix U : `2X → H such that UTU∗ is a multiplication operator
corresponding to some function f ∈ `∞X.

For bounded normal operators there are two similar approaches to the
spectral theorem. The first approach is to find a substitute for the projec-
tions E(λ) and this leads naturally to the notion of a spectral measure. For
the second approach, this naturally leads to the interpretation of diagonal
matrices corresponding to multiplication by essentially bounded functions on
a measure space.

Lemma 3.7.1. Let xα ∈ B(H) be an increasing net of positive operators
such that supα ‖xα‖ < ∞, then there exists a bounded operator x ∈ B(H)
such that xα → x in the SOT.

Proof. We may define a quadratic form on H by ξ 7→ limα ‖
√
xαξ‖2. Since

supα ‖xα‖ < ∞ we have that this quadratic form is bounded and hence
there exists a bounded positive operator x ∈ B(H) such that ‖

√
xξ‖2 =

limα ‖
√
xαξ‖2, for all ξ ∈ H. Note that xα ≤ x for all α, and supα ‖(x −

xα)1/2‖ <∞. Thus for each ξ ∈ H we have

‖(x− xα)ξ‖2 ≤ ‖(x− xα)1/2‖2‖(x− xα)1/2ξ‖2

= ‖(x− xα)1/2‖2(‖
√
xξ‖2 − ‖

√
xαξ‖2)→ 0.

Hence, xα → x in the SOT. �

Corollary 3.7.2. Let A ⊂ B(H) be a von Neumann algebra. If {pι}ι∈I ⊂ A
is a collection of pairwise orthogonal projections then p =

∑
ι∈I pι ∈ A is well

defined as a SOT limit of finite sums.

3.7.1 Spectral measures

Let K be a locally compact Hausdorff space and let H be a Hilbert space.
A spectral measure E on K relative to H is a mapping from the Borel
subsets of K to the set of projections in B(H) such that
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(i) E(∅) = 0, E(K) = 1.

(ii) E(B1 ∩B2) = E(B1)E(B2) for all Borel sets B1 and B2.

(iii) For all ξ, η ∈ H the function

B 7→ Eξ,η(B) = 〈E(B)ξ, η〉

is a finite Radon measure on K.

Example 3.7.3. If K is a locally compact Hausdorff space and µ is a σ-finite
Radon measure on K, then the map E(B) = 1B ∈ L∞(K,µ) ⊂ B(L2(K,µ))
defines a spectral measure on K relative to L2(K,µ).

We denote by B∞(K) the space of all bounded Borel functions on K.
This is clearly a C∗-algebra with the sup norm.

For each f ∈ B∞(K) it follows that the map

(ξ, η) 7→
∫
f dEξ,η

gives a continuous sesqui-linear form on H and hence it follows that there
exists a bounded operator T such that 〈Tξ, η〉 =

∫
f dEξ,η. We denote this

operator T by
∫
f dE so that we have the formula 〈(

∫
f dE)ξ, η〉 =

∫
f dEξ,η,

for each ξ, η ∈ H.

Theorem 3.7.4. Let K be a locally compact Hausdorff space, let H be a
Hilbert space, and suppose that E is a spectral measure on K relative to H.
Then the association

f 7→
∫
f dE

defines a continuous unital ∗-homomorphism from B∞(K) to B(H). More-
over, the image of B∞(K) is contained in the von Neumann algebra generated
by the image of C(K), and if fn ∈ B∞(K) is an increasing sequence of non-
negative functions such that f = supn fn ∈ B∞, then

∫
fndE →

∫
fdE in

the SOT.

Proof. It is easy to see that this map defines a linear contraction which
preserves the adjoint operation. If A,B ⊂ K are Borel subsets, and ξ, η ∈ H,
then denoting x =

∫
1AdE, y =

∫
1BdE, and z =

∫
1A∩BdE we have

〈xyξ, η〉 = 〈E(A)yξ, η〉 = 〈E(B)ξ, E(A)η〉
= 〈E(B ∩ A)ξ, η〉 = 〈zξ, η〉.
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Hence xy = z, and by linearity we have that (
∫
f dE)(

∫
g dE) =

∫
fg dE for

all simple functions f, g ∈ B∞(K). Since every function in B∞(K) can be
approximated uniformly by simple functions this shows that this is indeed a
∗-homomorphism.

To see that the image of B∞(K) is contained in the von Neumann algebra
generated by the image of C(K), note that if a commutes with all operators
of the form

∫
f dE for f ∈ C(K) then for all ξ, η ∈ H we have

0 = 〈(a(

∫
f dE)− (

∫
f dE)a)ξ, η〉 =

∫
f dEξ,a∗η −

∫
f dEaξ,η.

Thus Eξ,a∗η = Eaξ,η and hence we have that a also commutes with operators
of the form

∫
g dE for any g ∈ B∞(K). Therefore by Theorem 3.5.6

∫
g dE

is contained in the von Neumann algebra generated by the image of C(K).
Now suppose fn ∈ B∞(K) is an increasing sequence of non-negative func-

tions such that f = supn fn ∈ B∞(K). For each ξ, η ∈ H we have∫
fn dEξ,η →

∫
f dEξ,η,

hence
∫
fn dE converges in the WOT to

∫
f dE. However, since

∫
fn dE

is an increasing sequence of bounded operators with ‖
∫
fn dE‖ ≤ ‖f‖∞,

Lemma 3.7.1 shows that
∫
fn dE converges in the SOT to some operator

x ∈ B(H) and we must then have x =
∫
f dE. �

The previous theorem shows, in particular, that if A is an abelian C∗-
algebra, and E is a spectral measure on σ(A) relative to H, then we obtain
a unital ∗-representation π : A→ B(H) by the formula

π(x) =

∫
Γ(x)dE.

We next show that in fact every unital ∗-representation arises in this way.

Theorem 3.7.5 (The spectral theorem). Let A be an abelian C∗-algebra, H a
Hilbert space and π : A→ B(H) a ∗-representation, which is non-degenerate
in the sense that ξ = 0 if and only if π(x)ξ = 0 for all x ∈ A. Then there is
a unique spectral measure E on σ(A) relative to H such that for all x ∈ A
we have

π(x) =

∫
Γ(x)dE.
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Proof. For each ξ, η ∈ H we have that f 7→ 〈π(Γ−1(f))ξ, η〉 defines a bounded
linear functional on σ(A) and hence by the Riesz representation therorem
there exists a Radon measure Eξ,η such that for all f ∈ C(σ(A)) we have

〈π(Γ−1(f))ξ, η〉 =

∫
fdEξ,η.

Since the Gelfand transform is a ∗-homomorphism we verify easily that
fdEξ,η = dEπ(Γ−1(f))ξ,η = dEξ,π(Γ−1(f))η.

Thus for each Borel set B ⊂ σ(A) we can consider the sesquilinear form
(ξ, η) 7→

∫
1BdEξ,η. We have |

∫
fdEξ,η| ≤ ‖f‖∞‖ξ‖‖η‖, for all f ∈ C(σ(A))

and hence this sesquilinear form is bounded and there exists a bounded op-
erator E(B) such that 〈E(B)ξ, η〉 =

∫
1BdEξ,η, for all ξ, η ∈ H. For all

f ∈ C(σ(A)) we have

〈π(Γ−1(f))E(B)ξ, η〉 =

∫
1BdEξ,π(Γ−1(f))η =

∫
1BfdEξ,η.

Thus it follows that E(B)∗ = E(B), and E(B′)E(B) = E(B′ ∩ B), for any
Borel set B′ ⊂ σ(A). In particular, E(B) is a projection and since π is non-
degenerate it follows easily that E(σ(A)) = 1, thus E gives a spectral measure
on σ(A) relative to H. The fact that for x ∈ A we have π(x) =

∫
Γ(x)dE

follows easily from the way we constructed E. �

If H is a Hilbert space and x ∈ B(H) is a normal operator, then by
applying the previous theorem to the C∗-subalgebra A generated by x and
1, and using the identification σ(A) = σ(x) we obtain a homomorphism from
B∞(σ(x)) to B(H) and hence for f ∈ B∞(σ(x)) we may define

f(x) =

∫
fdE.

Note that it is straight forward to check that considering the function f(z) =
z we have

x =

∫
zdE(z).

We now summarize some of the properties of this functional calculus
which follow easily from the previous results.

Theorem 3.7.6 (Borel functional calculus). Let A ⊂ B(H) be a von Neu-
mann algebra and suppose x ∈ A is a normal operator, then the Borel func-
tional calculus defined by f 7→ f(x) satisfies the following properties:
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(i) f 7→ f(x) is a continuous unital ∗-homomorphism from B∞(σ(x)) into
A.

(ii) If f ∈ B∞(σ(x)) then σ(f(x)) ⊂ f(σ(x)).

(iii) If f ∈ C(σ(x)) then f(x) agrees with the definition given by continuous
functional calculus.

Corollary 3.7.7. Let A ⊂ B(H) be a von Neumann algebra, then A is the
uniform closure of the span of its projections.

Proof. By decomposing an operator into its real and imaginary parts it is
enough to check this for self-adjoint operators in the unit ball, and this follows
from the previous theorem by approximating the function f(t) = t uniformly
by simple functions on [−1, 1]. �

Corollary 3.7.8. Let A ⊂ B(H) be a von Neumann algebra, then the unitary
group U(A) is path connected in the uniform topology.

Proof. If u ∈ U(A) is a unitary and we consider a branch of the log function
f(z) = log z, then from Borel functional calculus we have u = eix where
x = −if(u) is self-adjoint. We then have that ut = eitx is a uniform norm
continuous path of unitaries such that u0 = 1 and u1 = u. �

Corollary 3.7.9. If H is an infinite dimensional separable Hilbert space,
then K(H) is the unique non-zero proper norm closed two sided ideal in B(H).

Proof. If I ⊂ B(H) is a norm closed two sided ideal and x ∈ I \ {0}, then
for any ξ ∈ R(x∗x), ‖ξ‖ = 1 we can consider y = (ξ ⊗ ξ)x∗x(ξ ⊗ ξ) ∈ I
which is a rank one self-adjoint operator with R(y) = Cξ. Thus y is a
multiple of (ξ ⊗ ξ) and hence (ξ ⊗ ξ) ∈ I. For any ζ, η ∈ H, we then have
ζ⊗η = (ζ⊗ξ)(ξ⊗ξ)(ξ⊗η) ∈ I and hence I contains all finite rank operators.
Since I is closed we then have that K(H) ⊂ I.

If x ∈ I is not compact then for some ε > 0 we have that dim(1[ε,∞)(x
∗x)H) =

∞. If we let u ∈ B(H) be an isometry from H onto 1[ε,∞)(x
∗x)H, then we

have that σ(u∗x∗xu) ⊂ [ε,∞). Hence, u∗x∗xu ∈ I is invertible which shows
that I = B(H). �

Exercise 3.7.10. Suppose that K is a compact Hausdorff space and E is a
spectral measure forK relative to a Hilbert spaceH, show that if f ∈ B∞(K),
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and we have a decomposition of K into a countable union of pairwise disjoint
Borel sets K = ∪n∈NBn then we have that∫

fdE =
∑
n∈N

∫
Bn

fdE,

where the convergence of the sum is in the weak operator topology.

3.8 Abelian von Neumann algebras

Let A ⊂ B(H) be a von Neumann algebra, and suppose ξ ∈ H is a non-zero
vector. Then ξ is said to be cyclic for A if Aξ is dense in H. We say that ξ
is separating for A if xξ 6= 0, for all x ∈ A, x 6= 0.

Proposition 3.8.1. Let A ⊂ B(H) be a von Neumann algebra, then a non-
zero vector ξ ∈ H is cyclic for A if and only if ξ is separating for A′.

Proof. Suppose ξ is cyclic for A, and x ∈ A′ such that xξ = 0. Then
xaξ = axξ = 0 for all a ∈ A, and since Aξ is dense in H it follows that xη = 0
for all η ∈ H. Conversely, if Aξ is not dense, then the orthogonal projection
p onto its complement is a nonzero operator in A′ such that pξ = 0. �

Corollary 3.8.2. If A ⊂ B(H) is an abelian von Neumann algebra and
ξ ∈ H is cyclic, then ξ is also separating.

Proof. Since ξ being separating passes to von Neumann subalgebras and
A ⊂ A′ this follows. �

Infinite dimensional von Neumann algebras are never separable in the
norm topology. For this reason we will say that a von Neumann algebra A
is separable if A is separable in the SOT. Equivalently, A is separable if its
predual A∗ is separable.

Proposition 3.8.3. Let A ⊂ B(H) be a separable von Neumann algebra.
Then there exists a separating vector for A.

Proof. Since A is separable, it follows that there exists a countable collection
of vectors {ξk}k ⊂ H such that xξk = 0 for all k only if x = 0. Also, since A is
separable we have that H0 = sp(A{ξk}k) is also separable. Thus, restricting
A to H0 we may assume that H is separable.
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By Zorn’s lemma we can find a maximal family of non-zero unit vectors
{ξα}α such that Aξα ⊥ Aξβ, for all α 6= β. Since H is separable this family
must be countable and so we may enumerate it {ξn}n, and by maximality we
have that {Aξn}n is dense in H.

If we denote by pn the orthogonal projection onto the closure of Aξn then
we have that pn ∈ A′, hence, setting ξ =

∑
n

1
2n
ξ if x ∈ A such that xξ = 0,

then for every n ∈ N we have 0 = 2npnxξ = 2nxpnξ = xξn and so x = 0
showing that ξ is a separating vector for A. �

Corollary 3.8.4. Suppose H is separable, if A ⊂ B(H) is a maximal abelian
self-adjoint subalgebra (masa), then there exists a cyclic vector for A.

Proof. By Propostion 3.8.3 there exists a non-zero vector ξ ∈ H which is
separating for A, and hence by Proposition 3.8.1 is cyclic for A′ = A. �

The converse of the previous corollary also holds (without the separability
hypothesis), which follows from Proposition 3.5.9, together with the following
theorem.

Theorem 3.8.5. Let A ⊂ B(H) be an abelian von Neumann algebra and sup-
pose ξ ∈ H is a cyclic vector. Then for any SOT dense C∗-subalgebra A0 ⊂ A
there exists a Radon probability measure µ on K = σ(A0) with supp(µ) =
K, and a unitary U : L2(K,µ) → H such that U∗AU = L∞(K,µ) ⊂
B(L2(X,µ)), and such that

∫
U∗aU dµ = 〈aξ, ξ〉 for all x ∈ A.

Proof. Fix a SOT dense C∗-algebra A0 ⊂ A, then by the Riesz represen-
tation theorem we obtain a finite Radon measure µ on K = σ(A0) such
that 〈Γ(f)ξ, ξ〉 =

∫
fdµ for all f ∈ C(K). Since the Gelfand transform takes

positive operator to positive functions we see that µ is a probability measure.
We define a map U0 : C(K)→ H by f 7→ Γ(f)ξ, and note that ‖U0(f)‖2 =

〈Γ(ff)ξ, ξ〉 =
∫
ffdµ = ‖f‖2. Hence U0 extends to an isometry U :

L2(K,µ)→ H. Since ξ is cyclic we have that A0ξ ⊂ U(L2(K,µ)) is dense and
hence U is a unitary. If the support of µ were not K then there would exist a
non-zero continuous function f ∈ C(K) such that 0 =

∫
|f 2|dµ = ‖Γ(f)ξ‖2,

but since by Corollary 3.8.2 we know that ξ is separating and hence this
cannot happen.

If f ∈ C(K) ⊂ B(L2(K,µ)), and g ∈ C(K) ⊂ L2(K,µ) then we have

U∗Γ(f)Ug = U∗Γ(f)Γ(g)ξ = fg = Mfg.
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Since C(K) is ‖·‖2-dense in L2(K,µ) it then follows that U∗Γ(f)U = Mf , for
all f ∈ C(K) and thus U∗A0U ⊂ L∞(K,µ). Since A0 is SOT dense in A we
then have that U∗AU ⊂ L∞(K,µ). But since x 7→ U∗xU is WOT continuous
and (A)1 is compact in the WOT it follows that U∗(A)1U = (L∞(K,µ))1 and
hence U∗AU = L∞(K,µ). This similarly shows that we have

∫
U∗aU dµ =

〈aξ, ξ〉 for all x ∈ A. �

In general, if A ⊂ B(H) is an abelian von Neumann algebra and ξ ∈ H is
a non-zero vector, then we can consider the projection p onto the K = Aξ.
We then have p ∈ A′, and Ap ⊂ B(H) is an abelian von Neumann for which ξ
is a cyclic vector, thus by the previous result Ap is ∗-isomorphic to L∞(X,µ)
for some probability space (X,µ). An application of Zorn’s Lemma can then
be used to show that A is ∗-isomorphic to L∞(Y, ν) were (Y, ν) is a measure
space which is a disjoint union of probability spaces. In the case when A is
separable an even more concrete classification will be given below.

Theorem 3.8.6. Let A ⊂ B(H) be a separable abelian von Neumann algebra,
then there exists a separable compact Hausdorff space K with a Radon proba-
bility measure µ on K such that A and L∞(K,µ) are ∗-isomorphic. Moreover,
if ϕ is a normal faithful state on A, then the isomorphism θ : A→ L∞(K,µ)
may be chosen so that ϕ(a) =

∫
θ(a) dµ for all a ∈ A.

Proof. By Proposition 3.8.3 there exists a non-zero vector ξ ∈ H which is
separating for A. Thus if we consider K = Aξ we have that restricting each
operator x ∈ A to K is a C∗-algebra isomorphism and ξ ∈ K is then cyclic.
Thus, the result follows from Theorem 3.8.5.

If ϕ is a normal faithful state on A, then considering the GNS-construction
we may representation A on L2(A,ϕ) with a cyclic vector 1̂ which satisfies
ϕ(a) = 〈a1̂, 1̂〉. The result then follows as above. �

If x ∈ B(H) is normal such that A = W ∗(x) is separable (e.g., if H is
separable), then we may let A0 be the C∗-algebra generated by x. We then
obtain the following alternate version of the spectral theorem.

Corollary 3.8.7. Let A ⊂ B(H) be a von Neumann algebra. If x ∈ A is
normal such that W ∗(x) is separable, then there exists a Radon probability
measure µ on σ(x) and a ∗-homomorphism f 7→ f(x) from L∞(σ(x), µ)
into A which agrees with Borel functional calculus. Moreover, we have that
σ(f(x)) is the essential range of f .
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Note thatW ∗(x) need not be separable in general. For example, `∞([0, 1]) ⊂
B(`2([0, 1])) is generated by the multiplication operator corresponding to the
function t 7→ t.

Lemma 3.8.8. Let A ⊂ B(H) be a separable abelian von Neumann algebra,
then there exists a self-adjoint operator x ∈ A such that A = {x}′′.

Proof. Since A is separable we have that A is countably generated as a von
Neumann algebra. Indeed, just take a countable family in A which is dense in
the SOT. By functional calculus we can approximate any self-adjoint element
by a linear combination of projections and thus A is generated by a countable
collection of projections {pk}∞k=0.

Define a sequence of self adjoint elements xn =
∑n

k=0 4−kpk, and let x =∑∞
k=0 4−kpk. We denote by A0 = {x}′′. Define a continuous function f :

[−1, 2]→ R such that f(t) = 1 if t ∈ [1− 1
3
, 1 + 1

3
] and f(t) = 0 if t ≤ 1

3
, then

we have that f(xn) = p0 for every n and hence by continuity of continuous
functional calculus we have p0 = f(x) ∈ A0. The same argument shows that
p1 = f(4(x− p0)) ∈ A0 and by induction it follows easily that pk ∈ A0 for all
k ≥ 0, thus A0 = A. �

Theorem 3.8.9. Let A ⊂ B(H) be a separable abelian von Neumann algebra
and ϕ a normal faithful state on A. Then there is there exists a probability
space (X,µ) and an isomorphism θ : A → L∞(X,µ), such that ϕ(a) =∫
θ(a) dµ for all a ∈ A.

Moreover, (X,µ) may be taken to be of one of the following forms:

(i) (K, ν), where K is countable;

(ii) (K, ν)× ([0, c0], λ) where K is countable, 0 < c0 < 1, and λ is Lebesgue
measure;

(iii) ([0, 1], λ) where λ is Lebesgue measure.

Proof. SinceA is separable we have from Lemma 3.8.8 that as a von Neumann
algebra A is generated by a single self-adjoint element x ∈ A.

We define K = {a ∈ σ(x) | 1{a}(x) 6= 0}. Since the projections cor-
responding to elements in K are pairwise orthogonal it follows that K is
countable. Further, if we denote by pK =

∑
a∈K 1{a} then we have that

ApK ∼= `∞K, and restricting ϕ to c0(K) under this isomorphism gives a
positive measure on K which is taken to ϕ|ApK under this isomorphism.
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Thus, by considering (1 − pK)A we may assume that pK = 0, and it
is enough to show that in this case there exists an isomorphism θ : A →
L∞([0, 1], λ), such that ϕ(a) =

∫
θ(a) dλ for all a ∈ A.

Thus, we suppose that σ(x) has no isolated points. We may then in-
ductively define a sequence of partitions {Ank}2n

k=1 of σ(x) such that Ank =
An+1

2k−1 ∪ A
n+1
2k , and Ank has non-empty interior, for all n > 0, 1 ≤ k ≤ 2n. If

we then consider the elements yn =
∑∞

k=1
k

2n
1Ak(x) then we have that yn → y

where 0 ≤ y ≤ 1, {x}′′ = {y}′′ and every dyadic rational is contained in the
spectrum of y (since the space of invertible operators is open in the norm
topology), hence σ(y) = [0, 1].

By Theorem 3.8.6 there exists an isomorphism θ0 : {y}′′ → L∞([0, 1], µ)
for some Radon measure µ on [0, 1] which has full support, no atoms and
such that ϕ(a) =

∫
θ0(a) dµ for all a ∈ A. If we define the function θ :

[0, 1] → [0, 1] by θ(t) = µ([0, t]) then θ gives a continuous bijection of [0, 1],
and we have θ∗µ = λ, since both are Radon probability measures such that
for intervals [a, b] we have θ∗µ([a, b]) = µ([θ−1(a), θ−1(b)]) = λ([a, b]). The
map θ∗ : L∞([0, 1], λ)→ L∞([0, 1], µ) given by θ∗(f) = f ◦ θ−1 is then easily
seen to be the desired ∗-isomorphism. �

3.9 Standard probability spaces

A topological space X is a Polish space if X is homeomorphic to a separable
complete metric space. A σ-algebra (X,B) is a standard Borel space if
(X,B) is isomorphic to the σ-algebra of Borel subsets of a Polish space. A
measure space (X,µ) is a standard measure space if it is σ-finite, and its
underlying σ-algebra is a standard Borel space, and a standard probability
space if it is also a probability space.

Theorem 3.9.1. Let X be a Polish space, and {En}n∈N a countable collection
of Borel subsets, then there exists a finer Polish topology on X with the same
Borel sets, such that for each n ∈ N, En is clopen in this new topology.

Proof. We first consider the case of a single Borel subset E ⊂ X. We let A
denote the set of subsets which satisfy the conclusion of the theorem and we
let B be the σ-algebra of Borel subsets of X. Since X is Polish there exists
a complete metric d on X such that (X, d) gives the topology on X.

If A ⊂ X is closed, then it’s not hard to see that the metric d′(x, y) =
d(x, y) + | 1

d(x,A)
− 1

d(y,A)
| gives a finer Polish topology on X with the same
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Borel σ-algebra such that A becomes clopen in this new topology. Thus, A
contains all closed subsets of (X, d).

It is also clear that A is closed under taking complements. Thus, to
conclude that B ⊂ A it is then enough to show that A is closed under
countable intersections. Suppose therefore that An ∈ A, and let dn be metrics
giving a finer Polish topology on X such that the Borel structures all agree
with B, and such that An is clopen in (X, dn) for each n ∈ N.

Note that a metric ρ is complete if and only if the metric ρ
1+ρ

is complete,
thus we may assume that each dn assigns X a diameter at most 1. We may
then define a new metric d̃ on X given by d̃(x, y) =

∑
n∈N 2−ndn(x, y). Note

that (X, d̃) is a finer Polish topology than (X, d), and since for each n ∈ N,
the metric space (X, dn) has the same Borel structure as B, it is easy to see
that the Borel structure on (X, d̃) also agrees with B.

We then have that An is closed in (X, d̃) for each n, and hence ∩n∈NAn
is also closed in this topology. From above there then exists a finer polish
topology with the same Borel structure such that ∩n∈NAn is clopen in this
new topology.

Consider now a countable collection of Borel subsets {En}n∈N. Then from
above, there exists a metric dn on X such that the corresponding topology
generates the Borel structure B, and such that En is clopen in this topology.
Then just as above, we may assume that X has a diameter at most 1 with
respect to dn, and considering the new metric d̃(x, y) =

∑
n∈N 2−ndn(x, y) we

have that this metic generates the Borel structure B, and En is then clopen
for each n ∈ N. �

Corollary 3.9.2. Let (X,B) be a standard Borel space, and E ∈ B a Borel
subset, then (E,B|E) is a standard Borel space.

Proof. By the previous theorem we may assume X is Polish and E ⊂ X is
clopen, and hence Polish. We then have that B|E is the associated Borel
structure on E and hence (E,B|E) is standard. �

Corollary 3.9.3. Let X be a standard Borel space, Y a Polish space, and
f : X → Y a Borel map, then there exists a Polish topology on X which
generates the same Borel structure and such that f is continuous with respect
to this topology.

Proof. Let {En} be a countable basis for the topology on Y . By Theo-
rem 3.9.1 there exists a Polish topology on X which generates the same
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Borel structure and such that f−1(En) is clopen for each n ∈ N. Hence, in
this topology f is continuous. �

We let N<N denote the set of finite sequences of natural numbers, i.e.,
N<N consists of the empty set, together with the disjoint union of Nn, for
n ∈ N. If s = (s1, . . . , sn) ∈ N<N, and k ∈ N, we denote by ŝ k the sequence
(s1, . . . , sn, k). If s ∈ NN, and n ∈ {0}∪N then we denote by s|n the sequence
which consists of the first n entires of s. A Souslin scheme on a set X is a
family of subsets {Es}s∈N<N .

Lemma 3.9.4. Let X be a Polish space, then there exists a Souslin scheme
{Es}s∈N<N consisting of Borel subsets such that the the following conditions
are satisfied:

(i) E∅ = X.

(ii) For each s ∈ N<N, Es = tk∈NEsˆk.

(iii) For each s ∈ NN the set ∩n∈NEs|n consists of at most one element.

(iv) For each s ∈ NN, ∩n∈NEs|n = {x} 6= ∅ if and only if Es|n 6= ∅ for all
n ∈ N, and in this case for any sequence xn ∈ Es|n we have xn → x.

Proof. Let d be a complete metric on X which generates the Polish topology
on X. By replacing d with d

1+d
we may assume that the diameter of X is

at most 1. We will inductively construct {Es}s∈N<N so that for s ∈ Nn the
diameter of Es is at most 2−n. First, we set E∅ = X. Now suppose Es has
been constructed for each s ∈ {∅} ∪kn=1 Nn. If s ∈ Nk, let {xn}n∈N be a
countable dense subset of Es (note that any subspace of a separable metric
space is again separable).

We define Esˆi = Es∩ (B2−k−1(xi)\∪j<iB2−k−1(xj)), where Br(x) denotes
the open ball of radius r centered at x. It is then easy to see that for each
s ∈ N<N, we have Es = tk∈NEsˆk. Moreover, for each s ∈ NN, we have that
Es|n has diameter at most 2−n, hence ∩n∈NEs|n contains at most one element.
Finally, if Es|n 6= ∅ for all n ∈ N, then as the diameter of Es|n converges to
0, it follows from completeness, that there exists x ∈ ∩n∈NEs|n, and for each
sequence xn ∈ Es|n we have xn → x. �

If X is a standard Borel space and A,B ⊂ X are disjoint, then we say
that A and B are Borel separated if there exists a Borel subset E ⊂ X
such that A ⊂ E, and B ⊂ X \ E.
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Lemma 3.9.5. Let X be a standard Borel space and suppose that A =
∪n∈NAn, and B = ∪m∈NBm, are such that An and Bm are Borel separated
for each n,m ∈ N, then A and B are Borel separated.

Proof. Suppose En,m is a Borel subset which separates An and Bm for each
n,m ∈ N. Then E = ∪n∈N ∩m∈N En,m separates A and B. �

If X is a Polish space, a subset E ⊂ X is analytic if there exits a Polish
space Y and a continuous function f : Y → X such that E = f(Y ). Note
that it follows from Corollary 3.9.3 that if f : Y → X is Borel then f(Y ) is
analytic. In particular, it follows that all Borel sets are analytic. If X is a
standard Borel space then a subset E ⊂ X is analytic if it is analytic for
some (and hence all) Polish topologies on X which give the Borel structure.

Theorem 3.9.6 (The Lusin Separation Theorem). Let X be a standard
Borel space, and A,B ⊂ X two disjoint analytic sets, then A and B are
Borel separated.

Proof. We may assume that X is a Polish space, and that there are Polish
spaces Y1, and Y2, and continuous functions fi : Yi → X such that A = f1(Y1)
and B = f2(Y2).

Let {Es}s∈N<N (resp. {Fs}s∈N<N) be a Souslin scheme for Y1 (resp. Y2)
which satisfies the conditions in Lemma 3.9.4. If A and B are not Borel sepa-
rated then by Lemma 3.9.5 we may recursively define sequences {sn}n, {rn}n ∈
NN such that f1(Es|n) and f2(Fr|n) are not Borel separated for each n ∈ N. In
particular, we have that Es|n and Fr|n are non-empty for each n ∈ N, hence
there exists a ∈ Y1, b ∈ Y2 such that ∩n∈NEs|n = {a}, ∩n∈NFr|n = {b}.

If V,W ⊂ X are disjoint open subsets with f1(a) ∈ V , and f2(b) ∈ W ,
then by continuity of fi, for large enough n we have f1(Ex|n) ⊂ V , and
f2(Fy|n) ⊂ W . Hence V separates Ex|n from Fy|n for large enough n, a
contradiction. �

Corollary 3.9.7. If X is a standard Borel space then a subset E ⊂ X is
Borel if and only if both E and X \ E are analytic.

Corollary 3.9.8. let X be a standard Borel space, and let {An}n∈N be a
sequence of disjoint analytic subsets, then there exists a sequence {En}n∈N of
disjoint Borel subsets such that An ⊂ En for each n ∈ N.
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Proof. It is easy to see that the countable union of analytic sets is analytic.
Hence, by Lusin’s separation theorem we may inductively define a sequence
of Borel subsets {En}n∈N such that An ⊂ En, while (∪k>nAk) ∪ (∪k<nEk) ⊂
X \ An. �

Theorem 3.9.9 (Lusin-Souslin). Let X and Y be standard Borel spaces, and
f : X → Y an injective Borel map, then f(X) is Borel, and f implements
an isomorphism of standard Borel spaces between X and f(X).

Proof. We first show that f(X) is Borel. By Corollary 3.9.3 we may assume
that X and Y are Polish spaces and f is continuous. Let {Es}s∈N<N be a
Souslin scheme for X which satisfies the conditions of Lemma 3.9.4. Then
{f(Es)}s∈N<N gives a Souslin scheme of analytic sets for Y , and since f is in-
jective it follows that for each s ∈ Nn we have that {f(Esˆk)}k∈N are pairwise
disjoint. Thus, by Corollary 3.9.8 there exist pairwise disjoint Borel subsets
{Ysˆk}k∈N such that f(Esˆk) ⊂ Ysˆk for each k ∈ N.

We inductively define a new Souslin scheme {Cs}s∈N<N for Y by setting
C∅ = Y , and Csˆk = Cs ∩ f(Esˆk) ∩ Ysˆk for all s ∈ N<N, and k ∈ N. Then
for each s ∈ N<N we have that Cs is Borel, and also

f(Es) ⊂ Cs ⊂ f(Es).

We claim that f(X) = ∩k∈N ∪s∈Nk Cs, from which it then follows that f(X)
is Borel.

If y ∈ f(X), then let x ∈ X be such that f(x) = y. There exists s ∈ NN

such that x ∈ ∩k∈NEs|k, and hence y ∈ ∩k∈Nf(Es|k). Thus, y ∈ ∩k∈NCs|k ⊂
∩k∈N ∪s∈Nk Cs. Conversely, if y ∈ ∩k∈N ∪s∈Nk Cs, then there exists s ∈ NN

such that y ∈ Cs|k ⊂ f(Es|k) for each k ∈ N. Hence Es|k 6= ∅ for each
k ∈ N and thus ∩k∈NEs|k = {x} for some x ∈ X. We must then have
that f(x) = y, since if this were not the case there would exists an open
neighborhood U of f(x) such that y 6∈ U . By continuity of f we would then
have that f(Es|k) ⊂ U for large enough k, and hence y ∈ ∩k∈Nf(Es|k) ⊂ U ,
a contradiction.

Having established that f(X) is Borel, the rest of the theorem follows
easily. We have that f gives a bijection from X to f(X) which is Borel, and
if E ⊂ X is Borel, then from Corollary 3.9.2 and the argument above we
have that f(E) is again Borel. Thus, f−1 is a Borel map. �

Corollary 3.9.10. Suppose X and Y are standard Borel spaces such that
there exists injective Borel maps f : X → Y , and g : Y → X, then X and Y
are isomorphic.
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Proof. Suppose f : X → Y , and g : Y → X are injective Borel maps. From
Theorem 3.9.9 we have that f and g are Borel isomorphisms onto their image
and hence we may apply an argument used for the Cantor-Bernstein theorem.
Specifically, if we set B = ∪n∈N(f ◦ g)n(Y \ f(X)), and we set A = X \ g(B),
then we have g(B) = X \ A, and

f(A) = f(X) \ (f ◦ g)(B) = Y \ ((Y \ f(X)) ∪ (f ◦ g)(B)) = Y \B.

Hence if we define θ : X → Y by θ(x) = f(x), if x ∈ A, and θ(x) = g−1(x),
if x ∈ Y \A = g(B), then we have that theta is a bijective Borel map whose
inverse is also Borel. �

Theorem 3.9.11 (Kuratowski). Any two uncountable standard Borel spaces
are isomorphic. In particular, two standard Borel spaces X and Y are iso-
morphic if and only if they have the same cardinality.

Proof. Let X be an uncountable standard Borel space, we’ll show that X
is isomorphic as Borel spaces to the Polish space C = 2N. Note that by
Corollary 3.9.10 it is enough to show that there exist injective Borel maps
f : X → C, and g : C → X.

