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Abstract: The vibration impact force from the long-term operation of a subway affects the comfort
of the residents living above the superstructure and the long-term settlement deformation of the
tunnel foundation. A method for evaluating the dynamic responses of superstructure–tunnel systems
is important, especially because of the randomness of vibration impact force. The coupling effect
of the randomness of train-vibration excitation and the nonlinearity of the geotechnical properties
that are subjected to dynamic action leads to challenges in the evaluation of the performance of
superstructure–underground tunnel–soil systems under train vibration. In this study, a stochastic
dynamic model of subway vibration-load excitation was established; then, the time histories of
samples with rich probability characteristics in the same set system were generated. According to the
nonlinear dynamic finite element analysis, several nonlinear dynamic responses of the deterministic
superstructure–tunnel soil-foundation system were obtained. Finally, the probabilistic performance
evolution of the superstructure–tunnel soil-foundation system was obtained by integrating the first-
passage and probability density evolution theories, and the long-term deformation performance of
the tunnel foundation was evaluated using time-varying reliability. This study presents a novel prob-
abilistic method and a more objective performance index for the dynamic performance assessment of
superstructure–underground tunnel–soil systems that are subjected to subway-traffic excitation.

Keywords: train vibration excitation; dynamic response; time-varying reliability; long-term performance

1. Introduction

The long-term vibration-impact-force excitation of subway trains in service not only
results in the settlement and deformation of tunnel foundations, which seriously endanger
the safe operation of subways, but also affects the comfort of residents living in build-
ings above the tunnels. Therefore, a method for evaluating the dynamic responses of
superstructure–tunnel systems that are subjected to subway vibration excitation is crucial.
An earlier study found that the vibrations generated by train track interactions were trans-
mitted to adjacent buildings through the tunnel structure and the surrounding ground,
and that the vibrations produced by the walls and floors of the buildings caused secondary
radiations of noise [1]. Infinite element and 2.5-dimensional finite element methods were
used to study the propagation law of subway vibrations [2]. In recent years, many similar
studies have been conducted to reveal the laws of ground vibrations and to establish mod-
els of ground vibrations caused by moving train loads [3–8]. Other studies have focused on
the real-life monitoring of the impact of vibrations on tunnels [9,10].
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Meanwhile, under the dynamic impact force of subway vibrations, the dynamic stress–
strain relationship of soil exhibits three characteristics: hysteresis, nonlinearity, and strain
accumulation. The combination of hysteresis, nonlinearity, and strain accumulation can
reflect the entire process of the dynamic stress–strain change in soil. Rocks and soil are
highly sensitive to dynamic cyclic load excitation; that is, rocks and soil have different
dynamic responses under various dynamic cyclic load excitations. In consequence, the
stochasticity of amplitude and spectrum characteristics from subway traffic loads must be
considered under dynamic cyclic loads, such as train-vibration excitation. In addition, the
vibration generated by a subway’s operation is transmitted to the upper residential areas
and industrial plants above the platform through the track bed, column, and platform,
causing vibration of the superstructure. For residential buildings, severe vibration may
cause residents to feel nervous and panic, thereby reducing the residents’ quality of life [11].
For industrial plants, severe vibration may affect the healthy operation of high precision
equipment that is sensitive to vibration [11].

Accordingly, combined with a stochastic model of the vibration process, the dynamic
reliability evaluation of subway superstructures, with vibration acceleration as the perfor-
mance index, provides a new idea for vibration-comfort evaluation, especially in evaluating
buildings that do not meet appropriate comfort requirements, and effective and reasonable
vibration-reduction measures can be proposed. In addition, for the long-term healthy
operation of a tunnel’s foundation, taking into account uneven vibration settlement, time-
varying reliability is a good evaluation index to identify the time required for additional
measurement and reinforcement of the tunnel’s foundation. In particular, in this study,
evaluations of the reliability and long-term performance of tunnel foundations are con-
ducted, based on a stochastic dynamic analysis that considers the physical mechanism
of track vibration. Random analysis does not change the physical mechanism of subway
vibration, but only considers the influence of randomness on the basis of numerical analysis
of the subway’s vibrations.

To estimate the cumulative plastic strain of soil under cyclic loading, several calculation
models have been proposed [12]. Currently, a modified model is commonly used. The
modified model was developed on the basis of numerous studies [13–15]. Under train-
vibration excitation, the dynamic response of a soil system with a superstructure–tunnel
foundation shows strong nonlinearity. The amplitude and spectrum characteristics of
the system’s dynamic response vary with changing time histories of train vibrations and
impact force; that is, the system is highly sensitive to the time histories of train vibrations
and impact force. For the modeling and dynamic response analysis of moving dynamic
excitation on a multi-layer stratum, some scholars considered the dynamic nonlinear
characteristics of the stratum or foundation and studied the nonlinear dynamic response
of a porous medium composite stratum or foundation by means of a dynamic nonlinear
time-history analysis, which provided a reference and a good foundation for considering
the dynamic response of a rock soil stratum or foundation under a moving load [16–18].
Additionally, due to the influence of railway track irregularities, train-vibration impact
force shows considerable randomness; for this force, the effect of the random excitation
load is the dominant factor. Therefore, the randomness of the train-vibration impact
force must be considered in the nonlinear dynamic response analysis of soil systems
with superstructure–tunnel foundations that are subjected to train-vibration excitation.
Some scholars have studied the dynamic responses of soil systems with superstructure–
tunnel foundations through experiments, numerical analyses, and random probability
analyses [19–25]. However, the combination of the nonlinearity of a system under dynamic
action and the randomness of train vibration excitation increases the difficulty in carrying
out a stochastic nonlinear dynamic response analysis of soil systems with superstructure–
tunnel foundations.

