Algorithms For Minimization Without
Derivatives describes and analyzes
some practical methods for finding
approximate zeros and minima of
functions.

Contents include the use of successive
interpolation for finding simple zeros
of a function and its derivatives; an
algorithm with guaranteed converg-
ence for finding a zero of a function;
an algorithm with guaranteed con-
vergence for finding a minimum of a
function of one variable; global mini-
mization given an upper bound on
the second derivative; and a new
algorithm for minimizing a function
of several variables without caleulat-
ing derivatives.

Among the Features

o Provides reliable FORTRAN and
ALGOL computer programs.

e Offers many numerical cxamplcs.

* Presents methods that are easily
used on computers. These methods
require no derivatives, and only
function values need to be com-

puted.

* Discusses in detail a method for
finding global minima or maxima of
functions of one or more variahles.

(continued on back flap)

{continued from front flap)

» Contain: a complete analysis of the
rate of convergence of some com-
monly used methods for finding
zeros and minima of functions.

» Proves convergence for most of the
algcrrithms, and provides error
bounds that allow [or the effect of
rounding errors,

¢ Includes a comprehensive and up-
to-date bibliography.

Ricuanp P. BrexT is on the Research
Staff of the IBM Thomas J. Watson
Research Center at Yorktown Heights,
New York. He received the Ph.D.
from Stanford University. Dr. Brent
is a meraber of the Society for In-
dustrial and Applied Mathematics and
the Association for Computing Ma-
chinery.



Algorithms for
Minimization
Without
Derivatives

Richard P. Brent

The ever-growing relevance of computers to our daily lives increases
the importance of developing algorithms suitable for computer use.
This outstanding text for graduate students and research workers
proposes improvements to existing algorithms, extends their related
mathematical theories, and offers details on new algorithms for
approximating local and global minima. None of the algorithms
discussed requires an evaluation of derivatives; all depend entirely on
sequential function evaluation, a highly practical scenario in the
frequent event of difficultto-evaluate derivatives.

Topics include the use of successive interpolation for finding simple
zeros of a function and its derivatives; an algorithm with guaranteed
convergence for finding a minimum of a function of one variation:
global minimization given an upper bound on the second derivative:
and a new algorithm for minimizing a function of several variables
without calculating derivatives.

Many numerical examples appear here, along with a complete analy-
sis of the rate of convergence for most of the algorithms and error
bounds that allow for the effect of rounding errors.

Unabridged Dover (2002) republication of the edition published by
Prentice-Hall, Inc., Englewood Cliffs, New Jlersey, 1973. 15 black-and-
white illustrations. Preface. Bibliography. Appendix. Index. xii+196pp.
3% x 8% Paperbound.

ALSO AVAILABLE

Compurapiumy anp UnsowvasiLiTy, Martin Davis. 288pp. 5% x 84 61471-9
THEORY OF ApPrOXIMATION, N. I. Achieser. 317pp. 5% x 84. 67129-1

For current price information write to Dover Publications, or log onto
www.doverpublications.com—and see every Dover book in print.

Free Dover Mathematics and

Science Catalog (59065-8)
available upon request. ISBN 0-48bL-41994-3

I' 900[]0

$9.95 IN USA 9l7 8048601419985

sabiuagy “w yar fig ubisap Jano)



DOVER BOOKS ON MATHEMATICS

HANDROOK OF MATHEMATICAL FuncTions, Milton Abramowitz and Irene A.
Stegun. (61272-4) $32.95
THEORY OF ApPrOXIMATION, N. L. Achieser. (67129-1) $8.95

TENSOR ANALYSIS ON MANIFOLDS, Richard L. Bishop and Samuel L
Goldberg. (64039-6) $9.95

TABLES OF INDEFINITE INTEGRALS, G. Petit Bois. (60225-7) $8.95

VECTOR AND TENSOR ANALYSIS WITH ApPLICATIONS, A, 1. Borisenko and L E.
Tarapov. (63833-2) $10.95

