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Deconstructing Multiantenna Fading Channels

Akbar M. SayeedSenior Member, IEEE

Abstract—Accurate and tractable channel modeling is critical signal copies arriving from different directions (see, e.qg., [4]).
to realizing the full potential of antenna arrays in wireless commu-  Although these models are more accurate descriptions of the ac-
nications. Current approaches represent two extremes: idealized tual propagation environment, they are nonlinear in spatial an-

statistical models representing a rich scattering environment and | thereb king it rather difficult to i te th .
parameterized physical models that describe realistic scattering gles, thereby making 1t rather difficult to incorporate them in

environments via the angles and gains associated with different transceiver design and capacity computations. Furthermore, the
propagation paths. However, simple rules that capture the effects two approaches to MIMO channel modeling exist in virtual iso-

of scattering characteristics on channel capacity and diversity are |ation. A connection between them is very much desirable so
difficult to infer from existing models. In this paper, we propose that insights derived from them can be cross-leveraged.

an intermediate virtual channel representation that captures the The t in ch teristi f fadi tial ch Is f
essence of physical modeling and provides a simple geometric in- € two main charactersucs of tading spatial channels irom

terpretation of the scattering environment. The virtual represen- @ communication theoretic viewpoint are tb@pacityanddi-
tation corresponds to a fixed coordinate transformation via spatial  versityafforded by the scattering environment. Physical models

basis functions defined by fixed virtual angles. We show thatin an relate the scattering environment to the channel coefficients and
uncorrelated scattering environment, the elements of the channel yictate their statistics. The statistics, in turn, determine the diver-

matrix form a segment of a stationary process and that the vir- . .
tual channel coefficients are approximately uncorrelated samples sity and capacity afforded by the channel. There have been some

of the underlying spectral representation. For any scattering en- recent attempts at bridging the gap between the two modeling
vironment, the virtual channel matrix clearly reveals the two key philosophies (see, e.g., [5]-[7]). However, simple rules that cap-
factors affecting capacity: the number of parallel channels and the  ture the effects of scattering and array characteristics on capacity
level of diversity. The concepts of spatial zooming and aliasing are gnq gjversity are difficult to draw in general. Some qualitative
introduced to provide a transparent interpretation of the effect of trend h as the d lati foh | fficients with i
antenna spacing on channel statistics and capacity. Numerical re- rends, such asthe ef:orre a '0”9 Channel coeificients with in-
sults are presented to illustrate various aspects of the virtual frame- Creased antenna spacing, can be inferred and have been observed

work. in practice.

Index Terms—Beamforming, capacity, channel modeling, diver- In this paper, we propose a new intermediatéual channel

sity, fading, MIMO channels, scattering, spectral representation. ~ Fepresentation that keeps the essence of physical modeling
without its complexity, provides a tractablsear channel

characterization, and offers a simple and transparent inter-
pretation of the effects of scattering and array characteristics
NTENNA arrays hold great promise for bandwidth-efon channel capacity and diversity. The virtual representation
ficient communication over the harsh wireless channds analogous to representing the channel in beamspace or
Recent studies have indicated linear increase in capacity wile wavenumber domain, which are concepts that have been
the number of antennas [1], [2]. Maximal exploitation of anwidely studied in array processing [8]. Specifically, the virtual
tenna arrays in wireless communication necessitates accuraresentation describes the channel with respect to fixed
yet tractable modeling of the multi-input multi-output (MIMO)spatial basis functions defined by fixed virtual angles that are
channel coupling the transmitter and receiver. Existing modgletermined by the spatial resolution of the arrays. Consider a
represent two extreme approaches. On the one hand is a widgly P matrix with elementg H (m, n)} representing a channel
usedstatisticalmodel that is an idealized abstraction of spatiakith P transmit andQ) receive antennas. As we will see, for
propagation characteristics and assumes independent fadinguséformly spaced virtual anglesH (m,n)} are related to the
tween different transmit-receive element pairs. This model hdistual channel coefficient§ Hy (¢, p)} via a two-dimensional
been heavily used in capacity calculations (see, e.g., [1] and [@)D) Fourier transform
and in the development of space-time coding techniques (see,
e.g., [3]). On the other hand are paramepitysicalmodels,

Q P
1
inspired by array processing techniques, that explicitly model (m, n) VPQ Z@ Zﬁ via.p)
qg=—& p=—
~ 6—j27rqrn/er27rpn/P
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stationary process, anddy (¢, p)} are samples of the under-A. Uniform Linear Antenna Arrays
lying spectral representation (and, hence, are approximately, ihis paper, for simplicity of exposition we focus on one-di-

uncorrelated). Second, the virtual representation yields afnsional (1-D) uniform linear arrays (ULAs) of antennas at
insightful “imaging” interpretation of the scattering geometryy o, the transmitter and receiver and consider far-field scat-
a realistic channel consisting of a superposition of scatterifiging characteristics, that is, the scatterers are sufficiently far
clusters with limited angular spreads is represented by th8m poth the transmitter and receiver. The essential ideas apply
virtual matrlx Hy _con3|st|ng of nonvanl_shlng $ubmatr|ce§o arbitrary array geometries as well. Lét and dx denote
corresponding to different clusters. Combined with the UncQfye antenna spacing at the transmitter and receiver, respectively.

related nature of Hy (¢, p)}, this yields a simple and intuitive then the channel matrix can be described via the array steering
relationship between an arbitrary scattering environment aggy response vectors given by

the corresponding channel statistics, capacity, and diversity. In

particular, the structure dify- provides a simple interpretation p _ 1 | —i2mbr —jom(p—1)o7] "
of the effect of scattering on the two key factors affecting ar(0r) VP [ ’¢ € }
capacity: the number of parallel channeland the level of 1
diversity associated with each parallel channel. Third, the ar(fr) :ﬁ
virtual representation reveals that all scatterers are not created

equal! It induces a virtual partitioning of scattering paths thathered and¢ are related as

explicitly exposes their contribution to capacity and diversity. .