In consequence, this study investigated the time-varying performance of soil systems
with superstructure–tunnel foundations from the perspective of the probability density
function (PDF) evolution of system dynamic performance. This study established a stochas-
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tic dynamic model of the subway traffic load based on describing the uncertainty of
subway traffic-load excitation. Then, according to nonlinear dynamic finite element cal-
culations, the dynamic response of a superstructure–tunnel system that was subjected to
train-dynamic-impact excitation was obtained. Subsequently, according to the building-
vibration-acceleration criterion, the vibration comfort of the residents living in the buildings
located above the tunnel was evaluated on the basis of dynamic reliability. Furthermore,
using the dynamic cyclic settlement model, the long-term settlement of rocks and soil in
the subway tunnel under cyclic dynamic loads was also predicted. Moreover, by utiliz-
ing the first-passage probability method based on probability density evolution theory
(PDET), the time-varying dynamic reliability of tunnel rocks and soil was obtained under
cyclic dynamic loads. This time-varying reliability can provide a reference for long-term
performance evaluations of subway tunnels.

2. Stochastic Simulation of the Subway-Train Impact-Force Load

The subway vibration load is a type of the cyclic load produced by running subway
trains. The impact of the trains on tracks is the main cause of the dynamic response and
deformation of the superstructure, the tunnel structure, and the foundation soil. From
the analysis of train-vibration excitation, the train-excitation load mainly includes moving
constant and stochastic excitation loads. The constant load is the train axle load, and the
stochastic excitation load is the dynamic wheel-rail force resulting from the random irregu-
larity of the tracks. The influence of the random excitation load is the main factor [26,27].
Therefore, the characterization and modeling of the train-random-excitation load must
be based on train-track coupling dynamic analyses under the influence of the random
irregularity of the tracks. For the long-term settlement performance prediction of subway
tunnels, the establishment of a dynamic cyclic load model of the subway is a prerequisite,
especially in characterizing the stochastic uncertainty of a subway dynamic load in strength
and spectrum characteristics. Additionally, these factors directly affect the accuracy and
rationality of numerical calculations and evaluation results. Many scholars have modeled
train random excitation and have achieved considerable progress. Three methods are
commonly used to determine the subway train load: analytical simulations, theoretical
models, and field tests.

Analytical simulation is a suitable approach to express the stochastic excitation load
of a train. Because the field test and the numerical calculation model are restricted by
some conditions, the empirical-formula-based simulation of train-vibration excitation is
widely applied. In railway-environment vibration, the deformation of the foundation
and the buildings is considerably small, and the vehicle-track subgrade-foundation model
can be considered as a linear system; thus, the analytical simulation method presents
obvious advantages. The analytical simulation not only reflects ride irregularity, additional
dynamic loads, and rail-surface-waveform losses, but also considers the movement of
the train wheelset force on the line, the superposition combination, and the scattered
transmission of the rail and the pad.

To describe dynamic wheel-rail force resulting from random track irregularity in the
stochastic excitation load, this study established a stochastic excitation model to understand
the subway impact force on the basis of spectral representation. For the subsequent
stochastic dynamic response analyses and the long-term performance evaluation of the
superstructure–subway tunnel soil system, the stochastic function concept was introduced
to reduce the sample size in deterministic nonlinear dynamic analyses and, ultimately, to
minimize the calculations in the nonlinear stochastic dynamic analyses.

2.1. Power Spectrum of the Train-Stochastic-Excitation Load by the Pseudo-Excitation Method (PEM)

The track irregularity power spectrum is the most effective tool to describe the track
irregularity of an entire tunnel. Various global national codes and relevant literature
have proposed the track power spectrum to describe track irregularity [28] and long-term
vibrational behavior [29]. However, the power spectrum of track irregularity cannot be
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directly discretized to obtain the impact force of subway vibrations, which cannot be
directly applied to the establishment of the random excitation model for trains and the
generation of sample time histories. Therefore, the track irregularity power spectrum must
be transformed into the train stochastic excitation power spectrum.

The time histories of track irregularity samples are generated through the power
spectral density (PSD) of track irregularity. Then, the time domain response of the random
excitation load is calculated by using numerical integration or analytical methods. The
power spectrum of the stochastic excitation load of the train can be estimated using the
Fourier transform of time domain response, which may lead to a large errors of analysis
because of time-domain sample generation or PSD estimation. This study obtained the
power spectrum of the train-random-excitation load directly from the power spectrum of
track irregularity by employing PEM [29]. PEM presents the advantage that the power
spectrum (the train-random-excitation load) output can be obtained directly from the power
spectrum (track irregularity) input.

In the model, track irregularity is assumed to be harmonic, and the moving vehicle
is idealized as a multi-rigid body system connected via springs and dampers; the bal-
lasted track and subgrade are considered elastic multi-layer beams; and the embankment
foundation is considered a semi-infinite space. Furthermore, the dynamic wheel-rail-force
equation can be written as follows [30]:

(CW + CR + C∆){F(ω)} = {∆y(ω)}, (1)

where CW and CR are the flexibility matrices of the vehicle at the wheel set and the ballast
track subgrade foundation system at the wheel-rail contact point, respectively; C∆ is the
linear Hertz contact flexibility coefficient matrix of the wheel rail; ∆y(Ω) is the track surface
harmonic irregularity at the wheel-rail contact point; and F(ω) is the dynamic wheel-rail
force amplitude.