ThE HISTORY OF THE CALCULUS AND Its CONCEPTUAL DEVELOPMENT, Carl B.
Boyer. (60509-4) $9.95

TiE QUALITATIVE THEORY OF ORDINARY DIFFERENTIAL EQUATIONS: AN
InTRODUCTION, Fred Brauer and John A. Nohel. (65846-5) $12.95

PrINCIPLES OF STATISTICS, M. G. Bulmer. (63760-3) $9.95

ThE THEORY OF SPiNors, Elie Cartan. (64070-1) $8.95

Apvancien NumBer THEORY, Harvey Cohn. (64023-X) $10.95

STATISTICS MANUAL, Edwin L. Crow, Francis Davis, and Margaret Maxfield.
(60599-X) $8.95

FOURIER SERIES AND ORTHOGONAL FuncTions, Harry F. Davis. (65973-9)
$13.95

COMPUTABILITY AND UNSOLVABILITY, Martin Davis. (61471-9) $12.95
ASYMPTOTIC METHODS IN ANALYSIS, N. G. de Bruijn. (64221-6) $9.95
PrOBLEMS IN GROUP THEORY, John D. Dixon, (61574-X) $10.95

THE MATHEMATICS OF GAMES OF STRATEGY, Melvin Dresher. (64216-X) $7.95
Asymprotic Expansions, A. Erdélyi. (60318-0) $6.95

CoMPLEX VARIABLES: HARMONIC AND ANALYTIC FUNCTIONS, Francis J. Flanigan.
(61388-7) $10.95

ON FORMALLY UNDECIDABLE PROPOSITIONS OF PRINCIPIA MATHEMATICA AND
RELATED SysTeEms, Kurt Godel. (66980-T) $6.95

A HisTorY OF GREEK MATHEMATICS, Sir Thomas Heath. (24073-8, 24074-6)
Two-volume set $29.90

PROBARILITY: ELEMENTS OF THE MATHEMATICAL THEORY, C. R. Heathcote.
(41149-4) $8.95

INTRODUCTION TO NUMERICAL ANALYSIS, Francis B. Hildebrand. (65363-3)
$16.95

METHODS OF APPLIED MATHEMATICS, Francis B. Hildebrand. (67002-3) $12.95
ToroLoay, John G. Hocking and Gail S. Young. (65676-4) $13.95

MarHEMATICS AND Loaic, Mark Kac and Stanislaw M. Ulam. (67085-6)
$7.95

MATHEMATICAL METHODS AND THEORY IN GAMES, PROGRAMMING, AND ECONOMICS,
Samuel Karlin. (67020-1) $24.95

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. 1. Khinchin. (60434-9)
$5.95

(continued on back flap)



(continued from front flap)

CaLcuLuS REFRESHER, A. Albert Kiaf. (20370-0) $10.95
ProeLEM BOOK 1N THE THEORY OF FuncTions, Konrad Knopp. (41451-5) $8.95

INTRODUCTORY REAL ANALYSIS, A. N. Kolmogorov and S. V. Fomin. (61226-0)
$14.95

SpECIAL FUNCTIONS AND THEIR AppLications, N. N. Lebedev. (60624-4) $12.95

TENSORS, DIFFERENTIAL FORMS, AND VARIATIONAL PRINCIPLES, David Lovelock
and Hanno Rund. (65840-6) $13.95

SURVEY OF MATRIX THEORY AND MATRIX INEQUALITIES, Marvin Marcus and
Henryk Minc. (67102-X) $8.95

ABSTRACT ALGEBRA AND SOLUTION BY Rapicais, John E. and Margaret W.
Maxfield. (67121-6) $9.95

FUNDAMENTAL CONCEPTS OF ALGEBRA, Bruce E. Meserve. (61470-0) $12.95

FUNDAMENTAL CONCEPTS OF GEOMETRY, Bruce E. Meserve. (63415-9) $11.95

Firty CHALLENGING PROBLEMS IN PROBABILITY wiTH SoLuTions, Frederick
Mosteller. (65355-2) $5.95