To construct f , fix a metric d on X such that d gives the Borel structure
to X and such that the diameter of X is at most 1. Let {xn} be a countable
dense subset of (X, d), and define f0 : X → [0, 1]N by (f0(x))(n) = d(x, xn).
The function f0, is clearly injective and continuous, thus to construct f it is
enough to construct an injective Borel map from [0, 1]N to C, and since CN
is homeomorphic to C, it is then enough to construct an injective Borel map
from [0, 1] to C, and this is easily done. For example, if y ∈ [0, 1) then we may
consider its dyadic expansion y =

∑∞
k=1 bk2

−k, where in the case when y is a
dyadic rational we take the expansion such that bk is eventually 0. Then it
is easy to see that [0, 1) 3 y 7→ {bk}k ∈ C gives an injective function which is
continuous except at the countable family of dyadic rational, hence is Borel.
We may then extend this map to [0, 1] by sending 1 to (1, 1, 1, · · · ) ∈ C.

To construct g, we again endow X with a compatible metric d such that
X has diameter at most 1. We let Z ⊂ X denote the subset of X consisting
of all points x such that every neighborhood of x is uncountable. Then
X \ Z has a countable dense subset, and each point in this subset has a
neighborhood with only countably many points, hence it follows that X \ Z
is countable and so Z is uncountable. By induction on n we may define sets
Fs for s ∈ {0, 1}n, with the following properties:
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(i) F∅ = Z,

(ii) For each s ∈ {0, 1}n we have that Fsˆ0 and Fsˆ1 are disjoint subsets of
Fs.

(iii) For each s ∈ {0, 1}n we have that Fs is a closed ball of diameter at
most 2−n.

Thus, for each s ∈ 2N we have that {Fs|n}n∈N is a decreasing sequence of
closed balls with diameter tending to 0. Since (X, d) is complete there then
exists a unique element g(s) ∈ ∩n∈NFs|n. It is then easy to see that g : 2N →
X is an injective function which is continuous and hence also Borel. �

If (X,µ) and (Y, ν) are σ-finite measure spaces and π : X → Y is a
measurable map such that π∗µ ≺ ν, then we obtain a unital ∗-homomorphism
π∗ : L∞(Y, ν)→ L∞(X,µ) given by π∗(f) = f◦π. Note that π∗ is well defined
since π∗µ ≺ ν. Note also that if (Y, ν) is standard, and if π̃ : X → Y were
another such map, then we would have π∗ = π̃∗ if and only if π(x) = π̃(x)
for almost every x ∈ X.

We also have that π∗ is normal. Indeed, the predual of L∞(X,µ) may
naturally be identified with M(X,µ) the set of finite measures η on X such
that η ≺ µ. The push forward of π then defines a bounded linear map
π∗ : M(X,µ) → M(Y, ν), and it is then easy to see that π∗ is the dual map
to π∗.

When the measure spaces are standard every normal endomorphism ar-
rises in this way.

Theorem 3.9.12 (von Neumann). Suppose (X,µ) and (Y, ν) are σ-finite
measure spaces such that Y is standard, and suppose that α : L∞(Y, ν) →
L∞(X,µ) is a normal unital ∗-homomorphism, then there exists a measurable
map π : X → Y such that π∗µ ≺ ν, and such that α = π∗. Moreover, if
X and Y are both standard and have the same cardinality and if α is an
isomorphism then π can be chosen to be bijective.

Proof. If Y is countable then the result is easy and so we only consider the
case when Y is uncountable. Also, by replacing µ and ν with equivalent
measures, we may assume that (X,µ) and (Y, ν) are probability spaces.

By Theorem 3.9.11 we may assume that Y is a separable compact Haus-
dorff space. We then have that C(Y ) is also separable and hence there exists
a countable Q[i]-algebra A0 ⊂ C(Y ) which is dense in C(Y ). If for each
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f ∈ A0 we chose a measurable function on X which realizes α(f), then as
α is a unital ∗-homomorphism and since A0 is countable it follows that for
almost every x ∈ X the functional A0 3 f 7→ α(f)(x) extends to a continu-
ous unital ∗-homomorphism on C(Y ). Thus, for almost every x ∈ X, there
exists a unique point π(x) ∈ Y such that α(f)(x) = f(π(x)) for all f ∈ A0.
We let E ⊂ X denote a conull set of points for which this is the case. We
then fix y0 ∈ Y and set π(x) = y0 for x ∈ X \ E.

If K ⊂ Y is closed, then let An = {f ∈ A0 | |f(y)| ≤ 1/n for all y ∈ K}.
If x ∈ E then since A ⊂ C(Y ) is dense we have that π(x) ∈ K if and
only if |f(π(x))| ≤ 1/n for all f ∈ An, and n ∈ N. Hence E ∩ π−1(K) =
E ∩ ∩n∈N ∩f∈An α(f)−1(B(1/n)) is measurable, where B(1/n) ⊂ C denotes
the closed ball with center 0 and radius 1/n. We therefore have that π is
measurable and since A0 is dense in C(Y ), we have that

∫
f dπ∗µ =

∫
α(f) dµ

for all f ∈ C(Y ). If F ⊂ Y is measurable such that π∗µ(F ) > 0, then there
exist fn ∈ C(Y ) uniformly bounded so that fn → 1F almost everywhere with
respect to π∗µ. We then have π∗µ(F ) = limn→∞

∫
α(fn) dµ =

∫
α(1F ) dµ by

the bounded convergence theorem. Thus α(1F ) 6= 0 and hence ν(F ) 6= 0.
Therefore, π∗µ ≺ ν, and since A0 is weakly dense in L∞(Y, ν) we have π∗ = α.

If X is also standard and uncountable, then there exists a countable col-
lection of Borel sets {En}n∈N which separates points. If α is a ∗-isomorphism
then there exist Fn ⊂ Y measurable sets such that µ(En∆π−1(Fn)). We set
X0 = ∪n∈N(En∆π−1(Fn)) then we have µ(X0) = 0, and π−1(Fn) separates
points on X \X0. Hence π is injective when restricted to X \X0. Since X is
uncountable, it has an uncountable Borel set with measure 0, and hence we
may assume that X0 is uncountable.

Similarly, there exists an uncountable Borel set Y0 ⊂ Y and an injective
Borel map π̃ : Y \ Y0 → X such that ν(Y0) = 0, and π̃∗ = α−1. By again
removing a null set we may assume that the range of π agrees with the
domain of π̃ and vice versa. We then have that (π̃ ◦π)∗ = id, (π ◦ π̃)∗ = id an
hence π̃ ◦ π and π ◦ π̃ must agree almost everywhere with the identity map.
Thus, by enlarging X0 and Y0 with sets of measure 0 we may assume that
π−1 = π̃ on Y \ Y0. Since X0 and Y0 are uncountable there exists a Borel
bijection between them and hence we can extend π from X \X0 to a Borel
bijection between X and Y such that π∗ = α. �

Corollary 3.9.13. Let (X,µ) be a standard probability space, then (X,µ) is
isomorphic to a probability space of one of the following forms:

(i) (K, ν) where K is countable;



3.10. NORMAL LINEAR FUNCTIONALS 75

(ii) (K t [0, 1], ν), where K is countable, and ν([0, 1]) = 0.

(iii) (K, ν0)×([0, c0], λ) where K is countable, 0 < c0 < 1, and λ is Lebesgue
measure;

(iv) ([0, 1], λ) where λ is Lebesgue measure.

Proof. Since (X,µ) is a standard probability space, then by Theorem 3.8.9
there exists a probability space (Y, ν) of one of the forms above, and a normal
isomorphism θ : L∞(X,µ)→ L∞(Y, ν), such that

∫
f dµ =

∫
θ(f) dν, for all

f ∈ L∞(X,µ). The result then follows easily from the previous theorem. �

3.10 Normal linear functionals

Proposition 3.10.1. Let A ⊂ B(H) be a von Neumann algebra, and let A∗ ⊂
A∗ be the subspace of σ-WOT continuous linear functionals, then (A∗)

∗ = A
and under this identification the weak∗-topology on A agrees with the σ-WOT.

Proof. By the Hahn-Banach Theorem, and Lemma 3.4.3 we can identify A∗
with L1(B(H))/A⊥, where A⊥ is the pre-annihilator

A⊥ = {x ∈ L1(B(H)) | Tr(ax) = 0, for all a ∈ A}.

From the general theory of Banach spaces it follows that (L1(B(H))/A⊥)∗

is canonically isomorphic to the weak∗ closure of A, which is equal to A
by Corollary 3.6.6. The fact that the weak∗-topology on A agrees with the
σ-WOT is then obvious. �

If A ⊂ B(H) and B ⊂ B(K) are von Neumann algebras, then a linear
map Φ : A→ B is said to be normal if it is continuous from the σ-WOT of
A to the σ-WOT of B. Equivalently, Φ : A → B is normal if the dual map
Φ∗ : B∗ → A∗ given by Φ∗(ψ)(a) = ψ(Φ(a)) satisfies Φ∗(B∗) ⊂ A∗, in this
case we denote Φ∗ = Φ∗|B∗ .

Lemma 3.10.2. Suppose ϕ and ψ are positive linear functionals on a von
Neumann algebra M , and p ∈ P(M) such that p ·ψ · p is normal and ϕ(p) <
ψ(p), then there exists a non-zero projection q ∈ P(M), q ≤ p such that
ϕ(x) < ψ(x) for all x ∈ qMq, x > 0.
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Proof. Consider the set C of all operators 0 ≤ x ≤ p such that ϕ(x) ≥ ψ(x).
If xi is any increasing family in C then since p · ψ · p is normal we have
ψ(limi→∞ xi) = limi→∞ ψ(xi) and since for each i we have ϕ(limj→∞ xj) ≥
ϕ(xi) it follows that limi→∞ xi ∈ C. Thus, by Zorn’s lemma there exists a
maximal operator x0 ∈ C. Moreover, x0 6= p since ϕ(p) < ψ(p).

Since x0 6= p, there exists ε > 0 such that q = 1[ε,1](p − x0) 6= 0. We
then have q ≤ p and if 0 < y ≤ εq then x0 < x0 + y ≤ x0 + εq ≤ p, hence
ϕ(x0 + y) < ψ(x0 + y) ≤ ϕ(x0) + ψ(y), and so ϕ(y) < ψ(y). �

Proposition 3.10.3. Let ϕ be a positive linear functional on a von Neumann
algebra M ⊂ B(H), then the following statements are equivalent.

(i) ϕ is normal.

(ii) There is a positive trace class operator A such that ϕ(x) = Tr(xA), for
all x ∈M .

(iii) If xi ∈M is any bounded increasing net, then we have ϕ(limi→∞ xi) =
limi→∞ ϕ(xi).

(iv) If {pi}i is any family of pairwise orthogonal projections in M , then
ϕ(
∑

i pi) =
∑

i ϕ(pi).

Proof. (i) =⇒ (ii) If ϕ is normal then there exist Hilbert-Schmidt operators
B and C such that ϕ(x) = 〈xB,C〉2 for all x ∈ A. If we set ψ(x) =
1
4
〈x(B +C), (B +C)〉2, then ψ is a positive linear functional and for x ∈M ,
x ≥ 0 we have

ϕ(x) =
1

2
〈xB,C〉2 +

1

2
〈xB,C〉2

=
1

4
〈x(B + C), (B + C)〉2 −

1

4
〈x(B − C), (B − C)〉2 ≤ ψ(x).

By Proposition 2.3.8 there exists T ∈ (M⊗C)′ ⊂ B(H⊗H) such that 0 ≤
T ≤ 1 and ϕ(x) = 1

4
〈xT 1/2(B+C), T 1/2(B+C)〉2, for all x ∈M . The result

then follows.

(ii) =⇒ (iii) This follows easily since x 7→ Tr(xA) is SOT continuous
and since xi → limi→∞ xi in the SOT topology.

(iii) =⇒ (iv) This is obvious.
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(iv) =⇒ (i) If p ∈ P(M) is a non-zero projection, then we can consider
ξ ∈ H such that ϕ(p) < 〈pξ, ξ〉. By Lemma 3.10.2 there then exists a non-
zero projection q ≤ p such that ϕ(x) < 〈xξ, ξ〉 for all x ∈ qMq. By the
Cauchy-Schwarz inequality for any x ∈M we then have

|ϕ(xq)|2 ≤ ϕ(qx∗xq)ϕ(1) ≤ 〈qx∗xqξ, ξ〉ϕ(1) = ‖xqξ‖2ϕ(1).

Thus q · ϕ is SOT continuous, and hence normal.
By Zorn’s lemma we may consider a maximal family {pi}i∈I of pairwise

orthogonal projections such that pi ·ϕ is SOT continuous for all i ∈ I. From
the previous paragraph we have that

∑
i pi = 1. By hypothesis, for any

ε > 0 there exists a finite subcollection J ⊂ I such that if p =
∑

j∈J pj then
ϕ(p) > ϕ(1)− ε, but then for x ∈M we have

|(ϕ− p · ϕ)(x)|2 ≤ ϕ(xx∗)ϕ(1− p) ≤ ‖x‖2ϕ(1)(ϕ(1)− ϕ(p)),

hence ‖ϕ − p · ϕ‖2 < ϕ(1)ε. Therefore the finite partial sums of
∑

i∈I pi · ϕ
converge to ϕ in norm, and since each pi · ϕ is normal it then follows that ϕ
is normal. �

Corollary 3.10.4. If ϕ is a normal state on a von Neumann algebra M then
the GNS-representation (πϕ, L

2(M,ϕ), 1ϕ) is a normal representation.

Proof. From the implication (i) =⇒ (ii) of the previous proposition we
have that ϕ is of the form x 7→ 〈xT, T 〉 for some Hilbert-Schmidt operator
T . By uniqueness of the GNS-construction it then follows that the GNS-
representation (πϕ, L

2(M,ϕ), 1ϕ) is equivalent to a subrepresentation of the
normal representation x 7→ x⊗ 1 ∈ B(H⊗H). �

Corollary 3.10.5. Every ∗-isomorphism between von Neumann algebras is
normal.

Proof. If θ : M → N is a ∗-isomorphism, then for any bounded increasing
net xi ∈M we have θ(limi→∞ xi) ≥ limi→∞ θ(xi), and applying θ−1 gives the
reverse inequality as well. Hence from Proposition 3.10.3 it follows that ϕ◦ θ
is normal whenever ϕ is. Hence, θ is normal. �

3.11 Polar and Jordan decomposition

Lemma 3.11.1. Let M be a von Neumann algebra and I ⊂ M a left ideal
which is closed in the WOT, then there exists a projection p ∈ P(M) such
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that I = Mp. If, in addition, I is a two sided ideal then p is central. If
V ⊂ M∗ is a closed left invariant subspace (i.e., x · ϕ ∈ V for all x ∈ M ,
ϕ ∈ V ), then there exists a projection q ∈ P(M) such that V = M∗q. If, in
addition, V is also right invariant then q is central.

Proof. By Theorem 2.1.1 any closed left ideal I ⊂M has a right approximate
identity. Since I is closed in the WOT it then follows that I has a right
identity p. Since p is positive and p2 = p we have that p is a projection, and
Mp = Ip = I.

If I is a two sided ideal then p is also a left identity, hence for all x ∈M
we have xp = pxp = px, and so p ∈ Z(M).

If V ⊂M∗ is a closed left invariant subspace then V 0 = {x ∈M | ϕ(x) =
0, for all ϕ ∈ V } is a right ideal which is closed in the WOT. Hence there
exists q ∈ P(M) such that V 0 = qM . and then it is easy to check that
V = M∗q. If V is also right invariant then V 0 will be a two sided ideal and
hence q will be central. �

If ϕ : M → C is a normal positive linear functional, then {x ∈ M |
ϕ(x∗x) = 0} is a left ideal which is closed in the WOT, thus by the previous
lemma there exists a projection p ∈ P(M) such that ϕ(x∗x) = 0 if and only
if x ∈Mp. We denote by s(ϕ) = 1− p the support projection of ϕ. Note
that if q = s(ϕ) then ϕ(xq) = ϕ(qx) = ϕ(x) for all x ∈ M , and moreover, ϕ
will be faithful when restricted to qMq.

Theorem 3.11.2 (Polar decomposition). Suppose M is a von Neumann
algebra and ϕ ∈ M∗, then there exists a unique partial isometry v ∈ M and
positive linear functional ψ ∈M∗ such that ϕ = v · ψ and v∗v = s(ψ).

Proof. We will assume that ‖ϕ‖ = 1. Since (M∗)
∗ = M , if ϕ ∈ M∗ there

exists a ∈M , ‖a‖ ≤ 1, such that ϕ(a) = ‖ϕ‖. Consider a∗ = v|a∗|, the polar
decomposition of a∗. Then if ψ = v∗ · ϕ we have ψ(|a∗|) = ϕ(a) = ‖ϕ‖ = 1.
Since 0 ≤ |a∗| ≤ 1, we have ‖|a∗| + eiθ(1− |a∗|)‖ ≤ 1 for every θ ∈ R. If we
fix θ ∈ R such that eiθψ(1− |a∗|) ≥ 0 then we have

ψ(|a∗|) ≤ ψ(|a∗|) + eiθψ(1− |a∗|) = ψ(|a∗|+ eiθ(1− |a∗|)) ≤ ‖ψ‖ = ψ(|a∗|).

Thus ψ(1) = ψ(|a∗|) = ‖ψ‖ and hence ψ is a positive linear functional.
Set p = v∗v. By replacing a with avs(ψ)v∗ we may assume that p ≤ s(ψ),

and for x ∈M such that ‖x‖ ≤ 1, we have that ψ(|a∗|+ (1−p)x∗x(1−p)) ≤
‖ψ‖ = ϕ(|a∗|) which shows that ψ((1−p)x∗x(1−p)) = 0 and hence p ≥ s(ψ).
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To see that ϕ = v ·ψ it suffices to show that ϕ(x(1−p)) = 0 for all x ∈M .
Suppose that ‖x‖ = 1 and ϕ(x(1− p)) = β ≥ 0. Then for n ∈ N we have

n+ β = ϕ(na+ x(1− p)) ≤ ‖na+ x(1− p)‖
= ‖(na+ x(1− p))(na+ x(1− p))∗‖1/2

= ‖n2|a∗|2 + x(1− p)x∗‖1/2 ≤
√
n2 + 1,

which shows that β = 0.
To see that this decomposition is unique, suppose that ϕ = v0 · ψ0 gives

another decomposition, and set p0 = v∗0v0 = s(ψ0). Then for x ∈M we have

ψ(x) = ϕ(xv∗) = ψ0(xv∗v0) = ψ0(p0xv
∗v0).

Setting x = 1 − p0 we then have p = s(ψ) ≤ p0, and by symmetry we have
p0 ≤ p.

In particular we have v∗0v ∈ pMp and so we may write v∗0v = h+ ik where
h and k are self-adjoint elements in pMp. Then ψ(h) + iψ(k) = ψ(v∗0v) =
ψ0(p) = ‖ψ0‖ = ‖ϕ‖.

Hence, ψ(h) = ‖ϕ‖ and ψ(k) = 0. We then have p−h ≥ 0 and ψ(p−h) =
0, thus since ψ is faithful on pMp it follows that h = p, and we must then
also have k = 0 since ‖v∗0v‖ ≤ 1. Hence, v∗0v = p and taking adjoints gives
v∗v0 = p.

Thus, v = vp = vv∗v0 and so vv∗ ≤ v0v
∗
0. Similarly, we have v0v

∗
0 ≤ vv∗

from which it then follows that v = v0. Therefore, ψ = v∗·ϕ = v∗0 ·ϕ = ψ0. �

If ϕ ∈ M∗ as in the previous theorem then we denote by |ϕ| = ψ the
absolute value of ϕ. We also denote by sr(ϕ) = v∗v the right support
projection of ϕ, and sl(ϕ) = vv∗ the left support projection of ϕ, so
that sl(ϕ) · ϕ · sr(ϕ) = ϕ.

Theorem 3.11.3 (Jordan decomposition). Suppose M is a von Neumann
algebra and ϕ is a normal Hermitian linear functional, then there exist unique
normal positive linear functionals ϕ+, ϕ− such that ϕ = ϕ+−ϕ− and ‖ϕ‖ =
‖ϕ+‖+ ‖ϕ−‖.

Proof. As in the previous theorem, we will take a ∈ M , ‖a‖ ≤ 1, such that
ϕ(a) = ‖ϕ‖. Note that since ϕ is Hermitian we may assume that a∗ = a, and
hence if we consider the polar decomposition a = |a|v we have that v∗ = v
and hence v = p− q for orthogonal projections p, q ∈ M . For ψ = |ϕ|, since
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ϕ = v · ψ = (v · ψ)∗ = ψ · v it follows that any spectral projection of v will
commute with ψ, and hence p · ψ and q · ψ will both be positive.

Since p · ψ and q · ψ have orthogonal supports and since p · ϕ− q · ϕ = ψ
it follows that ϕ+ = p · ϕ and ϕ− = −q · ϕ are both positive. Thus, ϕ =
v2 · ϕ = ϕ+ − ϕ−, and

‖ϕ‖ = ψ(1) = ϕ+(1) + ϕ−(1) = ‖ϕ+‖+ ‖ϕ−‖.

To see that this decomposition is unique, suppose that ϕ = ϕ1 − ϕ2

where ϕ1, ϕ2 are positive, and such that ‖ϕ‖ = ‖ϕ1‖ + ‖ϕ2‖. Then ‖ϕ+‖ =
ϕ(s(ϕ+)) ≤ ϕ1(s(ϕ+)) ≤ ‖ϕ1‖, and similarly ‖ϕ−‖ ≤ ‖ϕ2‖. However, ‖ϕ+‖+
‖ϕ−‖ = ‖ϕ1‖+ ‖ϕ2‖ and so we have

‖ϕ+‖ = ϕ1(s(ϕ+)) = ‖ϕ1‖;

‖ϕ−‖ = ϕ2(s(ϕ−)) = ‖ϕ2‖.
Thus, s(ϕ1) and s(ϕ2) are orthogonal and hence ϕ = (s(ϕ1)−s(ϕ2))(ϕ1+ϕ2).

By the uniqueness for polar decomposition we then have s(ϕ1)− s(ϕ2) =
s(ϕ+)− s(ϕ−) from which it follows that s(ϕ1) = s(ϕ+) and s(ϕ2) = s(ϕ−).
Therefore, ϕ1 = s(ϕ1) · ϕ = ϕ+, and ϕ2 = s(ϕ2) · ϕ = ϕ−. �

Corollary 3.11.4. Let M be a von Neumann algebra, then M∗ is spanned
by normal positive linear functionals.

By combining the previous corollary with Proposition 3.10.3 we obtain
the following corollaries.

Corollary 3.11.5. Let ϕ : M → C be a continuous linear functional on a
von Neumann algebra M , then ϕ is normal if and only if for any family {pi}i
of pairwise orthogonal projections we have ϕ(

∑
i pi) =

∑
i ϕ(pi).

Corollary 3.11.6. Let ϕ : M → C be a continuous linear functional on a
von Neumann algebra M , then ϕ is normal if and only if ϕ is normal when
restricted to any abelian von Neumann subalgebra.

We conclude this section with the following application for linear func-
tionals on an arbitrary C∗-algebra.

Theorem 3.11.7. Let A be a C∗-algebra and ϕ ∈ A∗, then there is a ∗-
representation π : A → B(H), and vectors ξ, η ∈ H such that ϕ(x) =
〈π(x)ξ, η〉, for all x ∈ A, and such that ‖ϕ‖ = ‖ξ‖‖η‖. Moreover, if A
is a von Neumann algebra and ϕ is normal, then π may be taken to be a
normal representation.
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Proof. Let ϕ ∈ A∗ be given, and assume that ‖ϕ‖ = 1. From Corollary 2.3.15
there exists a representation π0 : A → B(H0), and vectors ξ0, η0 ∈ H0 such
that ϕ(a) = 〈π0(a)ξ0, η0〉 for all a ∈ A.

We set M = π0(A)′′, and we consider the normal linear functional on M
given by ϕ̃(x) = 〈xξ0, η0〉, for x ∈ M . If x ∈ (M)1, then by Kaplansky’s
density theorem there exists a sequence an ∈ (A)1 such that π0(an) → x in
the strong operator topology. Hence, we have |ϕ̃(x)| = limn→∞ |ϕ(an)| ≤
lim supn→∞ ‖an‖ ≤ 1, and so ‖ϕ̃‖ = 1.

We may then consider the polar decomposition ϕ̃ = v · |ϕ̃|. Considering
the GNS-representation, we then obtain a normal representation ρ : M →
B(L2(M, |ϕ̃|)), such that ψ(x) = 〈ρ(x)1|ϕ̃|, 1|ϕ̃|〉, for all x ∈ M . If we set
ξ = 1|ϕ̃|, and η = v∗1|ϕ̃|, then we have ‖η‖2 = |ϕ̃|(vv∗) = 1 = ‖ξ‖2, and for
all a ∈ A we have ϕ(a) = 〈ρ ◦ π(a)ξ, η〉.

For the case when A is a von Neumann algebra and ϕ is normal, we may
set ϕ̃ = ϕ and proceed as in the previous paragraph. �
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Chapter 4

Unbounded operators

4.1 Definitions and examples

Let H, and K Hilbert spaces. An linear operator T : H → K consists of
a linear subspace D(T ) ⊂ H together with a linear map from D(T ) to K
(which will also be denoted by T ). A linear operator T : H → K is bounded
if there exists K ≥ 0 such that ‖Tξ‖ ≤ K‖ξ‖ for all ξ ∈ D(T ).

The graph of T is the subspace

G(T ) = {ξ ⊕ Tξ | ξ ∈ D(T )} ⊂ H ⊕K,
T is said to be closed if its graph G(T ) is a closed subspace ofH⊕K, and T is
said to be closable if there exists an unbounded closed operator S : H → K
such that G(T ) = G(S). If T is closable we denote the operator S by T and
call it the closure of T . A linear operator T is densely defined if D(T ) is
a dense subspace. We denote by C(H,K) the set of closed, densely defined
linear operators from H to K, and we also write C(H) for C(H,H). Note
that we may consider B(H,K) ⊂ C(H,K).

If T, S : H → K are two linear operators, then we say that S is an
extension of T and write S v T if D(S) ⊂ D(T ) and T|D(S) = S. Also,
if T : H → K, and S : K → L are linear operators, then the composition
ST : H → L is the linear operator with domain

D(ST ) = {ξ ∈ D(T ) | Tξ ∈ D(S)},
defined by (ST )(ξ) = S(T (ξ)), for all ξ ∈ D(ST ). We may similarly define
addition of linear operators as

D(S + T ) = D(S) ∩D(T ),

83
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and (S+T )ξ = Sξ+Tξ, for all ξ ∈ D(S+T ). Even if S and T are both densely
defined this need not be the case for ST or S + T . Both composition and
addition are associative operations, and we still have the right distributive
property (R + S)T = (RT ) + (ST ), although note that in general we only
have T (R + S) w (TR) + (TS).

If S ∈ C(H), and T ∈ B(H) then ST is still closed, although it may not
be densely defined. Similarly, TS will be densely defined, although it may
not be closed. If T also has a bounded inverse, then both ST and TS will
be closed and densely defined.

If T : H → K is a densely defined linear operator, and η ∈ K such that
the linear functional ξ 7→ 〈Tξ, η〉 is bounded on D(T ), then by the Riesz
representation theorem there exists a unique vector T ∗η ∈ H such that for
all ξ ∈ D(T ) we have

〈Tξ, η〉 = 〈ξ, T ∗η〉.
We denote by D(T ∗) the linear subspace of all vectors η such that ξ 7→ 〈Tξ, η〉
is bounded, and we define the linear operator η 7→ T ∗η to be the adjoint of
T . Note that T ∗ is only defined for operators T which are densely defined.

A densely defined operator T : H → H is symmetric if T v T ∗, and is
self-adjoint if T = T ∗.

Example 4.1.1. Let A = (ai,j) ∈ MN(C) be a matrix, for each n ∈ N we
consider the finite rank operator Tn =

∑
i,j≤n ai,jδi⊗δj, so that we may think

of Tn as changing the entries of A to 0 whenever i > n, or j > n.
We set D = {ξ ∈ `2N | limn→∞ Tnξ exists.}, and we define TA : D → `2N

by TAξ = limn→∞ Tnξ.
Suppose now that for each j ∈ N we have {ai,j}i ∈ `2N. Then we have

CN ⊂ D and so TA is densely defined. If η ∈ D(T ∗A) then it is easy to see
that if we denote by Pn the projection onto the span of {δi}i≤n, then we have
PnT

∗
Aη = T ∗nη, hence η ∈ D(TA∗) where A∗ is the Hermitian transpose of the

matrix A. It is also easy to see that D(TA∗) ⊂ D(T ∗A), and so T ∗A = TA∗ .
In particular, if {ai,j}i ∈ `2N, for every j ∈ N, and if {ai,j}j ∈ `2N, for

every i ∈ N, then TA ∈ C(`2N).

Example 4.1.2. Let (X,µ) be a σ-finite measure space and f ∈ M(X,µ)
a measurable function. We define the linear operator Mf : L2(X,µ) →
L2(X,µ) by setting D(Mf ) = {g ∈ L2(X,µ) | fg ∈ L2(X,µ)}, and Mf (g) =
fg for g ∈ D(Mf ). It’s easy to see that each Mf is a closed operator, and
we have Mf = M∗

f . Also, if f, g ∈M(X,µ) then we have Mf+g wMf +Mg,
and Mfg wMfMg.
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Example 4.1.3. Let D ⊂ L2[0, 1] denote the space of absolutely continuous
functions f : [0, 1] → C, such that f(0) = f(1) = 0, and f ′ ∈ L2[0, 1]. Then
D is dense in L2[0, 1], and we may consider the densely defined operator
T : L2[0, 1] → L2[0, 1] with domain D, given by T (f) = if ′. Note that the
constant functions are orthogonal to the range of T . Moreover, if g ∈ L2[0, 1]

is such that
∫ 1

0
g = 0, then setting G(x) =

∫ x
0
g(t)dt we have that G ∈ D

and 〈TG, g〉 = ‖g‖2
2. Thus, if g ∈ L2[0, 1] is any function which is orthogonal

to the range of T then we have that g agrees almost everywhere with the
constant function

∫ 1

0
g, i.e., R(T )⊥ equals the constant functions.

If g ∈ D(T ∗), and h = T ∗g, then set H(x) =
∫ x

0
h(t) dt. For every f ∈ D,

integration by parts gives

i

∫ 1

0

f ′g = 〈Tf, g〉 = 〈f, h〉 =

∫ 1

0

fH ′ = −
∫ 1

0

f ′H.

Thus, 〈f ′, H − ig〉 = 0 for all f ∈ D, so that H − ig ∈ R(T )⊥, and so H − ig
is a constant function. In particular, we see that g is absolutely continuous,
and g′ = ih ∈ L2[0, 1]. Conversely, if g : [0, 1] → C is absolutely continuous
and g′ ∈ L2[0, 1] then it is equally easy to see that g ∈ D(T ∗), and T ∗g = ig′.

In particular, this shows that T is symmetric, but not self-adjoint. Note
that the range of T ∗ is dense, and so the same argument above shows that if
we take g ∈ D(T ∗∗), h = T ∗∗g, and H(x) =

∫ x
0
h(t)dt, then we have H− ig ∈

R(T ∗)⊥ = {0}. Thus, g = iH is absolutely continuous, T ∗∗g = h = ig′, and

we also have g(1) = H(1) =
∫ 1

0
h(t) dt = 〈1, T ∗g〉 = 〈T (1), g〉 = 0 = g(0).

Thus, we conclude that T ∗∗ = T (We’ll see in Proposition 4.1.6 below that
this implies that T is closed).

If we consider instead the space D̃ consisting of all absolutely continuous
functions f : [0, 1] → C, such that f(0) = f(1), and if we define S : D̃ →
L2[0, 1] by S(f) = if ′, then a similar argument shows that S is self-adjoint.
Thus, we have the following sequence of extensions:

T ∗∗ = T v S = S∗ v T ∗.

Lemma 4.1.4. Let T : H → K be a densely defined operator, and denote by
J : H ⊕ K → K ⊕ H the isometry defined by J(ξ ⊕ η) = −η ⊕ ξ. Then we
have G(T ∗) = J(G(T ))⊥.

Proof. If η, ζ ∈ K, the η ⊕ ζ ∈ J(G(T ))⊥ if and only if for all ξ ∈ D(T ) we
have

0 = 〈−Tξ ⊕ ξ, η ⊕ ζ〉 = 〈ξ, ζ〉 − 〈Tξ, η〉.
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Which, since H = D(T ), is also if and only if η ∈ D(T ∗) and ζ = T ∗η. �

Corollary 4.1.5. For any densely defined operator T : H → K, the operator
T ∗ is closed. In particular, self-adjoint operators are closed, and symmetric
operators are closable.

Proposition 4.1.6. A densely defined operator T : H → K is closable if and
only if T ∗ is densely defined, and if this is the case then we have T = (T ∗)∗.

Proof. Suppose first that T ∗ is densely defined. Then by Lemma 4.1.4 we
have

G((T ∗)∗) = −J∗(J(G(T ))⊥)⊥ = (G(T )⊥)⊥ = G(T ),

hence T is closable and (T ∗)∗ = T .
Conversely, if T is closable then take ζ ∈ D(T ∗)⊥.
For all η ∈ D(T ∗) we have

0 = 〈ζ, η〉 = 〈0⊕ ζ,−T ∗η ⊕ η〉,

and hence 0 ⊕ ζ ∈ (−J∗G(T ∗))⊥ = G(T ). Since T is closable we then have
ζ = 0. �

We leave the proof of the following lemma to the reader.

Lemma 4.1.7. Suppose T : H → K, and R, S : K → L are densely defined
operators such that ST (resp. R + S) is also densely defined, then T ∗S∗ v
(ST )∗ (resp. R∗ + S∗ v (R + S)∗).

4.1.1 The spectrum of a linear operator

Let T : H → K be an injective linear operator. The inverse of T is the linear
operator T−1 : K → H with domain D(T−1) = R(T ), such that T−1(Tξ) = ξ,
for all ξ ∈ D(T−1).

The resolvent set of an operator T : H → H is

ρ(T ) = {λ ∈ C | T − λ is injective and (T − λ)−1 ∈ B(H)}.