If the time-history function ∆y(t) of track irregularity random excitation is used to
represent the stationary impact force on the dynamic system, then according to the PEM,
the corresponding pseudo-excitation can be expressed as follows:

∆ỹ(t) =
√

Sv(ω)eiωt, (2)

where Sv(ω) is the self-spectrum density of ∆y(t). Then, the pseudo-excitation correspond-
ing to ∆y(t) becomes:

∆y(t) = exp(−iωt)
√

Sv(ω)eiωt

= ∆ỹ(ω)eiωt , (3)

where ∆ỹ(ω) is the amplitude of the pseudo-excitation of track harmonic irregularity.
Substituting the pseudo-excitation ∆ỹ(ω) of the track harmonic irregularity amplitude

presented in Equation (3) in Equation (1) to replace ∆y(ω), we obtain:

(CW + CR + C∆)
{

F̃(ω)
}
= {∆ỹ(ω)}. (4)

where F̃(ω) is the pseudo-dynamic-wheel-rail-force amplitude corresponding to pseudo-
excitation, ∆ỹ(ω).

The pseudo-dynamic-wheel-rail-force amplitude resulting from pseudo-track irregu-
larity can be calculated using Equation (4). Then, according to PEM, the actual PSD of the
dynamic wheel-rail impact force can be obtained as follow:

Spp(ω) =
{

F̃(ω)
}∗
{F(ω)}T . (5)

where
{

F̃(ω)
}∗

and {F(ω)}T are the conjugate and transpose of {F(ω)}, respectively.
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Because the power spectrum of track irregularity is usually a one-sided power spec-
trum Sv(α) expressed through spatial–circular frequency and Sv(ω) is a temporal power
spectrum, the power spectrum of track irregularity must be converted into the one-sided
power spectrum expressed through temporal–circular frequency. If the time circle frequency
ω = αD and α is the space circle frequency, the time power spectrum Sv(ω) is expressed
as follows:

Sv(ω) =
Sv(α)

D
. (6)

By substituting Equation (6) into Equation (5) and applying the aforementioned
PEM method, the one-sided PSD Spp(ω) of train dynamic excitation resulting from track
irregularity can be obtained.

The accurate PSD of the train-random-excitation load is obtained directly through the
PSD of PEM-based track irregularity. PEM reduces the analysis error in the time-domain
sample inversion of the track spectrum and power spectral estimation through the time-
domain response in the conventional method and considerably minimizes calculation work.
In this study, the vehicle-track vertical transverse coupling model [31] is used to describe
and express the randomness of vibration excitation, and the power spectral density (PSD)
function for the train speed, Vsubway = 44.44 m/s, is selected to determine the discrete time
history of the subway-vibration-excitation samples.

2.2. Generation of Stochastic Excitation Samples from Subway Vibration

According to the measured load records, subway-vibration excitation can be consid-
ered a zero mean stationary random process, F(t). Assume that the single-side power
spectrum of F(t) is UF(ω). Then, the classical spectral representation of the stationary
random process F(t) based on orthogonal random variables can be expressed as follows:

F(t) =
N

∑
k=1

√
UF(ωk)∆ω[uk cos(ωkt) + vk sin(ωkt)], (7)

where ∆ω is the discrete frequency step; N is the number of frequency truncation terms; ω1
and ωN are the upper and lower cut-off frequencies, respectively; and {uk, vk} is the set of
standard orthogonal random variables. The relationship between these physical quantities
is determined as follows: {

∆ω = ωN−ω1
N−1

ωk = ω1 + (k− 1)∆ω
. (8)

In Equation (7), let uk and vk be{
uk =

√
2 cos ϕk

vk =
√

2 sin ϕk
, (9)

where ϕk(k = 1, 2, · · · , N) is the group of independent random variables that obey the
uniform distribution on [0, 2π]. uk and vk are orthogonal random variables.

The classical spectral representation can be obtained by substituting Equation (9) into
Equation (7), as follows:

F(t) =
√

2
N

∑
k=1

√
UF(ωk)∆ω cos(ωkt− ϕk). (10)

Equation (10) is the spectral representation based on the random phase angle. According
to the aforementioned transformation, Equation (10) is a special case of Equation (7).

Equation (9) is a constraint on orthogonal random variables. Thus, the number of
random variables is decreased from 2N in Equation (7) to N in Equation (10). The number
of random variables in the simulation formula of spectral representation may considerably
decrease if strict constraints are imposed on the standard orthogonal random variables.
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Therefore, according to the random function concept,
{

uq, vq
}
(q = 1, 2, · · · , N) can be

expressed as the orthogonal function of the basic random variable Θ:{
uq =

√
2 cos

(
qΘ + π

4
)

vq =
√

2 sin
(
qΘ + π

4
) , (11)

in Equation (2), where Θ is the basic random variable uniformly distributed in the interval
(−π, π).

Using the discrete method of the aforementioned random model, the time-history
samples of the stationary random process of the subway vibration impact force can be
obtained (Figure 1a). To verify the rationality and effectiveness of the generated impact
time-history sample set, the average power spectrum of the sample set must be compared
with the target power spectrum. In Figure 1b, the red dotted line represents the collective
power spectrum of the impact time-history samples, and the blue solid line shows the
target power spectrum. In this paper, the impact time-history samples were obtained by
discretizing the target power spectrum; that is, according to the time-history sample set,
the discrete target power spectrum used to obtain the impact time-history samples and
the average power spectrum were a pair of inverse processes. To ensure that the target
power and the average power spectra of the impact force time-history sample set fit well,
the number of the impact force time-history samples was adjusted until the fitting error
of these two was controlled within the range that satisfied engineering requirements. The
fitting error shown in Figure 1b was 0.98%, and the number of samples corresponding to
the impact force time history was 1000.
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Figure 1. (a) Typical time-history sample of wheel-rail impact force. (b) Comparison of ensemble
average of the impact samples and target PSD.