ELEMENTS OF THE TOPOLOGY OF PLANE SETS oF PoinTs, M. H. A. Newman.
(67037-6) $6.95

NuMBER THEORY AND ITs HisTORY, Oystein Ore. (65620-9) $12.95

MATRICES AND TRANSFORMATIONS, Anthony J. Pettofrezzo. (63634-8) $7.95

PrOBABILITY THEORY: A Concise Coursk, Y. A. Rozanov. (63544-9) $8.95

ORDINARY DIFFERENTIAL EQUATIONS AND STABILITY THEORY: AN INTRODUCTION,
David A. Sanchez. (63828-6) §6.95

LINEAR ALGEBRA, Georgi E. Shilov. (63518-X) $11.95

FsseEnTiaL CALCULUS WITH ApPLIcaTioNs, Richard A. Silverman. (66097-4)
$11.95

A Concise HISTORY OF MatHEmaTics, Dirk J. Struik. (60255-9) $8.95

PROBLEMS IN PROBABILITY THEORY, MATHEMATICAL STATISTICS AND THEORY OF
RanpoM FuncTions, A. A. Sveshnikov, (63717-4) $14.95

Tensor CaLcuLus, J. L. Synge and A. Schild. (63612-T) $13.95

CALCULUS OF VARIATIONS WITH APPLICATIONS TO PHYSICS AND ENGINEERING,
Robert Weinstock. (63069-2) $12.95

[NTRODUCTION TO VECTOR AND TENSOR ANaLYsis, Robert C. Wrede. (61879-X)
$12.95

DISTRIBUTION THEORY AND TRANSFORM ANALYSIS, A. H. Zemanian. (65479-6)
$13.95

Paperbound unless otherwise indicated. Prices subject to change with-
out notice. Available at your book dealer or online at www.doverpubli-
cations.com. Write for free catalogues to Dept. 23, Dover Publications,
Inc., 31 East 2nd Street, Mineola, NY 11501. Please indicate field of inter-
est. Each year Dover publishes over 400 books on fine art, music, crafts
and needlework, antiques, languages, literature, children’s books, chess,
cookery, nature, anthropology, science, mathematics, and other areas.

Manufactured in the US.A.



PRENTICE-HALL
SERIES IN AUTOMATIC COMPUTATION

George Forsythe, editor

ANO AND ULiMan, Theory of Parsing, Transfation, and Compiling, Vetwme 1. Parsing
ANDREE, Compater Programning: Tecluigmes, Analvsis, and Mathemiarics
AMSELONE, Calicetively Compart Qpevatar Approximation Theary
and Appiications to Integral Eguarions

armpin, Theories of Abstract Anfomata

BATES AND DOUGLAS, Prograseing Langrage!/One, 2nd ed,

BLUMENTHAL, Management nformaiion Nysiems

BOBROW AND SCHWARTZ, Competers wd the Poliey-Making Comminy
noww LES, editor, Computers in Humamistic Researeh

BRENT, Algorithms for Minindzation withows Derivatives

CESCHING AND KUNTZMAN, Numerical Solution of Initial Valwe Problems
CRESS, et al., FORTRAN IV with WATFOR and WATEIV

pANIEL, The Approximaie Minimization of Funetionals

pESMONDE, A Conversational Graphic Data Processing System

DESMONDE, Computers and Their Uses, 2nd ed.

DESMONDE, Real-Tine Data Processing Syitems

nRuMMOND, Evalvation and Measuvement Techmiques for Digital Computer Systems
evans, ol al., Simedarion Using Digital Computers

vike, Compiter Evalwation of Mathemarical Functions

FIKE, PLIT for Scienific Programmers

FORSYTHE AND MOLER, Compinter Sofution of Linear Algebraic Sysiems
GAUTHIER AND PONTO, Designing Svirems Programs

Gear, Numerical fnitial Valwe Problems in Ordinary Differential Equations
GOLDEN, FORTRAN IV Programming and Comyputing