The spectrum of T is σ(T ) = C \ ρ(T ).
If σ ∈ U(H ⊕ K) is given by σ(ξ ⊕ η) = η ⊕ ξ, and if T : H → K is

injective then we have that G(T−1) = σ(G(T )). Hence, if T : H → H is not
closed then σ(T ) = C. Also, note that if T ∈ C(H) then by the closed graph
theorem shows that λ ∈ ρ(T ) if and only if T − λ gives a bijection between
D(T ) and H.
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Lemma 4.1.8. Let T ∈ C(H,K) be injective with dense range, then (T ∗)−1 =
(T−1)∗. In particular, for T ∈ C(H) we have σ(T ∗) = {z | z ∈ σ(T )}.

Proof. If we consider the unitary operators J , and σ from above then we
have

G((T ∗)−1) = σ(G(T ∗)) = σJ(G(T ))⊥

= J∗(σG(T ))⊥ = J∗(G(T−1))⊥ = G((T−1)∗). �

Lemma 4.1.9. If T ∈ C(H), then σ(T ) is a closed subset of C.

Proof. We will show that ρ(T ) is open by showing that whenever λ ∈ ρ(T )
with |α − λ| < ‖(T − λ)−1‖−1, then α ∈ ρ(T ). Thus, suppose λ ∈ ρ(T ) and
α ∈ C such that |λ− α| < ‖(T − λ)−1‖−1. Then for all ξ ∈ H we have

‖ξ − (T − α)(T − λ)−1ξ‖ = ‖(α− λ)(T − λ)−1ξ‖ < ‖ξ‖.

Hence, by Lemma 1.1.1, S = (T − α)(T − λ)−1, is bounded, everywhere
defined operator with a bounded everywhere defined inverse S−1 ∈ B(H).
We then have (T −λ)−1S−1 ∈ B(H), and it’s easy to see that (T −λ)−1S−1 =
(T − α)−1. �

Note that an unbounded operator may have empty spectrum. Indeed,
if S ∈ B(H) has a densely defined inverse, then for each λ ∈ σ(S−1) \ {0}
we have (S − λ−1)λ(λ − S)−1S−1 = S(λ − S−1)(λ − S)−1S−1 = id. Hence
σ(S−1)\{0} ⊂ (σ(S)\{0})−1. Thus, it is enough to find a bounded operator
S ∈ B(H) such that S is injective but not surjective, and has dense range
with σ(S) = {0}. For example, the compact operator S ∈ B(`2Z) given by
(Sδn) = 1

|n|+1
δn+1 is injective with dense range, but is not surjective, and

‖S2n‖ ≤ 1/n!, so that r(S) = 0 and hence σ(S) = {0}.

4.1.2 Quadratic forms

A quadratic form q : H → C on a Hilbert space H consists of a linear
subspace D(q) ⊂ H, together with a sesquilinear form q : D(q)×D(q)→ C.
We say that q is densely defined if D(q) is dense. If ξ ∈ D(q) then we
write q(ξ) for q(ξ, ξ); note that we have the polarization identity q(ξ, η) =
1
4

∑3
k=0 i

kq(ξ+ ikη), and in general, a function q : D → H defines a sesquilin-
ear from through the polarization identity if and only if it satisfies the par-
allelogram identity q(ξ + η) + q(ξ − η) = 2q(ξ) + 2q(η) for all ξ, η ∈ D(q). A
quadratic form q is non-negative definite if q(ξ) ≥ 0 for all ξ ∈ H.
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If q is a non-negative definite quadratic form and we denote by Hq the
separation and completion of D(q) with respect to q, then we may consider
the identity map I : D(q) → Hq, and note that for ξ, η ∈ D(q) we have
〈ξ, η〉q := 〈ξ, η〉 + q(ξ, η) coincides with the inner-product coming from the
graph of I. The quadratic form q is closed if I is closed, i.e., (D(q), 〈·, ·〉q)
is complete. We’ll say that q is closable if I is closable, and in this case we
denote by q the closed quadratic form given by D(q) = D(I), and q(ξ, η) =
〈Iξ, Iη〉.

Theorem 4.1.10. Let q : H → [0,∞) be a non-negative definite quadratic
form, then the following conditions are equivalent:

(i) q is closed.

(ii) There exists a Hilbert space K, and a closed linear operator T : H → K
with D(T ) = D(q) such that q(ξ, η) = 〈Tξ, Tη〉 for all ξ, η ∈ D(T ).

(iii) q is lower semi-continuous, i.e., for any sequence ξn ∈ D(q), such that
ξn → ξ, and lim infn→∞ q(ξn) < ∞, we have ξ ∈ D(q) and q(ξ) ≤
lim infn→∞ q(ξn).

Proof. The implication (i) =⇒ (ii) follows from the discussion preceding
the theorem. For (ii) =⇒ (iii) suppose that T : H → K is a closed
linear operator such that D(T ) = D(q), and q(ξ, η) = 〈Tξ, Tη〉 for all
ξ, η ∈ D(T ). If ξn ∈ D(T ) is a sequence such that ξn → ξ ∈ H, and
K = lim infn→∞ ‖Tξn‖2 <∞, then by taking a subsequence we may assume
that K = limn→∞ ‖Tξn‖2, and Tξn → η weakly for some η ∈ H. Taking
convex combinations we may then find a sequence ξ′n such that ξ′n → ξ ∈ H,
Tξ′n → η strongly, and ‖η‖ = limn→∞ ‖Tξ′n‖2 ≤ K. Since T is closed we then
have ξ ∈ D(T ), and Tξ = η, so that ‖Tξ‖2 ≤ K.

We show (iii) =⇒ (i) by contraposition, so suppose that Hq is the
separation and completion of D(q) with respect to q, and that I : D(q)→ Hq

is not closed. If I were closable, then there would exist a sequence ξn ∈ D(q)
such that ξn → η ∈ H, and I(ξn) is Cauchy, but η 6∈ D(q). However, if
I(ξn) is Cauchy then in particular we have that q(ξn) is bounded, hence this
sequence would show that (iii) does not hold.

Thus, we may assume that I is not closable, so that there exists a sequence
ξn ∈ D(q) such that ‖ξn‖ → 0, and I(ξn) → η 6= 0. Since, D(q) is dense in
Hq there exists η0 ∈ D(q) such that the square distance from η0 to η in Hq

is less than q(η0). We then have that η0 − ξn → η0 ∈ H, and by the triangle
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inequality, limn→∞ q(η0− ξn) < q(η0). Thus, the sequence η0− ξn shows that
(iii) does not hold in this case also. �

Corollary 4.1.11. Let qn : H → [0,∞) be a sequence of closed non-negative
definite quadratic forms, and assume that this sequence is increasing, i.e.,
qn(ξ) is an increasing sequence for all ξ ∈ ∩n∈ND(qn). Then there exists a
closed quadratic form q : H → [0,∞) with domain

D(q) = {ξ ∈ ∩n∈ND(qn) | lim
n→∞

qn(ξ) <∞}

such that q(ξ) = limn→∞ qn(ξ), for all ξ ∈ D(q).

Proof. If we define q as above then note that since each qn satisfies the
parallelogram identity then so does q, and hence q has a unique sesquilinear
extension on D(q). That q is closed follows easily from condition (iii) of
Theorem 4.1.10. �

4.2 Symmetric operators and extensions

Lemma 4.2.1. Let T : H → H be a densely defined operator, then T is
symmetric if and only if 〈Tξ, ξ〉 ∈ R, for all ξ ∈ D(T ).

Proof. If T is symmetric then for all ξ ∈ D(T ) we have 〈Tξ, ξ〉 = 〈ξ, T ξ〉 =
〈Tξ, ξ〉. Conversely, if 〈Tξ, ξ〉 = 〈ξ, T ξ〉 for all ξ ∈ D(T ), then the polariza-
tion identity shows that D(T ) ⊂ D(T ∗) and T ∗ξ = Tξ for all ξ ∈ D(T ). �

Proposition 4.2.2. Let T ∈ C(H) be a symmetric operator, then for all
λ ∈ C with Imλ 6= 0, we have ker(T − λ) = {0}, and R(T − λ) is closed.

Proof. Fix α, β ∈ R with β 6= 0, and set λ = α + iβ. For ξ ∈ D(T ) we have

‖(T − λ)ξ‖2 = ‖(T − α)ξ‖2 + ‖βξ‖2 − 2Re(〈(T − α)ξ, iβξ〉)
= ‖(T − α)ξ‖2 + ‖βξ‖2 ≥ β2‖ξ‖2. (4.1)

Thus, ker(T − λ) = {0}, and if ξn ∈ D(T ) such that (T − λ)ξn is Cauchy,
then so is ξn, and hence ξn → η for some η ∈ H. Since T is closed we have
η ∈ D(T ) and (T − λ)η = limn→∞(T − λ)ξn. Hence, R(T − λ) is closed. �

Lemma 4.2.3. Let K1,K2 ⊂ H be two closed subspaces such that K1∩K⊥2 =
{0}, then dimK1 ≤ dimK2.
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Proof. Let Pi be the orthogonal projection onto Ki. Then by hypothesis we
have that P2 is injective when viewed as an operator from K1 to K2, hence
if we let v be the partial isometry in the polar decomposition of P2|K1

then
v is an isometry and so dimK1 ≤ dimK2. �

Theorem 4.2.4. If T ∈ C(H) is symmetric, then dim ker(T ∗ − λ) is a con-
stant function for Imλ > 0, and for Imλ < 0.

Proof. Note that the result will follow easily if we show that for all λ, α ∈ C
such that |α−λ| < |Imλ|/2, then we have dim ker(T ∗−λ) = dim ker(T ∗−α).
And this in turn follows easily if we show that for all λ, α ∈ C such that
|α− λ| < |Imλ|, then we have dim ker(T ∗ − α) ≤ dim ker(T ∗ − α).

Towards this end, suppose we have such α, λ ∈ C. If ξ ∈ ker(T ∗ − α) ∩
(ker(T ∗ − λ))⊥ such that ‖ξ‖ = 1, then since R(T − λ) is closed we have
ξ ∈ (ker(T ∗ − λ))⊥ = R(T − λ) and so ξ = (T − λ)η for some η ∈ D(T ).
Since, ξ ∈ ker(T ∗ − α) we then have

0 = 〈(T ∗ − α)ξ, η〉 = 〈ξ, (T − λ)η〉+ 〈ξ, λ− αη〉 = ‖ξ‖2 + (λ− α)〈ξ, η〉.

Hence, 1 = ‖ξ‖2 = |λ − α||〈ξ, η〉| < |Imλ|‖η‖. However, by (4.1) we have
|Imλ|2‖η‖2 ≤ ‖(T − λ)η‖2 = 1, which gives a contradiction.

Thus, we conclude that ker(T ∗ − α) ∩ (ker(T ∗ − λ))⊥ = {0}, and hence
dim ker(T ∗ − α) ≤ dim ker(T ∗ − λ) by Lemma 4.2.3. �

Corollary 4.2.5. If T ∈ C(H) is symmetric, then one of the following occurs:

(i) σ(T ) = C.

(ii) σ(T ) = {λ ∈ C | Imλ ≥ 0}.

(iii) σ(T ) = {λ ∈ C | Imλ ≤ 0}.

(iv) σ(T ) ⊂ R.

Proof. For λ ∈ C with Imλ 6= 0 then by (4.1) we have that T −λ is injective
with closed range. Thus, λ ∈ ρ(T ) if and only if T − λ is surjective, or
equivalently, if T ∗ − λ is injective. By the previous theorem if T ∗ − λ is
injective for some λ with Imλ > 0, then T ∗ − λ is injective for all λ with
Imλ > 0. Hence, either σ(T ) ⊂ {λ ∈ C | Imλ ≤ 0} or {λ ∈ C | Imλ > 0} ⊂
σ(T ).

Since σ(T ) is closed, it is then easy to see that only one of the four
possibilities can occur. �
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Theorem 4.2.6. If T ∈ C(H) is symmetric, then the following are equiva-
lent:

(i) T is self-adjoint.

(ii) ker(T ∗ − i) = ker(T ∗ + i) = {0}.

(iii) σ(T ) ⊂ R.

Proof. (i) =⇒ (ii) follows from Proposition 4.2.2, while (ii) ⇔ (iii) follows
from the previous corollary. To see that (ii) =⇒ (i) suppose that ker(T ∗ −
i) = ker(T ∗ + i) = {0}. Then by Proposition 4.2.2 we have that R(T + i) =
ker(T ∗− i)⊥ = H. Thus, T + i is the only injective extension of T + i. Since
T ∗ + i is an injective extension of T + i we conclude that T ∗ + i = T + i and
hence T ∗ = T . �

The subspaces L+ = ker(T ∗ − i) = R(T + i)⊥ and L− = ker(T ∗ + i) =
R(T − i)⊥ are the deficiency subspaces of the symmetric operator T ∈
C(H), and n± = dimL± is the deficiency indices.

4.2.1 The Cayley transform

Recall from Section 3.6 that the Cayley transform t 7→ (t− i)(t+ i)−1 and its
inverse t 7→ i(1 + t)(1 − t)−1 give a bijection between self-adjoint operators
x = x∗ ∈ B(H) and unitary operators u ∈ U(H) such that 1 6∈ σ(u). Here,
we extend this correspondence to the setting of unbounded operators.

If T ∈ C(H) is symmetric with deficiency subspaces L±, then the Cayley
transform of T is the operator U : H → H given by U|L+ = 0, and

Uξ = (T − i)(T + i)−1ξ

for all ξ ∈ L⊥+ = R(T + i). If η ∈ D(T ) then by (4.1) we have that ‖(T +
i)η‖2 = ‖Tη‖2 + ‖η‖2 = ‖(T − i)η‖2, hence it follows that U is a partial
isometry with initial space L⊥+ and final space L⊥−. Moreover, if ξ ∈ D(T )
then (1 − U)(T + i)ξ = (T + i)ξ − (T − i)ξ = 2iξ. Since R(T + i) = L⊥+ it
follows that (1− U)(L⊥+) = D(T ) is dense.

Conversely, if U ∈ B(H) is a partial isometry with (1−U)(U∗UH) dense,
then we also have that (1 − U) is injective. Indeed, if ξ ∈ ker(1 − U) then
‖ξ‖ = ‖Uξ‖ so that ξ ∈ UU∗H. Hence, ξ = U∗Uξ = U∗ξ and so ξ ∈
ker(1− U∗) = R(1− U)⊥ = {0}.
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We define the inverse Cayley transform of U to be the densely defined
operator with domain D(T ) = (1− U)(U∗UH) given by

T = i(1 + U)(1− U)−1.

Note that T is densely defined, and

G(T ) = {(1− U)ξ ⊕ i(1 + U)ξ | ξ ∈ U∗UH}.

If ξn ∈ U∗UH such that (1−U)ξn⊕i(1+U)ξn is Cauchy, then both (1−U)ξn
and (1+U)ξn is Cauchy and hence so is ξn. Thus, ξn → ξ for some ξ ∈ U∗UH,
and we have (1−U)ξn ⊕ i(1 +U)ξn → (1−U)ξ ⊕ i(1 +U)ξ ∈ G(T ). Hence,
T is a closed operator.

Note also that for all ξ, ζ ∈ U∗UH we have

〈(1− U)ξ ⊕ i(1 + U)ξ,−i(1 + U)ζ ⊕ (1− U)ζ〉
= i〈(1− U)ξ, (1 + U)ζ〉+ i〈(1 + U)ξ, (1− U)ζ〉
= 2i〈ξ, ζ〉 − 2i〈Uξ, Uζ〉 = 0

Thus, by Lemma 4.1.4 we have G(T ) ⊂ J(G(T ))⊥ = G(T ∗), and hence T is
symmetric.

Theorem 4.2.7. The Cayley transform and its inverse give a bijective corre-
spondence between densely defined closed symmetric operators T ∈ C(H), and
partial isometries U ∈ B(H) such that (1 − U)(U∗UH) is dense. Moreover,
self-adjoint operators correspond to unitary operators.

Also, if S, T ∈ C(H) are symmetric, and U, V ∈ B(H) their respective
Cayley transforms then we have S v T if and only if U∗UH ⊂ V ∗VH and
V ξ = Uξ for all ξ ∈ U∗UH.

Proof. We’ve already seen above that the Cayley transform of a densely de-
fined closed symmetric operator T is a partial isometry U with (1−U)(U∗UH)
dense. And conversely, the inverse Cayley transform of a partial isometry U
with (1− U)(U∗UH) dense, is a densely defined closed symmetric operator.
Moreover, it is easy to see from construction that these are inverse operations.

We also see from construction that the deficiency subspaces of T are
L+ = ker(U) and L− = ker(U∗) respectively. By Theorem 4.2.6 T is self-
adjoint if and only if L+ = L− = {0}, which is if and only if U is a unitary.
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Suppose now that S, T ∈ C(H) are symmetric and U, V ∈ B(H) are the
corresponding Cayley transforms. If S v T then for all ξ ∈ D(S) ⊂ D(T )
we have (S + i)ξ = (T + i)ξ and hence

U(S + i)ξ = (S − i)ξ = (T − i)ξ = V (S + i)ξ.

Therefore, U∗UH = R(S + i) ⊂ R(T + i) = V ∗VH and V ξ = Uξ for all
ξ ∈ U∗UH. Conversely, if U∗UH ⊂ V ∗VH and V ξ = Uξ for all ξ ∈ U∗UH,
then

D(S) = R((1− U)(U∗U)) = R((1− V )(U∗U)) ⊂ R((1− V )(V ∗V )) = D(T ),

and for all ξ ∈ U∗UH we have

S(1− U)ξ = i(1 + U)ξ = i(1 + V )ξ = T (1− V )ξ = T (1− U)ξ,

hence S v T . �

The previous theorem in particular shows us that if T ∈ C(H) is a sym-
metric operator, and U its Cayley transform, then symmetric extensions of
T are in bijective correspondence with partial isometries which extend U .
Since the latter are in bijective correspondence with partial isometries from
(UU∗H)⊥ to (U∗UH)⊥, simply translating this via the inverse Cayley trans-
form gives the following, whose details we leave to the reader.

Theorem 4.2.8. Let T ∈ C(H) be a symmetric operator, and L± its defi-
ciency spaces. For each partial isometry W : L+ → L−, denote the operator
TW by

D(TW ) = {ξ + η +Wη | ξ ∈ D(T ), η ∈ W ∗W (L+)},
and

TW (ξ + η +Wη) = Tξ + iη − iWη.

Then TW is a symmetric extension of T with

G(T ∗W ) = G(TW ) + (L+ 	W ∗W (L+)) + (L− 	WW ∗(L−)).

Moreover, every symmetric extension arises in this way, and TW is self-
adjoint if and only if W is unitary.

Corollary 4.2.9. If T ∈ C(H) is symmetric, then T has a self-adjoint ex-
tension if and only if n+ = n−.

Exercise 4.2.10. show that for any pair (n+, n−) ∈ (N∪ {0} ∪ {∞})2 there
exists a densely defined closed symmetric operator T ∈ C(`2N) such that n+

and n− are the deficiency indices for T .
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4.3 Functional calculus for normal operators

If T : H → K is a closed operator, then a subspace D ⊂ D(T ) is a core for
T if G(T ) = G(T|D).

4.3.1 Positive operators

Theorem 4.3.1. Suppose T ∈ C(H,K), then

(i) D(T ∗T ) is a core for T .

(ii) T ∗T is self-adjoint.

(iii) σ(T ∗T ) ⊂ [0,∞).

Proof. We start by showing that−1 ∈ ρ(T ∗T ). SinceK⊕H = JG(T )+G(T ∗),
if ξ ∈ H then there exists η ∈ H, ζ ∈ K such that

0⊕ ξ = −Tη ⊕ η + ζ ⊕ T ∗ζ.

Hence, ζ = Tη and ξ = η + T ∗ζ = (1 + T ∗T )η, showing that (1 + T ∗T ) is
onto.

If ξ ∈ D(T ∗T ) then

‖ξ + T ∗Tξ‖2 = ‖ξ‖2 + 2‖Tξ‖2 + ‖T ∗Tξ‖2.

Hence, we see that 1 +T ∗T is injective. This also shows that if ξn ∈ D(T ∗T )
is a sequence which is Cauchy in the graph norm of 1 + T ∗T , then we must
have that {ξn}n, {Tξn}n, and {T ∗Tξn} are all Cauchy. Since T and T ∗ are
closed it then follows easily that 1 +T ∗T is also closed. Thus, (1 +T ∗T )−1 is
an everywhere defined closed operator and hence is bounded, showing that
−1 ∈ ρ(T ∗T ).

To see that D(T ∗T ) is a core for T consider ξ ⊕ Tξ ∈ G(T ) such that
ξ ⊕ Tξ ⊥ {η ⊕ Tη | η ∈ D(T ∗T )}. Then for all η ∈ D(T ∗T ) we have

0 = 〈ξ ⊕ Tξ, η ⊕ Tη〉 = 〈ξ, η〉+ 〈Tξ, Tη〉 = 〈ξ, (1 + T ∗T )η〉.

Since (1 + T ∗T ) is onto, this shows that ξ = 0.
In particular, T ∗T is densely defined and we have −1 ∈ ρ(T ∗T ). Note

that by multiplying by scalars we see that (−∞, 0) ⊂ ρ(T ). If ξ = (1+T ∗T )η
for η ∈ D(T ∗T ) then we have

〈(1 + T ∗T )−1ξ, ξ〉 = 〈η, (1 + T ∗T )η〉 = ‖η‖2 + ‖Tη‖2 ≥ 0.
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Thus (1+T ∗T )−1 ≥ 0 and hence it follows from Lemma 4.1.8 that 1+T ∗T and
hence also T ∗T is self-adjoint. By Theorem 4.2.6 this shows that σ(T ∗T ) ⊂ R,
and hence σ(T ∗T ) ⊂ [0,∞). �

An operator T ∈ C(H) is positive if T = S∗S for some densely defined
closed operator S : H → H.

4.3.2 Borel functional calculus

Suppose K is a locally compact Hausdorff space, and E is a spectral measure
on K relative to H. We let B(K) denote the space of Borel functions on K.
For each f ∈ B(K) we define a linear operator T =

∫
f dE by setting

D(T ) = {ξ ∈ H | η 7→
∫
f dEξ,η is bounded.},

and letting Tξ be the unique vector such that
∫
f dEξ,η = 〈Tξ, η〉, for all

η ∈ H.
If B ⊂ K is any Borel set such that f|B is bounded, then for all ξ, η ∈ H

we have that 1BEξ,η = EE(B)ξ,η and hence |
∫
f dEE(B)ξ,η| = |

∫
f|B dEξ,η| ≤

‖f|B‖∞‖ξ‖‖η‖, and so E(B)H ⊂ D(T ). Taking Bn = {x ∈ K | |f(x)| ≤ n}
we then have that ∪n∈NE(Bn)H ⊂ D(T ) and this is dense since E(Bn)
converges strongly to 1. Thus T is densely defined.

If S =
∫
f dE, then for all ξ ∈ D(T ) and η ∈ D(S) we have

〈Tξ, η〉 =

∫
f dEξ,η =

∫
f dEη,ξ = 〈Sη, ξ〉 = 〈ξ, Sη〉.

A similar argument shows that D(T ∗) ⊂ D(S), so that in fact we have S = T ∗

and T ∗ = S. In particular, T is a closed operator, and is self-adjoint if f is
real valued. It is equally easy to see that T ∗T = TT ∗ =

∫
|f |2 dE.

It is easy to see that if f, g ∈ B(K) then
∫
f dE+

∫
g dE v

∫
(f + g) dE,

and (
∫
f dE)(

∫
g dE) v

∫
fg dE, and in both cases the domains on the left

are cores for the operators on the right. In fact, if f1, . . . , fn ∈ B(K) is
any finite collection of Borel functions, then we have that ∩ni=1D(

∫
fn dE)

is a common core for each operator
∫
fi dE. In particular, on the set of all

operators of the form
∫
f dE we may consider the operations +̂, and ◦̂ given

by S+̂T = S + T , and S◦̂T = S ◦ T , and under these operations we have
that f 7→

∫
f dE is a unital ∗-homomorphism from B(K) into C(H).
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We also note that σ(
∫
f dE) is contained in the closure of the range of f ,

for each f ∈ B(K).
An operator T ∈ C(H) is normal if T ∗T = TT ∗. Note that equality

here implies also D(T ∗T ) = D(TT ∗). We would like to associate a spectral
measure for each normal operator as we did for bounded normal operators.
However, our approach for bounded operators, Theorem 3.7.5, does not im-
mediately apply since we used there that a bounded normal operator gen-
erated an abelian C∗-algebra. Our approach therefore will be to reduce the
problem to the case of bounded operators.

Lemma 4.3.2. Suppose T ∈ C(H), then R = T (1 + T ∗T )−1 and S = (1 +
T ∗T )−1 are bounded contractions. If T is normal then we have SR = RS.

Proof. If ξ ∈ H, fix η ∈ D(T ∗T ) such that (1 + T ∗T )η = ξ. Then

‖ξ‖2 = ‖(1+T ∗T )η‖2 = ‖η‖2+2‖Tη‖2+‖T ∗Tη‖2 ≥ ‖η‖2 = ‖(1+T ∗T )−1ξ‖2.

Hence ‖S‖ ≤ 1. Similarly, ‖ξ‖2 ≥ ‖Tη‖2 = ‖Rξ‖2, hence also ‖R‖ ≤ 1.
Suppose now that T is normal and ξ ∈ D(T ). Since η ∈ D(T ∗T ) and

ξ = (1 + T ∗T )η ∈ D(T ) we have that Tη ∈ D(TT ∗) = D(T ∗T ). Hence,
Tξ = T (1 + T ∗T )η = (1 + TT ∗)Tη = (1 + T ∗T )Tη. Thus, STξ = TSξ for
all ξ ∈ D(T ).

Suppose now that ξ ∈ H is arbitrary. Since η ∈ D(T ∗T ) ⊂ D(T ), we
have SRξ = STη = TSη = RSξ. �

Theorem 4.3.3. Let T ∈ C(H) be a normal operator, then σ(T ) 6= ∅ and
there exists a unique spectral measure E for σ(T ) relative to H such that

T =

∫
t dE(t).

Proof. Let T ∈ C(H) be a normal operator. For each n ∈ N we denote by
Pn = 1( 1

n+1
, 1
n

](S), where S = (1 + T ∗T )−1. Notice that since S is a positive

contraction which is injective, we have that Pn are pairwise orthogonal pro-
jections and

∑
n∈N Pn = 1, where the convergence of the sum is in the strong

operator topology. Note, also that if Hn = R(Pn) then we have SHn = Hn

and restricting S to Hn we have that 1
n+1
≤ S|Hn ≤ 1

n
. In particular, we have

that Hn ⊂ R(S) = D(T ∗T ), (1 + T ∗T ) maps Hn onto itself for each n ∈ N,
and σ((1 + T ∗T )|Hn) ⊂ {λ ∈ C | n ≤ |λ| ≤ n+ 1}.
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By Lemma 4.3.2 R = T (1 +T ∗T )−1 commutes with S and since S is self-
adjoint we then have that R commutes with any of the spectral projections
Pn. Since we’ve already established that (1 + T ∗T ) give a bijection on Hn it
then follows that THn ⊂ Hn for all n ∈ N. Note that since T is normal, by
symmetry we also have that T ∗Hn ⊂ Hn for all n ∈ N. Hence, restricting
to Hn we have (TPn)∗(TPn) = Pn(T ∗T )Pn = Pn(TT ∗)Pn = (TPn)(TPn)∗ for
all n ∈ N.

Let I = {n ∈ N | Pn 6= 0}, and note that I 6= ∅ since
∑

n∈I Pn = 1. For
n ∈ I, restricting to Hn, we have that TPn is a bounded normal operator
with spectrum σ(TPn) ⊂ {λ ∈ C | n − 1 ≤ |λ| ≤ n}. Let En denote the
unique spectral measure on σ(TPn) so that T|Hn =

∫
t dEn(t).

We let E be the spectral measure on ∪n∈Iσ(TPn) = ∪n∈Iσ(TPn) which is
given by E(F ) =

∑
n∈I En(F ) for each Borel subset F ⊂ ∪n∈Iσ(TPn). Since

the En(F ) are pairwise orthogonal it is easy to see that E is indeed a spectral
measure. We set T̃ to be the operator T̃ =

∫
t dE(t).

We claim that T̃ = T . To see this, first note that if ξ ∈ Hn then T̃ ξ =
TPnξ = Tξ. Hence, T̃ and T agree on K0 = ∪n∈IHn. Since both operators
are closed, and since K0 is clearly a core for T̃ , to see that they are equal
it is then enough to show that K0 is also core for T . If we suppose that
ξ ∈ D(T ∗T ), and write ξn = Pnξ for n ∈ I, then limN→∞

∑
n≤N ξn = ξ, and

setting η = (1 + T ∗T )ξ we have∑
n∈I

‖Tξn‖2 =
∑
n∈I

〈T ∗Tξn, ξn〉

= −‖ξ‖2 +
∑
n∈I

〈(1 + T ∗T )ξn, ξn〉

≤ ‖ξ‖‖η‖ <∞.

Since T is closed we therefore have limN→∞ T (
∑

n≤N ξn) = Tξ. Thus,

G(T|K0) = G(T|D(T ∗T )) = G(T ).

Since σ(T ) = σ(T̃ ) = ∪n∈Iσ(TPn), this completes the existence part of
the proof. For the uniqueness part, if Ẽ is a spectral measure on σ(T ) such
that T =

∫
t dẼ(t) then by uniqueness of the spectral measure for bounded

normal operators it follows that for every F ⊂ σ(T ) Borel, and n ∈ I, we
have PnE(F ) = PnẼ(F ), and hence E = Ẽ. �

If T =
∫
t dE(t) as above, then for any f ∈ B(σ(T )) we define f(T ) to

be the operator f(T ) =
∫
f(t) dE(t).
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Corollary 4.3.4. Let T ∈ C(H) be a normal operator. Then for any ∗-
polynomial p ∈ C[t, t∗] we have that p(T ) is densely defined and closable, and
in fact D(p(T )) is a core for T .

Proposition 4.3.5. Let T ∈ C(H) be a normal operator, and consider the
abelian von Neumann algebra W ∗(T ) = {f(T ) | f ∈ B∞(σ(T ))}′′ ⊂ B(H).
If u ∈ U(H), then u ∈ U(W ∗(T )′) if and only if uTu∗ = T .

Proof. Suppose that u ∈ U(H) and T ∈ C(H) is normal. We let E be the
spectral measure on σ(T ) such that T =

∫
t dE(t), and consider the spectral

measure Ẽ given by Ẽ(F ) = uE(F )u∗ for all F ⊂ σ(T ) Borel. We then
clearly have uTu∗ =

∫
t dẼ(t) from which the result follows easily. �

If M ⊂ B(H) is a von Neumann algebra and T : H → H is a linear
operator, then we say that T is affiliated with M and write T ηM if uTu∗ =
T for all u ∈ U(M ′), (note that this implies uD(T ) = D(T ) for all u ∈
U(M ′)). The previous proposition shows that any normal linear operator is
affiliated with an abelian von Neumann algebra.

Corollary 4.3.6. If M ⊂ B(H) is a von Neumann algebra and T ∈ C(H) is
normal, then T ηM if and only if f(T ) ∈M for all f ∈ B∞(σ(T )).

Proposition 4.3.7. Suppose M is a von Neumann algebra and T, S : H → H
are linear operators such that T, SηM . Then TS, (T + S)ηM . Moreover, if
T is densely defined then T ∗ηM , and if S is closable then SηM .

Proof. Since T, SηM , for all u ∈ U(M ′) we have

uD(TS) = {ξ ∈ H | u∗ξ ∈ D(S), S(u∗ξ) ∈ D(T )}
= {ξ ∈ H | ξ ∈ D(S), u∗Sξ ∈ D(T )}
= {ξ ∈ H | ξ ∈ D(S), Sξ ∈ D(T )} = D(TS).

Also, for ξ ∈ D(TS) we have u∗TSuξ = (u∗Tu)(u∗Su)ξ = TSξ, hence
TSηM . The proof that (T + S)ηM is similar.

If T is densely defined, then for all u ∈ U(M ′) we have

uD(T ∗) = {ξ ∈ H | η 7→ 〈Tη, u∗ξ〉 is bounded.}
= {ξ ∈ H | η 7→ 〈T (uη), ξ〉 is bounded.} = D(T ∗),

and for ξ ∈ D(T ∗), and η ∈ D(T ) we have 〈Tη, u∗ξ〉 = 〈Tu, ξ〉, from which
it follows that T ∗u∗η = u∗T ∗η, and hence T ∗ηM .
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If S is closable, then in particular we have that uD(S) = D(S) for all
u ∈ U(M ′). Hence if p denotes the orthogonal projection onto D(S) then
p ∈M ′′ = M , and SηpMp ⊂ B(pH). Hence, we may assume that S is densely
defined in which case we have SηM =⇒ S∗ηM =⇒ S = S∗∗ηM . �

4.3.3 Polar decomposition

For T ∈ C(H) the absolute value of T is the positive operator |T | =√
T ∗T ∈ C(H).

Theorem 4.3.8 (Polar decomposition). Fix T ∈ C(H,K). Then D(|T |) =
D(T ), and there exists a unique partial isometry v ∈ B(H,K) such that
ker(v) = ker(T ) = ker(|T |), and T = v|T |.

Proof. By Theorem 4.3.1 we have that D(T ∗T ) is a core for both |T | and
T . We define the map V0 : G(|T ||D(T ∗T )) → G(T ) by V0(ξ ⊕ |T |ξ) = ξ ⊕ Tξ.
Since, for ξ ∈ D(T ∗T ) we have ‖ξ‖2 + ‖|T |ξ‖2 = ‖ξ‖2 + ‖Tξ‖2 this shows
that V0 is isometric, and since D(T ∗T ) is a core for both |T | and T we then
have that V0 extends to an isometry from G(|T |) onto G(T ), and we have
D(|T |) = PH(G(|T |)) = PH(V G(|T |)) = PH(G(T )) = D(T ).

Moreover, this also shows that the map v0 : R(|T |) → R(T ) given by
v0(|T |ξ) = Tξ, is well defined and extends to a partial isometry v ∈ B(H,K)
such that ker(v) = R(T )⊥ = ker(T ). From the definition of v we clearly have
that T = v|T |. Uniqueness follows from the fact that any other partial isom-
etry w which satisfies T = w|T | must agree with v on R(|T |) = ker(|T |)⊥ =
ker(T )⊥. �

Proposition 4.3.9. If M ⊂ B(H) is a von Neumann algebra and T ∈ C(H)
has polar decomposition T = v|T |, then T ηM if and only if v ∈ M and
|T |ηM .