Finally, via the concepts of spatial zooming and aliasing, the 6 — dsin(¢) _ asin(g), ¢=sin~? <ﬁ> (4)
virtual framework also provides a transparent picture of the A o

effect of antenna spacing on channel statistics and capacity._)\ is the wavelength of propagation, and= d/) is the normal-

Section Il presents a general physical model for spatial . : .
. : . ized antenna spacing. The anglés measured relative to the
MIMO channels, introduces the virtual channel representatlo[ri\ P g gl

. . T
e, eminamven) ()

and develops the relationship between the two. Section ?nzontal s (see Figs. 2and 3). The veain(d ) represents

discusses the imaging interoretation of the virtual chan e signal response at the receiver array due to a point source in
ging P e directiordr. Similarly, ar(67) represents the array weights

matrix in clustered scattering environments. Section IV Charaﬁéeded to transmit a beam focussed in the dire@joiWe note
terizes the statistics of the virtual channel matrix imposed bytl?at due to the finite array aperture, the receiver array collects

given scattering environment. In Section V, we use the virtu Sme signals from directions in the neighborhoodfgfand the

representation to characterize the effects of antenna spaging ¢ it array couples energy at angles in the neighborhood of
on capacity for any given scattering environment. Section V| as well

sses SOy Ao e ) ety o Mot it () s a oo ap e
P P %Ween—w/2 < ¢ < w/2and—a < 6 < «. However, the

the fra_lme\{vork. Section VII contains some concluding remarlé?eering and response vectors in (3) are periodiiith period
and directions for future work.

1. Throughout the paper, we will consider the principal period
[-0.5,0.5) for 8. This implies that forx > 0.5, scatterers out-
side the rang@ € [—sin™(0.5/a),sin™*(0.5/a)) alias into
Consider a transmitter array with elements and a receiverthe principle period fof. This observation, which is illustrated
array with@ elements. In the absence of noise, the transmittgdFig. 1, is fundamental to understanding the effect of antenna
and received signals are related as spacing on capacity, as discussed in Section V. We will develop
our channel representation framework in the spatial variéble

Il. MULTIANTENNA CHANNEL MODELING

z=Hs (2)
B. Physical Modeling of Scattering Environment
where
s P-dimensional transmitted signal;
T @-dimensional received signal;

For ULAs at the transmitter and receiver, the channel matrix
H can be generally modeled as

H channel matrix coupling the transmitter and receiver ar  por
elements. H =/ / G(Or,07)
We index entries off as H(m,n): m = 0,1,...,Q — 1, T
n = 0,1,...,P — 1. Most capacity calculations assume that X aR(9chttiT (eggdeRdeT (®)
H consists of independent, identically distributed (iid) Gaussian H _ 1 G650
. L . . . . . (m,n) = (Or,07)
random variables, which is an idealized, rich scattering environ- VPQ J_o, o
ment (see, e.g., [1], [2]). Our objective is to impose structure on X @ I2mORM GI2TOTT 40 10 (6)

H by modeling the scattering characteristics of physical chan-

nels. This would in turn enable us to assess channel capacityvinereG(6 g, 61 ) represents the physical scattering, and we call
realistic scattering environments and to study the effect of aihthe spatial spreading functiarHowever, due to the periodicity
tenna spacing and scattering characteristics on capacity andoflithe steering and response vectors, the range of integrals in
versity. Our workhorse for attaining this objective is the virtugls) can be replaced with the principal unit period orMore
channel representation introduced in Section II-C specifically, definekgr = |ag + 0.5, k7 = |ar + 0.5], and
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Fig. 1. Plots ob as afunction o0& as defined in (4). (ay = 0.5.(b)a = 1.9.

G(0g,0r) = 0for |r| > ar, |fr| > «r. Then, (5) can be
equivalently written as

/2 pl/2
g=[ [ Glonor)
1/2J-1/2
X aR(GR)aT (QT)dQRdQT (7)
G(Or, 07) —G(9R1n0d1 9Tm0d1)

Z Z G(0r —my, 07 —m2) (8)
mi=—kpr mo=—kr

whered mod 1 denotes the value df in the principal period
[-0.5,0.5). As evident from (6) and (7)H is a 2-D Fourier
transform ofG(HR, 6r). We note that in many realistic envi-

ronmentsG(fg, f7) is nonvanishing in smaller regions corre-

sponding to scattering clusters with limited angular spreads,
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Fig. 2. Schematic illustratinghysicalchannel modeling. Each scattering path
is associated with a fading gafi#;) and a unique pair of transmit and receive
angles {r.;, ¢x,) corresponding to scatterers distributed within the angular
spreads.

A widely useddiscretephysical model, which is a special
case of (5), is illustrated in Fig. 2 and is given by

L
H =" par(Or)al (01,) = Ar(0p)Hp AL () (9)

=1
which corresponds to
L
G(Or,07) = > Ai6(0r — 0r)8(6r — 67.1)  (10)
=1

in (5). In the above model, the transmitter and receiver
are coupled via propagation alonf paths with {6;;}
and {#r;} as the spatial angles seen by the transmitter
and receiver, respectively, anfi3;} as the corresponding
independent path gains. In the matrix representation
in (9), AR(QR) = [aR(Gle),...,aR(QRjL)](Q X L),
Ar(ly) = lar(071),...,ax(07,0)I(P x L), and
Hp = diag(p,...,0r) is an L x L diagonal matrix. In
the spirit of (8), the discrete model may also be expressed as
L

G(Or,0r) =Y _ Ai8(8r — Ory mod 1)8(67 — b7, mod 1),

=1
(11)
Note that the discrete model (9)linear in the path gaing 3, }
butnonlinearin the spatial angle$§fz ;, 67}

C. Virtual Channel Representation

The finite dimensionality of the spatial signal spacan be
exploited to develop Bnear virtual channel representation that
uses spatial beams fixed virtual directions. This is similar to
beamspace and wavenumber domain in array processing litera-
ture [8]. Without loss of generality, we assume that bBthnd
Q are odd and defineg) = (Q — 1)/2 andP = (P — 1)/2.