GOLEBEN AND LEWCHUS, [BM360 Programiming and Compuiing

GORDON, System Simlarion

GREENSPAN, Lectures on the Numerical Selution of Livear, Siagalar and

Monlimear Differential Fanations

GRUENBERGER, editor, Computers and Contrnicaiions

GHUENBERGER, editor, Critical Factors in Date Manapement
GRUFNBERGER, editor, Expanding Use of Computers in the 7075
GRUENBERGER, cditor, Fourth Gereration Compriers

HARTMANIS AND STEARNS, Algebraic Stracture Theary of Sequential Machines
HULL, fetroduciion o Computing

sacoery, of al., ferarive Merhods for Nonlinear Qptiniizarion Problems
JovnsoN, Systemt Stectore in Data, Programs, and Computers

KANTER, The Computer and fthe Executive

KIVIAT, ¢t al., The SIMSCRIPT I Programming Languaee

Lorsy, Paralfelism in Hardware and Software: Real and Apparent Concurrency
LOUDEN AND LEDIN, Programming the TBM 130, 2nd ed.
sarTin, Design aof Real-Time Computer Systems
MarTIN, Fuiure Developments in Telecommumications
MARTIN, Man-Compater Dialopue

MARTIN, Programuing Real-Time Compating Systems
MARTIN, Syerems Analysis for Data Transmission
sarTiN, Teleconumunications and the Computer
MakTIN, Feleprocessing Network Organization
SARTIN AND NoRMAN, The Computerized Sociery
MATHISON AND wWaALKER, Campiters and Teleconmunications: Issues in Public Policy
mokEEMan, ¢ al., A Campier Generalor

MEYERS, Time-Sharing Computation in the Social Sciences

simsky, Computation: Finite and Infinite Machines

MooRE, fnterval Analysis

PLANME AND MCMILLAN, Discrete Optimization: Imteger Programming and Network Analysis

Sfor Management Decisions

PRITSKER AND KVIAT, Simcdarion with GASP 1I: a FORTRAN-Based Simulation Language
PYLysHY N, editor, Perspectives on the Computer Revolution

ricH, Ftermal Sorting Methods IHustrated with PLID Programs

rusTIN, editor, Algerithm Specification

rUsTIN, editor, Compurer Networks

RUSTIN, editar, Debugeing Technigues in Large Systems

rUsTIN, editor, Formal Sermantics of Programming Languages

SACKMAN AND CITRENBAUM, cditors, On-Line Planning: Towards Creative Problem-Solving
savLton, editor, The SMART Retrieval System: Experimems in Awtomatic Document

FPracessinge

SAMMET, Programming Languages: History and Fundamentals

SCHULTZ, Digital Processing: A System Ovientalivn

SCHULTE, Finite Element Amalysis

scHwARZ, ¢t al,, Numerival Analysis af Symmetric Mairices

SHERMAN, Technigues in Computer Programming

SIMON AND SIKLOSSY, editors, Representarion and Meaning ! Experiments

with Information Processing Systems

sywpER, Chebyshev Methode in Numerical Approximarion

STERLING AND POLLACK, fatroduction to Statistical Data Processing

STOUTMEYER, PL{ Programming for Engincering and Science

STROUD, Approximate Caloulation of Multiple Integrals

STROUD AND SECREST, Granssian Owadranure Formulas

Taviss, editor, The Computer Impact

TRAUR, frerative Methods for the Solution of Polynamial Eguations

UHR, Pattern Recognition, Learning, and Theught

VAN TasseL, Compurer Security Manegement

VARGA, Marrix frerative Analysis

VAZSONYI, Problem Sofving by Digital Computers with PL]1 Programming

WATTE, Tmplementing Sofiware for Nop-Numeric Application

WILKInNsON, Rownding Errors in Alsebraic Processes

ZIEGLER, Time-Sharing Data Processing Systems



ALGORITHMS FOR

MINIMIZATION
WITHOUT DERIVATIVES

RICHARD P. BRENT
Thomas J. Watson Research Center
Yorktown Heights, New York

Prentice-Hall, Inc.. Englewood Clilfs, New Jersey



{11973 by Prentice-Hall, Inc., Englewood Cliffs, N.J,

All rights reserved. No part of this book may be reproduced
in any form or by any means without permission in writing
from the publisher,

