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Non-determinism (or parallelism)

t + u: non-deterministic superposition between t and u
(it may run t or u, non-deterministically)

Alejandro Diaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting 1/20



Non-determinism (or parallelism)
t + u: non-deterministic superposition between t and u

(it may run t or u, non-deterministically)
(t + u)s may run ts or us.

Alejandro Diaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting 1/20



Non-determinism (or parallelism)

t + u: non-deterministic superposition between t and u
(it may run t or u, non-deterministically)

(t + u)s may run ts or us.
Hence (t + u)s — ts + us

Alejandro Diaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting

1/20



Non-determinism (or parallelism)

t + u: non-deterministic superposition between t and u
(it may run t or u, non-deterministically)

(t + u)s may run ts or us.
Hence (t + u)s — ts + us

Sum of functions: (f+ g)(x) = f(x) + g(x)
(this is the interpretation of the algebraic calculi [vaux, Arrighi-Dowekl)

Alejandro Diaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting 1/20



Non-determinism (or parallelism)

t + u: non-deterministic superposition between t and u
(it may run t or u, non-deterministically)

(t + u)s may run ts or us.
Hence (t + u)s — ts + us
Sum of functions: (f+ g)(x) = f(x) + g(x)
(this is the interpretation of the algebraic calculi [vaux, Arrighi-Dowekl)

t(u+s)
(Ax.t)(u+s) = t[(u+s)/x] (CBN)
(Ax.t)(u+s) = (Ax.t)u + (Ax.t)s (CBV)

Generically in CBV  t(u +s) — tu +ts

Alejandro Diaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting 1/20



Non-determinism (or parallelism)

t + u: non-deterministic superposition between t and u
(it may run t or u, non-deterministically)

(t + u)s may run ts or us.
Hence (t + u)s — ts + us
Sum of functions: (f+ g)(x) = f(x) + g(x)
(this is the interpretation of the algebraic calculi [vaux, Arrighi-Dowekl)

t(u+s)
(Ax.t)(u+s) = t[(u+s)/x] (CBN)
(Ax.t)(u+s) = (Ax.t)u + (Ax.t)s (CBV)

Generically in CBV  t(u +s) — tu +ts

In algebraic terms, functions are treated as linear in CBV:
f(x +y) = f(x) + f(y)

Alejandro Diaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting 1/20



Non-determinism (or parallelism)

t + u: non-deterministic superposition between t and u
(it may run t or u, non-deterministically)

(t + u)s may run ts or us.
Hence (t + u)s — ts + us

Sum of functions: (f+ g)(x) = f(x) + g(x)

(this is the interpretation of the algebraic calculi [vaux, Arrighi-Dowekl)

t(u+s)
(Ax.t)(u+s) = t[(u+s)/x] (CBN)
(Ax.t)(u+s) = (Ax.t)u + (Ax.t)s (CBV)

Generically in CBV  t(u +s) — tu+ts

In algebraic terms, functions are treated as linear in CBV:
f(x +y) = f(x) + f(y)

We want to understand this ‘linearity’
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Outline

» The untyped calculus

» The Additive type system capturing the CBV behaviour of +

» Logical interpretation: translation into System F with pairs
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The untyped CBV non-deterministic A-calculus

tus:=v|tu|t4+u|0
vi=x| Ax.t

Intuitions
t + u = non-deterministic superposition between t and u
0 = impossible computation
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The untyped CBV non-deterministic A-calculus

tus:=v|tu|t4+u|0
vi=x| Ax.t
Intuitions

t + u = non-deterministic superposition between t and u
0 = impossible computation

Hence, t + 0 — t because 0 is impossible!

Also 0t —0 t0—0
Because non of them reduces (0 not a value) and there is an impossible
computation

Running t or u non-deterministically, is the

same as running u or t non-deterministically
Alsot+ (u+s)=(t+u)+s

Finally t+u=u+t
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The untyped CBV non-deterministic A-calculus

tus:=v|tu|t4+u|0

vi=x| Ax.t

B,-reduction
(Ax.t)v — t[v/x]

Distributivity rules Zero rules
(t+u)s > ts+us t+0t
t(u+s) > tu+ts Ot—0

t0 -0

with -+ associative and commutative

Remark: in the algebraic case, 0 is the sum of zero terms
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The Additive type system

Objective: capture as much as possible the behaviour of +
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T — R: functions from T to R
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The Additive type system