The virtual channel representation, which is illustrated in
Fig. 3, can be expressed as

r
H = Z > Hv(g,p)ar(Org)at (br,) = ApHy Ay

as ¢=—Qp=-P (12)

illustrated in Fig. 2. Each cluster is represented by a nonvagpere the matriced;, — [aR(gR @) aR(éRQ)](Q x Q)

ishing subkernel of7(6g, 87) with supportSg x St, Sy C
[—ar,ar], andSg C [—«ar, ag]. Clustered scattering envi-
ronments are discussed in more detail in Section lll.

andA; = [ar(fy,_p).....ar(6; 1)](P x P) are defined by

1Due to finite number of antenna elements and finite array aperture.



2566 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 50, NO. 10, OCTOBER 2002

(SCA’I‘I’ERERS

TRANSMITTER RECEIVER
ARRAY SPATIAL MULTIPATH CHANNEL ARRAY

Fig. 3. Schematic illustratingirtual channel representation of the scattering

environment depicted in Fig. 2. The virtual angles are fiagatiori, and their

spacing defines the spatial resolution. The channel is characterized by the virt

coefficients{ Hv-(q,p) = h, ,} that couple theP virtual transmit angles

{pr.p} with the virtual receive angle$w r 4 }. (@)

the fixed virtual anglefr ,}, and {6z ,} and are full-rank.
The @ x P matrix Hy is the virtual channel representation. =
In contrast to the discrete model (9), the virtual representatic
is linear and is characterized h¥f (AR and Ay are fixed).
However,H+v is not diagonal in general.

Uniform sampling of the principd period is a natural choice

(b)

for virtual spatial angles Fig. 4. Schematic illustrating beams in thedomain corresponding to the
fixed virtual angles for different values af. The plots correspond to an
~ q ~ ~ 11-element ULA. (a)x = 0.5. (b)a = 1.5.
9R,q =3 _QSQSQ
Q
b7, :%, —P<p<P (13) and thus,Hy is unitarily equivalentto H and captures all

channel information. In factHy is a 2-D discrete Fourier
which results in the steering/response vectors (3) being sintansform ofH [see (1))]. From (15), the elements Hfy- are
soids with frequenmeéTp/eR ¢ and yieldsunitary matrices related to the physical model (7) as
Ap and Ay, discrete Fourier transform matrices, in fact. The

corresponding fixed angles in tijedomain are Hy(q,p) =all( 93 g Har( Or )
i /2 p1/2 q
_wia—1 Tp } _ . —1 p / GQR,Q f <R——>
pr.p =Sl <E> = sin <P—aT> 2 1 T) Q Q
P x 5 ( r— 3) 0 rdbry (16)
=l [ ORa ) _ 1 4 P
YR,q =sin —2= | =sin —_— (14) 0-1
R Qar I 1 —jon6l
. o _ , fo(6) =af{(O)an(6) = 5 > ¢
as illustrated in Fig. 4 for different values of. The virtual 1=
channel coefficient§Hv (g, p) } represent the coupling between 1 aeesin(rQf) 17
the P virtual transmit anglegyr ,} and the@ virtual receive _66 sin(nf) a7

angles{¢r . }. Note from Fig. 3 that the virtual representation

does not distinguish between scatterers that are within the sjjé note from (16) tha{ Hy (g, p) } are samples of a smoothed

tial resolution: the scatterers corresponding to physical anglession of G(6r, 1) at the virtual angles; the smoothing is

¢r.1 andéro in Fig. 2, for example. Furthermore, for virtualdone by the kernefo (6r) f1(67) that integrates to/ PQ. The

angles where there is no scattering, the corresponding coesfinoothing kernel gets peaky around the origin with increasing

cients are approximately zero (e.f8z; andh;s in Fig. 3). P and@. Thus, we have the following sampling approximation
Note from Fig. 4 that fore > 0.5, a limited spatial horizon for sufficiently large” andQ:

is covered by the fixed anglesin (14). However, as discussed

earlier and illustrated in Fig. 1, values ¢foutside the limited G (% %)
range alias into the principal period 6f Hy(q,p) ~ —pg (18)
D. Relationship Between the Virtual Representation and Hy can be expressed in matrix form for the continuous phys-

SinceAr and Ay are unitary,Hy is related toH as

1/2 p1/2
- - 1
Hy = AgHAT (15) /1/2 1/2G 9R,9T)O,R(9R) (QT)dQRdQT ( 9)
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neighborhood of the physical angle and the peak is more
pronounced for large®.

E. Virtual Path Partitioning

We now derive an approximate relationship{dfy (¢, p)}
to the discrete physical model via a virtual partitioning of the
propagation paths. Define the following partition of path indices

1 q 1
“l-—< 1- L« =
SR77 {l ’2Q fr,; mod Q<2Q}
-Q<qg=<Q
1 p 1
=< L-—< _ £
STJ, {l oP GTI mod 1 2 < 2P}
~-P<p<P. (22)

Srq is the set of all paths whose receive anglgs; (after
shifting them into the principlé range) are withirl /2¢} of the
gth virtual receive angIéqu =q/Q. S, is similarly defined
with respect to virtual transmit angles. Note that

Uqu _USTP_U [SkqNSrp)={1,2,...,L}.