ISBN: 0-13-022335-2
Library of Congress Catalog Card Number; 78-10843

Printed in the United States of America
109 8 7 6 5 4 3 21

Presmice-Havt INTERNATIONAL, INC,, London
PreNTICE-HALL OF AusTrRALIA, Pry. LTn., Swdney
PrenTICE-HALL OF CANADA, LTD., Toronto
Prenmice-Hare oF Inpia Private LiMimen, New Delhi
PRENTICE-HALL oF Jaraw, INc,, Tokye

CONTENTS

PREFACE

7

INTRODUCTION AND SUMMARY

1.1
1.2

2

SOME USEFUL RESULTS ON TAYLOR SERIES,

Introduction
Surnimary

DIVIDED DIFFERENCES, AND LAGRANGE

INTERPOLATION
2.1  Introduction
2.2  Notation and definitions
2.3  Truncated Taylor series
2.4  Lagrange interpolation
2.5 Divided differences
2.6  Differentiating the error
vii

ro
i7
12
13
15

xi



witi  CONTENTS

3

THE USE OF SUCCESSIVE INTERPOLATION
FOR FINDING SIMPLE ZERQOS OF A FUNCTION
AND TS DERIVATIVES

.7
2.2
3.3
3.4
3.5
3.6
3.7
28
3.9
370

4

Introduction

The definition of order
Convergence to a zero
Superfinear convergence

Strict superfinear convergence
The exact order of convergence
Stronger resuits for g = 1 and 2
Accelerating convergence
Some numerical examples
Summary

AN ALGORITHM WITH GUARANTEED
CONVERGENCE FOR FINDING A ZERO
OF A FUNCTION

4.7
4.2
4.3
4.4
4.5
46

5

Introduction

The algorithm
Convergence properties
Practical tests
Conelusion

ALGOL 60 procedures

AN ALGORITHM WITH GUARANTEED
CONVERGENCE FOR FINDING A MINIMUM
OF A FUNCTION OF ONE VARIABLE

57
5.2
5.3
54
a5
5.6
5.7
58

Introduction

Fundamental fimitations because of rounding errors
Unimodality and &-unimodality

An algorithm analogous to Dekker's algorithm
Convergence properties

FPractical tests

Conclusion

An ALGOL 60 procedure

)
217
22
24
26
29
34
40
43
45

&7
63
65
72
75
76
78
/8

18

47

67

6

6.1

6.2
63
6.4
85

6.6
6.7
6.8

6.9
.10

7

GLOBAL MINIMIZATION GIVEN AN UPPER
BOUND ON THE SECOND DERIVATIVE

Introduction

The basic theorems

An algorithm for global minirmization

The rate of convergence in some special cases
A lower bound on the number of function
evaluations required