3. Stochastic Dynamic Response of the Superstructure and Soft Soil under
Subway-Traffic Excitation

To determine the stochastic dynamic reliability performance of the superstructure
and the tunnel foundation subjected to subway-vibration excitation, this study introduced
nonlinear-stochastic-dynamics-based PDET [32,33]. The spectral representation and ran-
dom function of railway stochastic excitation for probabilistic information, such as PDF, are
consistent with PDET. The combination of the two methods can provide an efficient and
accurate technique for the stochastic dynamic response analysis of superstructure–tunnel
soil coupling nonlinear systems. The combined technique can also be used for the fine
analysis of the dynamic response of the superstructure and the tunnel railway load and to
provide a reference for long-term performance evaluation.
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3.1. Numerical Analysis Model of a Superstructure–Underground-Tunnel System under
Subway-Traffic Excitation

Because the stochastic dynamic response analysis of the superstructure–tunnel system
is based on its effective deterministic dynamic response analysis, its deterministic dynamic
response is important for obtaining its PDF and other stochastic information. The dynamic
response of the superstructure–tunnel system subjected to the impact force of subway
vibration can be obtained by conducting the finite-element dynamic analysis in Midas
GTS NX (New eXperience of Geo-Technical analysis System) [34]. Figure 2 illustrates the
finite-element model of the superstructure–tunnel system.
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Figure 2. Finite-element model of the superstructure-underground-tunnel system (Unit: m).

In the finite-element model, the soil can be modeled using the solid element, and the
beam, column, and floor are simulated through beam and plate elements. In the finite-
element model of the superstructure–tunnel system, the sum of the number of solid, beam,
and plate elements is 12541. The computation work of the dynamic time-history analysis of
such a model is not applicable and it is unrealistic for Monte–Carlo stochastic simulation,
which is an important starting point of this study. Additionally, in the finite-element model
of the superstructure–tunnel system, the linear elastic constitutive model is adopted for the
superstructure. Considering the nonlinearity of the soil, the hardening-soil model proposed
by Schanz T is adopted [35]. According to the top-to-bottom order of soil layers, the specific
constitutive parameters are presented in Table 1. In this paper, E1 is the secant stiffness of
the triaxial test of the rocks and soil, E2 is the unloading elastic modulus, n0 is the porosity,
ϕ is the internal-friction-angle of the rocks and soil, ψ is the shear-expansion angle, and c is
the cohesion of the rocks and soil. v, ξ, and γ are Poisson’s ratio, the damping ratio, and
the unit weight of the rocks and soil, respectively. Moreover, beams, columns, and plates
are elastic materials, with elastic modulus E0 of 35 MPa, Poisson’s ratio v of 0.3, and unit
weight γ of 25 kN/m3.
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Table 1. Constitutive parameters used in the finite-element analysis in Midas/GTS.

Soil Layers
Parameters

E1(MPa) E2(MPa) n0 ϕ(◦) ψ(◦) c(kPa) v ξ γ(kN/m3 )

1 3 15 0.49 15 0 15 0.42 5% 18
2-3 6 24 0.46 30.5 0.5 7 0.42 5% 18
4 1.5 7.5 0.58 12 0 14 0.46 5% 16.9

5-1 4 20 0.53 14 0 17 0.42 5% 17.6
5-3-1 9 45 0.5 20.5 0 18 0.38 5% 18
5-4 16 80 0.41 17 0 45 0.41 5% 19.6
7 38 108 0.41 34 4 2 0.37 5% 19.3

8-1 12 60 0.5 18 0 21 0.40 5% 18
8-2 17 85 0.38 20 0 25 0.38 5% 18.4
9-1 61 183 0.4 36 6 0 0.33 5% 19.6

9-2-1 85 260 045 37 7 0 0.32 5% 20.1

Here, it needs to be further explained that in this study, the deterministic dynamic
response analysis of the superstructure–tunnel system adopts the nonlinear dynamic time-
history analysis in time domain, rather than the frequency domain analysis method. This is
because this study focuses more on geotechnical engineering or soil-dynamics problems.
Under the dynamic action of subway-vibration excitation, soil as a kind of geomaterial
medium shows an almost nonlinear mechanical behavior, so it is obviously reasonable to
apply dynamic time-history analysis. For the vibration excitation of a subway track, because
the material of the train and the track is steel and has large stiffness, it is obviously a better
choice to model the vibration excitation based on the frequency-domain-analysis method.
In this study, the essence of the PEM method used for simulation of subway-vibration
excitation is also a frequency domain method.

3.2. Stochastic Dynamic Response of the Superstructure–Tunnel System

In general, the description of the objective physical world or objective events can be
divided into sample orbit (deterministic level), ensemble average (e.g., mean and variance),
and transient PDF. Transient PDF is the most essential description of the objective physical
world, especially for superstructure–tunnel soil dynamic systems. To obtain the transient
PDF of a system, this study introduced PDET to acquire the evolution history of the PDFs
of the time-related physical quantities. Then, according to the first-passage theory, the
time-dependent reliability of these physical quantities was obtained and the probabilistic
time-varying performance of the system was evaluated. To investigate the comfort levels
of the subway-vibration impact force for residents living in the buildings above the tunnel,
the dynamic acceleration of the buildings located above the tunnel was selected as the
related physical quantity.