Objective: capture as much as possible the behaviour of +

r=t: T Nl-s:S Fr=t: T T=S
MFt+s:T+S re0:0 rt:S
T+R=R+T T+(R+S)=(T+R)+S ; T+0=T

T — R: functions from T to R

But (T + R) — S does not exists
there is no function taking a non-deterministic superposition as argument

Recall t(vi 4+ v2) — tvi + tvz
If vi: T and v : R then t needs to be both T — S; and R = S,
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Objective: capture as much as possible the behaviour of +

r=t: T Nl-s:S Fr=t: T T=S
MFt+s:T+S re0:0 rt:S
T+R=R+T T+(R+S)=(T+R)+S ; T+0=T

T — R: functions from T to R

But (T + R) — S does not exists
there is no function taking a non-deterministic superposition as argument

Recall t(vi 4+ v2) — tvi + tvz
If vi: T and v : R then t needs to be both T — S; and R = S,

Polymorphism & unit types “U" (atomic types w.r.t. +)
Arrows: U — T
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The Additive type system (cont.)

Examples
Concrete example
vyt Uy ; vy Us ; [: VXX =X
Hence I(vi 4+ v2) = vy + Iv, has type Uy + U,
A more generic example
vy s U[W/X] ; vy U[W,/X] ; t:VX.U—=>T

Hence t(vi+va) = tvy +tvy has type TIWA/X]+ T[W2/X]
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The Additive type system (cont.)

Examples
FEt:VX.U— T Thvi+va: UW/X]+ U[Ws/X]
M- t(Vl +V2) . T[Wl/X] + T[W2/X]
A more generic example
vy U[W/X] ; vy U[W,/X] ; t:VX.U—=>T

Hence t(vi+va) = tvy +tvp has type TIWA/X]+ T[W2/X]
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The Additive type system (cont.)

Examples

t:U—>T : u:V-—-~R

(t+u)v — tv+uv

Hence U and V needs to “polymorph” to the type of v

viUWL/X] = V[Wa/X]  t:¥X.(U=T)  u:VX.(V—=R)

Hence tv+uv hastype T[Wi/X]+ R[W,/X]
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The Additive type system (cont.)
Examples
t:U—>T : u:V-—-~R

(t+u)v—tv+uv

Hence U and V needs to “polymorph” to the type of v

viUWL/X] = V[Wa/X]  t:¥X.(U=T)  u:VX.(V—=R)

Hence tv+uv hastype T[Wi/X]+ R[W,/X]

TEt+u:VX.(U—> T)+VX. (Vo R)  Thv: UW/X] = V[Wy/X]
ME(t+u)v: T[Wi/X] + R[Wa/X]
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The Additive type system (cont.)

Arrow elimination
FrEt:VX.U—->T MEvy+ vy UWy/X] + UW,/X]
MEt(vy +vo): TIWi/X]+ T[Wa/X]

FTht4u:VX(U— T)+VX. (V>R Thv:UW/X] = V[Wy/X]
MH(t+u)v: T[Wi/X] + R[Wa/X]

combined...
MRt ru:vX.(U = T)LYX(U 3 R)  TFv+vs: UWi/X] + UWa/X]
(s (t+u)(v1 +V2) : T[Wl/X] + T[Wz/X] + R[Wl/X] + R[Wg/X]
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The Additive type system (cont.)

Arrow elimination
FrEt:VX.U—->T MEvy+ vy UWy/X] + UW,/X]
MEt(vy +vo): TIWi/X]+ T[Wa/X]

FhttusvX. (U= T)+YX(V 5 R)  Thv: UW/X] = V[Wa/X]
M (t+u)v: TWi/X] + R[W,2/X]

combined...
FTEt+u: VX (U= T)+VYX.(U—R)  Thv+vy: UWy/X]+ UWa/X]
ME(t+u)(vy +vo): TWy/X]+ T[Wa/X] + RIWi/X] + RIW2/X]

generalising...
Mt Y YX(U=T)  Thu:) UW/X]
i=1 j=1

M tu: Zi T;IW;/X]

i=1 j=1
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The Additive type system (cont.)

Examples
V1:U[W1/X] ' VQZU[WQ/X]

[EAE+Ayu: VX (U= T)+VX(U—>R)  Thv+v: Vi+ Vs
M E (Axt+ Ay.u)(vi +vp) : T[Wa/X] + T[Wa/X] + RIWA/X] + R[Wa/X]

(Ax.t)vy + (Ax.t)va + (Ay.u)vy + (Ay.u)v,
—_——— —— —— —

T[W1/X] T[W,2/X] R[W1/X] R[W2/X]
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The Additive type system (cont.)