Proof. If T ηM , then T ∗T ηM by Proposition 4.3.7. By Corollary 4.3.6 we
then have that |T |ηM . Hence, for any u ∈ M ′ if ξ ∈ R(|T |) say ξ = |T |η
for η ∈ D(|T |) = D(T ), then uvξ = uv|T |η = uTη = Tuη = v|T |uη = vuξ,
hence v ∈M ′′ = M .

Conversely, if v ∈M and |T |ηM , then T = (v|T |)ηM by Proposition 4.3.7.
�
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4.4 Semigroups and infinitesimal generators.

4.4.1 Contraction semigroups

A one-parameter contraction semigroup consists of a family of positive
contractions {St}t≥0 such that S0 = 1, and StSs = St+s, s, t ≥ 0. The
semigroup is strongly continuous if for all t0 ≥ 0 we have limt→t0 St = St0 ,
in the strong operator topology.

If A ∈ C(H) is a normal operator such that σ(A) ⊂ {λ ∈ C | Re(λ) ≥ 0},
then the operator St = e−tA is normal and satisfies σ(St) ⊂ {λ ∈ C | |λ| ≤
1}. Hence, {St}t≥0 defines a one-parameter contraction semigroup of normal
operators. Moreover, for all ξ ∈ H and t0 > 0, we have limt→t0 ‖(St −
St0)ξ‖2 = limt→t0

∫
|e−ta− et0a|2dEξ,ξ(a) = 0. Thus, the semigroup {St}t≥0 is

strongly continuous. The operator A is the infinitesimal generator of the
semigroup {St}t≥0.

Theorem 4.4.1 (Hille-Yosida). Let {St}t≥0 be a strongly continuous one-
parameter contraction semigroup of normal operators, then there exists a
unique normal operator A ∈ C(H) satisfying σ(A) ⊂ {λ ∈ C | Re(λ) ≥ 0}
such that A is the infinitesimal generator of the semigroup.

Proof. Let {St}t≥0 be a strongly continuous one-parameter semigroup of nor-
mal contractions. We define the linear operator A : H → H by setting
Aξ = limt→0

1
t
(1−St)ξ, where the domain of A is the subspace of all vectors

ξ such that this limit exists. We claim that A is the unique densely defined
normal operator which generates this semigroup.

To see that A is densely defined we introduce for each α > 0 the operator
Rα =

∫∞
0
e−αtStdt, where this integral is understood as a Riemann integral

in the strong operator topology. This is a well defined bounded normal
operator since each St is normal and t 7→ St is strong operator continuous
and uniformly bounded. If s, t > 0 we have

1

t
(1− St)Rα =

1

t

∫ ∞
0

(1− St)e−αrSrdr

=
1

t

∫ ∞
0

e−αrSrdr −
1

t

∫ ∞
t

e−α(r−t)Srdr

=
1

t

∫ t

0

e−αrSrdr +

∫ ∞
t

e−rα
1− etα

t
Srdr. (4.2)



4.4. SEMIGROUPS AND INFINITESIMAL GENERATORS. 101

If α > 0, and ξ ∈ H, then taking a limit as t tends to 0 in Equation (4.2)
gives

lim
t→∞

1

t
(1− St)Rαξ = ξ − αRαξ.

Thus, we see that RαH ⊂ D(A), and we have ARα = 1−αRα, or equivalently
(A+ α)Rα = 1, for all α > 0.

If ξ ∈ H, then since
∫∞

0
αe−αtdt = 1 for all α > 0 it follows that

(αRα − 1)ξ = α

∫ ∞
0

e−αt(St − 1)ξdt. (4.3)

If we fix ε > 0 and take δ > 0 such that ‖(St − 1)ξ‖ < ε for all 0 < t ≤ δ,
then using the triangle inequality in Equation (4.3) it follows that

‖(αRα − 1)ξ‖ ≤ α

∫ δ

0

e−αtεdt+ α

∫ ∞
δ

e−αt2‖ξ‖ ≤ ε+ 2‖ξ‖e−δα.

As ε was arbitrary, and this holds for all α > 0 it then follows that limα→∞ αRαξ =
ξ. Thus, A is densely defined sinceRαH ⊂ D(A), and αRα converges strongly
to 1 as α tends to ∞.

For all α, t > 0 we have

1

t
(1− St)Rα =

1

t
(1− St)

∫ ∞
0

e−αrSrdr

=

∫ ∞
0

e−αr

t
(Sr − Sr+t)dr

= Rα
1

t
(1− St).

Thus, for ξ ∈ D(A) we have limt→0
1
t
(1 − St)Rαξ = limt→0Rα

1
t
(1 − St)ξ =

RαAξ. Hence, we have that RαD(A) ⊂ D(A), and ARα = RαA.
We then have that A + α and Rα commute, and since A + α is a left

inverse for Rα it then follows that A = R−1
α − α, for all α > 0. In particular,

since Rα is bounded and normal it then follows that A is a closed normal
operator.

Finally, note that if ξ ∈ D(A), then the function r 7→ Srξ is differentiable
with derivative −ASr, i.e., −ASrξ = limh→0

1
h
(Sr+h − Sr)ξ. If we consider

the semigroup S̃r = e−rA, then for all ξ ∈ D(A) we similarly have d
dr
e−rA =

−Ae−rA. If we now fix t > 0, and ξ ∈ D(A), and we consider the function
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[0, t] 3 r 7→ Sre
−(t−r)Aξ, then the chain rule shows that this is differentiable

and has derivative

d

dr
(Sre

−(t−r)Aξ) = ASre
−(t−r)Aξ − SrAe−(t−r)Aξ = 0.

Thus, this must be a constant function and if we consider the cases s = 0
and s = t we have e−tAξ = Stξ. Since D(A) is dense and these are bounded
operators it then follows that e−tA = St for all t ≥ 0. �

4.4.2 Stone’s Theorem

A one-parameter group of unitaries consists of a family of unitary op-
erators {ut}t∈R such that utus = ut+s. The one-parameter group of unitaries
is strongly continuous if for all t0 ∈ R we have limt→t0 ut = ut0 where the
limit is in the strong operator topology. Note that by multiplying on the
left by u∗t0 we see that strong continuity is equivalent to strong continuity
for t0 = 0. Also, since the strong and weak operator topologies agree on the
space of unitaries we see that this is equivalent to limt→0 ut = u0 in the weak
operator topology.

If A ∈ C(H), A = A∗, then we have σ(A) ⊂ R and hence σ(eitA) ⊂ T for
all t ∈ R. Thus, {eitA}t∈R is a strongly continuous one-parameter group of
unitaries.

Theorem 4.4.2 (Stone). Let {ut}t∈R be a strongly continuous one-parameter
group of unitaries, then there exists a closed densely defined self-adjoint op-
erator A ∈ C(H) which is the infinitesimal generator of {ut}t∈R.

Proof. Suppose that {ut}t∈R is a strongly continuous one-parameter group
of unitaries. From the Hille-Yosida Theorem there exists a closed densely
defined normal operator A ∈ C(H) such that ut = eitA, for all t ≥ 0. Note
that for t < 0 we have ut = u∗−t = (e−itA)∗ = eitA

∗
. Thus, it suffices to show

that A is self-adjoint. To see this, note that for ξ ∈ D(A∗A) = D(AA∗) we
have

iA∗ξ = lim
t→0+

1

−t
(1− u∗t )ξ = lim

t→0+

1

t
(1− ut)u∗t ξ = lim

t→0+

1

t
(1− ut)ξ = iAξ.

Since D(A∗A) is a core for A∗ we then have A v A∗. By symmetry we also
have A∗ v (A∗)∗ = A, hence A = A∗. �
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4.4.3 Dirichlet forms

Let (X,µ) be a σ-finite measure space. A Dirichlet form on (X,µ) is a
densely defined non-negative definite quadratic form q on L2(X,µ) such that
the following two conditions are satisfied:

1. If f ∈ D(q), then |f | ∈ D(q) and q(|f |) ≤ q(f).

2. If f ∈ D(q), f ≥ 0, then f ∨ 1 ∈ D(q), and q(f ∨ 1) ≤ q(f).

A Dirichlet form q is closable (resp. closed) if it is closable (resp. closed) as
a quadratic form. Note that if q is a closable Dirichlet form then by lower
semi-continuity it follows that its closure q is again a Dirichlet form. A
Dirichlet form q is symmetric if the domain D(q) is closed under complex
conjugation and we have q(f) = q(f) for all f ∈ D(q).

Dirichlet forms and Markov semigroups

Suppose (X,µ) is a σ-finite measure space, and 1 ≤ p ≤ ∞. A linear operator
S : Lp(X,µ) → Lp(X,µ) is Markov (or positive) if Sf ≥ 0, whenever
f ≥ 0.

Lemma 4.4.3. Suppose S : L∞(X,µ) → L∞(X,µ) is Markov, and sup-
pose we also have S(1) = 1, and

∫
S(f)dµ =

∫
fdµ for all f ≥ 0. Then

S(L∞(X,µ)∩L2(X,µ)) ⊂ L∞(X,µ)∩L2(X,µ), and S|L∞(X,µ)∩L2(X,µ) extends
to a self-adjoint Markov operator on L2(X,µ). Every self-adjoint Markov op-
erator on L2(X,µ) arises in this way.

Suppose q is a closed non-negative definite quadratic form on L2(X,µ).
We let ∆ : L2(X,µ) → L2(X,µ) be the associated positive operator so that
D(∆1/2) = D(q) and q(ξ) = ‖∆1/2ξ‖2, for all ξ ∈ D(q). We also let {St}t≥0 be
the associated strongly continuous contraction semigroup given by St = e−t∆.

Theorem 4.4.4. Using the notation above, the semigroup {St}t≥0 is Markov
if and only if the quadratic form q is Dirichlet.

Dirichlet forms and derivations

Suppose (X,µ) is a σ-finite measure space and consider the space X × X
together with its product σ-algebra, we denote by pl, pr : X × X → X the
maps given by pl(x, y) = x, and pr(x, y) = y, for all x, y ∈ X. Suppose ν is a
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σ-finite measure on X ×X such that if E ⊂ X is a Borel set which satisfies
µ(E) = 0 then we also have ν(p−1

l (E)) = ν(p−1
r (E)) = 0.

We then have two normal representations π, ρ of L∞(X,µ) into L∞(X ×
X, ν) given by (π(f))(x, y) = f(x), and ρ(f)(x, y) = f(y). If ξ ∈ L2(X×X, ν)
then we denote f · ξ = π(f)ξ, and ξ · f = ρ(f)ξ, and in this way we view
H = L2(X ×X, ν) as a bimodule over L∞(X,µ).

A derivation δ of L∞(X,µ) into L2(X×X, ν) consists of a weakly dense
unital ∗-subalgebra A0 = D(δ) ⊂ L∞(X,µ), together with a linear map
δ : A0 → L2(X×X, ν) which satisfies the Leibniz property δ(fg) = δ(f) ·g+
f · δ(g), for all f, g ∈ L∞(X, ν). The derivation is closable if it is closable
as an unbounded operator from L2(X,µ)→ L2(X ×X, ν).

Proposition 4.4.5. Suppose δ : L2(X,µ) → L2(X × X, ν) is a closable
derivation, then D(δ)∩L∞(X,µ) is a ∗-subalgebra and δ|D(δ)∩L∞(X,µ) is again
a derivation.

Proof. �

Proposition 4.4.6. Suppose δ : L2(X,µ) → L2(X × X, ν) is a closable
derivation, then the associated closed quadratic form q(ξ) = ‖δ(ξ)‖2 is a
Dirichlet form.
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Chapter 5

Basic concepts in abstract
harmonic analysis

5.1 Polish groups

A topological group is a group G which is also a Hausdorff topological
space such that inversion is continuous, and multiplication is jointly contin-
uous. Two topological groups are isomorphic if they there exists a group
isomorphism between them which is also a homeomorphism of topological
spaces.

Example 5.1.1. (i) Any group is a topological group when endowed with
the discrete topology.

(ii) If V is a topological vector space, then V is an abelian topological group
under the operation of addition. If V is a separable Fréchet space then
V is also Polish.

(iii) If A is a Banach algebra then G(A) is a topological group with the
uniform topology. If A is a C∗-algebra then U(A) ⊂ G(A) is a closed
subgroup. These groups are Polish if A is separable.

(iv) Let X be a compact metrizable space and consider Homeo(X) the group
of homeomorphisms from X to itself. Then Homeo(X) is a Polish group
when given the topology of uniform convergence with respect to some
(and hence any) compatible metric.

107
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If d is a compatible metric on X, then any isometry θ on X is bijective.
Indeed, if x ∈ X and c0 = d(x0, θ(X)), then for all n ∈ N we have
θn(x) ∈ θn(X), and c0 = d(θn(x0), θn+1(X)). Thus, {θn(x0)}n∈N forms
a set such that each pair of points are at least distance c0 apart. Since
X is compact we must have c0 = 0.

Thus, Isom(X, d) forms a subgroup of Homeo(X), and it is even a
compact subgroup. Indeed, suppose {θi}i is a net of isometries. Since
XX is compact there exists a cluster point θ : X → X in the topology of
pointwise convergence. Since {f ∈ XX | d(f(x), f(y)) = d(x, y), x, y ∈
X} ⊂ XX is closed it follows that θ is also an isometry. Moreover,
since θi converges pointwise to θ, we must also have that θi converge
uniformly to θ.

(v) Let (X, d) be a complete metric space and consider Isom(X, d) the group
of isometric automorphisms of (X, d). Then Isom(X, d) is a topological
group when endowed with the topology of pointwise convergence (which
is the same as uniform convergence on compact subsets). When X is
separable we have that Isom(X, d) is Polish.

If X is locally compact and connected, then we have that Isom(X, d) is
locally compact.

If H is a Hilbert space then U(H) is a closed subgroup of the group
of isometries, and the topology on U(H) then agrees with the strong
operator topology (which also agrees with the weak operator topology
on this set). Moreover, if M ⊂ B(H) is a von Neumann algebra then
U(M) is a closed subgroup of U(H) in this topology.

(vi) IfM ⊂ B(H) is a von Neumann algebra we denote by Aut(M) the group
of all normal ∗-automorphisms1 of M . Each normal automorphism α ∈
Aut(M) defines an isometry α∗ on M∗, given by α∗(ϕ)(x) = ϕ(α(x)).
We endow Aut(M) with the topology of pointwise convergence on M∗.
Then Aut(M) is a topological group which is Polish when M is separa-
ble. If ϕ is a normal faithful state on M , then we denote by Aut(M,ϕ)
the subgroup consisting of automorphisms which preserve ϕ. This is a
closed subgroup.

(vii) (X,µ) is a standard probability space, we denote by Aut∗(X,µ) the
group of Borel isomorphisms θ : X → X, such that α∗µ ∼ µ, where

1We’ll see later that, in fact, ∗-automorphisms are automatically normal.
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we identify two transformations if they agree almost everywhere. By
Theorem 3.9.12 we have a group isomorphism between Aut∗(X,µ) and
Aut(L∞(X,µ)) given by α 7→ α∗. We endow Aut∗(X,µ) with the Polish
topology making this a homeomorphism. Explicitly, we have αi → α if
for each f ∈ L1(X,µ) we have∥∥∥∥dαi∗µ

dµ
f ◦ α−1

i −
dα∗µ

dµ
f ◦ α−1

∥∥∥∥
1

→ 0.

To each α ∈ Aut∗(X,µ) we can associate a unitary operator Uα ∈

U(L2(X,µ)) given by Uα(f)(x) = f ◦ α−1(x)
(

dα∗µ
dµ

(x)
)1/2

. Note that,

viewing L∞(X,µ) as a subspace of B(L2(X,µ)), for all f ∈ L∞(X,µ)
we have

UαMfU
∗
α = Mα∗(f).

We also have that the representation U : Aut∗(X,µ)→ U(L2(X,µ)) is
continuous. Indeed, for a, b ≥ 0 we have (a − b)2 ≤ |a2 − b2|, hence if
ξ ∈ L2(X,µ) is positive then we have

‖Uαiξ − Uαξ‖2
2 ≤

∥∥∥∥dαi∗µ

dµ
ξ2 ◦ α−1

i −
dα∗µ

dµ
ξ2 ◦ α−1

∥∥∥∥
1

→ 0,

hence Uαi → Uα in the strong operator topology.

If Uαi → V in the strong operator topology then it follows that V L∞(X,µ)V ∗ =
L∞(X,µ) and hence conjugation by V implements an automorphism α
of L∞(X,µ), and we have V = Uα. Moreover, a similar argument
as above shows that αi → α in Aut∗(X,µ). Hence, the representa-
tion U : Aut∗(X,µ) → U(L2(X,µ)) has closed range, and is a homeo-
morphism onto its image. This is the Koopman representation of
Aut∗(X,µ).

We also denote by Aut(X,µ) the subgroup of Aut∗(X,µ) consisting
measure-preserving transformations. This is a closed subgroup, and
by Theorem 3.9.12, the map π 7→ π∗ gives an isomorphism between
Aut(X,µ) and Aut(L∞(X,µ),

∫
· dµ).

(viii) We denote by Sym(N) the group of all permutations of N. We endow
this group with the topology of pointwise convergence, i.e., αi → α if
for each n ∈ N we have that αi(n) = α(n) for all i large enough. It’s
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not hard to see that Symm(N) is a Polish group with this topology. In
fact, if we consider a probability measure on N whose support is all of
N, then Symm(N) can be identified with Aut∗(N, µ).

5.2 Locally compact groups

When the group is locally compact there exists a Haar measure λ, which
is a non-zero Radon measure on G satisfying λ(gE) = λ(E) for all g ∈ G,
and Borel subsets E ⊂ G. When a Haar measure λ on G is fixed, we’ll often
use the notation

∫
f(x) dx for the integral

∫
f(x) dλ(x).

Any two Haar measures differ by a constant. If h ∈ G, and λ is a Haar
measure then E 7→ λ(Eh) is again a Haar measure and hence there is a scalar
∆(h) ∈ (0,∞) such that λ(Eh) = ∆(h)λ(E) for all Borel subsets E ⊂ G.
The map ∆ : G→ (0,∞) is the modular function, and is easily seen to be
a continuous homomorphism. The group G is unimodular if ∆(g) = 1 for
all g ∈ G, or equivalently if a Haar measure for G is right invariant.

Example 5.2.1. (i) Lebesgue measure is a Haar measure for Rn, and sim-
ilarly for Tn.

(ii) Counting measure is a Haar measure for any discrete group.

(iii) Consider the group GLn(R) of invertible matrices. As the determinant
of a matrix is given by a polynomial function of the coefficients of the
matrix it follows that GLn(R) is an open dense subset of Mn(R) ∼=
Rn2

. If x ∈ GLn(R) then the transformation induced on Mn(R) by left
multiplication has Jacobian given by det(x)n, and hence if λ denotes
Lebesgue measure on Mn(R) ∼= Rn2

, then we obtain a Haar measure
for GLn(R) by

µ(B) =

∫
B

1

| det(X)|n
dX.

Since the linear transformation induced by right multiplication has the
same Jacobian we see that this also gives a right Haar measure, and
hence GLn(R) is unimodular.

(iv) If G ∼= G1 × G2, and λi are Haar measures for Gi, then λ1 × λ2 is
a Haar measure for G. For example, consider the group SLn(R) of
matrices with determinant 1. Then SLn(R) C GLn(R), and we also
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have an embedding of R∗ in GLn(R) as constant diagonal matrices.
The subgroups SLn(R), and R∗ are both closed and normal, and their
intersection is {e}, hence we have an isomorphism GLn(R) ∼= R∗ ×
SLn(R). Thus, for suitably chosen Haar measures µ on GLn(R), and
λ on SLn(R) we have dµ(tx) = 1

|t|dt dλ(x). Note that SLn(R) is again
unimodular.

(v) Consider the group N of upper triangular n × n matrices with real
coefficients and diagonal entries equal to 1. We may identify N with
Rn(n−1)/2 by means of the homeomorphism N 3 n 7→ (nij)1≤i<j≤n ∈
Rn(n−1)/2. Under this identification, Lebesgue measure on Rn(n−1)/2 is
a Haar measure on N . Indeed, if n, x ∈ N , then for i < j we have

(nx)ij = nij + xij +
∑
i<k<j

nikxkj.

If we endow the set of pairs (i, j), 1 ≤ i < j ≤ n with the lexicograph-
ical order, then it is clear that the Jacobi matrix corresponding to the
transformation x 7→ nx is upper triangular with diagonal entries equal
to 1, and hence the Jacobian of this transformation is 1.

The same argument shows that the transformation n 7→ nx also has
Jacobian equal to 1 and hence Lebesgue measure is also right invariant,
i.e., N is unimodular.

(vi) Suppose K, and H are locally compact groups with Haar measures
dk, and dh respectively. Suppose also that α : K → Aut(H) is a
homomorphism which is continuous in the sense that the map K×H 3
(k, h) 7→ αk(h) ∈ H is jointly continuous. Then for each k ∈ K,
the push-forward of dh under the transformation αk is again a Haar
measure and hence must be of the form δ(k)−1dh, where δ : K → R>0

is a continuous homomorphism.

The semi-direct product of K with H is denoted by K nH. Topo-
logically, it is equal to the direct product K × H, however the group
law is given by

(k1, h1)(k2, h2) = (k1k2, α
−1
k2

(h1)h2); k1, k2 ∈ K, h1, h2 ∈ H.

A Haar measure for K n H is given by the product measure dkdh.
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Indeed, if f ∈ Cc(GnH), and k′ ∈ K, h′ ∈ H then we have∫
f((k′, h′)(k, h)) dkdh =

∫
f(k′k, α−1

k (h′)h) dhdk

=

∫
f(k′k, h) dkdh =

∫
f(k, h) dkdh.

The modular function forKnH is given by ∆KnH(k, h) = δ(k)∆K(k)∆H(h).
Indeed, if f ∈ Cc(K nH) then∫

f((k, h)−1)dkdh =

∫
f(k−1, αk(h

−1))dhdk

=

∫
δ(k)f(k−1, h−1)dhdk

=

∫
δ(k)∆K(k)∆H(h)f(k, h)dkdh.

A specific case to consider is when G = A is the group of diagonal
matrices in Mn(R) with positive diagonal coefficients, and H = N is
the group of upper triangular matrices in Mn(R) with diagonal entries
equal to 1. In this case A acts on N by conjugation and the resulting
semi-direct product can be realized as the group B of upper triangular
matrices with positive diagonal coefficients.

Both N and A are unimodular, and for each a = diag(a1, a2, . . . , an) ∈
A we see from the previous example that conjugating N by a multiplies
the Haar measure on N by a factor of δ(a) =

∏
1≤i<j≤n

ai
aj

. Hence, the

modular operator for B is given by ∆B(g) =
∏

1≤i<j≤n
gii
gjj

.

In the case when n = 2 we have the group G = {
( x y

0 x−1

)
| x ∈ R∗+, y ∈

R}, so that G = R∗+ nR, δ : R∗+ → R∗+ is given by δ(x) = x2, and a left
Haar measure for G is given by 1

x
dx dy, while a right Haar measure is

given by 1
x3

dx dy.

(vii) A metric space (X, d) is proper if each open ball has compact closure.
Note that proper metric spaces are also locally compact and separable.
For example, if G is a connected (undirected) graph we may define a
metric on the vertices of the graph by defining the distance between two
vertices as the minimal number of edges needed to get from one vertex
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to the other. If each vertex has only finitely many neighbors then we
have that G with its graph metric is a proper metric space.

If (X, d) is a proper metric space then Isom(X, d) is locally compact.
Indeed, if we fix x0 ∈ X then we claim that K = {θ ∈ Isom(X, d) |
d(x0, θ(x0)) ≤ 1} is compact. Suppose {θn}n is a sequence in K, Since
B1(x0) is compact there must be a subsequence {θnj} such that θnj(x0)

converges to some point x ∈ B1(x0).

If y ∈ X, we then have that d(θnj(y), y) ≤ 1 + 2d(x, y), for each j,
and since balls have compact closure it then follows that there is a
further subsequence such that θnj(y) converges. By a diagonalization
argument if {xi}i∈N is a countable dense subset of X, then we may
find a subsequence {θmj} such that θmj(xi) converges for each i ∈ N.
However, it then follows that θmj(y) converges for each y ∈ X, and
again by taking a subsequence we may assume that θ−1

mj
(y) converges

for each y ∈ X as well. The argument in Example 5.1.1 (iv) then shows
that this limit θ(y) = limj→∞ θmj(y) must be an isometry. Hence {θm}
has a convergence subsequence showing that K is compact.

A subset E ⊂ G is locally Borel if E ∩ B is Borel for all Borel sets
B such that λ(B) < ∞. A subset E ⊂ G is locally null if λ(E ∩ B) = 0
for all Borel sets B such that λ(B) < ∞. A function f : G → C is locally
measurable if f−1(E) is locally Borel for all Borel subsets E ⊂ C. A property
is said to hold locally almost everywhere if it is satisfied outside a locally null
set. We define L∞G to be the space of all locally measurable functions which
are bounded locally almost everywhere, where we identify two functions if
they agree locally almost everywhere.

We have a canonical map from L∞G to the dual space of L1G given by
〈f, ξ〉 =

∫
ξ(x)f(x) dλ(x), where ξ ∈ L∞G and f ∈ L1G. This map gives an

identification between L∞G and (L1G)∗.

Exercise 5.2.2. Let (X, d) be a metric space, suppose x0, y0 ∈ X, and
{θn}n∈N is a sequence such that θn(x0) → y0. If r > 0, such that Br(y0) is
compact then show that for every x ∈ Br/2(x0) there exists a subsequence
{nj} such that θnj(x) converges. Use this to prove the van Dantzig-van der
Waerden theorem: If (X, d) is a second countable connected locally compact
metric space2, then Isom(X, d) is locally compact.

2Connected locally compact metric spaces are, in fact, always second countable. See
Lemma 3 in Appendix 2 of [?]
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5.3 The L1, C∗, and von Neuman algebras of

a locally compact group

Let G be a locally compact group with a fixed left Haar measure λ, and let
∆ : G → R>0 be the modular function on G. If f : G → C, and x ∈ G
we denote by Lx(f) (resp. Rx(f)) the function given by Lx(f)(y) = f(x−1y)
(resp. Rx(f)(y) = f(yx), for y ∈ G. Note that Lx defines an isometry on
Lp(G), for any 1 ≤ p ≤ ∞.

A continuous function f : G → C is left (resp. right) uniformly
continuous if for all ε > 0, there exists K ⊂ G compact such that ‖Lx(f)−
f‖∞ < ε (resp. ‖Rx(f)− f‖∞ < ε), for all x ∈ K. We let C lu

b G (resp. Cru
b G)

be the space of all uniformly bounded left (resp. right) uniformly continuous
function on G. We set Cu

bG = C lu
b G ∩ Cru

b G.
We remark that C lu

b G, Cru
b G, and Cu

bG are all C∗-subalgebras of CbG.
We also have C0G ⊂ Cu

bG, so that when G is compact these algebras all
coincide with CbG.

For all 1 ≤ p < ∞, and f ∈ Lp(G) we have limx→e ‖Lx(f) − f‖p = 0.
This follows easily when f ∈ CcG, and as CcG is dense in Lp(G) whenever
1 ≤ p <∞, it then follows for all functions in Lp(G).

If f, g : G → C, are measurable then the convolution of f with g is
given by

(f ∗ g)(x) =

∫
f(y)g(y−1x) dλ(y),

where this is defined whenever the integral converges absolutely.
If f ∈ L1G, and g ∈ LpG for 1 ≤ p ≤ ∞ then from Minkowski’s inequality

for integrals we have

‖f ∗ g‖p =

∥∥∥∥∫ f(y)Ly(g) dλ(y)

∥∥∥∥
p

≤
∫
|f(y)|‖Ly(g)‖p dλ(y) = ‖f‖1‖g‖p

so that f ∗g ∈ LpG. In particular, if f, g ∈ L1G, then ‖f ∗g‖1 ≤ ‖f‖1‖g‖1.
For x ∈ G, f ∈ L1G, g ∈ LpG we have ‖Lx(f ∗ g)− f ∗ g‖p = ‖(Lx(f)−

f) ∗ g‖p ≤ ‖Lx(f) − f‖1‖g‖p. Thus, if g ∈ L∞G then we have that f ∗ g is
always left uniformly continuous, since limx→e ‖g − Lx(g)‖1 = 0. A similar
argument shows that if f ∈ L1G, and g ∈ C0G, then f ∗ g ∈ C0G.
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By Fubini’s theorem, if f, g, h ∈ L1G we have

((f ∗ g) ∗ h)(x) =

∫
(f ∗ g)(y)h(y−1x) dλ(y)

=

∫∫
f(z)g(z−1y)h(y−1x) dλ(y)dλ(z)

=

∫∫
f(z)g(y)h(y−1z−1x) dλ(y)dλ(z) = (f ∗ (g ∗ h))(x).

Thus, L1G is a Banach algebra. Moreover, we define an involution on L1G
by

f ∗(x) = ∆(x−1)f(x−1).

Note that ‖f ∗‖1 = ‖f‖1, f 7→ f ∗ is conjugate linear, and if f, g ∈ L1G we
have

(f ∗ g)∗(x) = ∆(x−1)(f ∗ g)(x−1)

=

∫
∆(x−1)f(y)g(y−1x−1) dλ(y)

=

∫
∆(y−1)g(y−1)∆(x−1y)f(x−1y) dλ(y) = (g∗ ∗ f ∗)(x).

The resulting involutive Banach algebra is the L1 group algebra of G.
If G is discrete and λ is the counting measure on G, then δe gives a unit

for L1G. If G is not discrete then the L1 group algebra will not be a unital
algebra. It will however admit an approximate unit. Indeed, if fn ∈ CcG
is any net of positive functions such that ‖fn‖1 = 1, and the supports of
fn become arbitrarily small in the sense that for any neighborhood O of the
identity we have that fn is supported in O for large enough n, then for all
g ∈ L1G we have limn→∞ ‖g ∗ fn − g‖1 = limn→∞ ‖fn ∗ g − g‖1 = 0. This
follows easily from the fact that the maps y 7→ Ly(g), and y 7→ Ry(g) are
continous for each g ∈ L1G.

Theorem 5.3.1 (Cohen’s factorization theorem). Let G be a locally compact
group, then C lu

b G = L1G ∗ L∞G, C0G = L1G ∗ C0G, and for 1 ≤ p <∞ we
have LpG = L1G ∗ LpG.

Proof. Since L1 ∗ LpG ⊂ LpG, for 1 ≤ p < ∞, and L1 ∗ L∞G ⊂ C lu
b , by the

Cohen-Hewitt factorization theorem it is enough to check that for some left
approximate identity fn ∈ L1G, we have ‖g − fn ∗ g‖p → 0 for all g ∈ LpG,
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and ‖g − fn ∗ g‖∞ → 0 for all g ∈ C lu
b , this follows easily from continuity of

the action of G on LpG, for 1 ≤ p <∞, and on C lu
b G. �

We let M(G) denote the space of all finite complex valued Radon mea-
sures on G, which is a Banach space with norm ‖µ‖ = |µ|(G). The Riesz
representation theorem allows us to identify M(G) with the space of contin-
uous linear functionals on the space of bounded continuous functions CbG,
by µ(f) =

∫
f dµ. Note that the map f 7→ fλ is a Banach space isometry

from L1G into M(G) and that L1G when viewed in this way as a subspace
of M(G) is dense in the weak∗-topology.

If µ, ν ∈M(G) then the convolution of µ and ν is the linear functional
µ ∗ ν ∈M(G) which satisfies ‖µ ∗ ν‖ ≤ ‖µ‖‖ν‖, and is given by

(µ ∗ ν)(f) =

∫∫
f(xy) dµ(x)dν(y).

Note that convolution is associative and gives a Banach algebra structure to
M(G). Moreover, we may define an involution on M(G) by

µ∗(f) =

∫
f(x−1)dµ(x).

This involution is clearly a conjugate linear isometry on M(G), and also
satisfies (µ ∗ ν)∗ = ν∗ ∗ µ∗. The resulting involutive Banach algebra is the
measure algebra of G.

We remark that when we view L1G as a subspace of M(G) then the two
definitions of convolution agree. Indeed, if f, g ∈ L1G and h ∈ Cb(G) then∫∫

h(xy)f(x)g(y) dλ(x)dλ(y) =

∫∫
h(y)f(x)g(x−1y) dλ(x)dλ(y)

=

∫
h(y)(f ∗ g)(y) dλ(y).

Similarly, we have that the involution on M(G) agrees with that on L1G
when restricted. Indeed, for f ∈ L1, and g ∈ Cb(G) we have∫

g(x−1)f(x) dλ(x) =

∫
g(x)∆(x−1)f(x−1) dλ(x).

Also, if δx denotes the Dirac mass at x ∈ G, then we also have δx ∗ δy = δxy,
and δ∗x = δx−1 . We remark that M(G) is unital, with unit given by δe.
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5.3.1 Unitary representations

If G is non-trivial, then L1G will not be a C∗-algebra. There are however C∗-
algebras which are closely related to the L1 group algebra. To define these,
we first note that the L1 group algebra can encode the representation theory
of the group G. Specifically, if π : G → U(H) is a unitary representation
of G which is measurable in the sense that the matrix coefficients of the
representation x 7→ 〈π(x)ξ, η〉 are measurable functions for all ξ, η ∈ H,
then for any µ ∈M(G), the sesquilinear form defined by

(ξ, η) 7→
∫
〈π(x)ξ, η〉 dµ(x)

is bounded by ‖µ‖ and hence defines a unique bounded operator π̃(µ) such
that

〈π̃(µ)ξ, η〉 =

∫
〈π̃(x)ξ, η〉 dµ(x),

for all ξ, η ∈ H.
It’s then easy to see that µ 7→ π̃(µ) gives a continuous ∗-representation

of M(G) into B(H). Restricting to L1G gives a continuous ∗-representation
π̃ : L1G → B(H). Moreover, if the representation π is continuous, i.e.,
if all the matrix coefficients are continuous, then it’s easy to see that π̃ is
nondegenerate in the sense that ξ = 0 if and only if π(f)ξ = 0 for all
f ∈ L1G. Indeed, this follows since in this case if fn ∈ Cc(G)+ such that
‖fn‖1 = 1, and if supp(f) is decreasing to {e}, then π̃(fn) → 1 in the weak
operator topology.

Conversely, suppose π̃ : L1G → B(H) is a continuous ∗-representation
which is nondegenerate. By Theorem 5.3.1 we have that π(L1G)H coincides
with the closed subspace of continuous vectors. Note that if η ∈ (π(L1G)H)⊥

then for all ξ ∈ H and f ∈ L1G we have 〈π(f)η, ξ〉 = 〈η, π(f ∗)ξ〉 = 0. Since
π is nondegenerate we then have η = 0. Thus, π(L1G)H = H.