For the aforementioned superstructure–tunnel dynamic system, the dynamic differen-
tial equation under subway-vibration excitation can be expressed as follows:

[M]
{ ..

X
}
+ [C]

{ .
X
}
+
{

f
( .

X, X
)}

= F(t), (12)

where M and K are the mass and stiffness matrices, respectively. X is the dynamic response
time history of the system under subway-vibration excitation. f

( .
X, X

)
is the nonlinear

dynamic recovery force model of the system. When f (X) = KX, Equation (12) becomes a
linear system. F(t) is the time history of subway-vibration excitation.

If the randomness of the subway-vibration excitation load is considered, Equation (12)
can be rewritten as follows:

[M]
{ ..

X
}
+ [C]

{ .
X
}
+
{

f
( .

X, X
)}

= F(Θ, t). (13)

where Θ =
{

θ1, θ2, · · · , θq
}

is the random vector reflecting the randomness of subway-
vibration load excitation.
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Equation (13) presents a well-posed dynamical system, and its solution exists, is
unique, and depends on the external excitation and initial conditions of the system. When
the initial condition is deterministic and the external excitation has randomness Θ, its
solution must depend on external excitation, F(Θ, t). For the concerned physical quantities,
such as structural displacement or tunnel-foundation settlement S(t) of the superstructure–
tunnel soil system:

S(t) = G(Θ, t). (14)

The component form of S(t) can be expressed as follows:

Sq(t) = Gq(Θ, t), q = 1, 2, · · · , nd. (15)

Similarly, the velocity of
.
S(t) is a function of Θ, and it can be denoted as follows:

.
S(t) = L(Θ, t). (16)

Then, L(Θ, t) = ∂G(Θ, t)/∂t.
In general, the physical quantities related to practical engineering can be deter-

mined using the structure state (displacement and velocity). For example, the strain
of a structure can be estimated using the partial derivative of the displacement. Thus, if
Y = (S1, S2, · · · , Sm)

T is the physical quantity to be considered, then

.
Y(t) = ψ

[
S(t),

.
S(t)

]
, (17)

where ψ[·] is the transformation operator from the state vector to the physical quantity
under investigation. For the linear structure system, ψ[·] is a linear operator; for the
nonlinear structure system, ψ[·] is a nonlinear operator. Substituting Equations (14) and
(16) into Equation (17), we obtain

.
Y(t) = ψ[G(Θ, t), L(Θ, t)] = l(Θ, t). (18)

Because of the randomness of η, it is a stochastic equation of the state, and its compo-
nent form can be expressed as follows:

.
Yq(t) = lq(Θ, t); q = 1, 2, · · · , m. (19)

The equation of the state (Equation (10)) is a decoupled expression; that is, the con-
cerned physical quantities are observed separately rather than together. For the equation of
the state, obtaining the evolution process is important, and whether the explicit expression
of a can be obtained is irrelevant.

In the stochastic dynamic system (Equation (18)), the augmented system (Y(t), Θ) is
conservative stochastic; that is, all random factors are included. The joint PDF of (Y(t), Θ)
is denoted as pYΘ(y, θ, t). For the concerned random event {(Y(t), Θ) ∈ Ωt ×Ωθ}, Ωθ is
any region in the distribution space of θ, and Ωt is the related region in the distribution
space of Y at time t. According to the conservation principle of random events,

Pr{(Y(t), Θ) ∈ Ωt ×Ωθ} = Pr{(Y(t + dt), Θ) ∈ Ωt+dt ×Ωθ}, (20)

where Pr{·} is the probability measure of a random event. The integral form of Equation (20) is
expressed as follows:∫

Ωt×Ωθ

pYΘ(y, θ, t)dydθ =
∫

Ωt+dt×Ωθ

pYΘ(y, θ, t + dt)dydθ. (21)
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At time t + dt after an infinitesimal element of time dt, Ωt+dt is the result of the
superposition of Ωt and its boundary motion:

Ωt+dt = Ωt +
∫

∂Ωt

(
vydt

)
· nds

= Ωt +
∫

∂Ωt
(l(θ, t)dt) · nds

. (22)

The velocity vy = l(θ, t) determined using the state physics evolution equation
(Equation (9)) shows that boundary motion and the probability density evolution are the re-
sults of system-state evolution. Therefore, by substituting Equation (22) into Equation (21)
and eliminating the same term, we acquire

∫
Ωt×Ωθ

(
∂pYΘ(y, θ, t)

∂t
dt
)

dydθ = −
∫

Ωt×Ωθ

m

∑
k=1

∂[pYΘ(y, θ, t)lk(θ, t)dt]
∂yk

dydθ. (23)

By taking the arbitrariness of Ωt ×Ωθ and eliminating dt from both the sides of the
equation, the density evolution equation can be obtained, as follows:

∂pYΘ(y, θ, t)
∂t

+
m

∑
k=1

.
Yk(θ, t)

∂pYΘ(y, θ, t)
∂yk

= 0. (24)

In this manner, by solving Equation (24), the PDF pY(y, t) of Y(t) can be obtained.

pY(y, t) =
∫

pYΘ(y, θ, t)dθ. (25)

To evaluate the dynamic evolution performance of the superstructure–tunnel soil system
under subway-vibration excitation, several story drift angles

{
Y
(
θq, t

)}
(q = 1, 2, · · · , Nsel) of

the superstructure are selected as the performance index and substituted into the probability
density evolution equation (PDEE) (Equation (24)); the PDEE of Y(θ, t) can be expressed as
follows [32,33,36,37]:

