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Surrogate losses

Surrogate loss risk

_(X,Y)Np S(g(X)a Y) S: @ X ? —> R-l-

Fisher consistency

S(g,) — mft §(g) = L(deceg, — 1nt L(dec - g)
gEY geEY

Extensively studied in the multiclass setting [zhang 2004, Bartlett et al. 2006]

. . , [Ciliberto et al 2016,
Only recently studied in the structured setting Osokin et al. 2017,

Nowak-Vila et al. 2019]
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Conditional Random Field (CRF) loss

[Lafferty et al., 2001]

S(0.y) 2log Y @700 — (0, p(y))
yeY

Training oracle Decoding oracle

marginal(0) £ Cyp(-o) @ ()] MAP
Calibrated decoding

p(y; 0) o exp(g(y), 0)

v Smooth
v Consistent (w/ calibrated decoding) [Nowak-Vila et al., 2019]

X Marginal inference Is intractable for some tasks
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Squared loss

[Ciliberto et al., 2016]

Al 5
5(0,y) = EH(p(y) — 0|

Training oracle Decoding oracle

Calibrated decoding

v Smooth
v Consistent (when using calibrated decoding)

X Ignores structural information at training time



Summary

Training oracle

Decoding

Smooth

Consistent

Perceptron

SVM

CRF

Squared

MAP

Loss-augmented MAP

Marginal

None

MAP

MAP

MAP
Calibrated decoding

Calibrated decoding

No

No

Yes

Yes

No

No

No
Yes

Yes



Summary

Training oracle Decoding Smooth  Consistent

Perceptron MAP MAP No No

SVM Loss-augmented MAP MAP No No

. MAP No

CRF Marginal Calibrated decoding ves Yes

Squared None Calibrated decoding Yes Yes
. Calibrated

Proposed Projection _ Yes Yes

decoding
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Proposed inference pipeline

8 Pg VL A
xefl”Tbep—buE%—bye Y
mode rojection

Calibrated decoding

u = P_(0) 2 are min ||u — 0||?
& (0) & argmin | — 0]
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Choice of the convex set

Smallest convex set = convex hull (a.k.a. marginal polytope)

Can use any superset with cheaper to compute projection

G
M

M = conv(p(Y))
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Associated loss function

1
NCe(0.y) = —llo() = P (O)||* = b

0 e / :
P,(0)
b
()
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Proposed loss
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Associated loss function

Proposed loss

A 1
Sz(0,y) = 50(0,y) — 5\\9 ~ P(O)|° =c—a

Generalized
Pythagorean theorem

a+b<c

!
NC#(0,y) < 5¢(0,y)




Properties

1. ch(@, y) IS convex w.r.t. 6

2. ng(@, y) is smooth w.r.t. 8 (gradient is Lipschitz cont.)
3. 54(0,y) > 0
4. 35(0,y) = 0 = Pgl(0) = (y)
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Link with Fenchel duality

primal space dual space
dom(Q) =€ dom(Q*) = R?

S¢(0,y) = Q*(0) + Qp(y)) — (p(), 0)

“Fenchel-Young losses”, Blondel, Martins, Niculae, 2019
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Kullback Leibler geometry

Q(u) £ (u,logu) if u € €, oo otherwise

VQ*(6) = arg min KL(u, e’
UEE

Se(0,y) = Q*(0) + Q(p(y)) — (@(y), 0)

Proposition

et = max ||ul|;-
UEG

ch(@, y) is ﬂ—smooth with respect to H y Hoo
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Calibrated decoding

Affine decomposition of the target loss

L©.y) = (p(®), Vo(y) + b) + c(y)

Decoding calibrated for loss L

9, (u) £ arg min {@p(y"), Vu + b)

VEY

= MAP(—Vu — b)

Decomposition important both for computational tractability
and theoretical analysis
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Consistency