»aq
(23)
Using this partition, we can express the aliased spreading func-
tion for the discrete model (11) as

Q P
G(or,6r)~ > > [ > /3,]
q=—0 p=—P |1€Sk ¢NST p
q p
x 8 <93 - 6) 6 (9T - F) (24)
and the channel matrix via (7) as
Q P
~ Z Z [ Z /ﬁ] ar <%> aif (%) (25)
a=—Op=—P |1€SR.4NST 1

and (21) reduces to

(b)

Fig. 5. Plots of|fg(68 — 6,)| versust. 6, represents the physical angle of
a scatterer. Values ¢f(¢/@Q — 8,)| corresponding to samples at the virtual

angles are also marked. @) = 5, andd, = —0.23. (b) Q@ = 11, andd, =

0.13. Hy(q,p) = s (26)
1CSkr,aNST

wherear(6r) = Anar(6r) andar(67) = Anaz(67) are Sincefo(fr—q/Q) andfp(fr —p/P) are peaky aroundy =

the projections ofr(8r) andar(f7) onto the fixed virtual ¢/@Q, 6z = p/P, and fo(0) = fp(0) = 1. Equations (24)
response and steering vectors, respectively. Similarly, for tA8d (26) state that the scattering contribution to the virtual angle

discrete model, we have pair (fr.4,07,) = (¢/Q,p/P) is proportional to the number
" of paths whose angl€#r ;, 87 ,) lie in the rectangulavirtual
Hy —AR(eR)HpA 0) (20) spatial binof size1/Q x 1/P centered ong/Q, p/P):
4 - —= l — £ B = i — < g i
Hv(q,p ;ﬁlfQ <9Rl Q) I (9T,z P) (21) @.p {(HR,QT) 20 = Or — 0 < 20"
1 P 1
N ~H . . - SQT——<—} (27)
WhereAR(QR) = ARAR(QR) ~:H [aR(Qle), - ,aR(9R7L)] 2P r 2P
(Q x L), and Ap(8,;) = ApAr(0,;) = [ar(f71), Based on the above path partitioning, we define the notion

., ar(0r 1)](P x L). Plots of | fo(8 — 6,)| as a function of distinctpaths that is insightful in the contribution of paths to
of & are shown in Fig. 5 for two different values §f andd, capacity and diversity (see Section VI). We say that two paths
(8, represents the location of a physical scatterer). The valuegdistinctif they can be distinguished in either transimitre-
of |fo(g/Q — 6,)| corresponding to samples at the virtuateive virtual angles, that is, they belong to distint s&ts, or
angles (equivalently, elements ¢&(6,)|) are also marked. Sy ,. We say that two paths astrictly distinctif they can be
As is evident, the projections onto virtual angles peak in thistinguished in both transmandreceive virtual angles, that is,
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they belong to distinct sef$z , and.St ,, or, equivalently, their P, =~ [apPsin(Sr4)].2 Note that for a given spread in
transmit/receive angles lie in distinct spatial biss,,. Note that the ¢ domain, the size of the sub-matrix is larger for larger
the number of paths that lie in each spatial Biy,, affects the antenna spacings. The rank of the sub-matrix is given by
statistics ofHv (q, p). Sufficiently many pathsineachbinwouldr ~ min(Qy — Q- + 1,P; — P_ 4+ 1). For example,

result in Gaussian statistics via the central limit theorem. Cofor the top left cluster in Fig. 6(b)Sr = [n/16,3w/16]
versely, for fixed number of paths, we would expect the statistiesnd S = [-37/16,—7/16]. For P = @ = 21 and
to deviate from Gaussian as we increase the number of antennas = «r = 1/2, this yields(Q_,Q+) = (2,6) and

(and, hence, the array aperture) while keeping the spacing fixé#._, Py) = (—6,—2), resulting in a 5< 5 sub-matrix with
Fewer paths would contribute to eaBl) , [and Hy (g, p)] due rank 5. The rank oH - (andH) is closely approximated by the

to the increased spatial resolution. sum of the ranks astrictly distinctsub-matrices (with disjoint
supports in both transmit and receive virtual angles).
F. Relationship to Other Models The accuracy of the imaging interpretation &y is

governed by both the number of antenna elements as well

The physical model (5) can represent any linear channel aasl their spacing. For given spacing, the accuracy improves
can account for many particular scenarios that have been studiggh the number of elements because, to a first approx-
by other researchers. For example, effects of mutual couplimgation, the extent of smoothing (or spatial resolution)
can be incorporated by multiplyinf with a coupling matrix in (16) is determined by the widths of the mainlobes of
[9], [10]. This can be readily captured by the physical model (9, (6r) f5(67)—Ab0r x Abr = 2/Q x 2/P—which get
by including an appropriateoupling spreading functiowith  narrower for larger and P, as is evident from Fig. 5. For
G(0r,07) in a multiplicative fashion or by imposing appro-given @ and P, the accuracy improves with increasedince
priate statistics oi6(6r, 61 ). Similarly, several recent studiesthe separation between two fixed scatterers increas@svia
have used the ring model for scatterers [11] around a mob{#). The smoothing in (16) is a fundamental consequence of
handset to analyze the channel between an elevated base stéititited array apertures, and the spacing of virtual angles is
and a mobile (see, e.g., [5], [6], [12], [13]). This can be readilfommensurate with the spatial resolutiofihis has important
accounted for (for the downlink, for example) by choosifig=  implications regarding the effect of scattering characteristics on
1 (mobile receiver), appropriately choosing the transmit anguletiannel statistics, capacity, and diversity, which are exemplified
spreadSy seen by the base station, and imposing appropriai¢ our analysis based on virtual path partitioning.
statistics onG(0r, 0r). A related effect (the so-callguinhole  Virtual channel representation clearly reveals the two key fac-
effect[5]) can also be accounted for by using a cascade of chaors that affect the capacity of the spatial channel corresponding
nels of the form (5) with appropriately chosen angular spreattseach cluster.