∂pYΘ(y, θ, t)
∂t

+
.
Y(θ, t)

∂pYΘ(y, θ, t)
∂y

= 0. (26)

Abundant probability information of interlayer displacement, such as the PDF and
dynamic reliability, can be obtained by solving Equation (26). Unfortunately, it is difficult
to obtain the closed-form analytical solution of the probability density evolution equation,
which can be solved by numerical methods such as the finite-element method and the
finite-difference method. The specific numerical solution process is shown in Figure 3, and
the specific solution steps are as follows [32,38]:

(1) First, discrete representative samples points Θq(q = 1, 2, · · · , Nsel) are obtained in
multidimensional random variable space ΩΘ;

(2) Under the condition of Θ = θq, the nonlinear differential equations of the dynamic
system, Equation (13), are respectively analyzed by deterministic dynamic analysis, based
on the finite-element nonlinear dynamic time-history method, to obtain the required speed
information

.
Y
(
θq, t

)
;

(3) Substitute
.

Y
(
θq, t

)
as the velocity quantity into Equation (26), determine the nu-

merical solution according to the finite difference, then perform numerical integration on
Equation (25) to finally obtain the numerical solution of pY(y, t).

To evaluate and analyze the dynamic vibration comfort levels of the superstructure
combined with the subway-track impact force time-history samples presented in Section 2.2,
several acceleration time-history responses with assigned probabilities were obtained, using
the dynamic time-history analysis by employing the finite element analysis described in
Section 3.1. To reduce the amount of calculation effectively, in this calculation, the number
of vibration and impact-force samples selected was nsel = 254; however, the fitting error
between the set average PSD of these vibration and impact force samples and the target
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PSD is controlled within 5%; that is, ε = 4.87%. The velocity of the aforementioned
acceleration-time-history responses and their assigned probabilities are substituted into
Equation (26) as initial conditions, and the corresponding stochastic information of the
vibration-acceleration response of the superstructure is obtained numerically using the
finite difference method described in Equation (26).
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According to the probability density evolution analysis, the stochastic probability
information of the dynamic response (mainly acceleration) of the superstructure subjected
to the impact force of subway vibration can be obtained. Figure 4 shows the ensemble-
average-evolution characteristics of the dynamic acceleration of the concerned physical
quantity with vibration comfort levels. At the beginning of vibration, the acceleration
response of the superstructure varies; that is, the randomness of the vibration impact
force of the subway is transmitted to the acceleration response of the superstructure
(Figure 4). In addition, the evolution of the mean and standard deviation with time
shows that the standard deviation is at least one order higher than the mean for the
magnitude order (Figure 4), which indicates that the vibration-acceleration response of the
superstructure varies. The ensemble average characteristics of the vibration acceleration of
the superstructure are obtained. However, the PDF is the most authentic representation
of objective physical events. Therefore, for stochastic dynamic analyses, obtaining the
PDF of the response is the ultimate research goal. This study also obtained the PDF of the
vibration-acceleration response of the superstructure, which is an important parameter
for evaluating the vibration comfort levels of the superstructure from the perspective of
dynamic reliability. Figure 5 presents the PDF of the vibration-acceleration response of the
superstructure at different time intervals.

Furthermore, to investigate the vibration comfort levels of the superstructure under
the vibration impact of the subway, the vibration dynamic reliability of the superstructure
must be analyzed. Under the action of different vibration-excitation time histories of
the subway, the superstructure has a complex failure mode. According to the equivalent
extreme-value principle, the structural reliability analysis under the general complex-failure
criteria is transformed into the probability calculation of equivalent extreme-value events.
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In this study, the reliability of the vibration-comfort evaluation of the superstructure can be
expressed as

Pr = P
{
∪ Nsel

q=1
(

gq(Θ, t) > 0
)}

, (27)

where g1(Θ), g2(Θ), · · · , gNsel (Θ) is the limit state function of the superstructure under
each vibration excitation, so the equivalent extreme value can be constructed:

Zmax, T = max
1≤q≤Nsel

Yq(Θ, t). (28)
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Figure 4. Ensemble average characteristics of the vibration acceleration of the superstructure of the
tunnel: (a) mean; (b) standard deviation.
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Figure 5. PDF of the acceleration response of the superstructure.
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In Equation (28), Yq(Θ, t)(q = 1, 2, · · · , Nsel) is the acceleration dynamic time-history
response of the superstructure. Therefore, the reliability defined in Equation (27) can be
written as

Pr = P
{
∪ Nsel

q=1
(

gq(Θ, t) > 0
)}

= P{Zmax,T > 0} =
∫ ∞

0
pZmax,T (z)dz, (29)

In Equation (29), pZmax,T is the PDF of Zmax, T . Here, the PDF of the maximum values
Zmax,T of the set of all dynamic time-history response of superstructure can be obtained by
numerically solving the aforementioned density evolution Equation (26). From Equation
(28), Zmax,T is obviously dependent on Θ; that is, Zmax,T is a function of Θ. Therefore, the
form of Zmax,T with respect to Θ can be obtained:

Zmax,T = V(Θ, T), (30)

Then, a virtual stochastic process with τ as virtual time may be constructed:

Z(τ) = ϕ(V(Θ, T), τ) = φ(Θ, τ). (31)

The value of the stochastic process at a given time instant τc is equal to the extreme
value in Equation (30):

Z(τc) = ϕ(V(Θ, T), τc) = φ(Θ, τc) = V(Θ, T). (32)

In doing this, the velocity
.
φ(θ, τ) =

∂φ(θ,τ)
∂τ may be substituted into Equations (25) and (26),

and the PDF pZmax,T (z) = pZ(z, τ)|τ=τc
= pZ(z, τc) of equivalent extreme value Zmax,T may

be obtained based on the finite difference numerical method.
By constructing the equivalent extreme events [34] of several acceleration responses of

the superstructure, the extreme PDF (Figure 6) and the cumulative distribution function
(Figure 7) of the vibration acceleration response of a superstructure can be obtained.
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Figure 7. Vibration comfort reliability of the superstructure represented by acceleration.

