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Type isomorphisms

Definition

. prog, : A= B / prog, o prog; = lda
A=B < 3 {prog2:B:>A} prof, o prog, = ldg

(AAB) = (BAA)
swap,g: (AAB)= (BAA) swapg, : (BAA)= (AAB)
swap, s (x,y) = {y,x) swapg, (¥, x) = (X, )

swapp, swap,p (a,b) =(a,b) 'y swap,p swapg, (b, a) = (b, a)

2/13



Type isomorphisms
Characterization of them
Simply types with pairs [Bruce, Di Cosmo, Longo
> (AAB)= (B AA) MSCS 2(2), 231-247, 1992]
> (AAB)AC)=(AN(BAQ))
» (AANB)=C=A=B=C
> A= (BAC)=(A=B)A (A= ()
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Type isomorphisms
Characterization of them
Simply types with pairs [Bruce, Di Cosmo, Longo
> (AAB)= (B AA) MSCS 2(2), 231-247, 1992]
> (AAB)AC)=(AAN(BAQ))
» (AANB)=C=A=B=C
> A= (BAC)=(A=B)A (A= ()

assoc: (AAB)AC)= (AAN(BACQ))
assoc (x, y) = (fst x, (snd x,y))

assoc’ : (AAN(BAC))= ((AAB)AC)
assoc’ (x,y) = ({x, fst y),snd y)

assoc’ assoc ({(a, b), c) = ((a, b), ¢)
assoc assoc’ (a, (b, c)) = (a, (b, c))
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Type isomorphisms
Characterization of them
Simply types with pairs [Bruce, Di Cosmo, Longo
> (AAB)=(BAA) MSCS 2(2), 231-247, 1992]
> (AAB)AC)=(AN(BAQ))
» (AAB)=C=A=B=C
> A= (BAC)=(A=B)A (A= ()

curry : ((AANB)=C)=A=B=C
curry f x y = f (x,y)

uncurry : (A= B=C)= (AAB)=C
uncurry g x = g (fst x) (snd x)

uncurry curry f = f y curry uncurry g = g
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Type isomorphisms
Characterization of them
Simply types with pairs [Bruce, Di Cosmo, Longo
> (AAB)=(BAA) MSCS 2(2), 231-247, 1992]
> (AAB)AC)=(AN(BAQ))
» (AANB)=C=A=B=C
> A= (BACO)=(A=B)A(A= ()

pairf : (A= (BAC)) = (A= B)A(A= ()
pairf f =let g x = fst (f x) in
let hx= snd (f x)in (g,h)

fpair: (A= B)A(A=C))= A= (BAC)
fpair f x = ((fst f) x,(snd f) x)

fpair pairf f = f y pairf fpair g =g
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The goal
We want to go further:
(A= B)=(t:A=t:B)

The goal is to identify isomorphic types
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The goal
We want to go further:
(A= B)=(t:A=t:B)

The goal is to identify isomorphic types

If r is a proof of (A= B) A (A= C),
r is also a proof showing that
A= (BAC)is true

(A=B)AN(A=C) A
BAC

(AP, AxAs) = AxA(r, s)
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The setting

» Simply types with conjunction and implication
ABC:=7|A=B|AAB

» An equivalence relation between types based on the known
isomorphisms?

1. AAB=BAA (comm)
2. AN(BAC)=(AAB)AC (aso)
3. ANB)=C=A=B=C (curry)
4. A= (BAC)=(A= B)A(A= () (distrib)

1Bruce, Di Cosmo, Longo, MSCS 2(2), 231-247, 1992
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The setting

» Simply types with conjunction and implication
ABC:=7|A=B|AAB

» An equivalence relation between types based on the known
isomorphisms?