Examples
V1:U[W1/X] ' VQZU[WQ/X]

[EAE+Ayu: VX (U= T)+VX(U—>R)  Thv+v: Vi+ Vs

M E (At 4 Ay.u)(vi +vo) : T[Wi/X] + T[Wa/X] + R[W4/X] + R[Wa/X]

(Ax.t)vy + (Ax.t)va + (Ay.u)vy + (Ay.u)v,
—_——— —— —— —

T[W1/X] T[W,2/X] R[W1/X] R[W2/X]

Simpler example
N dxx: VXX = X lFvi+v: U+ V

M (Axx)(vi+wv2): U+ V
without simultaneous arrow/forall elimination it is not possible to type it!
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The Additive type system (cont.)

Summarising

T,RS=U|T+R|O0 general types
Uuv,w=X|U—-T|VX.U unit types
T+0=T ; T+R=R+T T+(R+S)=(T+R)+S
rEt: T lNu:R
oo™ = 9% +
Fx:Ubx:U re0:0 FEt+u:T+R
FEe:> VWX(U—=T,) Tru:> UW/X]
; ; ! . Mx:UFt: T
i=1 j=1
MEt:vX.U htU  Xg¢R(n — TreT  T=R_
ret:ofv/x] Mt vX.U ! rFe:R

e Strong normalisation v/
e Subject reduction v’
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Outline

» The untyped calculus

» The Additive type system capturing the CBV behaviour of +

» Logical interpretation: translation into System F with pairs
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System F with pairs

tusn=x | Axt | tu| x| (t,u) | m(t) | ma(t)
AB:i=X|A=B|VXA|1|AxB

(AX.t)U—> t[U/X] 71'1(<t1,t2>)*> t1 7Tz(<t1,t2>)*> to
Additive System F with pairs
X s X
U=>T ~ |U| = |T]
vX.U ~ VX.|U|
0 > 1
T+S ~ 17| % |S]
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Sums as Pairs

+,0 ~ x, 1
T+S=S+T AxXxB#BxA
TH+(S+R)=(T+S)+R Ax(BxC)#(AxB)xC

T+0=T Ax1+A
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Sums as Pairs

+,0 ~ x, 1
T+S=S+T AxXxB#BxA
TH+(S+R)=(T+S)+R Ax(BxC)#(AxB)xC

T+0=T Ax1+A

T,RS:=U|T+R|O0
UV, W= X| U= T|VX.U
Type ~» Binary tree (leaf: U or 0)

Example: _
T = (Ul + U2) + 0

Tlr+ 0,1r — U, 11 — U]

Ol

Uy U,
We keep structured sum types
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Structured Arrow-elimination

et > WX (U=T)  Thu: ) UW/X]
i=1 j=1

M tu: sz: T,[W;/X]

i=1 j=1

Tt T —VYX.(U=T)]  Thu:T[¢ — UWe/X]|
TEtu:ToT [6l — To[We/X]]

tu:

UWwi/X]  U[W2/X]
VX.U=Ti  VX.U=T

TiWi /Xl Ti[Wa/X] ToWi/X] To[Wa/X]
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Structured Arrow-elimination

An example

t=(t; +t)+0 tu —* t; (ug + (uz + uz))+
to(ug + (ux + U3)) +0
—* tiug + (t1UQ + t1U3)—|—
thu; + (t2U2 + t2U3) +0

ol

U—>Ty U—~ T,

0
UZU1+(U2+U3)
u T T>
u U LU N PR P
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Equivalence in System F

What about associativity, commutativity and neutral element
in system F with pairs?

Lemma

T=T implies  |T| <+ |T'|

Where A <+ B means
}—FEA7BZA:>B and I—F€B7AZB=>A
for some terms €4 5,€5,4 S.t.