Practical tests

Some extensions and generalizations

An algorithm for global minimization of a
function of several variables

Summary and conclusions

ALGOL 60 procedures

A NEW ALGORITHM FOR MINIMIZING A
FUNCTION OF SEVERAL VARIABLES
WITHOUT CALCULATING DERIVATIVES

7.1 Introduction and survey of the literature

7.2 The effect of rounding errors

7.3 Powell's algorithm

7.4 The main modification

7.5  The resolution ridge problem

7.6 Some further details

7.7 Numerical results and comparison with other

methods

7.8  Conclusion

7.9  An ALGOL W procedure and test program
BIELIOGRAFPHY

APPENDIX: FORTRAN subroutines

INDEX

CONTENTS ix

ar
84
86
a7

o0
1oz
105

107
111
712

116
122
124
128
732
135

137
154
155

a1

176

169
187
783



CONTENTS

PREFACE

7
INTRODUCTION AND SUMMARY

1.7 [Intreduction
1.2 Summary

2

SOME USEFUL RESULTS ON TAYLOR SERIES,
DIVIDED DIFFERENCES, AND LAGRANGE
INTERPOLATION

2.1 Introduction

2.2 Notation and definitions
23 Truncated Taylor series
2.4 Lagrange interpolation
25 Divided differences

2.6  Differentiating the error

wif

xi

10
11
12
13
15



viii  CONTENTS

3

THE USE OF SUCCESSIVE INTERPOLATION

FOR FINDING SIMPLE ZEROS OF A FUNCTION

AND ITS DERIVATIVES

3.1
3.2
3.3
34
3.5
3.6
37
38
2.9
10

4

Introduction

The definition of order
Convergence to a zerg
Superlinear convergence

Strict superlinear convergence
The exact order of convergence
Stronger results for g =7 and 2
Accelerating convergence
Some numerical examples
Summary

AN ALGORITHM WITH GUARANTEED
CONVERGENCE FOR FINDING A ZERO
OF A FUNCTION

4.7
4.2
4.3
4.4
4.5
4.6

5

Introduction

The algorithm
Convergence praperties
Practical tests
Conclusion

ALGOL 60 procedures

AN ALGORITHM WITH GUARANTEED
CONVERGENCE FOR FINDING A MINIMUM
OF A FUNCTION OF ONE VARIABLE

5.1
5.2
53
54
5.5
56
57
58

Introduction

Fundamerntal limitations because of rounding errors
Unimodality and d-unimodality

An algorithm analogous to Dekker's algorithm
Convergence properlies

Practical tests

Conclusion

An ALGOL 60 procedure

15
27
22
24
26
29
34
40
43
45

47
48
53
54
55
58

617
63
65
72
75
78
78
79

19

47

67



6

GLOBAL MINIMIZATION GIVEN AN UPPER
BOUND ON THE SECOND DERIVATIVE

6.1
6.2
6.3
6.4
6.5

6.6
6.7
6.8

6.9
610

7

fntroduction

The basic theorems

An algorithm for global minimization

The rate of convergence in some special cases
A fower bound on the number of function
evaluations required

Practical tests

Some extensions and generalizations

An algorithm for global minimization of a
function of several variables

Summary and conclusions

ALGOL 80 procedures

A NEW ALGORITHM FOR MINIMIZING A
FUNCTION OF SEVERAL VARIABLES
WITHOUT CALCULATING DERIVATIVES

7.1 [Introduction and survey of the literature

7.2 The effect of rounding errors

7.3 Powell's algorithm

74 The main madification

£.5  The resolution ridge probfem

7.6  Some further details

7.7 Numerical results and comparison with other

methods

78  Conclusion

7.9  An ALGOL W procedure and test program
BIBLIOGRAFPHY

APPENDIX: FORTRAN subroutines

INDEX

CONTENTS  ix

&7
84
86
ar

100
103
105

107
1rr
1z

116
122
124
128
132
135

137
154
155

87

176

769
187
183



PREFACE

The problem of finding numerical approximations to the zeros and
extrema of functions, using hand computation, has a long history. Recently
considerable progress has been made in the development of algorithms suit-
able for use on a digital computer. In this book we suggest improvements
to some of these algorithms, extend the mathematical theory behind them,
and describe some new algorithms for approximating local and global min-
ima. The unifying thread is that all the algorithms considered depend entirely
on sequential function evaluations: no evaluations of derivatives are required.
Such algorithms are very useful if derivatives are difficult to evaluate, which
is often true in practical problems.

An earlier version of this book appeared as Stanford University Report
C5-71-198, Algorithms for finding zeros and extrema of functions withowr
caleulating derivatives, now out of print. This expanded version is published
in the hope that it will interest graduate students and research workers in
numerical analysis, computer science, and operations research.