For x ∈ G we may define the operator π(x) : H → H given by π(x)(π̃(f)ξ) =
π̃(Lxf)ξ, for f ∈ L1G, and ξ ∈ H. We note that for f1, f2 ∈ L1G, and
ξ1, ξ2 ∈ H we have

〈π̃(Lxf1)ξ1, π̃(Lxf2)ξ2〉 = 〈π̃(f ∗2 ∗ f1)ξ1, ξ2〉 = 〈π̃(f1)ξ1, π̃(f2)ξ2〉.

Thus, it follows that π(x) is a well defined unitary on H. It’s then easy to
see that π : G→ U(H) is a unitary representation whose matrix coefficients
are continuous.
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Given a representation π : G → U(H), to ensure that this extends to a
continuous nondegenerate ∗-representation of L1G a much weaker condition
than continuity may be used. This then gives rise to an automatic continuity
result.

Theorem 5.3.2 (Von Neumann). Let G be a locally compact group and
π : G → U(H) a representation such that x 7→ 〈π(x)ξ, η〉 is measurable for
all ξ, η ∈ H. Suppose that either H is separable, or else the representation
satisfies the condition that ξ = 0 if and only if 〈π(x)ξ, ξ〉 = 0 for almost
every x ∈ G. Then x 7→ 〈π(x)ξ, η〉 is continuous for all ξ, η ∈ H.

Proof. We may assume that G is not discrete, otherwise there is nothing to
prove. Note that if ξ 6= 0, and 〈π(x)ξ, ξ〉 = 0 for almost every x ∈ G, then
we also have 〈π(x)ξ, π(y)ξ〉 = 〈π(y−1x)ξ, ξ〉 = 0 for almost every x, y ∈ G.
Hence, these vectors are almost everywhere pairwise orthogonal and since G
is not discrete it follows that H is not separable. This then reduces the case
when H is separable to the case when ξ = 0 if and only if 〈π(x)ξ, ξ〉 = 0 for
almost all x ∈ G.

Suppose this is indeed the case. Then for each non-zero vector ξ ∈ H
there exists c > 0, and a set F ⊂ G of finite positive measure such that
|〈π(x)ξ, ξ〉|2 ≥ c, for all x ∈ F . Set f(g) = 1F (g)〈π(x)ξ, ξ〉 ∈ L1G. Then
〈π̃(f)ξ, ξ〉 ≥ cλ(F ) > 0. Hence the representation π̃ : L1G → B(H) is
nondegenerate and from the discussion before the theorem we see that the
representation π must then be continuous. �

Having established the above correspondence between continuous uni-
tary representations of G, and continuous nondegenerate ∗-representations
of L1G, we now consider a norm on L1G given by ‖f‖ = supπ̃ ‖π̃(f)‖, where
the supremum is taken over all continuous non-degenerate ∗-representations
of L1G. This clearly gives a norm which satisfies ‖f‖ ≤ ‖f‖1. Moreover, this
norm satisfies the C∗-identity since each of the norms ‖π̃(f)‖ does. Thus, we
may define the (full) group C∗-algebra C∗G to be the completion of L1G
with respect to this norm.

Note that by construction we have that any continuous nondegenerate ∗-
representation of L1G has a unique extension to a continuous ∗-representation
of C∗G.

If we consider only the left-regular representation of G on L2G, then we
define the reduced group C∗-algebra C∗rG to be the C∗-algebra generated
by L1G which acts by convolution on L2G. Note that the identity map on
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L1G extends to a surjection from C∗G onto C∗rG. We also define the (left)
group von Neumann algebra LG to be the von Neumann subalgebra of
B(L2G) generated by the action of L1G on L2G given by left convolution.

If π : G → U(H) is a continuous unitary representations. Then a closed
subspace K ⊂ H is invariant if it is invariant under π(x) for each x ∈ G.
We denote by π|K the representation obtained by restricting each π(x) to
K, and we call π|K a subrepresentation of π. If the only invariant closed
subspaces are {0} and H then π is irreducible.

Given two continuous representations πi : G→ U(Hi), i = 1, 2, a bounted
operator T ∈ B(H1,H2) is equivariant (or an intertwiner) if Tπ1(x) =
π2(x)T for all x ∈ G. The representations π1 and π2 are isomorphic if there
exists a unitary intertwiner, in this case we write π1

∼= π2. We say that π1 is
contained in π2 if it is isomorphic to a subrepresentation of π2.

Lemma 5.3.3 (Schur’s Lemma). Let G be a locally compact group, and πi :
G → U(Hi), i = 1, 2, two continuous irreducible representations with H1 6=
{0}, then the space of intertwiners is either {0} or else is one dimensional,
and the latter case occurs if and only if π1 and π2 are isomorphic.

Proof. If π1 and π2 are isomorphic then there exists a non-zero intertwiner.
Conversely, if T ∈ B(H1,H2) is an intertwiner, then T ∗T ∈ B(H1) satisfies
π1(x)T ∗T = T ∗Tπ1(x), for all x ∈ G, i.e., T ∗T ∈ π1(G)′. We than have that
any spectral projection of T ∗T is contained in π1(G)′, and hence the range of
any spectral projection of T ∗T is a closed subspace which is invariant under
π1. Since π1 is irreducible it follows that the only spectral projections of T ∗T
are either 0, or 1, and hence T ∗T = α ∈ C, for some α ≥ 0. Since, T 6= 0 we
have that α 6= 0, and hence setting S = 1√

α
T we have that S∗S = 1. Since

π2 is also irreducible, it follows that we must also have SS∗ = 1, i.e., S is a
unitary intertwiner which then shows that π1 and π2 are isomorphic.

To show that the space of intertwiners is one dimensional when π1 and π2

are isomorphic it suffices to consider the case when π1 = π2. We then have
that the space of intertwiners coincides with the commutant π1(G)′ which is
a von Neumann algebra. Since π1 is irreducible it follows that π1(G)′ has no
non-trivial projections which then easily implies that π1(G)′ = C, which is
one dimensional. �

Note that it follows from Schur’s lemma, and the double commutant
theorem, that a continuous representation π : G → U(H) is irreducible
if and only if B(H) is the von Neumann algebra generated by π(G). We
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also note that it follows easily from the proof of Schur’s lemma that two
representations π1 and π2 have a non-zero intertwiner if and only if they
have subrepresentations which are isomorphic.

If πi : G→ U(Hi), i ∈ I, is a family of continuous unitary representations
then we denote by ⊕i∈Iπi : G → U(⊕i∈IHi) the direct sum representa-
tion given by (⊕i∈Iπi)(x) = ⊕i∈Iπi(x). If I is finite then we denote by
⊗i∈Iπi : G → U(⊗i∈IHi) the tensor product representation given by
(⊗i∈Iπi)(x) = ⊗i∈Iπi(x). It is easy to see that both the direct sum and the
tensor product of representations is again continuous. If π : G → U(H) is
a continuous unitary representation then the conjugate representation is
π : G→ U(H) given by π(g) = π(g).

We have two distinguished representations for any locally compact group.
The trivial representation 1G : G→ T given by 1G(x) = 1, for all x ∈ G.
And the left-regular representation λ : G → L2G given by λxξ = Lx(ξ)
for x ∈ G and ξ ∈ L2G. Note that, up to isomorphism, the left-regular
representation does not depend on the choice of Haar measure.

Lemma 5.3.4 (Fell’s Absorption Principle). Let G be a locally compact
group, then for any continuous unitary representation π : G → U(H) we
have λ⊗ π ∼= λ⊗ id.

Proof. We may naturally identify the Hilbert space L2G⊗H with L2(G;H)
the space of square integrable functions from G to H. Under this identifica-
tion the representation λ⊗ π is given by ((λ⊗ π)(x)ξ)(y) = π(x)ξ(x−1y), for
ξ ∈ L2(G;H), and x, y ∈ G. We define the map U : L2(G;H) → L2(G;H)
by (Uξ)(x) = π(x)ξ(x), for ξ ∈ L2(G;H), and x ∈ G, then U gives a uni-
tary with inverse U∗ given by (U∗ξ)(x) = π(x−1)ξ(x), for ξ ∈ L2(G;H), and
x ∈ G.

If ξ ∈ L2(G;H), and x, y ∈ G, we then have

(U(λ⊗ id)(x)ξ)(y) = π(y)ξ(x−1y)

= π(x)π(x−1y)ξ(x−1y)

= ((λ⊗ π)(x)Uξ)(y).

Thus, U gives a unitary intertwiner between λ⊗ id and λ⊗ π. �

Exercise 5.3.5. Let G be a locally compact group and π : G → U(H) a
continuous unitary representation. Show that the corresponding representa-
tion π : M(G) → B(H) is continuous from M(G) with the weak∗-topology,
to B(H) with the weak operator topology. Conclude that π(L1G)′′ = π(G)′′.
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5.4 Functions of positive type

Let G be a locally compact group with a Haar measure λ. A function ϕ ∈
L∞G is of positive type if for all f ∈ L1G we have

∫
ϕ(x)(f ∗∗f)(x) dλ(x) ≥

0.

Proposition 5.4.1. Suppose π : G → U(H) is a continuous representation
of G, and ξ0 ∈ H, then the function defined by ϕ(x) = 〈π(x)ξ0, ξ0〉 is of
positive type.

Proof. If we consider the associated representation of L1G, then for f ∈ L1G
we have ∫

〈π(x)ξ0, ξ0〉(f ∗ ∗ f)(x) dλ(x) = 〈π(f ∗ ∗ f)ξ0, ξ0〉

= ‖π(f)ξ0‖2 ≥ 0.

Thus, ϕ is of positive type. �

Corollary 5.4.2. If f ∈ L2G, let f̃(x) = f(x−1). Then f ∗ f̃ is of positive
type.

Proof. We have (f ∗ f̃)(x) =
∫
f(y)f̃(y−1x) dy = 〈λ(x)(f), f〉L2G. �

We also have the following converse to Proposition 5.4.1.

Theorem 5.4.3 (The GNS-construction). If ϕ ∈ L∞G is of positive type
there exists a continuous representation π : G→ U(H), and a vector ξ0 ∈ H,
such that ϕ(g) = 〈π(g)ξ0, ξ0〉, for locally almost every g ∈ G. In particular,
every function of positive type agrees with a continuous function locally almost
everywhere.

Proof. This result does not follow directly from the GNS-construction for
C∗-algebras, where we used the C∗-algebraic structure (specifically we used
that x∗a∗ax ≤ ‖a‖2x∗x, for all x and a) to ensure that the representation was
bounded. The proof in that case does however easily adapt to this setting
where we instead use the group structure to ensure that we get a unitary
representation.

Thus, we begin by defining the sesquilinear form on L1G given by 〈f, g〉ϕ =∫
ϕ(x)(g∗ ∗ f)(x) dλ(x). This sesquilinear form is non-negative definite and
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hence satisfies the Cauchy-Schwarz inequality, thus as in the GNS-construction
for C∗-algebras we have that

Nϕ = {f ∈ L1G | 〈f, f〉ϕ = 0} = {f ∈ L1G | 〈f, g〉ϕ = 0, g ∈ L1G}

is a left ideal which closed in L1G.
We considerH0 = A/Nϕ, with the (well defined) positive definite sesquilin-

ear form given by 〈[f ], [g]〉 = 〈f, g〉ϕ, where [f ] denotes the equivalence class
of f in A/Nϕ. We then define H to be the Hilbert space completion of H0

with respect to this inner-product.
Given x ∈ G, we define an operator π0(x) : H0 → H0 by π0(x)[f ] =

[Lx(f)]. Note that

〈π0(x)[f ], π0(x)[g]〉 =

∫
((Lx(g))∗ ∗ (Lx(f)))(y)ϕ(y) dλ(y)

=

∫
(g∗ ∗ f)(y)ϕ(y) dλ(y) = 〈[f ], [g]〉.

Hence, π0(x) is well defined and extends to an isometry π(x) on H. It is
easy to see that we have π(x)π(y) = π(xy), and π(e) = 1, hence we obtain a
unitary representation of G on H. Also note that for all f, g ∈ L1G we have

|〈π(x)[f ], [g]〉 − 〈[f ], [g]〉| = |
∫

(g∗ ∗ (Lx(f)− f))(y)ϕ(y) dλ(y)|

≤ ‖g‖1‖Lx(f)− f‖1‖ϕ‖∞,

and since the action of G on L1G is continuous it then follows that the
representation π : G→ U(H) is also continuous.

Suppose {fi}i is an approximate identity for L1G, then ‖[fi]‖2 ≤ ‖f ∗i ∗
fi‖1‖ϕ‖∞ ≤ ‖ϕ‖∞, hence {[fi]} describes a bounded net in H, and we have
〈[f ], [fi]〉 →

∫
f(x)ϕ(x) dλ(x) for all f ∈ L1G. It follows that [fi] converges

weakly to a vector ξ0 ∈ H such that 〈[f ], ξ0〉 =
∫
f(x)ϕ(x) dλ(x) for all

f ∈ L1G.
For all f ∈ L1G we then have∫
f(x)〈π(x)ξ0, ξ0〉 dλ(x) = lim

i→∞

∫
f(x)〈[Lx(fi)], ξ0〉 dλ(x)

= lim
i→∞

∫ ∫
f(x)fi(x

−1y)ϕ(y) dλ(y)dλ(x)

= lim
i→∞

∫
(f ∗ fi)(y)ϕ(y) dλ(y) =

∫
f(x)ϕ(x) dλ(x).
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Thus, ϕ(y) = 〈π(x)ξ0, ξ0〉 locally almost everywhere. �

Corollary 5.4.4. If ϕ ∈ CbG is of positive type then ϕ is uniformly contin-
uous, and the following statements hold:

• ‖ϕ‖∞ = f(e);

• ϕ(x−1) = ϕ(x), for all x ∈ G;

• |ϕ(y−1x)− ϕ(x)|2 ≤ 2ϕ(e)Re(ϕ(e)− ϕ(y)), for all x, y ∈ G.

Proof. Suppose ϕ(x) = 〈π(x)ξ0, ξ0〉 as in the GNS-construction. For the first
statement we have ϕ(e) ≤ ‖ϕ‖∞ = supx∈G |〈π(x)ξ0, ξ0〉| ≤ ‖ξ0‖2 = ϕ(e).

For the second statement we have ϕ(x−1) = 〈π(x−1)ξ0, ξ0〉 = 〈ξ0, π(x)ξ0〉 =
ϕ(x).

For the third statement we have

|ϕ(y−1x)− ϕ(x)|2 = |〈π(x)ξ0, π(y)ξ0 − ξ0〉|2 ≤ ‖ξ0‖2‖π(y)ξ0 − ξ0‖2

= 2‖ξ0‖2(‖ξ0‖2 − Re(〈π(y)ξ0, ξ0〉))
= 2ϕ(e)Re(ϕ(e)− ϕ(y)).

Since ϕ is continuous at e, this also shows that ϕ is left uniformly continuous,
and right uniform continuity then follows since ϕ(x−1) = ϕ(x), for all x ∈
G. �

We let P(G) ⊂ L∞G denote the convex cone of positive type functions,
P1(G) = {ϕ ∈ P(G) | ϕ(e) = 1}, and P≤1(G) = {ϕ ∈ P(G) | ϕ(e) ≤ 1}.
We let E(P1(G)), and E(P≤1(G)) denote, respectively, the extreme points of
these last two convex sets.

Proposition 5.4.5. Suppose ϕ ∈ P≤1(G), then the corresponding linear
functional on L1G defined by ϕ̃(f) =

∫
ϕ(x)f(x) dx extends to a positive

linear functional on C∗G. Moreover, this association gives an affine homeo-
morphism between P≤1(G) and the set of positive linear functionals on C∗G
with norm at most one, where both spaces are endowed with their weak*-
topology.

Proof. Suppose ϕ ∈ P≤1(G), then by the GNS-construction there exists a
continuous unitary representation π : G → U(H), and a vector ξ0 ∈ H such
that ϕ(x) = 〈π(x)ξ0, ξ0〉 locally almost everywhere. Since the representation
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is continuous we may define the corresponding representation of L1G given
by π̃(f) =

∫
f(x)π(x) dx, and we then have ϕ̃(f) =

∫
ϕ(x)f(x) dx.

By the universal property of C∗G, π̃ extends uniquely to a representation
π̃ : C∗G→ B(H), and hence we may extend ϕ̃ to a positive linear functional
on C∗G by defining ϕ̃(a) = 〈π̃(a)ξ0, ξ0〉.

By the GNS-construction for C∗-algebras every positive linear functional
on C∗G with norm at most one arrises in this way, and since L1G is dense
in C∗G it is easy to see that this association is then a homeomorphism. We
leave it as an exercise to check that this is also an affine map. �

Corollary 5.4.6. If ϕ ∈ P1(G), then ϕ ∈ E(P1(G)) if and only if the unitary
representation corresponding to ϕ is irreducible.

Proof. By the previous proposition this follows from the corresponding result
(Proposition 2.3.9) for states on C∗-algebras. �

Corollary 5.4.7. If G is an abelian locally compact group, then ϕ ∈ E(P1(G))
if and only if ϕ : G→ T is a continuous homomorphism.

Corollary 5.4.8. The convex hull of E(P1(G)) is weak*-dense in P1(G).

Proof. This similarly follows from Proposition 5.4.5, together with the cor-
responding result (Theorem 2.3.11) for C∗-algebras. �

Note that since a function ϕ of positive type is uniformly continuous,
it follows that for a left approximate identity {fn}n ⊂ L1G we have that
‖fn ∗ ϕ − ϕ‖∞ → 0. The next lemma strengthens this approximation by
allowing us to consider weak∗ neighborhoods of ϕ.

Lemma 5.4.9. Suppose ϕ ∈ P1(G). Then for all ε > 0, there exists f ∈
L1G, and a weak∗ neighborhood O of ϕ in P1(G), such that for all ψ ∈ O we
have

‖f ∗ ψ − ψ‖∞ < ε.

Proof. Fix ϕ ∈ P1(G), and ε > 0. Since ϕ is continuous there exists a
compact neighborhood V of e such that |1− ϕ(x)| < ε2/4, for all x ∈ V .

We set f = |V |−11V ∈ L1G, and set

O = {ψ ∈ P1(G) | |V |−1

∫
V

(ψ − ϕ)(x) dx| < ε2/4}.
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If ψ ∈ O, and x ∈ G, then we have

|f ∗ ψ(x)− ψ(x)| = |V |−1|
∫
V

ψ(y−1x)− ψ(x) dy|

≤ |V |−1

∫
V

|ψ(y−1x)− ψ(x)| dy.

By Corollary 5.4.4 we have |ψ(y−1x)− ψ(x)| ≤
√

2Re(1− ψ(y)), hence

|f ∗ ψ(x)− ψ(x)| ≤ |V |−1

∫
V

√
2Re(1− ψ(y)) dy

≤ |V |−1
√

2(

∫
V

Re(1− ψ(y)) dy)1/2(

∫
V

dy)1/2

≤ |V |−1/2
√

2|
∫
V

(1− ψ(y)) dy|1/2.

Since ψ ∈ O we then further have

|f ∗ ψ(x)− ψ(x)| <
√

2(|V |−1

∫
V

|1− ϕ(y)| dy + ε2/4)1/2 < ε. �

Theorem 5.4.10 (Raikov). The weak*-topology on P1(G) agrees with the
topology of uniform convergence on compact sets.

Proof. First, suppose that {ϕi}i is a net in P1(G) which converges uniformly
on compact subsets to ϕ ∈ P1(G). Fix f ∈ L1G, and ε > 0. Let Q ⊂ G be
a compact subset such that

∫
G\Q |f(x)| dx < ε. Then for large enough i we

have that supx∈Q |ϕi(x)− ϕ(x)| < ε. Since ‖ϕi‖∞ = ‖ϕ‖ = 1 we have

|
∫

(ϕ(x)− ϕi(x))f(x) dx ≤
∫
G\Q
|ϕ(x)− ϕi(x)||f(x)| dx+ ε‖f‖1

≤ 2ε+ ε‖f‖1.

Since ε > 0, and f ∈ L1G were arbitrary it follows that ϕi → ϕ weak∗.
Conversely, suppose now that ϕi → ϕ weak∗. Note that since ‖ϕi‖ = 1, if

K ⊂ L1G is any compact subset then we have that
∫

(ϕ(x)−ϕi(x))g(x) dx→
0, uniformly over all g ∈ K.

If f ∈ L1G, then as the action of G on L1G is continuous, for all Q ⊂ G
compact we have that K = {Lx−1(f) | x ∈ Q} is compact. Moreover, for all
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x ∈ G we have

(f ∗ ϕ− f ∗ ϕi)(x) =

∫
f(xy)(ϕ(y−1)− ϕi(y−1)) dy

=

∫
Lx−1(f)(y)(ϕ(y)− ϕi(y)) dy.

Hence, for all f ∈ L1 it follows that (f ∗ϕi)→ (f ∗ϕ) uniformly on compact
subsets of G. The result then follows from Lemma 5.4.9. �

Theorem 5.4.11 (Gelfand-Raikov). If G is a locally compact group, then
the irreducible unitary representations of G separate points of G. That is, if
x, y ∈ G, x 6= y, then there is an irreducible representation π of G such that
π(x) 6= π(y).

Proof. Suppose x, y ∈ G, x, 6= y. Take f ∈ CcG, f ≥ 0, such that f(x) 6= 0,
and ysupp(f) ∩ supp(f) = ∅.

If we consider the function of positive type ϕ = f̃ ∗ f , then we have
ϕ(x) 6= 0, while ϕ(y) = 0. By the previous theorem and Corollary 5.4.8
there then must exist ϕ0 ∈ E(P1(G)) such that ϕ0(x) 6= 0, while ϕ0(y) = 0.
If we let π0 be the GNS-representation corresponding to ϕ0 with cyclic vector
ξ0, then this is an irreducible representation by Corollary 5.4.6, and we have
〈(π0(x)− π0(y))ξ0, ξ0〉 = ϕ0(x) 6= 0, hence π0(x) 6= π0(y). �

5.5 The Fourier-Stieltjes, and Fourier alge-

bras

We let B(G) ⊂ Cu
bG be the set of all matrix coefficients of continuous unitary

representations, i.e., ϕ ∈ B(G) if there exists a continuous representation
π : G→ U(H), and ξ, η ∈ H, such that ϕ(x) = 〈π(x)ξ, η〉, for x ∈ G, we let
‖ϕ‖B(G) be the infimum of ‖ξ‖‖η‖ for all possible decompositions.

If ϕ ∈ B(G), so that ϕ(x) = 〈π(x)ξ, η〉, for x ∈ G, then there is a unique
continuous linear functional on C∗G given by θϕ(f) = 〈π(f)ξ, η〉. Note that
this is well defined since if we also have ϕ(x) = 〈π0(x)ξ0, η0〉, for x ∈ G, then
for all f ∈ L1G we have 〈π0(f)ξ0, η0〉 =

∫
f(x)ϕ(x) dx = 〈π(f)ξ, η〉, and

hence by continuity it follows that 〈π(f)ξ, η〉 = 〈π0(f)ξ0, η0〉 for all f ∈ C∗G.

Theorem 5.5.1 (Eymard). Let G be a locally compact group, then B(G) is
the linear span of P(G), and is a involutive Banach algebra under pointwise
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multiplication with norm ‖ · ‖B(G). Moreover, the map θ : B(G) → (C∗G)∗

defined above is an isometric Banach space isomorphism, which maps P(G)
onto the set of positive linear functionals on C∗G.

Proof. That B(G) is the linear span of P(G) follows from the polarization
identity 〈π(x)ξ, η〉 = 1

4

∑3
k=0〈π(x)(ξ + ikη), ξ + ikη〉.

Clearly, we have ‖αϕ‖B(G) = |α|‖ϕ‖B(G) for α ∈ C, and f ∈ B(G). If
ϕ1, ϕ2 ∈ B(G), such that ϕi(x) = 〈πi(x)ξi, ηi〉, i = 1, 2, for some continuous
representations πi : G→ U(Hi), then we see that

ϕ1(x) + ϕ2(x) = 〈(π1(x)⊕ π2(x))(ξ1 ⊕ ξ2), η1 ⊕ η2〉, x ∈ G,

thus we have ϕ1 + ϕ2 ∈ B(G) and ‖ϕ1 + ϕ2‖B(G) ≤ ‖ϕ1‖B(G) + ‖ϕ2‖B(G).
Similarly, we have

ϕ1(x)ϕ2(x) = 〈(π1(x)⊗ π2(x))(ξ1 ⊗ ξ2), η1 ⊗ η2〉, x ∈ G.

Hence ϕ1ϕ2 ∈ B(G), and ‖ϕ1ϕ2‖B(G) ≤ ‖ϕ1‖B(G)‖ϕ2‖B(G). We also have

ϕ1(x) = 〈η, π(x)ξ〉 = 〈π(x)ξ, η〉, for x ∈ G, hence ϕ1 ∈ B(G). Thus, we see
that B(G) is a normed ∗-algebra, and so to finish the proof it is enough to
show that θ is an isometric isomorphism of normed spaces.

Clearly θ is linear. Suppose that ϕ ∈ B(G), such that ϕ(x) = 〈π(x)ξ, η〉,
for x ∈ G. Then we have ‖θϕ‖ = supf∈L1G,‖f‖1=1 |〈π(f)ξ, η〉| ≤ ‖ξ‖‖η‖. Tak-
ing the infimum over all such representations gives ‖θϕ‖ ≤ ‖ϕ‖B(G). Con-
versely, if ψ ∈ (C∗G)∗, then by Theorem 3.11.7 there exists a continuous rep-
resentation π : G→ U(H), and vectors ξ, η ∈ H such that ψ(a) = 〈π(a)ξ, η〉,
for all a ∈ C∗G, and such that ‖ψ‖ = ‖ξ‖‖η‖. If we set ϕ(x) = 〈π(x)ξ, η〉,
then ϕ ∈ B(G), and θϕ = ψ. This shows that θ is onto, and we have
‖θϕ‖ = ‖ξ‖‖η‖ ≤ ‖ϕ‖B(G) ≤ ‖θϕ‖, hence θ is isometric.

The fact that θ maps P(G) onto the set of positive linear functionals on
C∗G follows easily by considering GNS-representations. �

Corollary 5.5.2. Let G be a locally compact group, and ϕ ∈ B(G), then
there exists a continuous unitary representation π : G → U(H), and vectors
ξ, η ∈ H, such that ϕ(x) = 〈π(x)ξ, η〉, for x ∈ G, and such that ‖ϕ‖B(G) =
‖ξ‖‖η‖.

Proof. If we consider the isometric isomorphism B(G) ∼= (C∗G)∗ defined
above, the result then follows from Theorem 3.11.7. �
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The Banach algebra B(G) is the Fourier-Stieltjes algebra of G.
We let A(G) ⊂ B(G) be the subset of B(G) consisting of all functions

which are matrix coefficients of a direct sum of the left regular representation,
i.e., ϕ ∈ A(G) if there exist ξ, η ∈ L2(G)⊗`2N such that ϕ(x) = 〈(λ ⊗
id)(x)ξ, η〉, for x ∈ G. There is then a unique normal linear functional on
LG given by θ̃ϕ(f) = 〈(f ⊗ 1)ξ, η〉. Note that just as in the case for C∗G
above, it is not hard to see that θ̃ϕ is well defined.

Theorem 5.5.3 (Eymard). Let G be a locally compact group, then A(G) is a
closed ideal in B(G) which is also closed under involution. Moreover, the map
θ̃ : A(G)→ (LG)∗ defined above is an isometric Banach space isomorphism.

Proof. We clearly have that A(G) is closed under linear combinations. Since
the left regular representation λ is isomorphic to its conjugate representation
(an explicit unitary intertwiner U : L2G→ L2G is given by (Uξ)(x) = ξ(x)),
we have that A(G) is closed under conjugation. Moreover, if π : G→ U(H)
is a continuous representation, then by Fell’s absorption principle we have
(λ ⊗ id) ⊗ π ∼= (λ ⊗ id) and hence it follows that A(G) is an ideal in B(G).
To finish the proof it then suffices to show that the map θ defined above is
an isometric isomorphism.

If ψ ∈ (LG)∗, then consider the polar decomposition ψ = v · |ψ|. By
Proposition 3.10.3 there exists a vector η ∈ L2G⊗`2N such that |ψ|(f) =
〈(f ⊗ 1)η, η〉 for all f ∈ LG. Note that ‖η‖2 = |ψ|(1) = ‖|ψ|‖. We then
have ψ(f) = 〈(f ⊗ 1)(v ⊗ 1)η, η〉, for all f ∈ LG, and setting ξ = (v ⊗ 1)η
gives ‖ψ‖ = ‖|ψ|‖ = ‖ξ‖2 ≥ ‖ξ‖‖η‖ ≥ ‖ψ‖. If we define ϕ ∈ A(G) by
ϕ(x) = 〈(λ⊗ id)(x)ξ, η〉 then we see that θ̃ϕ = ψ, hence θ̃ is a bijection.

We have a canonical homomorphism λ0 : C∗G→ C∗rG ⊂ LG, and hence
given ψ ∈ (LG)∗ we may consider the corresponding linear functional ψ◦λ0 ∈
(C∗G). It’s then easy to check that θ−1(ψ ◦ λ0) = θ̃−1(ψ), and since ψ is
normal it follows from Kaplansky’s density theorem that we have ‖ψ ◦λ0‖ =
‖ψ‖. Hence, ‖θ̃−1(ψ)‖B(G) = ‖θ−1(ψ ◦ λ0)‖B(G) = ‖ψ ◦ λ0‖ = ‖ψ‖. �

An easy consequence of the proof of the previous theorem is the following.

Corollary 5.5.4. Let G be a locally compact group, and ϕ ∈ A(G). Then
there exist ξ, η ∈ L2(G)⊗`2N such that ϕ(x) = 〈(λ ⊗ id)(x)ξ, η〉, for x ∈ G,
and such that ‖ξ‖‖η‖ = ‖ϕ‖B(G).

The Banach algebra A(G) is the Fourier algebra of G, or the Wiener
algebra in the case G = T.
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Proposition 5.5.5. Let G be a locally compact group, then A(G) ∩ CcG is
dense in both C0G and A(G) with their respective norms. Also, for each
1 ≤ p <∞, A(G)∩LpG is dense in both LpG and A(G) with their respective
norms.

Proof. If ϕ ∈ A(G) such that ‖ϕ‖B(G) = 1, then there exist ξ, η ∈ L2(G)⊗`2N
such that ϕ(x) = 〈(λ⊗ id)(x)ξ, η〉, for x ∈ G, and such that ‖ξ‖ = ‖η‖ = 1.
If ε > 0, then take {fi}i∈N, {gi}i∈N ⊂ CcG, such that fi = gi = 0 for all but
finitely many terms and setting ξ0 =

∑
i∈N fi ⊗ δi, and η0 =

∑
i∈N gi ⊗ δi

we have ‖ξ − ξ0‖2, ‖η − η0‖2 < ε. If we set ψ(x) = 〈(λ ⊗ id)(x)ξ0, η0〉,
then we have ψ ∈ CcG ∩ A(G), and using the triangle inequality we have
‖ϕ − ψ‖B(G) ≤ ‖ξ‖‖η − η0‖ + ‖η0‖‖ξ − ξ0‖ < ε + (1 + ε)ε. Since ε > 0 was
arbitrary it then follows that A(G) ∩ CcG (and hence also A(G) ∩ LpG for
1 ≤ p <∞), is dense in A(G).

Note that if f, g ∈ CcG ⊂ L2G, then f ∗ g̃ ∈ A(G) ∩ CcG, and since g̃ is
also in CcG it then follows that f ∗g ∈ A(G)∩CcG for all f, g ∈ CcG. Taking
fn to be an approximate identity of compactly supported functions it then
follows that fn ∗g → g in C0G, and hence the uniform closure of A(G)∩CcG
contains CcG which is dense in C0G. Thus, A(G) ∩ CcG is dense in C0G. It
similarly follows that A(G) ∩ LpG is dense in LpG for all 1 ≤ p <∞. �

Proposition 5.5.6. Let G be a locally compact group, then for x ∈ G, left
(resp. right) traslation Lx (resp. Rx) gives an isometry on both B(G) and
A(G) and the induced action of G on B(G) is continuous.

Proof. Suppose ϕ ∈ B(G) and π : G → U(H) is a continuous unitary rep-
resentation so that for some ξ, η ∈ H we have ϕ(y) = 〈π(y)ξ, η〉, and such
that ‖ϕ‖B(G) = ‖ξ‖‖η‖. Then for x ∈ G we have, Lx(ϕ)(y) = ϕ(x−1y) =
〈π(y)ξ, π(x)η〉. Thus, Lx(ϕ) ∈ B(G), and ‖Lx(ϕ)‖B(G) ≤ ‖ξ‖‖π(x)η‖ =
‖ϕ‖B(G). By symmetry we also have ‖ϕ‖B(G) = ‖Lx−1Lx(ϕ)‖B(G) ≤ ‖Lx(ϕ)‖B(G).
Thus, left translation induces an action of G on B(G) by isometries. Note
that the representation which realizes the matrix coefficient Lx(ϕ) is the same
as the respresentation which realizes ϕ, thus it follows that if ϕ ∈ A(G), then
also Lx(ϕ) ∈ A(G). To see that this action is continuous, note that if xn → e,
then π(xn)η → η, hence it follows that ‖Lxn(ϕ)−ϕ‖ ≤ ‖ξ‖‖π(xn)η−η‖ → 0.

A similar argument shows that right tranlsation also induces a continuous
action of G on B(G) which preserves the subspace A(G). �

Corollary 5.5.7. Let G be a locally compact group, then A(G) ∩ LpG =
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B(G) ∩ LpG for all 1 ≤ p ≤ 2. In particular, we have A(G) ∩ Cc(G) =
B(G) ∩ Cc(G).

Proof. If ϕ ∈ B(G) then ϕ is uniformly bounded and so if ϕ ∈ LpG for
1 ≤ p ≤ 2, then ϕ ∈ L2G. Thus, it is enough to consider the case when
p = 2. Since right translation induces a continuous isometric representation
ofG on B(G), this representation then extends to a continuous representation
R : L1G → B(B(G)) given by R(f)(ϕ)(x) =

∫
ϕ(xy)f(y) dy. Moreover, if

fn ∈ CcG+ is an approximate identity then we have ‖ϕ−R(fn)(ϕ)‖B(G) → 0.
If we additionally take fn such that fn(y) = fn(y−1), for y ∈ G, then since
ϕ ∈ L2G we have A(G) 3 ϕ ∗ f̃n = R(fn)(ϕ)→ ϕ, and hence ϕ ∈ A(G). �

By the previous proposition and Proposition 5.5.5 we see that A(G) can
alternately be described as the Banach subalgebra of B(G) which is generated
by CcG ∩B(G).