€A7BO€B,A%I'dA and 5B,A05A,BzidB
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Translation of terms
What happens with the distributivity?

t+u o~ ([t],[u])

(t1 + t2)(U1 + u2) —* but <t1, t2> <r1, r2> >
tiu; + tiup + toug + toup ((tin, tir), (tar, tar2))

No distributivity in System F with pairs

Alejandro Dfaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting

16 / 20



Translation of terms
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t+u ([t], [u])
(t1 + t2)(U1 + u2) —* but <t1, t2> <r1, r2> —
tiu; + tiup + thug + thus <<i’1l’17 t1r2>, <t2r1, t2r2>)
No distributivity in System F with pairs

Main ideas:

» The sum is distributed during the translation of application

[tr] = ( ([ta][ua], [ta]ua]) » ([t2][ua], [t2][u]) )

ift=t;+trandu=u; +uy
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t+u o~ ([t],[u])

(t1 + t2)(U1 + u2) —* but <t1, t2> <r1, r2> >
tiu; + tiup + toug + toup ((tin, tir), (tar, tar2))

No distributivity in System F with pairs

Main ideas:

» The sum is distributed during the translation of application

[tr] = ( ([ta][ua], [ta]ua]) » ([t2][ua], [t2][u]) )

ift=t;+trandu=u; +uy

» The "sum structure” of a term is known thanks to its type
Tt (Ti+T2)+ T3~ t~ (ti+t) +t3
with Tt : T;
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Translation of terms

Ne=t: T ~ Tl Fe [tlp | T

Mx: TEx:T
r-0:0

[x]p = x

[O]D = %

oy
~
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Translation of terms

M=t T ~

Mx: TEx:T
r-0:0
ret:7 7T=T
Fr-t: 1/

Alejandro Dfaz-Caro & Barbara Petit

M e [t | T
~ [x]p = x
~ [O]D = %

~ tlp = &7, [t
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Translation of terms

M=t T ~

Mx: TEx:T
r-0:0
ret:7 7T=T
Fr-t: 1/

Frt: 7 TFu:Ss
lrFt+u: T+S

Mx:UFt: T
NMN-Xxt:U—->T

Alejandro Dfaz-Caro & Barbara Petit

M e [t | T
~ [x]p = x
~ [O]D = %

~ tlp = &7, [t
~ [t+r]p = ([t]p,, [u]p,)

~  [Ax.t]p = Ax.[t]p
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Translation of terms

Ne=t: T ~ Tl Fe [tlp | T

MMx:TkEx:T ~ [X]p = x
r-0:0 ~ [0]p = *
r-t: 7 7T=T
r=t: 7’ > tlp = &7y, [t
lrN-t: 7 T~u:S
TFt+u:T+S ~ [t+r]p = ([t]p,, [u]p,)

Mx:UFt: T
lrMNEXxt:U—>T
FEt: TlesvX(u-1)] THu: T'[¢—uw, /X
MEtu: T o T [e) T W, /X]]
~ [tu]lp = T o T'[et'smy(itlp, )7 ([u]m,)]

~  [Ax.t]p = Ax.[t]p

Alejandro Diaz-Caro & Barbara Petit Linearity in the non-deterministic call-by-value setting 17/ 20



Translation of terms

An example

FI—t:((U—> )+ (U— T2)) Y (UsT) Tru:U+U

I tu: ((Tl aF T1)+(T2+ Tz)) +(T3+ T3)

a=mu([t])tz=mi2([t]);ts=m2([t]);
rn=m([u]);rz=m2([u]);

tu [tu]p =

T3 T3

T, Tilo Ts t3n t3r
tin tir tory tar
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Correctness

Theorem (Correctness w.r.t. typing)
re=t¢: T implies Tl - [tlp :|T|

We provide a partial inverse translation (| - [) and prove

Theorem (Inverse translation)
ree 7 = (IN) F (ldo): (171D

Theorem (Reduction preservation)

M- t: Tandt—t implies [t]lp =T [t]p  for some D’

(except for t+ 0 — t)
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Summarising and concluding
> + "like linear functions”: f(x + y) = f(x) + f(y)

» Additive type system tight to the behaviour of +
» Typed system translate to System F with pairs
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Summarising and concluding

> + "like linear functions”: f(x + y) = f(x) + f(y)
» Additive type system tight to the behaviour of +
» Typed system translate to System F with pairs

System F with pairs correspond to the non-linear fragment of

IMELL
Linear Logic CBV nd/alg
Force unique use of the argument | Ban sum terms substitutions
e.g. e.g.
f(x) = x? no linear f(x+y)—f(x)+f(y)
f(x) = x + 1 linear

In the CBV non-deterministic setting (or algebraic) it is enough to treat
functions as linear, even if they are not. (In LL all functions are linear).
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