I am greatly indebted to Professors G. E. Forsythe and G. H. Golub
for their advice and encouragement during my stay at Stanford. Thanks are
due to them and to Professors J. G. Herriot, F. W, Dorr, and C. B. Moler,
both for their careful reading of various drafts and for many helpful sugges-
tions. Dr. T. J. Rivlin suggested how to find bounds on polynomials (Chapter
6),and Dr. J. H. Wilkinson introduced me to Dekker’s algorithm (Chapter 4).
Parts of Chapter 4 appeared in Brent (1971d), and are included in this book
by kind permission of the Editor of The Computer Journal. Thanks go to

xi
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Professor F. Dorr and Dr. 1. Sobel for their help in testing some of the
algorithms; to Michael Malcolm, Michael Saunders, and Alan George for
many interesting discussions; and to Phyllis Winkler for her nearly perfect
typing. I am also grateful for the influence of my teachers V. Grenness, H.
Smith, Dr. D. Faulkner, Dr. E. Strzelecki, Professors G. Preston, J. Miller,
Z. Janko, R. Floyd, D. Knuth, G. Polya, and M. Schiffer.

Deepest thanks go to Erin Brent for her help in obtaining some of the
numerical results, testing the algorithms, plotting graphs, reading proofs,
and in many other ways.

Finally 1 wish to thank the Commonwealth Scientific and Industrial
Research Organization, Australia, for its generous support during my stay at
Stanford.

This work is dedicated to Oscar and Nancy Brent, who laid the founda-
tions; and to George Forsythe, who guided the construction.

R. Bre~T



Sec. 4 THE RATE OF CONVERGENCE IN SOME SPECIAL CASES 99

and as N is the least positive # such that x_ = &, this gives

N = (#(\fk{b — d) 4 - \fﬂf_)—‘ (4|2

(4.12) shows that N is essentially proportional to /M.

¥

x,=a X, X, Xy x, Xg b Xg
DIAGRAM 4.1 A straight line

Two limiting cases of (4.12) are interesting. If r is small and & not too
small, so that k(b — a) > ¢, then
~ [M(b—a)

N = V= (4.13)
which is independent of ¢. (In this section we are neglecting the effect of
rounding errors, but these should not be important if ¢ satisfies the weak
condition (3.68).)

If & 1s very small, so that k(b — a) < 1, then (4.12) gives
b —a
N =55 4.14
v 5 (4.14)

and the algorithm proceeds in steps of size about 23, where § is given by (4.1).

A parabola

If f"(u) = 0 we may analyze the behavior of the algorithm near u by
considering the parabolic approximation f(x) + }/"(u)(x — w)* to f(x).
Thus, suppose that

M=>m=>0 (4.15)
and

S(x) = tm(x — p)* + ¢, (4.16)
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Extreme point, finding, 5-7, 3439, 43-46,
61-50

Factorial, fractional, 11
Fibonacci search, 6%, 71, 72, 76-73
File searching, 57
Fletcher-Reeves method, 118, 119, 128
Floating-peint arithmetic, 51-53, 63-65, 68,
T1, 74, 76, 9297, 123
overflow, 51-33, 55, 59, 156
underflow, 48, 50, 59, 156
FORTRAMN, 3, 8 187-91
FORTRAM H, 187

yo 27, 32-37
Ya.me 26-27
Global minimum, 2, 3, 7, &, &1, 81-116
Glenin, Tunction, 10
procedure, 112
Crlienin2d, procedure, 114
Golden section search, 2, 6-7, 68, 71, 72,
To-T%
Goldstein-Price method, 119
Greenstadt's method, 8
Guard digits, 92, 95

Helix function, 138, 140, 144, 149
Hessian matrix, 8, 119, 122, 124, 129-30
Hilbert function, 137, 138, 143

Hilbert matrix, 137, 143

Houscholder's reduction 130-31
Householder transformation, 130

IBM 360 computer, 3, 45, 48, 54, 76, 92,
103, 110, 134, 137, 187
Infinite domain, 112
Inflexion point, finding, 5, 20, 43
Interpolating polynomial, 10-20
Interpolation, Hermate, 10, 20
inverse quadratic, 6, 50-51, 54
Lagrange, 4, 1011, 15-20
linear, 1, 2, 6, 20, 34, 49, 50, 72, 74
parabolic, 2, 6, 20, 34, §7-89, 134, 136
successive, 5, 19, 20, 34
Inverse iteration, 131