and statistics. « The number of parallel channelswvhich is equal to the
rank of the sub-matrix, is determined by the number of
transmit and receive virtual angles that lie within the
[ll. VIRTUAL REPRESENTATION OFREALISTIC CHANNELS cluster angular spreads.
» The level of diversity associated with each parallel
Realistic scattering environments can be modeled via a super- channelis determined by the number of virtual receive
position of clusters with limited angular spreads (see, e.g., [13]). angles that couple with each virtual transmit angle, and
The virtual matrixHy- provides an intuitively appealing repre- vice versa. This depends on the nature of scattering within
sentation for such environments: Different clusters correspond the cluster, as will be elaborated upon in the following.

to different nonvanishing sub-matrices Hfy . Equations (18)  j_pjagonal Virtual Modeling: To illustrate how the level of
and (26) form the basis of this “imaging” interpretation. Furgjyersity is determined by the nature of scattering,lets Q
thermore, as we show in Section 1V, the nonvanishing elemenjigq 2 — (P —1)/2. Consider a single cluster covering the en-
of Hy, are approximately uncorrelated under the assumptionge spatial horizon§r_ = Sy_ = —x/2, andSgy = Sy =
uncorrelated scattering. 7/2). On one extreme is “diagonal scatteringd{; approxi-
Fig. 6 illustrates the imaging interpretation @y via mately diagonal), which is illustrated in Fig. 6(c), in which each
contour plots of|Hv (g, p)| for different scattering environ- transmit virtual angle couples with only a few corresponding
ments.P” = Q = 21, ar = ar = 0.5, andH is generated virtual receive angles resulting in low diversity. A corresponding
via the discrete model using = 200 and iid zero-mean physical environment consisting of a single line of scatterers is
Gaussian path gains. For example, Fig. 6(a) depicts tWRistrated in Fig. 7(a). On the other extreme is “maximally rich
point scatterers, and Fig. 6(b) depicts twg8 x 7/8-wide scattering” (all elements dffy- nonzero), which is illustrated in
clusters. The size of a particular sub-matrix Hfy is de- Fig. 6(d), in which each virtual transmit angle couples with all
termined by the size of the corresponding cluster and the
antenna spacing. To illustrate this, consider a single cluster

with angular spread§z = [Sr—,Sr4+] C [—7/2,7/2) and 2The indicesQ _, Q., P_, P, are defined to capture all of the energy in

St = [St—,Sry] C [-7/2,7/2) in the » domain. The cor- the cluster. Depending on how the virtual beams couple with the cluster, the

responding sub-matrix is nonvanishing for=Q_,..., Q+1 co:fflmer.\ts onthe edge ofthe sgb matrix may contflbute relatlvel'ysmall power.
. Even if we have high-resolution measurementé&:66 , ) available, ac-

p =P, Py Wher.eQ— ~ lar@Qsin(Sr-)], @+ & yal system performance will be governed by a smoothed version whose reso-

[ar@sin(Sgr4 )], and similarly,P- ~ |arPsin(St_)] and lution is commensurate with the array apertures.
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APPROX. POINT SCATTERERS AT £/8,1/8) AND (-1/8,-%/8) 7/8-WIDE SCATTERING CLUSTERS CENTERED AT {(/8,7/8) AND (-n/8,-n/8); n=21, L=200
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Fig. 6. “Imaging” of the scattering environment \&&, . P = Q = 21 and contour plots dfHf , (¢, p)| are shown. The horizontal axis represents transmit angles
(column indexp), and the vertical axis represents receive angles (row injlér) Two point scatterers centered &t-, o) = (7 /8, —7/8) and(—=/8,#/8).

(b) Two /8 x w/8-wide clusters centered &t /8, —x/8) and(—= /8, /8). (c) “Diagonal” scattering, in which each transmit angle couples with only a few
corresponding receive angles. (d) Maximally rich scattering, in which each transmit angle couples with all receive angles.

virtual receive angles resulting in maximum diversity. A correthe latter case. The schematic in Fig. 8 summarizes the structure
sponding physical geometry consisting of multiple lines of scatf Hy- and its implications for capacity and diversity dictated by
terersisillustrated in Fig. 7(b). This suggests that we can capttine imaging interpretation in clustered scattering environments.
arich class of scattering environments depicting different levels
of diversity by imposing structure on the nonvanishing elements

of Hv . One possibility is the following simplg-diagonal vir- V. CHANNEL STATISTICS

tual model that spans the two extreme cases Inthis section, we discuss the statisticdbandH - imposed
by the physical model, which yields useful insights into the ef-
P min(P,p+k) ~ ~ fect of scattering on capacity and diversity. We assume an uncor-
H) = Z Z Hy(q,p)ar (9R,q) al (9T,p) related Rayleigh scattering environment, tha{(s(6r, 61)} is
p=—P q=max(—P,p—k) (28) a family of zero-mean Gaussian random variables
28

where0 < k < P — 1 is the number of diagonals above an GO, 02)G" (B, 6]
below the main diagonal. Diagonal scattering corresponds B o S , ,

k = 0, and maximally rich scattering correspondsite= P — = M(Or,0r)6 (0r — 0) 6 (07 — b7)  (29)

1. As we elaborate in Section VI, for the same received SNR,

these two channels have nearly identical ergodic capacities fartsomeM (6, 6) > 0 reflecting the channel power as a func-
radically different outage capacities due to higher diversity tion of (g, 67 ). In line with the terminology used for temporal
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] _TIES > A. Channel Power
’,," \\\\ Define the total channel power as
—< e I D @17
«Zz -z
] a::-__“‘{}___,,-:/ >— of = E (trace[H"H]) = >~ > E[|[H(m,n)|’]. (34)
“~ ,I’ m=0 n=0
—<] \\\ ’/’ [>— In idealized statistical models (rich  scattering),
e E[|H(m,n)]?] = 1, ande? = PQ. We now compute the
@) power distribution inH and Hy imposed by the physical

model.

