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Abstract

At the 4th Number Theory Down Under conference (Newcastle, Australia) in September
2016, Timothy Trudgian gave a talk entitled “A Tale of Two Omegas” during which he
challenged the audience to give the best possible approximation of a constant p. The winner
of the bet was Shi Bai who proposed p =~ 0.75 and won 9 Australian dollars. We give a
closed formula for p, and a 1000-digit approximation.

For any positive integer n, let w(n) be the number of distinct prime factors of n, and Q(n)
be the number of prime factors of n counting multiplicities. We want to study the density p of
integers n such that w(n) = Q(n) (mod 2).

Writing p; the i-th prime number, we denote by 9; the density of integers exactly divisible
by a positive even power of p;. We have
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We can extend the definitions of w and Q as w;(n) the number of distinct prime factors of
n up to and including p;, and €;(n) the number of prime factors of n counting multiplicities up
to and including p;.

Let us now define p; as the density of integers n such that w;(n) = Q;(n) (mod 2). Clearly,
as wo(n) = Qo(n) = 0 for all n, pg = 1. Furthermore, given p;, we can compute p;y; as
pi+1 = pi(1 = di+1) + (1 — p;)d;41 since, for any integer n such that w;y1(n) = Q;11(n) (mod 2),
we have:

e cither w;(n) = Q;(n) (mod 2) and n is not exactly divisible by a positive even power of
pi+1 (i.e., the exponent of p;11 in the factorization of n is either zero or an odd integer);

e or w;(n) # Q;(n) (mod 2) and n is exactly divisible by a positive even power of p;+1 (i.e.,
the exponent of p; 1 in the factorization of n is a non-zero even integer).

For instance, we have p; = 5/6, po = 7/9, p3 = 41/54, etc.
Expanding and rewriting the recurrence relation, we obtain that
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Proof. Trivial for pg. By induction, assuming that p; = ( + 1<, <j< - (1 26j)>, we have

piv1 = pi(1 = 0ip1) + (1 = pi)dit1 = pi(1 — 20541) + div1



We want to compute p, the limit of p; when i tends to infinity. This requires evaluating
the Euler-type product Hp(l —2/(p(p+1))). This product is related to the strongly carefree
constant Ky = ((2)~?2 [L,A-1/(p+ 1)2) [, since we have, for all p,

(=) () = - in
whence

1}(1—@):«2)%-1](1—12)=<<2>K2 and  p= L(1+C(2)E).

» p
From ((2) = 72/6 and the approximation of K given in [5], we get
p ~ 0.735840306806498934037617816540. . ..

Using the method described in [3], we wrote a C program using the GMP [2] and MPFR [I]
libraries to obtain 1000 decimal digits of p in 2 seconds on a modern computer:

p ~ 0.735840306806498934037617816540241043712963191003493441817868627708866058'\
379841372048105013688474511515650566122841190102404611211687884046044892\
904362086400464357010504049640676416611476084135717263886535563643805760'
644221941892723508596917214464560145218303423465105523365343894399876950\
290908517725843412836804796873557474503415784120273100831852401815071884\
752474651998155510614304943723330564198708818058751859625692158706464491\
118925614933894976664554675332724160864537995203661491426790073876325701\
422096642833088345145166356822933698524194405157608182890248746331747324\
546864399679189351053190858576559575331386217148487611632833837303003554\
772400606228829606815864933254113178735410431274598205992961220149816699\
957573392231478437529503685189609944983306176857490242598362769578720704\
715434220857826184296237282093166023888113437043066231849332791196125464\
593662352978834746450773091813852962795180040171084816359701798474441936\
8394121574471862067394065063161173529462108558444754318971609164 . . . .

We give below a few benchmarks for various precisions, with parameters n and M as described
in [3]: n is the number of terms of the Euler product which are actually computed, and M is
the cut-off value used when approximating the remaining terms [, (1 —2/(p(p + 1))) as

1M, ¢ ()29, where ¢, (i) is as in [3].

Decimal Working || Approximation | Rounding CPU
digits n M | precision error error time
1000 [ 200 | 360 | 3694 bits || 1.09-10-1003 [ 23810100 2s

2000 200 | 719 | 7378 bits 9.05 - 102005 1.41 - 10~2005 17 s
5000 400 | 1595 | 18220 bits 3.65 - 1075005 1.09 - 1072005 362 s
10000 800 | 2869 | 36102 bits 4.95.10710005 | 378 .10~10005 | 4007 s
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