PSS v ey, 10

Jackson's theorem, 36
Jarrait’s method, 5, 20, 45, 62

LC", 10
Least squares, 121-22, 137
Lehmer-Schur test, 27
Level set, 120
Linear constraims, 117
convergence, 22, 24, 49, 72, 119, 141
dependence, 125-28
interpolation, 1, 2, 6, 20, 34, 49, 50, 72,
74
search, 61, 136, 119
Lipschitz condition, 4, 9-12, 15, 28, 34, 35
Lip e, 10
Local minimum, 2, 3, 6-8, 61-80, 116
Localm, funetion, 189
Lacafmin, procedure, 79

Machine precision, 51, 92

Maximum principle, 84, 106

Minimization, constrained, 117
derivative methods, 117-18
non-derivative methods, 118-19
sums of sguares, 121-22, 141
unconstrained, 116-67

Minimum, constrained, 117
global, 2, 7, 61, 73, 81-116
local, 61-80, 116-67
one variable, 61-80, §1-105, 111-14
several variables, 107-12, 116-67
unconstrained, 116-67

Modulus of continuity, 10, 14, 30, 35-36, 2

Monotonic sequence, 24, 26, 50

MNewton's identities, 11
Newton's method, 20, 63
Non-linear consiraints, 117
Mon-random search, 89

One-dimensional search, 61, 136, 139
Order, exact, 29-39
strong, 21, 32, 34
weak, 21, 28, 35, 41, 54, 76
Order of convergence, 21-22, 28-46, 54, 57,
76, 79
Orthogonality, 128, 131
Ostrowski®s Theorem 12,1, 31
Overflow, floating-point, 51-53, 55, 59, 156

Parallel algorithm, 57, 78-79, 124
Parameter fitting, 121-22, 137
PI}YP 10 computer, 137

Penalty function, 117

Powell’s criterion, 8, 127, 135, 154
function, 138, 140-41
method, 3, 8, 119, 124-27, 132-36, 148-
35
Praxis, procedure, 15567
Principal axes or vectors, 8, 12831
Projection methods, 117
Pscudo-random search, 89, 113

QR algorithm, 130-31
Quadratic convergence, 8, 119, 124, 127,
133-34, 136, 143, 154

Radix, 51, 92

Ralston’s theorem, 4, 9-10, 15

Random search, 89, 113

Random step, 133, 136

Recurrence relation, 29-30, 38

Relative machine precision, 51, 92

Residuals, use of, 121-22

Resolution ridge, 132-33

Restarting, 128

Fow 43

Fow 43

Rolle’s theorem, 13, 29

Rosenbrock's function, 111, 138-40, 144,
148

method, 119

Rounding errors, 1-3, 7, 45, 51-53, 63-65,

68, 71, 74, 76, 92-97, 123, 137

SAIL, 137

Scaling, 124, 131-32, 139

Searching ordered file, 57

Singular function, 138, 141, 145, 150

INDEX 195

Singular value decomposition, 8, 130
Smith’s method, 124

Square roof, error in, 92

Stability, 120

Steepest descent, 117-19

Stewarl’s method, 3, 8, 11519, 14853
Stopping criterion, 4%, 74, 136-38
Strict =monotonicity, 69

Symbaolic computation, 112

Syatems of cquations, 121-22

Taylor's theorem, 4, %, 11-14, 122
Toephiz lemma, 31

Tolerance, 51, 73, 81-84, 92, 112, 114, 136
Tridiag function, 138, 142-43

Turning point, finding, 5, 34, 43-46, 62

Unconstrained minimization, 116-67

Underflow, floating-point, 51-53, 55, 59,
156

Unimedal function, 7, 65-71

Variable metric method, 115, 119

Watson's function, 138, 142
wi f 83, 10
Waood's function, 138, 141-42

Fangwill's method, 127
Zero, division by, 51
finding, 1-2, &, 34, 4346, 47-60, 62, 121
function, 188
multiple, 24, 49-50
procedure, 38
Zero of fla-10 5, 1946
Zeved, procedure, 39