Lemma 5.5.8. Let G be a locally compact group, fix x ∈ G, and suppose
ϕ ∈ A(G) such that ϕ(x) = 0. Then for each ε > 0, there exists ψ ∈ A(G)
such that ψ vanishes in a neighborhood of x, and such that ‖ϕ−ψ‖B(G) < ε.

Proof. Since the action of G on A(G) given by right translation is continuous,
it follows that there exists a compact symmetric neighborhood K of e such

that
∥∥∥ϕ− ϕ ∗ ( 1

λ(K)
1K

)∥∥∥
B(G)

< ε/3. Moreover, since ϕ is continuous, we

may choose K such that we also have |ϕ(xy)| < ε/3, for all y ∈ K. We may
then find V ⊂ G an open set such that K ⊂ V , λ(V ) < 4λ(K), and such
that |ϕ(xy)| < ε/3, for all y ∈ V .

We set ψ = (1G\xV ϕ) ∗
(

1
λ(K)

1K

)
= (1G\xV ϕ) ∗

(
1

λ(K)
1̃K

)
∈ A(G). For

y ∈ G we have

ψ(y) =
1

λ(U)

∫
U

ϕ(yz)1G\xV (yz) dz,

hence, if yK ⊂ xV then ψ(y) = 0, so that ψ vanishes in a neighborhood of
x.

Note that∥∥∥∥(1xV ϕ) ∗
(

1

λ(K)
1̃K

)∥∥∥∥
B(G)

≤ ‖1xV ϕ‖2

∥∥∥∥ 1

λ(K)
1K

∥∥∥∥
2

≤ ε

3
λ(xV )1/2λ(K)−1/2

< 2ε/3.
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Hence,

‖ϕ− ψ‖B(G) ≤
∥∥∥∥ϕ− ϕ ∗ ( 1

λ(K)
1K

)∥∥∥∥
B(G)

+

∥∥∥∥(1xV ϕ) ∗
(

1

λ(K)
1̃K

)∥∥∥∥
B(G)

< ε/3 + 2ε/3 = ε. �

Theorem 5.5.9 (Eymard). Let G be a locally compact group, and consider
the map γ : G → σ(A(G)) given by γx(ϕ) = ϕ(x). Then γ is a homeomor-
phism from G onto σ(A(G)).

Proof. Suppose χ : A(G) → C is a continuous homomorphism such that
χ 6= γx, for all x ∈ G. Then for each x ∈ G, there exists ϕx ∈ A(G), such
that ϕx(x) = 0, and χ(ϕx) = 1. By the previous lemma we may approximate
each ϕx by a function ϕ̃x ∈ A(G) such that we have χ(ϕ̃x) 6= 0, and which
vanishes in a neighborhood of x.

If ϕ ∈ Cc(G)∩A(G), then since supp(ϕ) is compact, there exist x1, . . . , xn ∈
supp(ϕ) such that

∏n
i=1 ϕ̃xi vanishes on supp(ϕ). We then have ϕ

∏n
i=1 ϕ̃xi =

0 so that χ(ϕ)
∏n

i=1 χ(ϕ̃xi) = χ(ϕ
∏n

i=1 ϕ̃xi) = 0. Since χ(ϕ̃xi) 6= 0, for
1 ≤ i ≤ n, we then have χ(ϕ) = 0. Thus, χ vanishes on Cc(G)∩A(G) which
is dense in A(G), and hence χ is the trivial homomorphism.

We therefore have that γ is surjective. It is then easy to see that it is a
homeomorphism. �

In summary, to each locally compact group G we have associated the
following eight Banach algebras: C0G, L∞G, L1G, M(G), C∗G, LG, A(G),
and B(G). The latter four algebras are in a sense “dual” to the former four
algebras. This is a notion which we’ll make more precise in the next section
for the case when G is abelian. Both L∞G, and LG are von Neumann
algebras, and both C0G, and C∗G are C∗-algebras. We have established
canonical identifications

(C0G)∗ ∼= M(G); (C∗G)∗ ∼= B(G);

(L1G)∗ ∼= L∞G; (A(G))∗ ∼= LG.

We also have canonical ∗-homomorphisms

C0G→ L∞(G); C∗G→ LG

L1G→M(G); A(G)→ B(G).

We remark that the ∗-homomorphism C∗G→ LG is not injective in general,
while the other three ∗-homomorphism are always injective and isometric.
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5.6 Pontryagin duality

If G is a locally compact abelian group, a (unitary) character on G is a
continuous homomorphism χ : G → T. We denote the set of all characters
by Ĝ, which by Corollary 5.4.7 agrees with E(P1(G)), which is canonically
identified with σ(C∗G), and we endow Ĝ with the weak*-topology, which by
Theorem 5.4.10 is the same as the topology of uniform convergence on com-
pact sets. The set of all characters is also a group under pointwise operations,
and these operations are clearly continuous and hence Ĝ is an abelian locally
compact group, which is the Pontryagin dual group of G. If χ ∈ Ĝ, and
x ∈ G, then we’ll also use the notation 〈x, χ〉 = χ(x).

We leave it to the reader to verify the following.

Example 5.6.1. • R̂ ∼= R with the pairing 〈x, ξ〉 = e2πixξ.

• Ẑ ∼= T with the pairing 〈n, λ〉 = λn.

• T̂ ∼= Z with pairing 〈λ, n〉 = λn.

• Ẑ/nZ ∼= Z/nZ with the pairing 〈j, k〉 = e2πjki/n.

• If G1, G2, are locally compact abelian groups, then Ĝ1 ×G2
∼= Ĝ1× Ĝ2

with pairing 〈(x, y), (χ, ω)〉 = 〈x, χ〉〈y, ω〉.

• If G is a finite abelian group then Ĝ ∼= G.

Proposition 5.6.2. If G is a discrete abelian group then Ĝ is compact, if G
is a compact abelian group then Ĝ is discrete.

Proof. If G is discrete then C∗G ∼= C0Ĝ has a unit, and hence Ĝ is compact.
If G is compact and χ ∈ Ĝ, then for y ∈ G we have∫

χ(x) dx =

∫
χ(yx) dx = χ(y)

∫
χ(x) dx.

Thus, if χ 6= 1 then it follows that
∫
χ(x) dx = 0. This then shows that 1 is

isolated in Ĝ, and hence Ĝ is discrete. �

Proposition 5.6.3. If G is a compact abelian group with Haar measure λ
normalized so that λ(G) = 1 then Ĝ forms an orthonormal basis for L2Ĝ.
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Proof. If χ1, χ2 ∈ Ĝ, then either χ1 = χ2, in which case we have
∫
χ1χ2 dλ =∫

dλ = 1, or else χ1χ2 6= 1 in which case, as in the previous proposition, we

have
∫
χ1χ2 dλ = 0. Thus, Ĝ forms an orthonormal set.

The span of Ĝ forms a self-adjoint unital subalgebra of CG which sepa-
rates points by the Gelfand-Raikov theorem. Thus, by the Stone-Weierstrauss
theorem we have that the span of Ĝ is dense in CG, and hence also L2G. �

The Gelfand transform gives an isomorphism C∗G ∼= C0(Ĝ), which on
the dense subspace L1G ⊂ C∗G is given by

Γ(f)(χ) =

∫
f(x)χ(x) dλ(x).

We introduce the closely related Fourier transform F : L1G→ C0(Ĝ)
given by F(f)(χ) = f̂(χ) =

∫
f(x)χ(x) dλ(x). Note that since χ 7→ χ is

a homeomorphism on Ĝ it follows that F also extends continuously to an
isomorphism from C∗G onto C0(Ĝ).

We also extend the Fourier transform to the measure algebra M(G). If
µ ∈ M(G) then its Fourier-Stieltjes transform is a continuous function
on Ĝ given by

µ̂(χ) =

∫
χ(x) dµ(x), χ ∈ Ĝ.

If µ, ν ∈M(G) then we have

(µ ∗ ν )̂(χ) =

∫∫
χ(xy) dµ(x)dν(y) =

∫∫
χ(x)χ(y) dµ(x)dν(y) = µ̂(χ)ν̂(χ).

We also have

µ̂∗(χ) =

∫
χ(x−1) dµ(x) =

∫
χ(x) dµ(x) = µ̂(χ),

and

x̂∗µ(χ) =

∫
χ(x−1y) dµ(y) = χ(x−1)µ̂(χ).

In particular, restricting to L1(G) we have

(Lxf )̂(χ) = χ(x)f̂(χ); (ηf )̂(χ) = (Lηf̂)(χ); (f ∗ g)̂(χ) = f(χ)g(χ),
(5.1)
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for all f, g ∈ L1G, x ∈ G, and η, χ ∈ Ĝ.
Similarly, for each µ ∈M(Ĝ) we define a continuous function on G by

µ̌(x) =

∫
χ(x) dµ(χ), x ∈ G.

We again have

(µ ∗ ν )̌ = µ̌ν̌; µ̌∗ = µ̌; (χ∗µ)̌ = χµ̌, (5.2)

for µ, ν ∈M(Ĝ), and χ ∈ Ĝ.
Note that if µ ∈M(G), and ν ∈M(Ĝ) then we have∫

ν̌(x) dµ(x) =

∫∫
χ(x) dν(χ)dµ(x)

=

∫
χ(x) dµ(x)dν(χ)

=

∫
µ̂(χ−1) dν(χ). (5.3)

Theorem 5.6.4. The map M(Ĝ) 3 µ 7→ µ̌ ∈ CbG gives an isometric ∗-
Banach algebra isomorphism from M(Ĝ) onto B(G). Moreover, the restric-
tion to M(Ĝ)+ maps onto P(G).

Proof. If µ ∈ M(Ĝ), consider the polar decomposition µ = v|µ|, where
v : Ĝ → T is a Borel function. We have a continuous representation π :
G → U(L2(Ĝ, |µ|)) given by π(x)(χ) = χ(x), for χ ∈ Ĝ. If we consider
ξ, η ∈ L2(Ĝ, |µ|) given by ξ = v, and η = 1, then we have

〈π(x)ξ, η〉 =

∫
χ(x)v(x) d|µ|(χ) =

∫
χ(x) dµ(χ) = µ̌.

Thus, we see that µ̌ ∈ B(G), and if we let θ : B(G)→ (C∗G)∗ be defined as
before Theorem 5.5.1 then for f ∈ L1G we have

θµ̌(f) = 〈π(f)ξ, η〉 =

∫
f(x)〈π(x)ξ, η〉 dx =

∫ ∫
f(x)χ(x) dχdx.

As noted above, we have a canonical homeomorphism ι : Ĝ → σ(C∗G)
such that for χ ∈ Ĝ, and f ∈ L1G ⊂ C∗G, we have ιχ(f) =

∫
f(x)χ(x) dx.



5.6. PONTRYAGIN DUALITY 135

The Gelfand transform then gives a ∗-isomorphism Γ : C∗G → C0(Ĝ), such
that for f ∈ L1G we have Γ(f)(χ) = ιχ(f) =

∫
f(x)χ(x) dx. The dual

map then gives an isometric isomorphism Γ∗ : (C0(Ĝ))∗ → (C∗G)∗, given by
Γ∗(ϕ) = ϕ ◦ Γ.

Using the identification (C0(Ĝ))∗ ∼= M(Ĝ) given by the Riesz represen-
tation theorem, and using the identification θ−1 : (C∗G)∗ → B(G) given
in Theorem 5.5.1, we then obtain an isometric Banach space isomorphism
θ−1 ◦ Γ∗ : M(Ĝ)→ B(G).

If µ ∈M(Ĝ), and f ∈ L1(G), we have

Γ∗(µ)(f) =

∫
Γ(f)(χ) dµ(χ) =

∫ ∫
f(x)χ(x) dxdµ(χ) = θµ̌(f).

Hence, we have Γ∗(µ) = θµ̌, and thus the map M(Ĝ) 3 µ 7→ µ̌ agrees with
the isometric Banach space isomorphism θ−1 ◦Γ. From (5.2) we see that this
map is also a ∗-homomorphism.

A measure µ ∈M(Ĝ) is a positive measure if and only if Γ∗(µ) is a positive
state, which by Theorem 5.5.1 is if and only if µ̌ = θ−1 ◦ Γ∗(µ) ∈ P(G). �

By considering functions of positive type on G, the previous theorem gives
Bochner’s Theorem, which was first proved by Hergoltz in the case G = Z,
Bachner in the case G = R, and Weil in general.

Corollary 5.6.5 (Bochner’s Theorem). Let G be a locally compact abelian
group. If ϕ ∈ P(G) then there exists a unique positive measure µ ∈ M(Ĝ)
such that ϕ(x) = µ̌(x) =

∫
χ(x) dµ(χ), for all x ∈ G.

Lemma 5.6.6. Let G be a locally compact abelian group, then F(L1G) is
dense in C0Ĝ.

Proof. Since the Fourier transform is a ∗-homomorphism from L1G into
C0(G), the result follows from the Stone-Weierstrauss Theorem once we show
that F(L1G) separates points, and vanishes nowhere.

Let χ1, χ2 ∈ Ĝ be given, with χ1 6= χ2. Then there exists x0 ∈ G
such that χ1(x0) 6= χ2(x0). Set c0 = |χ1(x0) − χ2(x0)| ≤ 2. Since χ1, and
χ2 are continuous, there exists a neighborhood U of x0 such that |f(x) −
χi(x0)| < c0/2, for all x ∈ U , and i = 1, 2. If we take f ∈ CcG+, such that
f is supported on U , and such that ‖f‖1 = 1, then for i = 1, 2, we have
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|f̂(χi) − χi(x0)| ≤
∫
f(x)|χi(x) − χi(x0)| dx < c0/2 ≤ 1. Hence, f̂(χi) 6= 0,

for i = 1, 2, and

|f̂(χ1)− f̂(χ2)| ≥ |χ1(x0)−χ2(x0)|− |f̂(χ1)−χ1(x0)|− |f̂(χ2)−χ2(x0)| > 0.

�

Theorem 5.6.7 (Fourier Inversion Theorem). If f ∈ L1(G) ∩ A(G), then
f̂ ∈ L1Ĝ. Moreover, there exists a unique Haar measure λ̂ on Ĝ such that
(f )̂̌ = f , for all f ∈ L1(G) ∩ A(G).

Proof. If f ∈ L1G ∩ A(G), then by Theorem 5.6.4 there exists a unique
measure, µf ∈ M(Ĝ) such that f = µ̌f . If we also have h ∈ L1G, then from
Equation (5.3) we have

(h ∗ f)(e) =

∫
h(x−1)f(x) dx =

∫
ĥ dµf .

Hence, if f, g ∈ L1G ∩ A(G), and h ∈ L1G, we have∫
ĥf̂ dµg =

∫
ĥ ∗ f dµg = ((h ∗ f) ∗ g)(e)

= ((h ∗ g) ∗ f)(e) =

∫
ĥĝ dµf .

By Lemma 5.6.6 we have that F(L1G) is dense in C0Ĝ and hence it
follows that f̂dµg = ĝdµf .

We now define a positive linear functional Υ on CcĜ. Since CcG is dense
in L1G, and since F(L1G) is dense in C0Ĝ, it follows that for each χ ∈ Ĝ
there exists f ∈ CcG such that f̂(χ) 6= 0. Thus, for any nonempty compact
set K ⊂ Ĝ, there exist f1, . . . , fn ∈ CcG such that if we set f =

∑n
i=1 fi ∗ f̃i,

then f ∈ L1G ∩ A(G), and f̂ =
∑n

i=1 |f̂i|2 > 0, on K.

If ψ ∈ CcĜ, such that ψ is supported on K, then we set Υ(ψ) =
∫

ψ

f̂
dµf .

Since f̂ ≥ 0, and µf is positive we have that Υ(ψ) ≥ 0, whenever ψ ≥ 0. If
we also have g ∈ L1G ∩A(G) such that ĝ does not vanish on the support of
ψ, then we have ∫

ψ

f̂ ĝ
f̂ dµg =

∫
ψ

f̂ ĝ
ĝ dµf ,

hence, Υ extends to a well defined positive linear functional on CcĜ. Since
µf is non-trivial there exists some ψ ∈ CcĜ with support in K such that
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ψ dµf 6= 0. We then have Υ(ψf̂) =

∫
ψ dµf 6= 0, and so Υ is a non-zero

linear functional.
If ψ ∈ CcĜ, and χ ∈ Ĝ, take f ∈ L1G∩A(G) such that f̂ does not vanish

on the supports of ψ or Lχ(ψ). If we set g = χ−1f , then from Equations

(5.1) and (5.2) we have ĝ = Lχ−1(f̂), and µg = χ−1
∗µf . Hence,

Υ(Lχ(ψ)) =

∫
Lχ(ψ)

f̂
dµf =

∫
ψ

ĝ
dµg = Υ(ψ).

Thus Υ is translation invariant and so for some Haar measure λ̂ on Ĝ we
have Υ(ψ) =

∫
ψ dλ̂, for all ψ ∈ CcĜ.

If f ∈ L1G ∩ A(G), then for all ψ ∈ CcĜ we have∫
ψf̂ dλ̂ = Υ(ψf̂) =

∫
ψ dµf .

Thus, we conclude that µf = f̂ dλ̂, which shows that f̂ ∈ L1Ĝ, and (f )̂̌ =
f . �

Theorem 5.6.8 (Plancherel’s Theorem). Let G be a locally compact abelian
group. The Fourier transform when restricted to L1G ∩ L2G is an isometry
(with respect to the L2-norms) onto a dense subspace of L2Ĝ, with its dual
Haar measure. Hence, it has a unique extension to a unitary from L2G to
L2Ĝ.

Proof. If f ∈ L1G ∩ L2G, then by the Fourier inversion theorem we have∫
|f(x)|2 dλ(x) =

∫
f(x)f̃(x−1) dλ(x) = (f ∗ f̃)(e)

= ((f ∗ f̃ )̂)̌(e) =

∫
(f ∗ f̃ )̂(χ) dλ̂(χ)

=

∫
|f̂(χ)|2 dλ̂(χ).

Hence, the Fourier transform is isometric. Suppose ψ ∈ L2Ĝ such that∫
f̂ψ dλ̂ = 0 for all f ∈ L1G ∩ L2G. Then, for each f ∈ L1G ∩ L2G, and

x ∈ G we have that f̂ψ ∈ L1Ĝ, and

(f̂ψ)̌(x) =

∫
f̂(χ)ψ(χ)χ(x) dλ̂(χ) =

∫
ˆLx(f)ψ dλ̂ = 0.
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Thus, by Theorem 5.6.4 it follows that f̂ψ = 0 almost everywhere, for each
f ∈ L1G ∩ L2G. By Lemma 5.6.6 we have that F(L1G ∩ L2G) is dense
in C0(Ĝ), and hence we must have that ψ = 0 almost everywhere. Thus,
F(L1G ∩ L2G) is dense in L2G. �

The extension of the Fourier transform to a unitary from L2G to L2Ĝ is
also denoted by F , and for f ∈ f̂ we again write f̂ = F(f).

Corollary 5.6.9 (Parseval’s Formula). If G is a locally compact abelian
group, then for all f, g ∈ L2G we have∫

fg dλ =

∫
f̂ ĝ dλ̂.

Theorem 5.6.10. The map L1Ĝ 3 ψ 7→ ψ̌ ∈ B(G) gives an isometric
∗-Banach algebra isomorphism from L1Ĝ onto A(G).

Proof. We already know from Theorem 5.6.4, that this is an isometric ∗-
Banach algebra homomorphism into B(G), thus we only need to show that
A(G) is the range of L1Ĝ under this homomorphism.

By the Fourier Inversion Theorem we have F(L1G ∩ A(G)) ⊂ L1Ĝ. If
ψ1, ψ2 ∈ L2Ĝ with ‖ψi‖2 ≤ 1, and if ε > 0, then from Plancherel’s Theorem
there exist fi ∈ L1G ∩ CcG such that ‖ψi − f̂i‖2 < ε, hence∥∥∥∥ψ1ψ2 − f̂1 ∗ f̃2

∥∥∥∥
1

=
∥∥∥ψ1ψ2 − f̂1f̂2

∥∥∥
1

≤ ‖ψ1‖2

∥∥∥ψ2 − f̂2

∥∥∥
2

+
∥∥∥f̂2

∥∥∥
2

∥∥∥ψ1 − f̂1

∥∥∥
2
≤ 2ε+ ε2.

Since ε > 0 was arbitrary it follows that F(L1G ∩ A(G)) is dense in L1Ĝ.
Since L1G∩A(G) is dense in A(G) it then follows from the Fourier Inversion
Theorem, that the range of L1Ĝ is precisely A(G). �

Theorem 5.6.11 (Pontryagin duality). Let G be a locally compact abelian

group. The natural embedding G→ ˆ̂
G given by x 7→ χx where χx(ϕ) = ϕ(x),

gives a homeomorphism G ∼= ˆ̂
G.

Proof. Clearly the map x 7→ χx is continuous. Suppose that x ∈ G, and
{xi}i ⊂ G is a net such that χxi → χx. Then for each function f ∈ CcG
we have f(x) = χx(f) = limi→∞ χxi(f) = f(xi). By considering f to have
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support in an arbitrary neighborhood of x it then follows easily that xi → x.
Thus, the map x 7→ χx is a homeomorphism onto its range and so it is enough
to show that it is surjective.

If γ ∈ ˆ̂
G, then this induces a character on L1Ĝ given by γ(ψ) =

∫
ψ(χ)γ(χ) dχ.

By the previous theorem this then gives a character η on A(G) given by
ψ̌ 7→ γ(ψ), for all ψ ∈ L1Ĝ. By Theorem 5.5.9 there then exist x ∈ G such
that η(f) = f(x) for all f ∈ A(G). Thus, for each ψ ∈ L1Ĝ we have∫

ψ(χ)χ(x) dχ = ψ̌(x) = γ(ψ) =

∫
ψ(χ)γ(χ) dχ.

It then follows that γ(χ) = χ(x), for almost every χ ∈ Ĝ, and as both
functions are continuous we then have that γ = χx. �

Corollary 5.6.12. If G is a locally compact abelian group, then G is discrete
if and only if Ĝ is compact, and G is compact if and only if Ĝ is discrete.

Proposition 5.6.13. If G is a discrete abelian group, then λ is counting
measure if and only if λ̂(Ĝ) = 1.

Proof. If G is discrete and λ is counting measure then δ̂e = 1, and so 1̌ = δe.
Hence, 1 = δe(e) = 1̌(e) =

∫
dλ̂ = λ̂(Ĝ).

Similarly, if G is compact and λ(G) = 1, then 1̂ = δe, and so δ̌e = 1.
Hence, λ̂({e}) =

∫
δe(χ) dλ̂(χ) = δ̌e(e) = 1. The result then follows by

duality. �

Proposition 5.6.14. Under the identification R̂ ∼= R given by the paring
〈x, ξ〉 = e2πixξ, x, ξ ∈ R, Lebesgue measure is self dual.

Proof. Consider φ(x) = e−πx
2 ∈ L1R. Then we have φ̂(ξ) =

∫
e−πx

2−2πixξ dx.
Differentiating under the integral and applying integration by parts gives
φ̂′(ξ) = −2πξφ̂(ξ), and φ̂(0) =

∫
φ(x) dx = 1. Solving this differential equa-

tion shows φ̂ = φ (and hence φ ∈ A(R). Since φ is even we also have
φ(x) =

∫
e−πξ

2+2πixξ dξ = (φ̂)̌(x). �

Using the identification between G and
ˆ̂
G given by Pontryagin duality, we

see that for µ ∈ M(G), and χ ∈ Ĝ we have µ̌(χ) =
∫
χ(x) dµ(x) = µ̂(χ−1).

The following corollary is then immediate.
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Corollary 5.6.15. The Fourier transform gives an isometric ∗-Banach al-
gebra isomorphism between M(G), and B(Ĝ), such that L1G is mapped onto
A(Ĝ).

Theorem 5.6.16. Let G be a locally compact abelian group, and consider
the unitary F : L2G → L2Ĝ given by Plancherel’s theorem. If f ∈ L1G,
then Fλ(f) = Mf̂F . Consequently, conjugation by F implements a normal

∗-isomorphism LG ∼= L∞Ĝ.

Proof. If f ∈ L1G, and ξ ∈ L1G ∩ L2G, then

Fλ(f)ξ = F(f ∗ ξ) = f̂ ξ̂ = Mf̂Fξ.

Since L1G ∩ L2G is dense in L2G we then have Fλ(f) = Mf̂F .

We have that λ(L1G) is dense in the strong operator topology in LG, and
by Lemma 5.6.6 we have that A(Ĝ) is dense in the strong operator topology
in L∞Ĝ. Thus, conjugation by F implements a normal ∗-isomorphism from
LG onto L∞Ĝ. �

In summary, If G is a locally compact abelian group, and Ĝ is its dual
group, then through the Fourier and Fourier-Stieltjes transforms we have
established the following isometric ∗-isomorphisms of involutive Banach al-
gebras:

C∗G ∼= C0Ĝ; LG ∼= L∞Ĝ; A(G) ∼= L1Ĝ; B(G) ∼= M(Ĝ);

5.6.1 Subgroups and quotients

If G is a locally compact abelian group and H < G is a closed subgroup,
then the annihilator of H is Λ = {χ ∈ Ĝ | χ(x) = 1, x ∈ H}. It’s easy to
see that Λ is a closed subgroup of Ĝ.

Lemma 5.6.17. Using the notation above, H is also the annihilator of Λ.

Proof. We clearly have that H is contained in the annihilator of Λ. Con-
versely, if x ∈ G \ H, then there exists a continuous character χ on G/H
such that χ(xH) 6= 1. If we then view χ as a continuous character on G,
then we have that χ(x) 6= 1, and χ ∈ Λ, hence x is not in the annihilator of
Λ. �
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Theorem 5.6.18. Using the notation above, we have Ĝ/H ∼= Λ with pairing
〈xH, χ〉 = χ(x). We also have Ĝ/Λ ∼= Ĥ with pairing 〈x, χΛ〉 = χ(x), for
x ∈ H, and χ ∈ Ĝ.

Proof. The pairing of Λ with G/H given above induces a homomorphism

π : Λ → Ĝ/H. This homomorphism is clearly injective, and if we have
a continuous character χ on G/H, then we may view this as a continuous
character on G which annihilates H, thus π is also surjective. The quotient
map from G to G/H is a continuous open map, and hence if K ⊂ G/H is
compact there then exists a compact subset C ⊂ G such that K = CH. It
then follows that if χi ∈ Λ such that χi → 1 uniformly on C, then we have
that π(χi)→ 1 uniformly in K. Since K was an arbitrary compact subset it
then follows that π is a continuous map. It is even easier to see that π−1 is
also continuous, hence π is a homeomorphism. �

If G and H are locally compact abelian groups and π : G → H is a
continuous homomorphism, then we obtain a continuous homomorphism π̂ :
Ĥ → Ĝ given by 〈x, π̂(χ)〉 = 〈π(x), χ〉, for x ∈ G, and χ ∈ Ĥ. We leave it to
the reader to check that π is injective if and only if π̂ is surjective (and vice
versa by duality). We also have ˆπ1 ◦ π2 = π̂2 ◦ π̂1. In particular, we obtain
an anti-isomorphism of automorphism groups Aut(G) and Aut(Ĝ). As an
example, consider R̂n ∼= Rn with pairing 〈x, ξ〉 = e2πix·ξ. Then, we have
that Aut(Rn) can be identified with GLn(R) acting on Rn by left matrix
multiplication. If A ∈ GLn(R), then the dual automorphism is given by
〈x, Âξ〉 = 〈Ax, ξ〉, for x, ξ ∈ Rn, i.e., Â is nothing but left multiplication by
the transpose At.

5.6.2 Restricted products

Let {Gi}i∈I be a family of locally compact groups, S ⊂ I a subset such
that I \ S is finite, and for each i ∈ S, let Ki < Gi be an open compact
subgroup of Gi, then the restricted product of {Gi}i∈I with respect to
{Ki}i∈S is the subgroup

∏′
i∈I Gi of

∏
i∈I Gi consisting of all elements (xi)i∈I

such that xi ∈ Ki for all but finitely many i ∈ S. We define a topology
on
∏′

i∈I Gi by defining a basis of open sets to be those of the form
∏

i∈I Ai
such that Ai ⊂ Gi is open for i ∈ I, and Ai = Ki for all but finitely many
i ∈ S. It’s then not hard to see that

∏′
i∈I Gi is a locally compact group and

(
∏

i∈I\S Gi)× (
∏

i∈SKi) is an open subgroup.
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Suppose now that Gi is abelian for each i ∈ I, and let Λi denote the
annihilator of Ki for each i ∈ S. As Ki is compact for i ∈ S, we have that
K̂i
∼= Ĝi/Λi is discrete and hence Λi is open for i ∈ S. Similarly, since Ki is

open for i ∈ S, it also follows that Λi is compact for i ∈ S. Thus, we may
consider the restricted product

∏′
i∈I Ĝi with respect to {Λi}i∈S.

If (xi)i∈I ∈
∏′

i∈I Gi, and (χi)i∈I ∈
∏′

i∈I Ĝi, then as Λi is the annihi-
lator of Ki it then follows that 〈xi, χi〉 = 1 for all but finitely many i ∈ I.
Thus, we obtain a pairing of

∏′
i∈I Gi and

∏′
i∈I Ĝi given by 〈(xi)i∈I , (χi)i∈I〉 =∏

i∈I〈xi, χi〉. This paring then gives an isomorphism (
∏′

i∈I Gi)̂ ∼=
∏′

i∈I Ĝi.

Exercise 5.6.19. Suppose G is a locally compact abelian group, K < G is
a compact open subgroup, and Λ < Ĝ is the annihilator of K. If λ is the
Haar measure on G which satisfies λ(K) = 1, then show that the dual Haar
measrue λ̂ satisfies λ̂(Λ) = 1.

5.6.3 Stone’s theorem

Just as Bochner’s theorem associates functions of positive type on G to mea-
sures on Ĝ, we may associate representations of G to spectral measures on
Ĝ.

Theorem 5.6.20. Let G be a locally compact abelian group, and π : G →
U(H) a continuous unitary representation. Then there exists a unique spec-
tral measure E on Ĝ relative to H such that for all f ∈ L1G we have
π(f) =

∫
f̂ dE. Moreover, we also have π(µ) =

∫
µ̂ dE for all µ ∈M(G).

Proof. Suppose π : G→ U(H) is a continuous unitary representation. Then
this representation is associated to a non-degenerate ∗-representation π :
C∗G→ B(H). The Fourier transform extends to an isomorphism F : C∗G→
C0Ĝ and so we obtain a non-degenerate representation π◦F−1 : C0Ĝ→ B(H)
By the spectral theorem there then exists a unique spectral measure E on
σ(Ĝ) such that for ψ ∈ C0(Ĝ) we have π ◦ F−1(ψ) =

∫
ψ dE. In particular,

for f ∈ L1G we have π(f) =
∫
f̂ dE. Since L1G is dense in C∗G this shows

that E must also be unique.

If fi ∈ L1G, such that fi → µ ∈M(G) weak∗, then its not hard to check
that

∫
f̂i dE →

∫
µ̂ dE in the weak operator topology. Thus, we also have

π(µ) =
∫
µ̂ dE for all µ ∈M(G). �
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The previous theorem gives us an alternative proof of Stone’s Theorem
which avoids some of the technicalities which arise in dealing with unbounded
operators.

Corollary 5.6.21 (Stone). There is a bijective correspondence between self-
adjoint operators A ∈ C(H) and continuous unitary representations U : R→
U(H) given by Ut = exp(itA).

Proof. If A ∈ C(H) is self-adjoint then from the spectral theorem we have
that t 7→ exp(itA) defines a continuous unitary representation. Moreover, if
B ∈ C(H) is also self-adjoint such that exp(itA) = exp(itB) for all t ∈ R,
then differentiating with respect to t and evaluating at 0 gives A = B.

Conversely, if U : R → U(H) is a continuous unitary representation,
then by the previous theorem there exists a spectral measure E on R̂ ∼= R
such that U(µ) =

∫
µ̂ dE for all µ ∈ M(R). If we let A =

∫
s dE(s),

then A is a self-adjoint operator in C(H), and for all µ ∈ M(R) we have
µ̂(A) =

∫
µ̂ dE = U(µ). If we take µ = δt, the Dirac measure at t, then we

have eitA = Ut, for all t ∈ R. �

5.7 The Peter-Weyl Theorem

Recall that if G is a locally compact group and π : G→ U(H), ρ : G→ U(K)
are representations, then we may naturally identify the Hilbert space H⊗K
with the space of Hilbert-Schmidt operators from K to H as in Section 3.2.
Under this identification we have that the representation π ⊗ π acts on
HS(K,H) as (π ⊗ ρ)(x)Ξ = π(x)Ξρ(x−1).

Lemma 5.7.1. Let G be a compact group with Haar measure λ normalized
so that λ(G) = 1. Let π : G→ U(H) be a continuous unitary representation.
Then

∫
π(x) dx is the orthogonal projection onto the space of G-invariant

vectors HG.

Proof. Set P =
∫
π(x) dx. If y ∈ G, then π(y)P =

∫
π(yx) dx = P . Hence,

we see that the range of P is contained in HG. This also shows that P 2 =∫
π(y)

(∫
π(x) dx

)
dy = P . Since, G is compact, it is unimodular, hence

P ∗ =
∫
π(x−1) dx = P . Thus, P is a projection onto a closed subspace of

HG. If ξ ∈ HG, then Pξ =
∫
π(x)ξ dx = ξ, hence P is the projection onto

HG. �
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Corollary 5.7.2. Let G be a compact group withHaar measure λ normal-
ized so that λ(G) = 1. Suppose π : G → U(H) and ρ : G → U(K)
are finite dimensional irreducible representations, such that π 6∼= ρ. Then,∫

(π ⊗ ρ)(x) dx = 0, and for each Ξ ∈ HS(H) we have
∫
π(x)Ξπ(x−1) dx =

1
dim(H)

Tr(Ξ).

Proof. From the previous lemma we have that
∫

(π⊗ρ)(x) dx is the projection
onto (H⊗K)G = (HS(K,H))G. If π 6∼= ρ then by Schur’s lemma this space is
trivial and hence

∫
(π ⊗ ρ)(x) dx = 0.