Excess risks

6Z(f) = Z(f)— inf Z(f)
ey

6S5(8) £ S¢(g) — Jinf  Se(g)

g’ X'—>0

Calibration between excess risks

dec = Yy ° ch ﬂ é Lipschitz constant of Pc‘g o) = Sup ||VTCO()7)||
w.r.t. H - H YEY
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Probability simplex

Output set
Y =[kl £ {1,...,k)

¢(2) = [0, 1, 0]

Encoding
(1) = [1,0,0]
(y) =e 9”
»(3) = [0,0,1]

Oracles

Marginal polytope MAP: OK
M = COVLV(QO(?)) — Ak Euclidean: sparsemax, O(k) or O(k log k)
KL: softmax, O(k)
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Output set

Y = K]

Encoding

Marginal polytope

Unit cube

w({2,3})

»({2})

e({1,2})
({1,2,3})

e ({1)

e({1})

MAP: O(K)

©({1,3})

Euclidean: clipping to [0,1], O(k)
KL: O(Kk)
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Budget polytope

Output set
?:{yez[k]: [ < ‘y‘ <uj P ({1,2))
Encoding
[yl
P(y) = Z e,
=1

Marginal polytope

e({1})

v({1,3})
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Budget polytope

Output set
? — {y — Z[k]: [ < ‘y‘ < l/l} A“’({Q}) o ({1,2})
o ({2, 3})

Encoding

e({1})

®({3})

v({1,3})

Marginal polytope Oracles

MAP: O(k log k)

M= {y E [0,11%: 1 < y'1 < m)

Euclidean: O(k)
KL: O(k log k)
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Order simplex

Output set

»(3) =[1,1,0]

Encoding
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Order simplex

Output set

»(3) =1[1,1,0]

Encoding

p(4) = [1,1,1]

p(2) = [1,0, 0]

Marginal polytope Oracles

MAP: O(K)

Eucl: isotonic reg, O(K)
KL: isotonic optimization
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Output set o "

% = Permutations([m])

¢((2,1,3)) @((2,3,1))

-

@((3,2,1))

Lt

Encoding 0((1,2,3))
_ permutation matrix
qo(y ) R associated with y E

¢((1,3,2))

.

¢((3,1,2))

Marginal polytope

M={PecR™. P11 =1P1 =10<P <1}
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-

@((3,2,1))

Lt

Encoding 0((1,2,3))

permutation matrix
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Marginal polytope
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Birkhoft polytope

Output set E] E
% = Permutations([m])

¢((2,1,3)) ¢((2,3,1))

-

@((3,2,1))

Lt

Encoding 0((1,2,3))

permutation matrix

qo(y ) — associated with y E

¢((1,3,2))

.

@((3,1,2))
Marginal polytope
Oracles

M = {PeR™m pT] = 1,1% 1,0<P <1}

MAP: Hungarian, O(m3)

Eucl: LBFGS dual, O(mZ2/¢)

xm A v T KL: Sinkhorn, O(m?2/e)
mxm 2. mxm . _
A =PER P11, =10<P=<1}>4 Marginal: intractable

Row-stochastic matrices
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Permutahedron

Output set w=[1,0,0
- 2,1, 0]
7% = Permutations([m]) 11,0
3, 2, 1]
Encoding
(p(y) — permutation of a vector w [1,0,0]

according to y

Marginal polytope

S| m

M= {ueR™: Z,uis Zwi‘v’SC [m],z,ui= iwi}
i=1

€S i=1 i=1

/3
/2
/6



Permutahedron

Output set w=[1,0, Q]
2,1,0]/3
1,1,0]/2
3,2,1]/6

7% = Permutations([m])

Encoding

— permutation of a vector w
gﬂ(y) according toy

[1, 0, O]

Marginal polytope Oracles

S| . MAP: O(m log m)

M= (€ R": Z”i < Z WS C [ml], Z'“i _ Z W) Eucl: isotonic reg, O(m log m)
i=1

icS i=1 i=1 KL: isotonic optimization
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Experiments