The comfort levels of the tunnel superstructure under the impact of subway-vibration
excitation can be characterized through the vibration-acceleration response of the building.
According to different national design codes [39–41], various acceleration thresholds can be
selected to evaluate the comfort reliability of building vibrations. The specific reliabilities
are presented in Table 2. Under the control of the industrial vibration comfort standard, the
reliability of the vibration comfort levels of the building satisfies the specifications (Table 2);
that is, the vibration comfort dynamic reliability is Rind = 1. However, under the control
of the residential comfort acceleration standard, the vibration comfort reliability of the
building is Rres = 0.8763, which is not perfect, indicating that the comfort requirements
of the building under the action of some subway-vibration impact forces do not meet the
specifications. Moreover, some isolation measures may be taken to achieve a vibration
comfort of the building that meets the specifications at the dynamic reliability level.

Table 2. Vibration comfort level reliability of the tunnel superstructure.

Threshold Value Reliability Threshold Category

0.05 g Rres = 0.8763 Vibration comfort requirements of residential buildings

0.08 g Rind = 1 Vibration comfort requirements for industrial plants
Note: “res” indicates the residential building and “ind” represents the industrial plant.

4. Long-Term Settlement Performance Evaluation of Soft Soil Foundation under
Subway-Traffic Loads

Under subway-vibration excitation, with operation-time extension, the settlement of
the tunnel soil shows a long-term effect. This type of long-term settlement threatens the safe
subway operation. This section evaluated the long-term performance of the subway-tunnel
foundation under subway-vibration excitation by integrating the long-term settlement
mathematical model and the first-passage reliability theory.

4.1. Mathematical Prediction Model of Long-Term Settlement

The long-term settlement of the subgrade soil under the train load is a function of
dynamic deviatoric stress (σd), static deviatoric failure stress (σs), and cumulative plastic
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strain (εp). The dynamic additional settlement (long-term settlement) of the foundation can
be expressed as follows:

s(t) =
∫ h

0
εpdh, (33)

where s(t) is the long-term settlement and h is the foundation depth. The cumulative
plastic strain of the soil layer under the long-term subway-traffic load can be obtained
using Equation (34):

εp = (a + c ln ω)

(
σd
σs

)m
nb, (34)

where n is the number of cyclic loading and is related to the number of metro train sections,
departure times, and running times. a, c, m, and b are the fitting parameters. The frequency
ω and the dynamic deflection stress σd are determined using the numerical results of the
nonlinear dynamic finite element analysis.

The validity of the aforementioned mathematical model for the long-term settlement
of the tunnel soil under subway-vibration excitation is verified by comparing the results
between the numerical calculation and the experimental analyses (Figure 8) [42].
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Figure 8. Validation of the long-term settlement model by using the simulation result and measured
data (source data: [42]).

Figure 8 shows the comparison between the settlement data of the soft soil foundation
measured at the first, second, third, fourth, and fifth measuring points in the throat area of
the metro depot and the settlement values calculated using the proposed cumulative plastic
strain model. In Figure 8, the scattered points are the settlement monitoring data, and the
curve is the settlement of numerical simulation through nonlinear FEM. Figure 8 shows
that the cumulative settlement calculated using the long-term settlement mathematical
model is in strong agreement with the measured data, and the model can be used in the
evaluation of the probabilistic performance of the tunnel foundation.

From the verification of the mathematical model, the proposed model can be used to
accurately calculate the cumulative plastic strain of the foundation soil under the subway-
train load at any number of cycles and predict the cumulative settlement of the foundation
at any time.
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4.2. Long-Term Settlement Prediction and Time-Dependent Reliability

Under the action of subway-vibration excitation, randomness is transferred from load
excitation to a time-varying dynamic response through the superstructure–tunnel-soil
physical dynamic system. The randomness of load excitation can be represented by the
stochastic dynamic model of subway-vibration excitation, and the time histories of the
vibration-excitation samples with rich probability characteristics of the same set system
can be generated.

Furthermore, several long-term settlement time histories of the subway tunnel foun-
dation can be obtained by combining the nonlinear finite-element dynamic analyses and
the mathematical model of long-term settlement prediction. Thus, combined with PDET,
the long-term settlement performance of the tunnel foundation can be evaluated from the
perspective of time-varying reliability.

The long-term settlement S =
{

Sq
}
(q = 1, 2, · · ·Nsel ,) of the subway tunnel foundation

can be obtained by substituting several dynamic deviatoric stresses σd,q(q = 1, 2, · · · , Nsel) of
the same set calculated in the nonlinear finite-element analysis into Equations (33) and (34).
Furthermore, by substituting the settlement-time history

.
Sq =

{ .
S1,

.
S2, · · · ,

.
SNsel

}
as the ve-

locity into the density-evolution equation, Equation (24), the PDEE of the tunnel foundation
settlement can be acquired.