For the case when π = ρ then we again have by Schur’s lemma that∫
(π⊗π)(x) dx is the projection onto 1

dim(H)1/2
I ∈ HS(H). Thus, if Ξ ∈ HS(H)

we have ∫
π(x)Ξπ(x−1) dx =

1

dim(H)1/2
〈Ξ, I〉2 =

1

dim(H)1/2
Tr(Ξ).

�

Proposition 5.7.3. Let G be a compact group, then every continuous unitary
representation decomposes as a direct sum of finite dimensional irreducible
representations.

Proof. Let π : G → U(H) be a continuous representation and let {Hα}α∈I
be a maximal family of pairwise orthogonal finite dimensional irreducible
subrepresentations. We set K = H 	 (⊕α∈IHα). Then K is invariant under
the action of G and K has no finite dimensional irreducible subrepresentation.

By a dimension argument we see that any finite dimensional representa-
tion of G has non-trivial irreducible subrepresentations and hence it follows
that K has no finite dimensional subrepresentation other than {0}. Thus,
B(K) has no finite rank intertwiner, and hence by the spectral theorem B(K)
has no Hilbert-Schmidt intertwiner, i.e., π|K ⊗ π|K has no invariant vectors.

If we set P =
∫
π|K(x) ⊗ π|K(x) dx, then by Lemma 5.7.1, P is the

projection onto the space of invariant vectors in K⊗K, and so P = 0. If
ξ ∈ K we then have

0 =

〈∫
(π(x)⊗ π(x))ξ ⊗ ξ, ξ ⊗ ξ

〉
dx

=

∫
|〈π(x)ξ, ξ〉|2 dx,

hence ξ = 0. Therefore K = {0} and H = ⊕α∈IHα. �
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Let G be a locally compact group and π : G → U(H) a representation.
We denote by Eπ ⊂ B(G) the set of all conjugate matrix coefficients of
the representation π ⊗ id on H⊗H. I.e., Eπ is the set of functions x 7→
Tr(π(x−1)A), for A ∈ L1(B(H)). Note that Eπ is a linear subspace of B(G).

If G is a locally compact group we let Ĝ be the set of equivalence classes
of irreducible representations. Note that when G is abelian then irreducible
representations correspond to unitary characters and hence this notation
should not cause any confusion.

If G is a compact group, and [π] ∈ Ĝ, then Eπ ⊂ B(G) ⊂ L2G, and
HS(H) = L1(B(H)) since H is finite dimensional by Proposition 5.7.3. We
may therefore define the map F∗π : HS(H)→ L2G by

F∗π(Ξ)(x) = dim(H)1/2Tr(π(x−1)Ξ).

Proposition 5.7.4. Let G be a compact group, and [π1], [π2] ∈ Ĝ, [π1] 6= [π2],
then Eπ1 and Eπ2 are orthogonal subspaces of L2G.

Proof. Since Eπi is spanned by functions of the type x 7→ 〈ξi, πi(x)ηi〉, for
ξi, ηi ∈ H, it is enough to show that these functions are orthogonal for i = 1, 2.
From Corollary 5.7.2 we have∫
〈ξ1, π1(x)η1〉〈ξ2, π2(x)η2〉 dx =

〈
ξ1 ⊗ ξ2,

(∫
(π1 ⊗ π2)(x) dx

)
(η1 ⊗ η2)

〉
= 0.

�

If G is a locally compact group and π : G → U(H) is a continuous
representation, then we denote by π � π : G × G → U(HS(H)) the rep-
resentation given by (π � π)(x, y)Ξ = π(x)Ξπ(y−1). We also denote by
λ · ρ : G×G→ U(L2G) the representation given by (λ · ρ)(x, y) = λ(x)ρ(y).

Theorem 5.7.5 (Peter-Weyl). Let G be a compact group with Haar measure
λ normalized so that λ(G) = 1, then L2G = ⊕π∈ĜEπ, and for each [π] ∈ Ĝ
the map F∗π : HS(H) → Eπ is a unitary intertwiner between the G × G
representations π � π, and λ · ρ.

Proof. From Proposition 5.7.3 we have that B(G) is spanned by the matrix
coefficients of irreducible representations, thus

∑
π∈Ĝ Eπ is dense in B(G)

which is then dense in L2G. By Proposition 5.7.4 we then have that L2G =
⊕π∈ĜEπ.
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Suppose π ∈ Ĝ. For Ξ ∈ HS(H), and x, y, z ∈ G, we have

((λ · ρ)(x, y)F∗πΞ)(z) = (F∗πΞ)(x−1zy)

= dim(H)1/2Tr(π(y−1z−1x)Ξ)

= dim(H)1/2Tr(π(z−1)(π(x)Ξπ(y−1)))

= (F∗π(π � π)(x, y)Ξ)(z).

Thus, F∗π is an intertwiner. Since F∗π is clearly surjective it remains to show
〈F∗πΞ1,F∗πΞ2〉 = 〈Ξ1,Ξ2〉, for all Ξ1,Ξ2 ∈ HS(H). For this it suffices to
consider the case when Ξi = ξi⊗ ηi is a rank one operator for i = 1, 2. Using
Corollary 5.7.2 we then have

〈F∗π(ξ1 ⊗ η1),F∗π(ξ2 ⊗ η2)〉 = dim(H)

∫
〈π(x−1)ξ1, η1〉〈π(x−1)ξ2, η2〉 dx

= dim(H)

〈(∫
(π ⊗ π)(x) dx

)
(ξ1 ⊗ ξ2), η1 ⊗ η2

〉
= 〈ξ1, ξ2〉〈η1, η2〉
= 〈ξ1 ⊗ η1, ξ2 ⊗ η2.〉 �

5.8 The Stone-von Neumann theorem

Fix n ≥ 0, and consider the Heisenberg group

Hn =
{
M(a, b, c) =

(
1 a c
0 In b
0 0 1

)
| at, b,∈ Rn, c ∈ R

}
.

It’s easy to check that we have Z(Hn) = {M(0, 0, c) | c ∈ R} ∼= R, and
Hn/Z(Hn) ∼= R2n.

For each h ∈ R \ {0}, the Schrödinger representation Uh : Hn →
U(L2(Rn)) is given by(

Uh

(
1 a c
0 In b
0 0 1

)
ξ
)

(x) = e2πi(x·b−hc)ξ(x− ha).

It is easy to see that for each h ∈ R\{0}, Uh defines a continuous unitary
representation. If we restrict Uh to the center, then this gives a character,
and these characters are pairwise distinct for h ∈ R \ {0}, thus we see that
the representations {Uh}h are pairwise inequivalent.
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We also have that Uh is irreducible, for each h ∈ R \ {0}. To see this,
notice that considering the matrices M(0, b, 0), we have that the von Neu-
mann algebra generated by Uh(Hn) contains L∞(Rn) ⊂ B(L2(Rn)) which is a
maximal abelian subalgebra. Thus, any bounded operator which commutes
with Uh(Hn) must be in L∞(Rn). However, if f ∈ L∞(Rn), a ∈ Rn, and u =
Uh(M(a, 0, 0)), then as an operators in B(L2(Rn)), we (ufu∗)(x) = f(x−ha).
If f were invariant under the representation Uh, then for every a ∈ Rn we
would have f(x) = f(x − ha) for almost every x ∈ Rn, this is not possible
unless f is essentially constant and hence we see that Uh(Hn)′ = C, showing
that Uh is irreducible.

If F,G ∈ L1R2n we define the twisted convolution F\G by

(F\G)(a, b) =

∫∫
F (a− x, b− y)G(x, y)e−2πi(a−x)·y dxdy.

We also define

F ](a, b) = F (−a,−b)e−2πia·b,

and for x, y ∈ Rn we define

(Lx,y\F )(a, b) = e−2πi(x·(b−y))F (a− x, b− y);

(F\Lx,y)(a, b) = e2πi((a−x)·y)F (a− x, b− y).

If F ∈ L1R2n, and π : Hn → U(H) is a unitary representation, then we
define π(F ) to be the operator π(F ) =

∫∫
F (x, y)π(M(x, y, 0)) dxdy.

Lemma 5.8.1. If π : Hn → U(H) is a continuous representation such that
π(M(0, 0, c)) = e−2πic, then for all F,G ∈ L1R2n, and x, y ∈ Rn we have

(i) π(F\G) = π(F )π(G);

(ii) π(F ]) = π(F )∗;

(iii) π(Lx,y\F ) = π(M(x, y, 0))π(F ).

(iv) π(F\Lx,y) = π(F )π(M(x, y, 0)).
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Proof. For (i) we have

π(F )π(G) =

∫∫∫∫
F (a, b)G(x, y)π(M(a, b, 0))π(M(x, y, 0)) dadbdxdy

=

∫∫∫∫
F (a, b)G(x, y)e−2πia·yπ(M(a+ x, b+ y, 0)) dadbdxdy

=

∫∫∫∫
F (a− x, b− y)G(x, y)e−2πi(a−x)·yπ(M(a, b, 0)) dadbdxdy

=

∫∫
(F\G)(a, b)π(M(a, b, 0)) dadb = π(F\G);

For (ii) we have

π(F )∗ =

∫∫
F (x, y)π(M(x, y, 0))∗ dxdy

=

∫∫
F (x, y)e−2πi(x·y)π(M(−x,−y, 0)) dxdy

=

∫∫
F (−x,−y)e−2πi(x·y)π(M(x, y, 0)) dxdy = π(F ]);

For (iii) (and similarly for (iv)) we have

π(x, y, 0)π(F ) =

∫∫
F (a, b)e−2πix·bπ(M(a+ x, b+ y, 0)) dadb

=

∫∫
F (a− x, b− y)e−2πi(x·(b−y))π(M(a, b, 0)) dadb = π(Lx,y\F ).

�

If F ∈ L1R2n we denote by V (F ) the function

V (F )(a, b) =

∫
e2πix·bF (x− a, x) dx.

Then V is a composition of the measure preserving change of variables
(a, x) 7→ (x − a, x), and the inverse Fourier transform with respect to the
second variable. Since both these transformations are unitaries on L2R2n it
follows that V has a unique extension to a unitary operator (which we again
denote by V ) on L2R2n.
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If f, g ∈ L2Rn, then we set Vf,g = V (f⊗g) ∈ L2R2n, where f⊗g ∈ L2R2n

is given by (f ⊗ g)(x, y) = f(x)g(y), for x, y ∈ Rn, i.e.,

Vf,g(a, b) =

∫
e2πix·bf(x− a)g(x) dx = 〈U1(M(a, b, 0))f, g〉.

for almost every a, b ∈ Rn. Since, V is a unitary we have 〈Vf1,g1 , Vf2,g2〉 =
〈f1, f2〉〈g1, g2〉, for f1, f2, g1, g2 ∈ L2Rn.

Lemma 5.8.2. If π : Hn → U(H) is a continuous representation such that
π(M(0, 0, c)) = e−2πic, and if F ∈ L1R2n, such that F is not almost every-
where 0, then π(F ) 6= 0.

Proof. If F ∈ L1R2n such that π(F ) = 0, then from Lemma 5.8.1, for all
a, b ∈ Rn, and ξ, η ∈ H we have

0 = 〈π(M(x, y, 0))π(F )π(M(−x,−y, 0))ξ, η〉
= 〈π(Lx,y\(F\L−x,−y))ξ, η〉

= e2πix·y
∫
e−2πi(x·b+a·y)F (a, b)〈π(M(a, b, 0))ξ, η〉 dadb.

From the Fourier inversion theorem we then have that for all ξ, η ∈ H and
almost every x, y ∈ Rn, F (x, y)〈π(M(x, y, 0))ξ, η〉 = 0. From this it follows
easily that F (x, y) = 0 almost everywhere. �

Lemma 5.8.3. Fix φ(x) = e−π‖x‖
2/2, and set

Φ(a, b) = Vφ,φ(a, b) =

∫
e−2πix·bφ(x− a)φ(x) dx.

then we have:

(i) Φ(a, b) = e−π‖a‖
2/4eiπa·be−π‖b‖

2 ∈ L1R2n;

(ii) Φ] = Φ.

(iii) Φ\Φ = Φ;

(iv) Φ\(Lx,y\Φ)(a, b) = 〈U1(M(a, b, 0))φ, φ〉Φ(a, b);



150CHAPTER 5. BASIC CONCEPTS IN ABSTRACT HARMONIC ANALYSIS

Proof. For (i) we have

Φ(a, b) =

∫
e−2πix·be−π‖x−a‖

2/2e−π‖x‖
2/2 dx

= e−π‖a‖
2/4

∫
e−2πix·be−π‖x+a

2
‖2 dx

= e−π‖a‖
2/4eπia·b

∫
e−2πix·be−π‖x‖

2

dx

= e−π‖a‖
2/4eiπa·be−π‖b‖

2

.

Where the last equality follows as in the proof of Proposition 5.6.14.
Note that if f, g ∈ L2Rn, then we have

〈U1(Φ)f, g〉 =

∫
Φ(a, b)〈U1(a, b)f, g〉 dadb

=

∫
Vφ,φ(a, b)Vf,g(a, b) dadb

= 〈f, φ〉〈g, φ〉 = 〈f, φ〉〈φ, g〉.

Thus, U1(Φ) is the rank one projection onto φ ∈ L2Rn. From Lemma 5.8.1 we
therefore have that U1(Φ]) = U1(Φ)∗ = U1(Φ), U1(Φ\Φ) = U1(Φ)2 = U1(Φ),
and if x, y ∈ Rn, then

U1(Φ\(Lx,y\Φ)) = U1(Φ)U1(x, y, 0)U1(Φ)

= 〈U1(x, y, 0)φ, φ〉U1(Φ).

From Lemma 5.8.2 we have that U1(F ) = 0 only if F = 0 almost every-
where, and hence (ii), (iii), and (iv) follow directly. �

Theorem 5.8.4 (Stone-von Neumann). If π : Hn → U(H) is a unitary
representation such that π(M(0, 0, c)) = e2πihc for some h ∈ R \ {0} then
H = ⊕Hα where Hα are pairwise orthogonal invariant subspaces such that
π|Hα is unitarily conjugate to the Schrödinger representation Uh, for each α.
In particular, if π is an irreducible representation of Hn on L2(Rn), then π
is unitarily conjugate to Uh for some h ∈ R \ {0}.

Proof. We’ll consider only the case when h = 1, the other cases will follow
similarly. Suppose π : Hn → U(H) is a continuous unitary representation,
such that π(M(0, 0, c)) = e2πic, for each c ∈ R.
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Fix φ(x) = e−π‖x‖
2/2 and let Φ(a, b) = Vφ,φ(a, b) ∈ L1R2n be as in

Lemma 5.8.3. If we set P = π(Φ), then by Lemmas 5.8.1 and 5.8.3 we
have that P is a projection. Moreover, by Lemma 5.8.2 we have P 6= 0.

If x, y ∈ Rn, then from Lemma 5.8.3 we have

Pπ(M(x, y, 0))P = 〈U1(M(x, y, 0))φ, φ〉P,

for all x, y ∈ Rn.
Let {ξα}α∈I be an orthonormal basis for PH, and for each α ∈ I, let

Hα ⊂ H denote the cyclic subrepresentation generated by ξα. If α, β ∈ I,
then for all x, y, z ∈ Rn we have

〈π(M(x, y, z))ξα, ξβ〉 = e2πiz〈Pπ(M(x, y, 0))Pξα, ξβ〉
= e2πiz〈U1(M(x, y, 0))φ, φ〉〈ξα, ξβ〉
= δα,β〈U1(M(x, y, z))φ, φ〉.

Thus, we see that if α 6= β then Hα and Hβ are orthogonal, while for α = β
we see that the the function of positive type given by ξα agrees with that
given by φ. By the uniqueness of the GNS-representation there then exists
a unitary intertwiner U : L2Rn → Hα such that Uφ = ξα. �

A locally compact group G is type I if every continuous representation
of G which generates a factor, generates a type I factor. Clearly, abelian
groups are type I. It also follows from the Peter-Weyl theorem that compact
groups are type I.

Corollary 5.8.5. The Heisenberg group Hn is type I.

Proof. Fix π : Hn → U(H), a continuous unitary representation such that
π(Hn)′′ is a factor. Then π(Z(Hn)) ⊂ Z(π(Hn)′′) = C, and hence there
exists h ∈ H such that π(0, 0, c) = e2πihc for all c ∈ R. If h = 0, then π
factors through Hn/Z(Hn) and hence π(Hn)′′ ∼= C.

Otherwise, by the Stone-von Neumann theorem, H = ⊕Hα where Hα are
pairwise orthogonal invariant subspaces such that π|Hα is unitarily conjugate
to the Schrödinger representation Uh, for each α. Equivalently, there exists
a non-empty set Λ such that π is unitarily equivalent to the representation
Uh ⊗ id on L2(Rn)⊗`2Λ. Hence, π(Hn)′′ ∼= Uh(Hn)′′ ∼= B(L2(Rn)). �

Corollary 5.8.6. If π : Hn → U(H) is a continuous irreducible representa-
tion, then either
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• dim(H) =∞ in which case π is conjugate to Uh for some h ∈ R \ {0},
or

• dim(H) = 1 in which case there exists (x0, λ) ∈ R2n such that π(a, b, c) =
e2πi(a·x0+λb·λ), for all a, b ∈ Rn, c ∈ R.

If G is a locally compact group, then a covariant pair of representa-
tions of G and C0G on a Hilbert space H consists of a a continuous uni-
tary representation π : G → U(H), and a non-degenerate ∗-representation
α : C0G→ B(H) such that for all f ∈ C0G, and x ∈ G we have α(Lx(f)) =
π(x)α(f)π(x−1). The standard representation for the pair G and C0G is
the pair (λ,M), where λ : G→ U(L2G) is the left-regular representation and
M : C0G→ B(L2G) is the representation given by pointwise multiplication.

If G is abelian then the by Theorem 5.6.20, there exists a continuous
representation ρ : Ĝ → U(H) such that ρ(f) = α(f̂) for all f ∈ L1Ĝ. The
covariance condition then gives π(x)ρ(χ)π(x−1) = 〈x, χ〉ρ(χ), for all x ∈ G,
χ ∈ Ĝ. In the case when G = Rn, then G is self-dual with the pairing
given by 〈x, ξ〉 = e2πix·ξ. Thus, we see that a pair of representations π and
ρ above correspond uniquely to a representation π̃ : Hn → U(H) given by
π̃(M(x, y, z)) = e2πizρ(y)π(x). We thus have the following alternate version
of the Stone-von Neumann theorem.

Theorem 5.8.7 (Alternate form of the Stone-von Neumann theorem). Any
covariant pair of representations of Rn and C0Rn on a Hilbert space H is a
multiple of the standard representation on L2Rn.



Chapter 6

Group representations and
approximation properties

6.1 Ergodicity and weak mixing

Let G be a locally compact group and π : G → U(H) a continuous unitary
representation. A vector ξ ∈ H is an invariant vector if πxξ = ξ for all
x ∈ G. If the representation has no non-zero invariant vectors then it is
ergodic.

Proposition 6.1.1. Let G be a group, and π : G→ U(H) a unitary represen-
tation. If there exists ξ ∈ H and c > 0 such that Re(〈πxξ, ξ〉) ≥ c‖ξ‖2 for all
x ∈ G, then π contains an invariant vector ξ0 such that Re(〈ξ0, ξ〉) ≥ c‖ξ‖2.

Proof. Let K be the closed convex hull of the orbit π(G)ξ. Then K is G-
invariant and Re(〈η, ξ〉) ≥ c‖ξ‖2 for every η ∈ K. Let ξ0 ∈ K be the unique
element of minimal norm, then since G acts isometrically we have that for
each x ∈ G, πxξ0 is the unique element of minimal norm for πxK = K, and
hence πxξ0 = ξ0 for each x ∈ G. Since ξ0 ∈ K we have that Re(〈ξ0, ξ〉) ≥
c‖ξ‖2. �

Corollary 6.1.2. Let G be a group, and π : G→ U(H) a unitary represen-
tation. If there exists ξ ∈ H and c <

√
2 such that ‖πxξ − ξ‖ ≤ c‖ξ‖ for all

x ∈ G, then π contains a non-zero invariant vector.

Proof. For each x ∈ G we have

2Re(〈πxξ, ξ〉) = 2‖ξ‖2 − ‖πxξ − ξ‖2 ≥ (2− c2)‖ξ‖2.

153
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Hence, we may apply Proposition 6.1.1. �

6.1.1 Mixing representations

Let G be a locally compact group, a continuous unitary representation π :
G → U(H) is weak mixing if for each finite set F ⊂ H, and ε > 0 there
exists x ∈ Γ such that

|〈πxξ, ξ〉| < ε,

for all ξ ∈ F .
The representation π is (strong) mixing if G is not compact, and for

each ξ ∈ H, we have
lim
x→∞
|〈πxξ, ξ〉| = 0.

Note that mixing implies weak mixing, which in turn implies ergodicity.
It is also easy to see that if π : G → U(H) is mixing (resp. weak mixing)
then so is π⊕∞, and if π is mixing then so is π ⊗ ρ for any representation ρ.

Lemma 6.1.3. Let G be a locally compact group, a continuous unitary rep-
resentation π : G → U(H) is weak mixing if and only if for each finite set
F ⊂ H, and ε > 0 there exists x ∈ G such that

|〈πxξ, η〉| < ε,

for all ξ, η ∈ F .
The representation π is mixing if G is not compact and for each ξ, η ∈ H,

we have
lim
x→∞
|〈πxξ, η〉| = 0.

Proof. This follows from the polarization identity:

〈πxξ, η〉 =
1

4

3∑
k=0

ik〈πx(ξ + ikη), (ξ + ikη)〉. �

Theorem 6.1.4 (Dye). Let G be a locally compact group, and π : G→ U(H)
a continuous unitary representation. The following are equivalent:

(i) π is weak mixing.

(ii) π ⊗ π is ergodic.
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(iii) π⊗ρ is ergodic for all continuous unitary representation ρ : G→ U(K).

(iv) π does not contain a finite dimensional sub-representation.

Proof. For (i) =⇒ (iv), if π is weak mixing then for L ⊂ H any non-trivial
finite dimensional subspace with orthonormal basis F ⊂ H, there exists
x ∈ G such that |〈πxξ, η〉| < 1/

√
dim(L), for all ξ, η ∈ F . Hence, if ξ ∈ F

then
‖[L](πxξ)‖2 =

∑
η∈F

|〈πxξ, η〉|2 < 1 = ‖ξ‖2

showing that L is not an invariant subspace.
To show (iv) =⇒ (iii) suppose ρ : G → U(K) is a continuous unitary

representation such that π⊗ ρ not ergodic. Identifying H⊗K with the space
of Hilbert-Schmidt operators HS(K,H) we then have that there exists T ∈
HS(K,H), non-zero, such that πxTρx−1 = T , for all x ∈ G. Then TT ∗ ∈
B(H,H) is positive, non-zero, compact, and πxTT

∗πx−1 = TT ∗, for all x ∈ G.
By taking the range of a non-trivial spectral projection of TT ∗ we then obtain
a finite dimensional invariant subspace of π.

(iii) =⇒ (ii) is obvious. To show (ii) =⇒ (i) suppose π ⊗ π is ergodic.
If F ⊂ H is finite, and ε > 0, then setting ζ =

∑
ξ∈F ξ ⊗ ξ it then follows

from Proposition 6.1.1 that there exists x ∈ G such that∑
ξ,η∈F

|〈πxξ, η〉|2 =
∑
ξ,η∈F

〈πxξ, η〉〈πxξ, η〉 = Re(〈(π⊗π)(x)ζ, ζ〉) < ε.

Thus, π is weak mixing. �

Corollary 6.1.5. Let G be a locally compact group and let π : G → U(H)
be a continuous unitary representation. Then π is weak mixing if and only if
π ⊗ π is weak mixing, if and only if π⊗ρ is weak mixing for all continuous
unitary representations ρ.

Corollary 6.1.6. Let G be a locally compact group and let π : G→ U(H) be
a weak mixing continuous unitary representation. If H < G is a finite index
closed subgroup then π|H is also weak mixing.

Proof. Let D ⊂ G be a set of coset representatives for H. If π|H is not weak
mixing, then by Theorem 6.1.4 there is a finite dimensional subspace L ⊂ H
which is H-invariant. We then have that

∑
x∈D πxL ⊂ H is finite dimensional

and G-invariant. Hence, again by Theorem 6.1.4, π is not weak mixing. �
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6.2 Almost invariant vectors

Let G be a locally compact group. A continuous representation π : G →
U(H) contains almost invariant vectors if for each compact subset K ⊂ G,
and ε > 0, there exists ξ ∈ H, such that

‖πkξ − ξ‖ < ε‖ξ‖, for all k ∈ K.

If µ ∈ Prob(G), then for a continuous representation π : G → U(H) the
µ-gradient operator ∇µ : H → L2(G, µ;H) is given by

(∇µξ)(x) = ξ − πxξ.

Note that we have ‖∇µ‖ ≤
√

2. The µ-divergence operator divµ : L2(G, µ;H)→
H is given by

divµ(η) =

∫
(η(x)− πx−1η(x)) dµ(x).

If ξ ∈ H, and η ∈ L2(G, µ;H) then we have

〈∇µξ, η〉 =

∫
〈ξ − πxξ, η(x)〉 dµ(x)

=

∫
〈ξ, η(x)− πx−1η(x)〉 dµ(x)

= 〈ξ, divµη〉,

hence divµ = ∇∗µ. The µ-Laplacian is defined to be ∆µ = divµ∇µ, which
we can compute directly as

∆µ =

∫
(2− πx − πx−1) dµ(x) = (2− π(µ)− π(µ∗)).

Note that if µ is symmetric, i.e., µ∗ = µ, then we have ∆µ = 2(1− π(µ)).

Proposition 6.2.1 (Kesten). Let G be a locally compact group and π : G→
U(H) a continuous unitary representation. Then the following conditions are
equivalent:

(i) π contains almost invariant vectors;

(ii) For every µ ∈ Prob(G) we have 0 ∈ σ(∆µ);
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(iii) For every µ ∈ Prob(G) we have ‖π(µ)‖ = 1.

Moreover, if G is second countable then above conditions are also equiv-
alent to

(iv) There exists µ ∈ Prob(G) which is absolutely continuous with respect to
Haar measure, such that e ∈ supp(µ), 〈supp(µ)〉 = G, and ‖π(µ)‖ = 1.

(iiv) There exists µ ∈ Prob(G) which is absolutely continuous with respect
to Haar measure, such that supp(µ) = G, and ‖π(µ)‖ = 1.

Proof. For (i) =⇒ (ii), suppose that π has almost invariant vectors. If
µ ∈ Prob(G) and ε > 0 then let K ⊂ G be a compact subset such that
µ(K) > 1 − ε. Since π contains almost invariant vectors there exists ξ ∈ H
such that ‖ξ‖ = 1, and ‖ξ − πkξ‖ < ε for all k ∈ K. We then have

‖∇µξ‖2 =

∫
‖ξi − πkξi‖2 dµ(k) < 2ε+ ε(1− ε).

As ε > 0 was arbitrary this shows that 0 ∈ σ(∆µ).
(ii) =⇒ (iii). By considering the spectral radius we see that 0 ∈ σ(∆µ)

if and only if ‖π(µ + µ∗)‖ = 2. In this case, the triangle inequality gives
‖π(µ)‖ = 1.

We next show (iii) =⇒ (i). For this fix K ⊂ G compact, and take f ⊂
L1G+ such that

∫
f(x) dx = 1, and K∪{e} ⊂ supp(f). Then ‖π(f)‖ = 1 and

hence ‖π(f ∗∗f)‖ = 1. Moreover, we have K ⊂ supp(f ∗∗f), and so replacing
f with f ∗ ∗ f we will also assume that π(f) is a positive operator. Since
‖π(f)‖ = 1 and π(f) ≥ 0, we have 1 ∈ σ(π(f)) and so 0 ∈ σ(1−π(f)). Hence,
there exists a sequence {ξi} ⊂ H such that ‖ξi‖ = 1, and ‖ξi − π(f)ξi‖ → 0.

Since we have

〈π(f)ξi, ξi〉 =

∫
f(x)〈πxξi, ξi〉 dx,

and since |〈π(x)ξi, ξi〉| ≤ 1 we then have the functions ϕi(x) = 〈π(x)ξi, ξi〉
converge to 1 in measure on supp(f).

If ϕ̃i(x) = 〈π(x)π(f)ξi, π(f)ξi〉, then we have ‖ϕ̃i−ϕi‖∞ → 0, and hence
ϕ̃i → 1 in measure on supp(f).

Next observe that the sequence {ϕ̃i} is equicontinuous since for all x ∈ G
we have ‖π(x)π(f)ξi − π(f)ξi‖ ≤ ‖δx ∗ f − f‖1 and the action of G on
L1G is continuous. Since ϕ̃i converges to 1 in measure, and since it is an
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equicontinuous family it then follows that ϕ̃i converges to 1 uniformly on
K ⊂ supp(f). Thus we have

max
k∈K
‖π(f)ξi − π(k)π(f)ξi‖2 = max

k∈K
2(‖π(f)ξi‖2 − Reϕ̃i(k)).→ 0

Since K was an arbitrary compact subset this shows (iii) =⇒ (i).
For (i) =⇒ (ii) just note that if f ∈ L1G+ such that f dx satisfies the

hypotheses in (i), then we may take a sequence {an}n∈N such that 0 < an < 1,
and

∑
n∈N an = 1, and if we set g =

∑
n∈N an(f ∗f)n, then just as in the first

part of (iii) =⇒ (i) above we see that g satisfies the hypotheses in (ii).
Note that in the proof of (iii) =⇒ (i) the dependence of f on K was

only to ensure that K ⊂ supp(f ∗f). Hence if supp(f ∗f) = G then the above
argument shows that π(f ∗f)ξi is a sequence of almost invariant vectors. This
shows (ii) =⇒ (i) for the case when G is second countable. �

Corollary 6.2.2. Let G be a locally compact group, and π : G → U(H) a
continuous unitary representation. Then π contains almost invariant vectors
if and only if π⊕n contains almost invariant vector, where n ≥ 1 is any
cardinal number.

Proof. If µ ∈ Prob(G) then ‖π(µ)‖ = ‖π⊕n(µ)‖ and hence the corollary
follows from Proposition 6.2.1 (iii). �

6.3 Amenability

A (left) invariant mean m on a locally compact group G is a finitely ad-
ditive Borel probability measure on G, which is absolutely continuous with
respect to Haar measure, and which is invariant under the action of left mul-
tiplication, i.e., m : Borel(G) → [0, 1] such that m(G) = 1, m(E) = 0 if
λ(E) = 0, where λ is the Haar measure on G, and if A1, . . . , An ∈ Borel(G)
are disjoint then m(∪nj=1An) =

∑n
j=1m(An), and if A ∈ Borel(G), then

m(xA) = m(A) for all x ∈ G. If G possesses an invariant mean then G is
amenable. We can similarly define right invariant means, and in fact if m is
a left invariant mean then m∗(A) = m(A−1) defines a right invariant mean.
Amenable groups were first introduced by von Neumann in his investigations
of the Banach-Tarski paradox.

Given a right invariant mean m on G it is possible to define an integral
over G just as in the case if m were a countably additive measure. We
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therefore obtain a state φm ∈ (L∞G)∗ by the formula φm(f) =
∫
f dm, and

this state is left invariant, i.e., φm(Lx(f)) = φm(f) for all x ∈ G, f ∈ L∞G.
Conversely, if φ ∈ (L∞G)∗ is a left invariant state, then restricting φ to
characteristic functions defines a right invariant mean.

Example 6.3.1. Let F2 be the free group on two generators a, and b. Let
A+ be the set of all elements in F2 whose leftmost entry in reduced form is a,
let A− be the set of all elements in F2 whose leftmost entry in reduced form is
a−1, let B+, and B− be defined analogously, and consider C = {e, b, b2, . . .}.
Then we have that

F2 = A+ t A− t (B+ \ C) t (B− ∪ C)

= A+ t aA−

= b−1(B+ \ C) t (B− ∪ C).

If m were a left-invariant mean on F2 then we would have

m(F2) = m(A+) +m(A−) +m(B+ \ C) +m(B− ∪ C)

= m(A+) +m(aA−) +m(b−1(B+ \ C)) +m(B− ∪ C)

= m(A+ t aA−) +m(b−1(B+ \ C) t (B− ∪ C)) = 2m(F2).

Hence, F2 is non-amenable.

An approximately invariant mean on G is a net fi ∈ L1(G)+ such
that

∫
fi = 1, and ‖Lx(fi)− fi‖1 → 0, uniformly on compact subsets of G.

A Følner net is a net of non-null finite measure Borel subsets Fi ⊂ G
such that λ(Fi∆xFi)/λ(Fi) → 0, uniformly on compact subsets of G. Note
that we do not require that Γ = ∪iFi, nor do we require that Fi are increasing,
however, if G is not compact then it is easy to see that any Følner net {Fi}i
must satisfy λ(Fi)→∞.

Theorem 6.3.2. Let G be a locally compact group, then the following con-
ditions are equivalent.

(i) G is amenable.

(ii) CbG admits a left invariant state.

(iii) C lu
b (G) admits a left invariant state.
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(iv) L∞G has an L1G-invariant state.

(v) G has an approximate invariant mean.

(vi) G has a Følner net.

(vii) The left regular representation λ : G → U(L2G) has almost invariant
vectors.

(viii) For any µ ∈ Prob(G) we have 0 ∈ σ(λ(∆µ)).

(ix) Any µ ∈ Prob(G) satisfies ‖λ(µ)‖ = 1.

(x) The representation λ : G→ U(L2G) has almost invariant vectors when
G is viewed as a discrete group.

(xi) There exists a state ϕ ∈ (B(L2G))∗ such that ϕ(λ(x)T ) = ϕ(Tλ(x)) for
all x ∈ G, T ∈ B(L2G).

(xii) The (discontinuous) action of G on its Stone-Čech compactification βG
which is induced by left-multiplication admits an invariant Radon prob-
ability measure.

(xiii) Any continuous action GyK on a compact metric space K admits an
invariant Radon probability measure.