% ,/'{7&43 3 Q\\ [>_ Using (7) and (30), the channel power in (34) is given by
- ﬁ:i< 22 oSl /2 r1/2
2:} ---5“:\E’D O'%{ I/ M(HR,HT)dHRdHT
{2}<:€}_,_‘—-1/ >— —1/2J-1/2

\\\ ”/’ D_ L
R VEIR W AR A o => ofand (35)
b =1
®) 1 /2 p1/2
Fig. 7. Conceptual schematic illustrating physical geometry associated with E[|H(m n)|2] - M(Or,01)d0rdOT
“diagonal” and “maximally rich” scattering. (a) Diagonal scattering consisting ’ PQ —1/2J-1/2 ’
of a line of scatterers. (b) Rich scattering consisting of multiple lines of 9
scatterers. _%H (36)
PQ
where the second equality in (35) corresponds to the discrete
MEDIUM CAPACITY model. We conclude that in an arbitrary scattering environment,

MEDIUM DIVERSITY justasintheiid case, channel power is uniformly distributed be-

tween{ H(m,n)}. However, unlike the iid cas¢ H (m,n)} are

correlated for clustered scattering environments, as discussed in
LOW CAPACITY :
HIGH DIVERSITY Section IV-B.
The power in{Hv(q,p)} can be computed from (16) and
(30) as
/2 p1/2 q 2
HIGH CAPACITY E[|Hv(q,p)|’] =/ M(0r,01) | fo <9R - —)
LOW DIVERSITY —1/2J-1)2 Q
2
X ‘ o (9T _ %)‘ 46 pdor 37)
Fig. 8. Schematic depicting the decomposition Hf, for a clustered JIEW:
scattering environment into nonvanishing sub-matrices (with uncorrelated Q'r
entries). Each sub-matrix is in turn modeled ds-diagonal matrix, reflecting %T (38)

the nature of scattering in the cluster. The size of a sub-matrix determines thE . .

capacity, and the number of diagonals represents the diversity afforded by Bere the last approximation is based on the fact|thatf r —

cluster. q/Q)|? and|fp(6r — p/P)|? are peaky around/Q andp/P
(for sufficiently largeP, Q)), respectively, and integrate 1gQ)

channels (see, e.g., [14]), we call (A, 1) the spatial scat- and1/P. Using (24) for the discrete model, it readily follows

tering function It follows from (8) that for the aliased spreadingthat

function, we have . A
. NP M(Or,0r)~ > > Y et
B [0 60)C" (. 07)] o—arep Ltesn s,
= M(6r,07)8 (O — 03) 6 (0 — 07) (30) 5 <9R B g) s(or-2) (@)
M(0g,0r) = M(fr mod 1,07 mod 1) Q P

kn ke which is an approximate partition of (33) imposed by the path
- Z Z M(6g —my, 60 —msy). (31) Partitioningin Section II-E. Thus, from (33), (37), and (39), we
conclude that the power is distributed{i#y (¢, p) } as

7711:7’&‘1:3 Tnz=7kT
For the discrete physical model, the assumption of uncorrelated ? P
scattering corresponds to o= > > E[Hv(gp)]
EBifp] = oféiv (32) QT ( )
Q P oprf{aer
and we have o' P
A Lo ~d. D —pg (40)
M(QR, QT) = Z [oF] (5(9}3 — 9R,l mod 1) g=— p=—
=1 a%_, =
x6(0r — 6r; mod 1) (33) o P
under the assumption that different paths correspond to distinct ~ >y > ot (41)

physical angles. =—0 p=—P [1€5R 4NST
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where the approximation in (40) is a Riemann sum approximeepresentation of H(m,n)} (see, e.g., [15]). Similarly, from
tionto the integralin (35), (41) applies to the discrete model and,) and (18), we conclude théH (g, p) } are uniformly spaced
its approximation is based on virtual path partitioning. Equatiastamples of the spectral representation. Consequently, we expect

(41) is consistent with (26) and states that the powéfir{q, p)  the {Hy (¢,p)} to be approximately uncorrelated, which in-
is equal to the sum of the powers of the paths that lie in the cfaed follows from (16) and (26)

responding spatial bin defined in (27).

/2 pl/2
B. Channel Correlation—Spectral Representation E[Hy(q.p)Hy(d,0')] I/ M(0r,0r)
. —1/2J-1/2
Interpretation forH+ . J
In this section, we investigate the correlation imposed by the X Jfq <9R - @) fa <9R - é)
physical model o andH . We first consider the correlation . p
of H. From (7) and (30), we have X fp (9T - F)
/
Ryg(m — il m— ') x fp <9T - %) dfrdbr  (46)
= E[H(m,n)H"(m/,n')] (g, 2 o
1 vz oz %M(Q’P) ba—a'8p—p
=— M(Og,0 PQ
PQJ_1/2) 12 (6r, Or)

% eijﬂ'HR(rnfrn')

‘712 bp—prbg—q (47)

%

x /270 (=) i p dor (42) (€84S T
L
_ L Z o2 i2mOR (M=) where the last approximation holds for the discrete model under
PQ = virtual path partitioning. Finally, using (1), we can explicitly
% J2mOT(n—n') (43) relate the statistics dif andHy as
Q P . N
1 9 1= r
~ PO Z Z Z o1 Ry(m—m/,n—n') ~ 0 Z Z E [|Hv(g,p)]
O pe—P |ICSR.gNST Q . ;
1 Qr | ' ’ q=—Qp=—"
X 67‘727”1("177” )/QGJQWp(nin r (44) XC—j?ﬁq(rn—rn,)/QCjQﬂ'p(n—n’)/P (48)

where (43) holds for the discrete model, and the last approximghich is analogous to the relationship between the PSD and the
tion is based on virtual path partitioning. The above expressiogisrrelation function of a WSS process.
shows that{ H(m,n)} constitutes a segment of a 2-D wide- Concatenated Vector Channel Correlation MatriXve now

sense stationary (WSS) process since their correlation functiggvelop a revealing vector representation of (48). From (12), it
only depends orfm — m/,n — n’). We also conclude from follows that