1 n
— 2 Se(Wx, ) + AIIWIIZ
=1

e [ abel ranking
e Ordinal regression

e Multilabel classification
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Label ranking

Full-ranking supervision setting (no relevance scores)

eg 2>1>3>4

Projection R™*™ [0, 1]™*™ A™*™ B
Decoding B B B B
Authorship 5.70 5.18 5.70 5.10

Glass 7.11 5.68 5.04 4.65

Iris 19.26 4.44 1.48 2.96
Vehicle 9.04 7.57 6.99 5.88
Vowel 10.57 9.56 9.18 8.76
Wine 1.23 1.85 1.85 1.85

= squared loss

L = Hamming loss

Using Euclidean projections



Label ranking

Euclidean vs. KL

Projection B B
Decoding B B
Authorship 5.10 5.10

Glass 4.65 4.65
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Label ranking

Euclidean vs. KL

Projection B B

Decoding B B
Authorship 5.10 5.10
Glass 4.65 4.65
Iris 2.96 2.96
Vehicle 5.88 6.25
Vowel 8.76 9.17
Wine 1.85 1.85

Rank 1 -

0.00 0.06 0.00 0.00 0.00

RankZ-M 0.34 0.00 0.00 0.00 0.06

Rank 3 -

Rank 4 -

Rank 5 -

Rank 6 -

0.17 '0.41 0.23 0.18 0.00 0.01

0.23 0.18 0.10 0.00 0.00
0.00 0.00 0.28 0.00 0.00

0.00 0.00 0.00 0.00 0.06

“soft permutation matrix”

0.8

0.6

-0.4

- 0.2



Label ranking

Birkhoff vs. permutahedron

Poly 3

8.59
3.14
5.93
9.26
10.21
6.79

Linear Poly 2
Projection B P P
Decoding B P P
Authorship 5.10 10.06 10.50
Glass 4.65 7.49 7.10
Iris 2.96 27.41 20.00
Vehicle 5.88 11.62 8.30
Vowel 3.76 14.35 11.74
Wine 1.85 8.02 3.08
W e RPXm W e RPXm W e R™m

Using Euclidean projections

W = RnXm
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Decoding Baseline

Average MAE 0.78

Average rank 4.75

Averaged over 16 datasets

L = MAE = Mean Absolute Error
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Ordinal regression

Y = [K] 1 <...<k

Projection Baseline R RE=t 10, 1]
Decoding Round OS OS

Average MAE 0.78 0.72 0.47 0.45

Average rank 4.75 2.9 2.1 1.6

Averaged over 16 datasets

L = MAE = Mean Absolute Error OS = Order Simplex



Ordinal regression

Y = [K] 1 <...<k

Projection Baseline R Rt 10,11 OS
Decoding Round OS OS OS

Average MAE 0.78 0.72 0.47 0.45 0.43

Average rank 475 2.9 2.1 1.6 1.5

Averaged over 16 datasets

L = MAE = Mean Absolute Error OS = Order Simplex
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Birds 38.87 37775 3921 3943
Emotions 56.60 51.73 5398 62.57
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Multilabel classification

lower bound =0

upper bound = [E[| Y]] +\/\/[|Y|]]

Projection [0, 1]" R" 0, 1]" K

Decoding [0, 1]” K K K
Birds 38.87 37775 39.21  39.43
Cal500 3462 3586 34.63 34.61
Emotions  56.60 51.73 5398  62.57
Mediamill 56.22 55.35 56.22 54.53
Scene 61.06 50.33 58.95 69.01
TMC 6045 58.61 60.37 60.25
Yeast 60.24 60.20 60.23 60.06

JC: budget polytope

F1 score
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Conclusion

* We proposed a generic framework for deriving a loss
from the projection onto a convex set

e |f its projection is affordable,
the marginal polytope is the best convex set

e [f not, any convex superset with cheaper
projection can be used (e.g., unit cube)