∂pSΘ(s, θ, t)
∂t

+
.
S(θ, t)

∂pSΘ(s, θ, t)
∂s

= −H[S(s, θ, t)]pSΘ(s, θ, t). (35)

In Equation (35),H[S(s, θ, t)] is the Heaviside indicator function, and its mathematical
expression for tunnel foundation settlement can be written as

H[S(s, θ, t)] =
{

0, S(s, θ, t) < S0
1, (s, θ, t) ≥ S0

. (36)

Here, S0 is the subway vibration settlement threshold of the tunnel foundation, and
the foundation settlement S(s, θ, t) of the tunnel due to vibration is less than and greater
than or equal to threshold value S0, corresponding to the safety domain and failure do-
main of time-varying reliability analysis, respectively. In addition, it should be noted
that the above indicator function corresponds to the probability absorption boundary of
general time-varying reliability analysis; that is, the PDF corresponding to the tunnel
foundation settlement-time process when the settlement exceeds the threshold value S0
is absorbed by the absorption boundary, but the probability information in the security
domain will remain.

By solving Equation (35) combined with the first-passage theory [33,34], the abundant
probability information of the long-term settlement of the tunnel foundation and time-
dependent reliability R(t) under different thresholds can be acquired.

R(t) =
∫

Ω

∫
pSΘ(s, θ, t)dθds. (37)

According to the definition of reliability, in Equation (37), Ω is the safety region.
Combined with the first-passage theory and the PDFs of the dynamic response of the
superstructure–tunnel system, after the dynamic deformation settlement response s(t)
enters the failure region, the PDF carried by it is absorbed and does not return to the
safety region. Therefore, the integral of the PDF on the safety region is reliability R(t).
Obviously, the key to the time-varying reliability calculation here is to obtain the PDF of
tunnel foundation settlement evolution with time under the threshold absorption boundary.

The statistical characteristics (mean value E(X) and the standard deviation
√

D(x)) of
the long-term settlement of the tunnel foundation with time evolution are shown in Figure 9;
they are the same as the previous vibration comfort assessment of the superstructure
characterized by acceleration. At the same time, Figure 9 further verifies the rationality
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of the time-varying reliability analysis of tunnel-foundation vibration settlement in this
study from the side. This is because, in this study, the rationality of the mean and variance
calculation is affected by the PDF (p); that is:{

E(X) =
∫

Ω x · pdx
D(x) =

∫
Ω[x− E(x)]2 · pdx

(38)
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Figure 9. Evolution of the mean and standard deviations of the long-term settlement of the subway
track with time.

Obtaining a higher precision numerical solution of the PDF is an important prerequisite
for obtaining the mean and variance. Therefore, the statistics of the long-term settlement of
the tunnel foundation caused by operation vibration (Figure 9) also indirectly prove the
rationality and effectiveness of this study.

Figure 10 shows the reliability distribution of the long-term settlement deformation of
a subway track under different threshold indicators. The reliability evolution mechanism of
subway track foundation vibration deformation is not the same under different thresholds
(Figure 10). However, the vibration reliability of the subway completely satisfies the design
requirements for almost five years before the subway comes into operation. With time, due
to the influence of subway-operation vibration, its reliability begins to decay. For different
safe-operation deformation-control thresholds, various reinforcement maintenance time
points can be determined using reliability evolution. This study can provide a data reference
for making decisions regarding the healthy operation of subway tracks. The specific
dynamic reliability of subway tunnels with different thresholds and service years under
vibration impact is presented in Table 3. When the requirements for vibration settlement
control are high, for example, if the control standard threshold is 0.15 m, the service life or
maintenance time may be 15 years.
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Figure 10. Time-dependent reliability of the long-term settlement deformation of the subway track.

Table 3. Time-dependent reliability of the long-term settlement deformation of the subway track.

Service Life (Years) Threshold Value (m) Reliability

5

0.15 0.6513
0.25 1.0
0.35 1.0
0.40 1.0

10

0.15 0.0642
0.25 0.5826
0.35 1.0
0.40 1.0

15

0.15 0
0.25 0.1987
0.35 0.5734
0.40 0.8112

20

0.15 0
0.25 0.1125
0.35 0.3756
0.40 0.5224

5. Conclusions

By conducting comprehensive analyses for evaluating the performance of a superstructure-
-tunnel soil system under subway-vibration excitation and considering the randomness of
subway-vibration excitation, the time-varying performance of the superstructure and the
subway tunnel foundation was evaluated from the perspective of probabilistic performance
evolution. The specific conclusions are as follows:

(1) Considering the random track irregularity and the constant train axle load, the
power spectrum of the train-excitation-impact force was obtained based on the PEM.
Furthermore, based on the spectrum representation and the random function idea, the
sample time histories and corresponding probability of the random excitation load of the
same set of trains were established.

(2) According to nonlinear dynamic finite-element time-history analysis and the long-
term settlement mathematical prediction model, the dynamic responses of the superstruc-
ture and tunnel foundation were studied. Based on the dynamic reliability of the vibration
acceleration of the superstructure, its comfort under the impact of subway vibration was
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evaluated. This study provided a new reliability index method for the vibration-impact
assessment of the subway superstructure, which evaluated the vibration dynamic-safety
performance of the superstructure from two different perspectives: residential comfort and
industrial vibration-control requirements.

(3) Based on PDET and first-passage theory, the long-term performance of the su-
perstructure and the tunnel foundation was evaluated from the perspectives of PDF and
probabilistic performance evolution. For the subway tunnel foundation with a high-control
standard of foundation vibration settlement, its service life or maintenance and its rein-
forcement time was predicted from the perspective of time-varying reliability.
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