Proof. First note that (i) =⇒ (ii), and (ii) =⇒ (iii) are obvious.
To see (iii) =⇒ (iv) suppose m is a left invariant state on C lu

b (G). Note
that since G acts continuously on C lu

b (G) it follows that for all f ∈ L1G, and
g ∈ C lu

b (G) we have that the integral f ∗ g =
∫
f(y)δy ∗ g dλ(y) converges in

norm. Hence we have m(f ∗ g) = m(g), for all f ∈ L1(G)1,+ = {f ∈ L1G |
f ≥ 0;

∫
f = 1} and g ∈ C lu

b (G).
Fix f0 ∈ L1(G)1,+ and define a state on L∞G by m̃(g) = m(f0 ∗ g)

(recall that L1G∗L∞G ⊂ C lu
b (G)). If {fn}n∈N ⊂ L1(G)1,+ is an approximate

identity then m(f0 ∗ g) = limn→∞m(f0 ∗ fn ∗ g) = limn→∞m(fn ∗ g), and
thus m̃ is independent of f0. Thus, for f ∈ L1(G)1,+ and g ∈ L∞G we have
m̃(f ∗ g) = m(f0 ∗ f ∗ g) = m̃(g).

We show (iv) =⇒ (v) using the method of Day: Since L∞G = (L1G)∗,
the unit ball in L1G is weak∗-dense in the unit ball of (L∞G)∗ = (L1G)∗∗. It
follows that L1(G)1,+ is weak∗-dense in the state space of L∞G.
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Let S ⊂ L1G+,1, be finite and let K ⊂
∏

f∈S L
1G be the weak-closure of

the set {S 3 g 7→ (g ∗ f − f) | f ∈ L1(G)1,+}. Since G has an L1G-invariant
state on L∞G, and since L1(G)1,+ is weak∗-dense in the state space of L∞G,
we have that 0 ∈ K. However, K is convex and so by the Hahn-Banach
separation theorem the weak-closure coincides with the norm closure. Thus,
there exists a net {fi} ⊂ L1(G)1,+ such that for all g ∈ L1G+,1 we have

‖g ∗ fi − fi‖1 → 0.

If S ⊂ L1G+,1 is compact then the above convergence may be taken
uniformly for g ∈ S. Indeed, if ε > 0 then let S0 ⊂ S be finite such
that infg0∈S0 ‖g − g0‖1 < ε, for all g ∈ S. Then there exists fi such that
‖g0 ∗ fi− fi‖1 < ε for all g0 ∈ S0, and we then have ‖g ∗ fi− fi‖1 < 2ε for all
g ∈ S.

If K ⊂ G is compact and g0 ∈ L1G+,1, then since the action of G on L1G
is continuous it follows that {Lk(g0) | k ∈ K} ⊂ L1G+,1 is compact, and
hence we have

lim
i→∞

sup
k∈K
‖Lk(g0∗fi)−(g0∗fi)‖1 ≤ lim

i→∞
sup
k∈K
‖Lk(g0)∗fi−fi‖1+‖fi−g0∗fi‖1 = 0.

We show (v) =⇒ (vi) using the method of Namioka: Denote by Er the
characteristic function on the set (r,∞). If f ∈ L1(G)1,+ then we have

‖Lx(f)− f‖1 =

∫
|f(x−1y)− f(y)| dλ(y)

=

∫∫
R≥0

|Er(f(x−1y))− Er(f(y))| dr dλ(y)

=

∫∫
R≥0

|Er(f(x−1y))− Er(f(y))| dλ(y) dr

=

∫
R≥0

‖Er(Lx(f))− Er(f)‖1 dr.

By hypothesis, if ε > 0 and K ⊂ G is compact with λ(K) > 0 then there
exists f ∈ L1(G)1,+ such that ‖Lx(f) − f‖1 < ε/λ(K) for all x ∈ K, and
hence for each x ∈ K we have∫∫

R≥0

‖Er(Lx(f))− Er(f)‖1 dr dλ(x) < ε = ε

∫
R≥0

‖Er(f)‖1 dr.
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Hence, if we denote by Fr ⊂ Γ the (finite measure) support of Er(f), then
for some r > 0 we must have∫

λ(xFr∆Fr) dλ(x) =

∫
‖Er(x∗f)− Er(f)‖1 dλ(x) < ε‖Er(f)‖1 = ελ(Fr).

Since K and ε > 0 were arbitrary, it then follows that there exists a net
of Borel subsets {Fi} with λ(Fi) > 0, such that the positive type functions

ϕi(x) = 1
λ(Fi)
〈λ(x)1Fi , 1Fi〉 = λ(xFi∩Fi)

λ(Fi)
converge in measure to 1. By Raikov’s

theorem it then follows that ϕi converge uniformly on compact subsets of G
and (vi) then follows.

For (vi) =⇒ (vii) just notice that if Fi ⊂ Γ is a Følner net, then
1

λ(Fi)1/2
1Fi ∈ L2G is a net of almost invariant vectors.

(vii) ⇐⇒ (viii) ⇐⇒ (ix) follows from Proposition 6.2.1. We also clearly
have (vii) =⇒ (x).

For (x) =⇒ (xi) let ξi ∈ L2G be a net of almost invariant vectors for
G as a discrete group. We define states ϕi on B(L2G) by ϕi(T ) = 〈Tξi, ξi〉.
By weak∗ compactness of the state space, we may take a subnet and assume
that this converges in the weak∗ topology to ϕ ∈ B(L2G)∗. We then have
that for all T ∈ B(L2G) and x ∈ G,

|ϕ(λ(x)T − Tλ(x))| = lim
i
|〈(λ(x)T − Tλ(x))ξi, ξi〉|

= lim
i
|〈Tξi, λ(x−1)ξi〉 − 〈Tλ(x)ξi, ξi〉|

≤ lim
i
‖T‖(‖λ(x−1)ξi − ξi‖+ ‖λ(x)ξi − ξi‖) = 0.

For (xi) =⇒ (i), we consider the usual embedding M : L∞G→ B(L2G)
given by point-wise multiplication. For f ∈ L∞G and x ∈ G we have
λ(x)Mfλ(x−1) = MLx(f). Thus, if ϕ ∈ B(L2G)∗ is a state which is invariant
under the conjugation by λ(x), then restricting this state to L∞G gives a
state on L∞G which is G-invariant.

(ii)⇐⇒ (xii), follows from theG-equivariant identification CbG ∼= C(βG),
together with the Riesz representation theorem.

For (xii) =⇒ (xiii), suppose G acts continuously on a compact Haus-
dorff space K, and fix a point x0 ∈ K. Then the map f(g) = gx0 on G
extends uniquely to a continuous map βf : βG → K, moreover since f is
G-equivariant, so is βf . If µ is an invariant Radon probability measure for
the action on βG then we obtain the invariant Radon probability measure
f∗µ on K.
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For (xiii) =⇒ (iii), fix F ⊂ C lu
b G any finite subset. Then since G acts

continuously on C lu
b G it follows that the G-invariant unital C∗-subalgebra

A ⊂ C lu
b G generated by F is separable, and hence σ(A) is a compact metriz-

able space and the natural action of G on σ(A) is continuous. By hypothesis
there then exists aG-invariant probabiliy measure on σ(A) which corresponds
to a G-invariant state ϕF on A. By the Hahn-Banach theorem we may ex-
tend ϕF to a (possibly no longer G-invariant) state ϕ̃F on C lu

b G. Considering
the finite subsets of C lu

b G as a partially ordered set by inclusion we then have
a net of states {ϕ̃F} on C lu

b G, and we may let ϕ∞ be a cluster point of this
set. It is then easy to see that ϕ∞ is G-invariant. �

The previous theorem is the combined work of many mathematicians, in-
cluding von Neumann, Følner, Day, Namioka, Hulanicki, Reiter, and Kesten.

Example 6.3.3. Any compact group is amenable, and from part (vi) of The-
orem 6.3.2 we see that any group which is locally amenable (each compactly
generated subgroup is amenable) is also amenable. The group Zn is amenable
(consider the Følner sequence Fk = {1, . . . , k}n for example). From this it
then follows easily that all discrete abelian groups are amenable. Moreover,
from part (xiii) we see that if a locally compact group is amenable as a dis-
crete group then it is also amenable as a locally compact group, thus all
abelian locally compact groups are amenable.

Closed subgroups of amenable groups are also amenable (hence any locally
compact group containing F2 as a closed subgroup is non-amenable). This
follows from the fact that if H < G is a closed subgroup, then there exists
a Borel set Σ ⊂ G such that the map H × Σ 3 (h, σ) 7→ hσ ∈ G gives
a Borel bijection. This then gives an H-equivariant homomorphism θ from
L∞H → L∞G, given by θ(f)(hσ) = f(h). Restricting a G-invariant state to
the image of L∞H then gives an H-invariant state on L∞H.

If G is amenable and H C G is a closed subgroup then G/H is again
amenable. Indeed, we may view L∞(G/H) as the space of right H-invariant
functions in L∞G, and hence we may restrict aG-invariant mean to L∞(G/H).

From part (xiii) in Theorem 6.3.2 it follows that if H CG is closed, such
that H and G/H are amenable then G is also amenable. Indeed, if GyK
is a continuous action on a compact Hausdorff space, then if we consider
Prob(K)H the set of H-invariant probability measures, then Prob(K)H is a
non-empty compact set on which G/H acts continuously. Thus there is a
G/H-invariant probability measure µ̃ ∈ Prob(Prob(K)H) and if we consider
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the barycenter µ =
∫
ν dµ̃(ν), then µ is a G invariant probability measure

on K.
It then follows that all solvable groups amenable.

6.4 Lattices

Let G be a locally compact group. A lattice in G is a discrete subgroup
Γ < G such that G/Γ has a G-invariant probability measure.

6.4.1 An example: SLn(Z) < SLn(R)

Fix n ∈ N, and set G = SLn(R). We also set K = SO(n) < G, A the
abelian subgroup of G consisting of diagonal matrices in G with positive
diagonal coefficients, and N the subgroup of upper triangular matrices in G
with diagonal entries equal to one. We also set Γ = SLn(Z). We denote by
{ei}1≤i≤n, the standard basis vectors for Rn. For 1 ≤ i, j ≤ n, i 6= j, we
denote by Eij ∈ Γ the elementary matrix which has diagonal entries and the
ijth entry equal to 1, and all other entries equal to 0.

Proposition 6.4.1. For every v ∈ Zn \ {0}, there exists γ ∈ SLn(Z) such
that γv ∈ Ne1.

Proof. The proposition is trivially true for n = 1. For n = 2, suppose
v0 ∈ Z2 \{0}, multiplying by −I if necessary we may obtain a vector v1 with
at least 1 positive entry, multiplying by an appropriate power of E12, or E21

we obtain a vector v2 = (α1, α2) with both entries non-negative. We now try
to minimize these entries as follows: If 0 < α1 ≤ α2 we multiply by E−1

21 , and
if 0 < α2 < α1 we multiply by E−1

12 . Repeating this procedure we eventually
obtain a vector v3 with one positive entry and the other entry equal to 0.
Thus, either v3 ∈ Ne1, or v3 ∈ Ne2. In the latter case, multiplying by ( 0 1

−1 0 )
gives a vector v4 ∈ Ne1.

If n > 2 then for each 1 ≤ i < j ≤ n, we may realize SL2(Z) as the sub-
group of SLn(Z) which fixes ek, for k 6= i, j. By considering the embeddings
corresponding to (1, j) as j decreases from n to 2, then for v ∈ Zn \ {0} we
may inductibely find elements γj ∈ SLn(Z) such that γ2γ3 · · · γnv ∈ Ne1. �

Theorem 6.4.2 (Iwasawa decomposition for SLn(R)). The product map
K × A×N → G is a homeomorphism.
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Proof. Fix g ∈ G, and suppose that g has column vectors x1, . . . , xn. Using
the Gram-Schmidt process we inductively construct unit orthogonal vectors
ỹ1, . . . , ỹn by setting yi = xi −

∑
1≤j<i〈ỹj, xj〉ỹj, and then ỹi = yi/‖yi‖, for

1 ≤ i ≤ n.
We may then consider the orthogonal transformation k ∈ O(n), such that

kei = ỹi. It is then easy to check that k−1g is an upper triangular matrix
with diagonal entries equal to ‖yi‖ > 0. Note that we have k ∈ SO(n), since
det(k−1) = det(k−1g) =

∏n
i=1 ‖yi‖ 6= −1.

If a = diag(‖y1‖, ‖y2‖, . . . , ‖yn‖) then we have g = kan where n ∈ N .
This association is clearly continuous and it is easy to see that it is an inverse
to the product map K×A×N → G. Hence, this must be a homeomorphism.

�

Given the decomposition above, it is then natural to see how Haar mea-
sures for K, A, and N relate to Haar measures for G.

Theorem 6.4.3. Suppose dk, da, and dn, are Haar measure for K, A, and
N respectively. Then, with respect to the Iwasawa decomposition, a Haar
measure for G is given by dg = δ(a)dk da dn, where δ(a) =

∏
1≤i<j≤n

ai
aj

, for

a = diag(a1, a2, . . . , an) ∈ A.

Proof. From Example 5.2.1, we see that a right Haar measure for B = AN
is given by δ(a) dadn. Hence a right Haar measure for K × B is given by
δ(a) dkdadn.

We denote by dx a measure on K × B which is obtained from a Haar
measure on G through the homeomorphism K ×B 3 (k, b) 7→ kb ∈ G. Since
G is unimodular it follows that dx is right invariant under the actions of B,
and left invariant under the action of K. Hence ψ∗dx is a right invariant
measure on K×B, where ψ : K×B → K×B is given by ψ(k, b) = (k−1, b),
and hence must be a scalar multiple of δ(a) dkdadn. But K is unimodular,
and hence it follows that dx = ψ∗dx is a scalar multiple of δ(a) dkdadn. �

For t > 0 we let At be the subset of A given by diagonal matrices a such
that aii/a(i+1)(i+1) ≤ t, for all 1 ≤ i ≤ n − 1. For u > 0 we let Nu be the
subset of N consisting of those matrixes (nij) such that |nij| ≤ u, for all
1 ≤ i < j ≤ n. Note that Nu is compact. A Segal set in SLnR is a set of
the form Σt,u = KAtNu.

Lemma 6.4.4. We have N = N1/2(N ∩ Γ).
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Proof. We will prove this by induction on n. Note that for n ∈ {1, 2} this is
easy. If n > 2, and u ∈ N , then we have u = ( 1 ∗

0 u0 ), where u0 ∈ SLn−1(R)
is upper triangular with diagonal entries equal to one. Thus, by induction
there exists γ0 ∈ SLn−1(Z) upper triangular with diagonal entries equal to
one, such that the non-diagonal entries in u0γ0 have magnitude at most 1/2.
We may then write u

(
1 0
0 γ0

)
=
(

1 x
0 u0γ0

)
.

If we take y ∈ Zn−1, such that y + x has entires with magnitude at most
1/2, then we have u

(
1 0
0 γ0

) (
1 y
0 I

)
∈ N1/2. �

Lemma 6.4.5. If g ∈ AN such that ‖ge1‖ ≤ ‖gv‖, for all v ∈ Zn \{0}, then
g11/g22 ≤ 2/

√
3.

Proof. Suppose g ∈ AN is as above. Note that since N stabilizes e1, if
γ ∈ Γ ∩ N , then gγ again satisfies ‖gγe1‖ ≤ ‖gγv‖, for all v ∈ Zn \ {0}.
Also, g and gγ have the same diagonal entries if γ ∈ Γ ∩N . Thus, from the
previous lemma it is enough to consider the case g = an, with a ∈ A, and
n ∈ N1/2.

In this case we have ge1 = a11e1, and ge2 = a11n12e1 + a22e2, with |n12| ≤
1/2. Hence,

a2
11 = ‖ge1‖2 ≤ ‖ge2‖2 = a2

11|n12|2 + a2
22 ≤ a2

11/4 + a2
22.

Hence, 3
4
g2

11 = 3
4
a2

11 ≤ a2
22 = g2

22. �

Theorem 6.4.6. For t ≥ 2/
√

3, and u ≥ 1/2 we have G = Σt,uΓ.

Proof. By Lemma 6.4.4 it is enough to show G = KA2/
√

3NΓ, which we will
do by induction, with the case n = 1 being trivial.

Assume therefore that n > 1, and this holds for n − 1. We fix g ∈ G.
Since g(Zn \ {0}) is discrete, there exists v0 ∈ Zn \ {0} which achieves the
minimum of {‖gv‖ | v ∈ Zn \ {0}}. Note that we cannot have v0 = αv, for
some v ∈ Zn \ {0}, and α ∈ Z, unless α = ±1. Hence, by Proposition 6.4.1
there exists γ ∈ Γ such that γe1 = v0.

We consider the Iwasawa decomposition gγ = kan, and write an =(
λ ∗
0 λ−1h0

)
, where h0 ∈ SLn−1(R). By the induction hypothesis there then ex-

ists k0 ∈ SO(n−1), and γ0 ∈ SLn−1(Z) such that k−1
0 h0γ0 is upper triangular

and whose positive diagonal entries {ai,i}i=1,n−1 satisfy ai,i/ai+1,i+1 ≤ 2/
√

3,
for 1 ≤ i ≤ n− 2.

Thus, if we consider g̃ =
(

1 0
0 k−1

0

)
k−1gγ

(
1 0
0 γ0

)
, then we see that g̃ ∈ AN ,

and the diagonal entries of g̃ satisfy g̃i,i/g̃i+1,i+1 ≤ 2/
√

3 for all 2 ≤ i ≤ n−1.
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Thus, to finish the proof it suffices to show that we also have g̃1,1/g̃2,2 ≤ 2/
√

3.
However, this follows from Lemma 6.4.5 since for all v ∈ Zn \ {0} we have

‖g̃e1‖ = ‖gγ
(

1 0
0 γ0

)
e1‖ = ‖gγe1‖ = ‖gv0‖

≤ ‖gγ
(

1 0
0 γ0

)
v‖ = ‖g̃v‖. �

Theorem 6.4.7. SLn(Z) is a lattice in SLn(R).

Proof. By the previous theorem it suffices to show that Σt,u has finite Haar
measure for t = 2/

√
3, and u = 1/2. By Theorem 6.4.3 a Haar measure

for G is given by dg = δ(a)dk da dn, where δ(a) =
∏

1≤i<j≤n
ai
aj

for a =

diag(a1, . . . , an). Hence,
∫

Σt,u
dg = (

∫
K

dk)(
∫
At
δ(a) da)(

∫
Nu

du). Note that

since K and Nu are compact, this integral is finite if and only if the integral∫
At
δ(a) da is finite.

Consider the isomorphism Rn−1 → A given by

(x1, x2, . . . , xn−1) 7→ λdiag(ex1+x2+···+xn−1 , ex2+···+xn−1 , . . . , exn−1 , 1),

where λn =
∏n−1

i=1 e
−ixi . We then have an explicit Haar measure for A given

by the push forward of Lebesgue measure on Rn−1. Moreover the preimage
of At under this map is given by E = (−∞, log(2/

√
3)]n−1. Thus, we may

compute directly∫
At

δ(a) da =

∫
E

∏
1≤i≤j≤n−1

exi+···+xj dx1 · · · dxn−1 =
n−1∏
i=1

∫ log(2/
√

3)

−∞
ebix dx,

where bi are positive integers. Hence,
∫
At
δ(a) da <∞. �

6.5 The Howe-Moore property for SLn(R)
A locally compact group G has the Howe-Moore property if every con-
tinuous representation without invariant vectors is mixing.

Fix n ∈ N, and set G = SLn(R), and K = SO(n) < G, as above. We
let A+ denote the set of matrices g ∈ G such that g is a diagonal matrix
whose diagonal entries are positive and non-increasing, and we let A be the
subgroup generated by A+. Note that if g ∈ G, then if we consider the
polar decomposition of g we may write g = k0h, where h is positive-definite
and k0 ∈ K. Since positive-definite matrices can be diagonalized there then
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exists k1 ∈ K so that h = k−1
2 ak2, for a ∈ A+. If we set k1 = k0k

−1
2 , then we

have g = k1ak2, with k1, k2 ∈ K, and a ∈ A+. Hence, we have established
the Cartan decomposition G = KA+K.

Theorem 6.5.1 (Howe-Moore). SLn(R) has the Howe-Moore property for
n ≥ 2.

Proof. We first consider the case G = SL2(R). Suppose π : G → U(H) is a
continuous representation which is not mixing, then we will show that there
exists a non-zero G-invariant vector. Since the representation is not mixing,
there exists a sequence π(gn) such that gn →∞, and π(gn) does not converge
to 0 in the weak operator topology. By taking a subsequence we may assume
that π(gn) converges weakly to a non-zero operator S ∈ B(H). Using the
Cartan decomposition we may write gn = knank

′
n where kn, k

′
n ∈ K, and

an ∈ A+. Since K is compact we have an → ∞, and we may take another
subsequence so that π(kn) and π(k′n) converge in the strong operator topology
to unitaries v and w respectively. If we set T = v∗Sw∗ 6= 0 then we have
that π(an) converges in the weak operator topology to T .

Write an =
(
rn 0

0 r−1
n

)
, where rn →∞, and consider the subgroup N ⊂ G

consisting of upper triangular matrices with entries 1 on the diagonal. Note
that the conjugation action of A = 〈A+〉 on N is given by(

r 0
0 r−1

)
( 1 s

0 1 )
(
r−1 0

0 r

)
=
(

1 r2s
0 1

)
,

thus, for x ∈ N we have a−1
n xan → e ∈ G. Hence π(a−1

n xan) → 1 in
the strong operator topology, and so π(xan) = π(an)π(a−1

n xan) → T in
the weak operator topology. But we also have that π(xan) → π(x)T in
the weak operator topology, and so we conclude that π(x)T = T for all
x ∈ N , and hence π(x)TT ∗ = TT ∗ for all x ∈ N . Note that TT ∗ 6= 0 since
‖TT ∗‖ = ‖T‖2 6= 0. Replacing an with a−1

n then shows that π(y)T ∗T = T ∗T
for all y ∈ N t, where N t is the transpose of N consisting of lower triangular
matrices with 1’s down the diagonal.

Since T and T ∗ are both weak limits of unitaries from A, and since A is
abelian, we have TT ∗ = T ∗T , and since N and N t generate SL2(R) we then
have that π(g)TT ∗ = TT ∗ for all g ∈ SL2(R), thus any non-zero vector in
the range of TT ∗ gives a non-zero invariant vector for SL2(R), completely
the proof for G = SL2(R).

For the case when G = SLm(R), with m > 2 we first note that again if π
is not mixing then there exists a sequence an ∈ A+ such that π(an)→ T 6= 0
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in the weak operator topology. Where we again have that the upper left entry
of an is tending to ∞, and that the lower right diagonal entry is tending to
0.

For i 6= j, let Ni,j ⊂ SLm(R) denote the subgroup consisting of matrices
with diagonal entries equal to 1, and all other entries zero except possibly the
(i, j)-th entry, then exactly as above we conclude that any non-zero vector in
the range of TT ∗ is fixed by the copy of SL2(R) generated by N1,m and Nm,1,
and in particular, is fixed by the subgroup A1,m consisting of those diagonal
matrices with positive entries which are 1 except for possibly the first or mth
diagonal entries.

We let K denote the set of A1,m-invariant vectors, then to finish the proof
it is enough to show that K is G-invariant. Indeed, if this is the case then
A1,m is contained in the kernel of the representation restricted to K and since
G is simple this must then be the trivial representation.

To see that K is G-invariant note that Ni,j commutes with A1,m whenever
{i, j}∩{1,m} = ∅, in which case Ni,j leaves K invariant. On the other hand,
if {i, j} ∩ {1,m} 6= ∅ then A1,m acts on Bi,j by conjugation, and this action
is isomorphic to the action of A on N described above for SL2(R). Thus,
as above we must have that any vector which is fixed by A1,m is also fixed
by Bi,j and in particular we have that Bi,j leaves K invariant in this case as
well.

Since G is generated by Bi,j, for 1 ≤ i, j ≤ m this then shows that K is
indeed G-invariant. �

We remark that the proof above also works equally well for SLm(K)
where K is any non-discrete local field.

6.6 Property (T)

Let G be a locally compact group, and H < G a closed subgroup. The pair
(G,H) has relative property (T) if every representation of G which has
almost invariant vectors, has a non-zero H-invariant vector. G has property
(T) if the pair (G,G) has relative property (T).

Suppose that G and A are locally compact groups such that A is abelian.
Suppose α : G → Aut(A) is a continuous homomorphism, and let α̂ : G →
Aut(Â) denote the dual homomorphism given by α̂x(χ) = χ◦αx−1 , for x ∈ G,

and χ ∈ Â. Note that for f ∈ L1H, and x ∈ G we have f̂ ◦ αx(χ) =
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∫
f ◦ αx(y)χ(y) dy =

∫
f(y)α̂x(χ)(y)

dαx−1y

dy
dy =

̂(
f

dαx−1y

dy

)
◦ α̂x(χ).

Lemma 6.6.1. Let G and A be as above. Suppose {ϕi}i∈I ⊂ P1(G n A)
is a net of positive type functions, and let νi ∈ Prob(Â) denote the net of
probability measures which corresponds by Bochner’s theorem to the functions
ϕi restricted to A. If ϕi → 1 uniformly on compact subsets of G then ‖α̂xνi−
νi‖ → 0 uniformly on compact subsets of G.

Proof. We let πi : G n A → U(Hi) be the cyclic representations associated
to ϕi with cyclic vector ξi ∈ Hi. For f ∈ L1H we have∫

f̂ dα̂xνi =

∫
f̂ ◦ α̂x dνi

=

∫
f ◦ αx(y)〈πi(y)ξi, ξi〉 dαx(y)

=

∫
f(y)〈πi(y)π(x−1)ξi, π(x−1)ξi〉 dy

= 〈πi(f)πi(x
−1)ξi, π(x−1)ξi〉.

Thus, we have |
∫
f̂ dα̂xνi −

∫
f̂ dνi| ≤ 2‖πi(f)‖‖ξi − πi(x)ξi‖ = 2‖f̂‖∞‖ξi −

π(x)ξi‖.
Since F(L1H) is dense in C0Â it then follows that ‖α̂xνi − νi‖ ≤ 2‖ξi −

πi(x)ξi‖ → 0 uniformly on compact subsets of G. �

Lemma 6.6.2. Let G and A be second countable locally compact groups such
that A is abelian. Suppose α : G→ Aut(A) is a continuous homomorphism.
Then the following conditions are equivalent:

(i) (Gn A,A) does not have relative property (T).

(ii) There exists a net {νi}i∈I ⊂ Prob(Â), such that νi({e}) = 0, νi → δ{e}
weak∗, and ‖α̂yνi − νi‖ → 0 uniformly on compact subsets of G.

Proof. For (i) =⇒ (ii), suppose that (G n A,A) does not have relative
property (T). Thus, there exists a continuous representation π : G n A →
U(H) without invariant vectors, and a net of unit vectors {ξi}i ⊂ H such
that ‖π(x)ξi − ξi‖ → 0 uniformly on compact subsets of GnH.

We let ϕi : G n A → C denote the function of positive type given by
ϕi(x) = 〈π(x)ξi, ξi〉, and we let νi ∈ Prob(Â) denote the probability measure
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corresponding to ϕi restricted to A, given by Bochner’s theorem. Then as
ϕi → 1 uniformly on compact sets of A we have νi → δ{e} weak∗, and since
ϕi → 1 uniformly on compact subsets of G by the previous lemma we have
that ‖α̂xνi − νi‖ → 0 uniformly on compact subsets of G.

Conversely, for (ii) =⇒ (i), let {νi}i∈I ⊂ Prob(A) be the net given by
(ii). Fix µ0 ∈ Prob(G) in the same measure class as Haar measure, and set
ν̃i = α̂(µ0) ∗ νi =

∫
α̂xνi dµ0(x). Then we again have that ν̃i → δ{e} weak∗,

and ‖α̂xν̃i − ν̃i‖ → 0 uniformly on compact subsets, and moreover we have
that ν̃i is quasi-invariant for the G action on Â.

We define πi : G n H → U(L2(Â, ν̃i)) by πi(xh) = Uxh where U is the
Koopman representation corresponding to the action of G on (Â, ν̃i). Then
πi gives a unitary representation, and as ν̃i → δ{e} weak∗ we see that {ξi}i∈I
forms a net of almost invariant vectors for H. Moreover, for x ∈ G we have

|〈πi(x)ξi − ξi, ξi〉| ≤
∫ ∣∣∣∣∣
(

dα̂xνi
dνi

)1/2

− 1

∣∣∣∣∣ dνi

≤
∥∥∥∥dα̂xνi

dνi
− 1

∥∥∥∥1/2

1

≤ ‖α̂xνi − νi‖1/2.

Hence, {ξi}i∈I also forms a net of almost invariant vectors for G. We let
Ki ⊂ L2(Â, ν̃i) denote the space of A-invariant vectors. Then as ACGnA is
normal it follows that Ki is ACG-invariant and hence so is K⊥i . If (GnA,A)
had relative property (T) then since {P⊥Kiξi}i∈I is almost invariant for GnA
in ⊕i∈Iπi it then follows that we must have P⊥Kiξi → 0. Hence, it follows that
ν̃i({e}) → 1. However, ν̃i({e}) = ν̃i({e}) − νi({e}) → 0 and we would then
have a contradiction. �

Corollary 6.6.3. Let G and A be second countable locally compact groups
such that A is abelian. Suppose α : G → Aut(A) is a continuous homomor-
phism. If (Gn A,A) does not have relative property (T) then there exists a
state ϕ ∈ B∞(Â)∗ such that ϕ(1{e}) = 0, ϕ(1O) = 1 for every neighborhood

O of e, and ϕ(f ◦ α̂x) = ϕ(f) for all f ∈ B∞(Â), and x ∈ G.

Proof. Suppose (G n A,A) does not have relative property (T), and let
{νi}i∈I ⊂ Prob(Â) be as in the previous lemma. Then each νi gives a state
on B∞(Â). If we let ϕ be a weak∗-cluster point of {νi}i∈I then we have
ϕ(1{e}) = 0 since νi({e}) = 0 for all i ∈ I. We also have ϕ(1O) = 1 for every
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neighborhood O of e since νi → δ{e} weak∗. And we have ϕ(f ◦ α̂x) = ϕ(f)

for all f ∈ B∞(Â), and x ∈ G, since ‖α̂xνi − νi‖ → 0 for all x ∈ G. �

We consider the natural action of SL2(R) on R2 given by matrix multi-
plication, and let SL2(R) nR2 be the semi-direct product.

Theorem 6.6.4. The pair (SL2(R) nR2,R2) has relative property (T).

Proof. Under the identification R̂2 = R2 given by the pairing 〈a, ξ〉 = eπia·ξ

we have that the dual action of SL2(R) is given by matrix multiplication
with the inverse transpose.

Suppose that ϕ ∈ B∞(R2)∗ is a SL2(R)-invariant state such that ϕ(1O) =
1 for any neighborhood O of (0, 0).

We set

A = {(x, y) ∈ R2 | x > 0,−x < y ≤ x};

B = {(x, y) ∈ R2 | y > 0,−y ≤ x < y};

C = {(x, y) ∈ R2 | x < 0, x ≤ y < −x};

D = {(x, y) ∈ R2 | y < 0, y < x ≤ −y}.

A simple calculation shows that for k ≥ 0 the sets Ak =
(

1 0
2k 1

)
A are pairwise

disjoint. Thus, we must have that ϕ(1A) = 0. A similar argument also shows
that ϕ(1B) = ϕ(1C) = ϕ(1D) = 0. Hence we conclude that ϕ(1{(0,0)}) = 1−
ϕ(1A∪B∪C∪D) = 1. By the previous corollary it then follows that (SL2(R) n
R2,R2) has relative property (T). �

Theorem 6.6.5 ([?]). SLm(R) has property (T) for m ≥ 3.

Proof. We consider the group SL2(R) < SLm(R) embedded as matrices in
the upper left corner. We also consider the group R2 < SLm(R) embedded
as those matrices with 1’s on the diagonal, and all other entries zero ex-
cept possibly the (1, n)th, and (2, n)th entries. Note that the embedding of
SL2(R) normalizes the embedding of R2, and these groups generate a copy
of SL2(R) nR2.

If π : SLm(R) is a representation which has almost invariant vectors, then
by Theorem 6.6.4 we have that the copy of R2 has a non-zero invariant vector.
By the Howe-Moore property it then follows that π has an SLm(R)-invariant
vector. �
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Suppose that G is a locally compact group and Γ < G is a lattice. If
π : Γ → U(H) is a unitary representation, we denote by L2(G,H)Γ the set
of measurable function f : G → H which satisfy π(γ−1)f(gγ) = f(g) for all
g ∈ G, and γ ∈ Γ, and

∫
G/Γ
‖f(g)‖2dg <∞, where we identify two functions

if they agree almost everywhere. We define an inner-product on L2(G,H)Γ

by 〈f1, f2〉 =
∫
G/Γ

f1(g)f2(g) dg. With this inner-product it is not hard to see

that L2(G,H)Γ forms a Hilbert space.
The induced representation π̃ : G→ U(L2(G,H)Γ) is given by (π̃(x)f)(y) =

f(x−1y). It is easy to see that π̃ gives a continuous unitary representation of
G.

Theorem 6.6.6. [?] Let G be a second countable locally compact group, and
Γ < G a lattice, if G has property (T) then Γ has property (T).

Proof. We fix a Borel fundamental domain Σ for Γ so that the map Σ×Γ 3
(σ, γ) → σγ ∈ G is a Borel isomorphism, and we choose a Haar measure on
G so that Σ has measure 1. We let α : G×Σ→ Γ be defined so that α(g, σ)
is the unique element in Γ which satisfies gσα(g, σ) ∈ Σ.

If π : Γ → U(H) is a representation with almost invariant unit vectors
{ξn}n∈N. We consider the vectors ξ̃n ∈ L2(G,H)Γ given by ξ̃n(σγ) = π(γ)ξn,
for σ ∈ Σ, γ ∈ Γ. Then for g ∈ G we have

‖π̃(g)ξ̃n−ξ̃n‖2 =

∫
G/Γ

‖ξ̃n(g−1x)−ξ̃n(x)‖2 dx =

∫
Σ

‖ξn−π(α(g−1, σ))ξn‖2 dσ → 0.

Thus, {ξ̃n}n∈N forms a sequence of almost invariant vectors for π̃. Since
G has property (T), it follows that there exists a non-zero invariant vector
ξ̃0 ∈ L2(G,H)Γ, i.e., ξ̃0(gx) = ξ̃0(x) for almost all g, x ∈ G. It then follows
that ξ̃0 is essentially constant. We let ξ0 6= 0 denote the essential range of ξ̃0.
Since ξ̃0 ∈ L2(G,H)Γ we have that π(γ)ξ0 = ξ0 for all γ ∈ Γ. Thus, ξ0 ∈ H
is a non-zero invariant vector and hence Γ has property (T). �

We remark that the converse of the previous theorem is also true.

Corollary 6.6.7. SLm(Z) has property (T) for m ≥ 3.
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