(42) that M (0, 6r) is the power spectral density (PSD) of

Ry (Am, An), and it corresponds to a line spectrum in the dis- p — veq H) = [Ai} ®AR} vedHy) = [}1,’} & AR} by

crete model with different lines corresponding to angles of dif- (49)

ferent paths in (43). The virtual path partitioning approximatgsnere ve¢H) represents 6P x 1 vector obtained by stacking

the line spectrum in (43) with uniformly spaced lines corrne columns off, ands represents the Kronecker product [16].

sponding to virtual angles in (44). o Here, we have used the identity yeDB) = [BY @ A]ved D)
The spectral representation interpretation implies that '[%]. Let R — E[hhH] denote the correlation matrix &f and

{H(m,n)} (analogous to white noise) correspond to uniform, - the correlation matrix ok . The twoQ P x QP correlation
power distribution inG(6r,67) over the entire range of qatrices are related by

(Or,01)
~ ok ~ ~T ~H
/ / R= [AT ® AR} Ry [AT ® AR] . (50)
RH(m —m,n—-n ) :RH(07 0)6mfm’6nfn’
< M(0r,0r) = o7y, Since {Hy (q,p)} are approximately uncorrelate®;- is al-
1 1 ways approximately diagonalFurthermore, it may have some
—5 SOgr, 010 < (45) :

2 zero diagonal elements due to the sparse natuidéofcorre-

sponding to scattering clusters (see Fig. 8). We noteRratd
where Ry (0,0) = o3, /PQ. We can also conclude from (44) Ry are also unitarily equivalent since the Kronecker product of
that at least. = PQ strictly distinctpaths are needed to resultwo unitary matrices is also unitary [16].
iniid {H(m,n)}. 4 o - ,
Given the WSS nature ¢ (m, n)} under uncorrelated scat- The approximation improves with increasidg and @@ as fg(6r) and

- ~ ; “" fe(87) in (16) become progressively peaky.
tering and the fact thaf andG(0r, 67 ) are related viaa Fourier sty property offy, is particularly useful in space-time code design from

transform [see (7)], we can interpré‘t(eR, fr) as the spectral the viewpoint of pairwise error probability calculations [22].
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Using (49), we can obtain a more explicit representation fd{. In this section, we use the virtual channel representation to
h andR in terms of the virtual representation provide a simple and intuitive explanation for the effect of an-
) i tenna spacing on channel statistics, diversity, and capacity. In
Q r . . particular, we show that increasing antenna spacing not only
h=>" > Hy(gp) [ai}(em) ® aR(eR,q):| (51) decorrelates the channel (and thus partially increases capacity

qa=—Qp=—T as well) but also directly contributes to increased capacity by
Q P effectively increasing the number of parallel channels. Capacity
R~ Z Z o, [ai}(éTyp) ® aR(équ)} of each cluster depends on both the size of the corresponding
——Ope—T sub-matrix ofHy- as well as the number of nonvanishing en-
~ ~ tries within it (captured by:-diagonal modeling, for example).
T H
X [aT(eTJ’) ©ap (QR*I)} (52) Antenna spacing contributes to both factors. The key to this un-

derstanding is (4) relating the spatial variabfesnd ¢ and the

whereos . = E[|Hy(q,p)[’] [see (40) and (41)]. We note notion of spatial aliasing far > 0.5, as illustrated in Fig. 1.
that (52) is an approximate eigen-decompositiolofith the  For simplicity of exposition, assume thatr = ar = .
concatenated virtual basis functiofar.(fr,,) ® ar(fr.¢)} Consider a square scattering cluster with angular spreads
serving as the orthonormal eigenvectors dng } as the cor- i the ¢ domain given bySrp = [-Adgr, A¢g] and
responding eigenvalues. The corresponding Karhunen—Loeye — [_A¢,., A¢]. That is, the spreading function in tie
representation relating the realizationstbfand Hy- is (51). domain Go(¢r, ¢r) = Gasin(¢r),asin(ér)) is nonzero

The relation (52) betweeR and {7 ,} provides useful in- gnjy for (¢7,dr) € St x Sg. Fig. 9 shows one such cluster
sight for relating the statistics @ to the nature of physical scat-yith A¢r = A¢; = 7/8. The essential effect of increasing
tering via thek-diagonal virtual model. Suppose that= Q for - antenna spacing is spatial zoomingas illustrated in Fig. 9;
simplicity. The{o7 ,} in (52) represent the power of the scatthe antenna array is able to zoom into the scattering cluster in
tering between theth virtual transmit andjth virtual receive that { (¢, pr) € [—Adr, Adr] x [~Adr, Adr]} maps to
angles. The nonzerfs? |} represent the active scattering CO{(67,0r) € [—asin(Adr), asin(Adr)] x [—asin(Adr),
efficients. For thek-diagonal modelh;, andR;, = E [hkh,f’} asin(A¢g)]} in the # domainé As illustrated in Fig. 9, the

take the form small cluster in thep domain occupies an increasingly larger
i } portion of thef range asv increases. In particular, the cluster
p o min(Pptk) occupies the entire region for = 1.31.
hi. = Z Z Hy(q,p) Another effect intimately related to spatial zoomingjstial
p=—P g=max(— P ,p—k) aliasing When the edges of the cluster (edgesXfg, 67))
« (] ] exceed the principdl range asy increases, they alias back into
X [aT(QT’p) ®GR(9R’7)} (53) the principal range as captured Bi6z, 67) in (8) and (11).
P min(P,p+k) ~ ~ This effect is illustrated in Fig. 10 for four clusters with iden-
R, = Z Z o, [a}(HT,p) ® aR(9R,q)} tical widths in the# domain. Foree = 0.5, all clusters have
p=—DP qg=max(—P,p—F) widths of1/8 x 1/8, as in Fig. 10(a). Doubling the spacing to
T, Hi7 « = 1 doubles the effective size of the clusters in thdo-
% [aT(QT”’) ®aR(9R’(1)} ' (54)  main and scales their centers as well, as shown in Fig. 10(b).