1. AAB=BAA (comm)
2. AN(BAC)=(AAB)AC (aso)
3. ANB)=C=A=B=C (curry)
4. A= (BAC)=(A= B)A (A= C) (distrib)

We want

_TkFr:A

e Ry

1Bruce, Di Cosmo, Longo, MSCS 2(2), 231-247, 1992
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Commutative and associative conjunction

lr-r:A Iks:B
M= (r,s) :AAB

(A1)
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Commutative and associative conjunction
ANB = BAA
(A) AAN(BAC) = (AAB)AC
' (r,s) &= (s,r)
Then | ’
(ro(st)) S ((rs) 1)

l'-r:A ITFs:B
M= (r,s) :AAB
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Commutative and associative conjunction

AANB = BAA
rEr:A ThEs:B () AN(BAC) = (AANB)AC
M= {(r,s) :AAB (r,s) S (s,r)

’ Then k ;
(r, (s;t) ) = ((rs) ;1)

What about the elimination?

M= (r,s) :AAB
Mem (r,s) : A

(Ae)
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Commutative and associative conjunction
ANB = BAA
rEr:A ThEs:B () AN(BAC) = (AANB)AC
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rEr:A ThEs:B () AN(BAC) = (AANB)AC
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(ro(st)) S ((rs) 1)

What about the elimination?

M= (r,s) :AAB (A) F= (r,s) :B/\A(A)
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ANB = BAA
rEr:A ThEs:B () AN(BAC) = (AANB)AC
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What about the elimination?
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Tkm (rs) A~ ButAAB=BAA! Ttm(rs) :B

Moreover (r,s) = (s, r) hence my (r,s) =m (s,r) !l
Workaround: Church-style — Projection with respect to type
If r:A then ma (r,s) —r
Non determinism

If r: A then ™A (r,s) —r
s: A 7a (r,s) —s

Not a big deal
both r and s are valid proofs of A
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Commutative and associative conjunction
ANB = BAA

AN(BAC) = (AANB)AC
rxs S (sxr)
rx(sxt) S (rxs)xt

l'-r:A ITFs:B ()
' rxs :AAB Then

What about the elimination?
N rxs :BANA

But AAB=BAA! Tkm(rxs):B

N rxs :AANB
(Ne)

Mem(rxs):A

Moreover rxs = sxr hence m1(r x s) = m(s x r) !l

Workaround: Church-style — Projection with respect to type
If r:A then ma(rxs)—r
Non determinism

If r:A the wa(r xs) = r
s:A wa(r xs) —s

Not a big deal
both r and s are valid proofs of A

6/13



Curryfication

(AAB)=C = A=B=C
induces

r(sxt) S rst
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Curryfication

(AAB)=C = A=B=C
induces

r(sxt) S rst

(MDA s  —  r[s/x]

Example

(AT .x)
——
(rAT)=(TAT)
T=T=(TAT)

7/13



Curryfication

(AAB)=C = A=B=C
induces

r(sxt) S rst

(MDA s  —  r[s/x]

Example

(AN x)rsT
——
(rAT)=(rAT)
T=T=(TAT)

7/13



Curryfication

(AAB)=C = A=B=C
induces

r(sxt) S rst

(MDA s  —  r[s/x]

Example

MM x)rTsT 2 (AT X) (T xST) =T x ST
——
(TAT)=(TAT)
T=T=(TAT)

7/13



Curryfication

(AAB)=C = A=B=C
induces

r(sxt) S rst
Ifs:A  (W&Ar)s —  rl[s/x]

Example

MM x)rTsT 2 (AT X) (T xST) =T x ST
——
(TAT)=(TAT)
T=T=(TAT)
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Curryfication

(AAB)=C = A=B=C
induces

r(sxt) S rst
Ifs:A  (W&Ar)s —  r[s/x]

Example

ATV x)rTsT = (AT (T x sT) = T x ST
——
(TAT)=(TAT)
T=T=(TAT)

Other possible choices:
MxANE MyANZB ty x z/x]

MANB = ABtna(2)/x,78(2) /Y]
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Distributing implication over conjunction

A= (BANC) = (A=B)A(A= ()
induces

MAr x s 5 (AxAr) x (AxA.s)
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Distributing implication over conjunction

A= (BANC) = (A=B)A(A= ()
induces

MAr x s 5 (AxAr) x (AxA.s) and MAmp(r) S mass(AxAr)
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Distributing implication over conjunction

