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Motivation

Non-deterministic vs. Probabilistic A-calculus
Non-determinism | Probabilities

p.r+aq.s
probabilistic superposition
(run r with probability p
or s with probability g)

r+s
non-deterministic superposition
(run r or s, non-deterministically)
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QOutline

Goal: To move from Non-determinism to Probilities

» General technique

» Application to a particular case
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Intuition

From non-determinism to probabilities

m(r+m(s+t)+t)

l

(s +t)
r i \t
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From non-determinism to probabilities
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Intuition

From non-determinism to probabilities

+t )+ t) mn(r+m(s+t)+t)
1 li 1
3 3 3
s+t) m(s+t)
\ 1\L \
2
r S t
L r—+ L S+ L t
3 6 2

An easier way. ..
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Intuition

Generalising the problem to abstract rewrite systems

Idea: to define a variant of a Lebesgue measure for sets of real
numbers, on the space of traces
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Formalisation

Strategies
A: set of objects —AXxA—=N a — b notation for — (a,b) # 0.
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Formalisation

Strategies

A: set of objects —AXxA—=N a — b notation for — (a,b) # 0.

Definition (Degree) b
eg. — b pla)=3
p(a) =" = (ab) =,
b

Definition (Strategy)
f(a) =b impliesa — b

Q = set of all the strategies

e.g. Rewrite system
Q={f,g,h,i}, with

b/ \c G4 SOl
/ \ ze e
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Formalisation

Boxes

Definition (Box)

B C Q of the form

B={f|f(ai)=by,...,f(a,) =b,}
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Formalisation

Boxes )
e.g. Rewrite system:

Definition (Box) /a\
B C Q of the form
b c
B={f|f(a;)=by,...,f(ay) = by} /\
d e
a a Box

/ / a
fi= b c ;h= Db c = /

/ \ :

d e
{fi:} ={f | f(a) = b}
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Formalisation

Measure on boxes

Definition (Measure on boxes)
lf B = {f | f(al) = b17 sy f(an) = bn} then

— (a,—,b,-)
ways to arrive to b; from a;
a” b ) Y i i

p(B) = ﬁ L o(a;)

= p(a;) nb. of rewrites from a;
=
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i [ TAE
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a a a
/ / /
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/ \
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Formalisation
Probability function

Definition (Probability function)
Let SeP(Q), S#0

P(0) =0

P(S) = inf {Z p(B) | C is a countable family of boxes s.t. S C U B}

BeC BeC
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BeC

P(S) = inf {Z p(B) | C is a countable family of boxes s.t. S C U B}
BeC

e.g. a

P(S) = p(B1) +p(B2) =
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Formalisation

Lebesgue measure and probability space

Definition (Lebesgue measurable)
A is Lebesgue measurable if VS € P(Q)

P(S)=P(SNA)+P(SNA"Y)

A={AC Q| Ais Lebesgue measurable}
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Formalisation

Lebesgue measure and probability space

Definition (Lebesgue measurable)
A is Lebesgue measurable if VS € P(Q)

P(S)=P(SNA)+P(SNA"Y)

A={AC Q| Ais Lebesgue measurable}

(2, A,P) is a probability space

> Q is the set of all possible strategies
> A is the set of events
» P is the probability function

We show that it satisfies the Kolmogorov axioms. |
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QOutline
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From non-determinism to probabilities

The calculus X+

ABC:= X|A=B|AAB|VX.A
rs,t o= x| A | rs|r+s | wa(r) | AXr | r{A}

Beta + extra rewrite rules. E.g. (r+s)t—rt+st
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Beta + extra rewrite rules. E.g. (r+s)t—rt+st
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Non-determinism:

Ifr:A s:A ma(r+s)
r s
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From non-determinism to probabilities

The calculus A%

Definition (ARS %)

» Closed normal terms of A, are objects of )\i

» If ry,...,r, are objects, then r; +--- +r, too

The rewrite rules have multiplicities: e.g. ma(r +r) — r with multiplicity 2
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Definition (ARS %)

» Closed normal terms of A, are objects of )\i

» If ry,...,r, are objects, then r; +--- +r, too

The rewrite rules have multiplicities: e.g. ma(r +r) — r with multiplicity 2

Theorem
(2, A, P): probability space over )\i
By = { | F(ra(Xy_y my.)) = ri}: a box

P(Bff) = s

j=1 Mj

Definition (Probabilistic calculus %)

Replace rule “If r: A, then ma(r+s) — r’ by
Ta(> i, miti+s) = with probability ﬁ
i=1
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From non-determinism to probabilities
A« Alg
Algebraic calculi (Probabilistic version)

n n> O,
rs,t o= x* | \xAr|rs | AXr|r{A} | Zp,-.r,- with ¢ p; € Q(0,1] and
i=1 Yiapi=1
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i=1 Yiapi=1

Definition (From Alg to A} )

n ) n n;, d; € N*
D %"i]] =ma(d_ mj.[r])  where fori=1,....n
=1 =1

Theorem (Alg to A})

If r —* 27:1 pi-ti in A/g and [[t,']] —* s,
then [r] —* s; with probability p; in \f..
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From non-determinism to probabilities
A — Alg
Algebraic calculi (Probabilistic version)

n n > 0,
rst = x| \x*r|rs|AXr|r{A} | Zp,-.r,- with ¢ p; € Q(0,1] and
=1 Siapi=1

Definition (From A} to Alg)

If ma(t) — s; with probability p;, for i =1,....n, (7a(t)) = Z pi-(si)

i=1

Remark: if t normal, no translation
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n n > 0,
rst = x| \x*r|rs|AXr|r{A} | Zp,-.r,- with ¢ p; € Q(0,1] and
=1 Siapi=1

Definition (From A} to Alg)

n

If Ta(t) — s; with probability p;, for i =1,...,n, (7wa(t)) = Z pi-(si)

i=1

Remark: if t normal, no translation

Theorem (A} to Alg)

> If r— s, with probability 1, then () — (s)
> If r— s; with probability p;, for i =1,...,n, then

() = 327y pi-(si-
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Sumarising

» We provide a general technique to transform a
non-deterministic calculus into a probabilistic one

» We have a way to transform A, into A}

» We get a simpler calculus, encoding an algebraic calculus,
without losing the connections with logic
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