A= (BANC) = (A=B)A(A= ()
induces
MAr x s 5 (AxAr) x (AxA.s) and MAmp(r) S mass(AxAr)

Example

FAXAE x: (AAB) = (AN B)
FAXAE x: ((AANB) = A)A((AAB) = B)
F mang)=a(AXAE x) (AN B) = A

(Ae)

Tang)y=a(AXME x) 5 AAE ma(x)
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Distributing implication over conjunction
Other possibilities

A= (BAC) = (A=B)A(A= ()

MArxs S (AxAr) x (AxA.s) =i,A 5N, =
MAp(r) S mass(AxAr) =i Ne S Ney=i
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Distributing implication over conjunction
Other possibilities

A= (BAC) = (A=B)A(A= ()
MArxs S (AxAr) x (AxA.s) =i,A 5N, =
MAp(r) S mass(AxAr) =i Ne S Ney=i

(rxs)t S rtxst =i S Aiy=e
7TA:>B(r)5 = TB(rS)* :>e7/\e = /\e;:>e

*ifr:A=(BAC)
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Normalization

Counterexample
0 = AT (X)) (X)

6" =6((zy) x y)
Q=16((zy) x &)
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0 = AT (X)) (X)

6" =6((zy) x y)
Q=16((zy) x &)

Q=L mrer((z x (3(2v)))y)d
2 Trmr=r(z % (3(2)))yd’
2 Mrmrmr(z % (6(2y)))(y x &)
= Mrmrmar (2 X (320 % ¥)
2 Mrormr (2 % (6(2y)))0"y
= e (2 % (3(2y)))0)y
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Normalization

Counterexample

0 = AT (X)) (X)

6" =6((zy) x y)
Q=16((zy) x &)

Q=L mrer((z x (3(2v)))y)d
2 Trmr=r(z % (3(2)))yd’
2 Mrmrmr(z % (6(2y)))(y x &)
= Mrmrmar (2 X (320 % ¥)
2 Mrormr (2 % (6(2y)))0"y
= e (2 % (3(2y)))0)y

Ta=p(r)s & ma(rs) Problematic rule
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Normalization

We had too many rules

Working set: System |

rxs=sxr (comm)
(rxs)xt=rx(sxt) (asso)
MA(r x s) 2 MxAr x AxPs (distx)
(rxs)t=rtxst (distapp)

rst 2 r(s X t) (curry)
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Normalization

We had too many rules

Working set: System |

rxs=sxr (comm)
(rxs)xt=2rx(sxt) (asso)
MA(r x s) 2 MxAr x AxPs (distx)
(rxs)t=rtxst (distapp)

rst 2 r(s X t) (curry)

Theorem (Strong normalization)

System | is strongly normalizing

Proof. highlights

No neutral terms: (rxs)t=rtxst

We use elimination contexts: K :=[] | Kr | ma(K)

A term r is reductible if VK such that K[t] : 7, K[t] € SN.
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Progression and consistency
No progression:

Let s: B, (Ax*.\yB.r)s isin normal form
—_———

A=B=C
B=A=C
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Theorem (Consistency of System )

There is no closed normal term of type 7.
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Progression and consistency
No progression:

Let s: B, (Ax*.\yB.r)s isin normal form

N————
A=B=C
B=A=C

Theorem (Consistency of System )

There is no closed normal term of type 7.

Future work (in progress)
n-expansion and surjective pairing

(MAAYE.r)s —, A2 (A Ay B r)sz
= AN (WA NyB o r)zs

= A2A ((\yB.r[z/x])s)
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Summarizing
What have we done?

We defined System |, where isomorphic propositions have the
same proofs
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Summarizing
What have we done?
We defined System |, where isomorphic propositions have the

same proofs

Why?

If A= B, a proof of A
should be indistinguishable of a proof of B

ANB BAA

A _B and B are the same!

If A= B, a function defined over A
can used directly as B

If f (a, b) is valid, it should also be f a b, or even f a.

13 /13