h do? 5 . Finally, another doubling of spacing to= 2 results in clusters
We note thatt = P — 1 ando,,, = oj/P@Q in (34) corre- cupying the entiréd range, as in Fig. 10(c). Spatial aliasing
spond to maximally rich scattering [see Figs. 6(d) and 7(b)] a'%‘?clusters 1, 3, and 4 is crucial to their covering the enfiire

yield the extreme case of ilf (Rp—, = I). For diagonal ;/ir- region ata = 2. Considering the size of any one cluster, we
tual scattering [see Figs. 6(c) and 7(ajj],= 0 in (54), ¢

a7 would expect an eight-fold increase in spacing for the clusters

is nonzero only fop = g, and there is significant correlationto occupy the entir@ region. However, due to spatial aliasing,
between elements @f. As demonstrated in Section V, this ap- nly a four-fold increase is needed

proach for modeling progressively rich scattering (progressive YThe effect of antenna spacing on capacity is revealeH by

highe_r diversity) via a&-diagonal virtual _mod_el provides a di'vi (3), which states thdtHy (¢, p)} are uniformly spaced sam-
rect Imk_ b_etV\_/een the na_ture (.)f sgatterln_g n each_ Cluster _aﬁfis ofé(eR, 67) corresponding to the virtual angles. Thus, as
the statistics induced by it, which is very insightful in capacity, increases, increasingly more virtual angles couple with the

calcula.tlons.. In partlcylarHO (Q|§gonal) an(ﬂp—l,("d) have scatterers, resulting in increasingly more nonvanishing (and ap-
nearly identical ergodic capacities under appropriate power n Fbximately uncorrelated)Hy-(g, p)}, thereby increasing the
malization but significantly different outage capacities due X

higher di it g nk of Hy and, hence, capacity. Note that this increase in ca-
igher diversity InH p_; . pacity happens without an increase in channel power or received
power in the case of a discrete channel [see (35)]. Similarly,
V. EFFECT OF ANTENNA SPACING. SPATIAL

ZOOMING AND ALIASING 6In effect, the scattering cluster acts as a magnifying glass, providing a mag-

For any given Scattering environment. antenna spacing cifigd image of the transmitter array at the receiver and vice versa [1]. The mag-
’ nification increases witlhx and makes it possible for the receiver to resolve the

have a marked effect on capacity and diversity. Itis well knowdiyais from different transmitter elements, which would not be possible without
that increasing antenna spacing can decorrelate the elementgafering.
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Fig. 9. Schematic illustrating the effect of antenna spacing in a single-cluster 1 2

environment. The cluster has suppprtr/8, 7/8] x [—=/8,7/8] in the ¢ (-1/4,1/4) (1/4,1/4)
domain, which corresponds fe-0.19,0.19] x [—0.19,0.19] in the# domain 2]
for & = 0.5. Doubling the spacing to = 1 zooms into the cluster and doubles 0
its # support. Finally, the cluster covers the entireegion foraw = 1.31. 3 4

A

(-1/4,-1/4) (1/4,-1/4)

from (42) and (48), we conclude th&f{ (m,n)} decorrelate
with increased antenna spacing since the suppofiﬁ(a?fR, o) o=2
and H+- increase. This effect also contributes to higher diver-

sity and capacity. Interestingly, we find that spatial aliasing, ©

which is considered an undesirable effect in traditionally arrdyg. 10. Schematic illustrating the effect of antenna spacing on a four-cluster
vironment. The clusters have identichf§ x 1/8-wide) supports in thé

processing applications, plays a positive role in increasing (%_main fora = 0.5, as depicted in (a). Fer = 1, the support of the clusters

pacity” In Section VI, we discuss capacity issues in more detaidubles and their centers get scaled relative te 0.5, as in (b). Doubling the
and present numerical results to quantify the effects of anteraméenna spacing againdo= 2 makes the clusters occupy the entineange, as

; ; ; ; : ; - dn&e). Clusters 1, 3, and 4 undergo spatial aliasing at 2. For example, the
spacing on capacity associated with the environments in Flgéc'e ter of cluster 3 scales (6/4, —1/4), which gets aliased into the principle

and 10. range to{—1/4,—1/4).

Q
=

v’

VI. CAPACITY CALCULATIONS wherex?, denotes a chi-squared random variable \githde-
In this section, we illustrate the ease of computation aftees offreedom. The above relation states that the multiantenna

simple interpretation afforded by virtual channel representatihannel can be decomposed int@’ = P parallel channels
for capacity calculations. Shannon capacity of a fading chan¥éfh varying levels of diversity D = k) captured byxs,.
observed over a finite duration is strictly zero. Thus, our focd3C quantifies the linear multiplier in capacity afforded by mul-
here is on outage capacity [18], which is a metric that is mofple antennas, anf? quantifies the stabilization of the random
appropriate to fading channels. Outage capacity reflects tARIR associated with each parallel chandel! < PCax =
maximum rate that can be guaranteed with a certain probabili‘ﬂ/i.n(P , (), and the virtual path partitioning tells us that there
We first discuss two key parameters that control capacity aR@ve to be atleadt = min(P, Q) strictly distinctphysical paths

relate them to scattering characteristics. corresponding to distinct virtual spatial bins (27) to achieve
PC\.... However, this does not guarantee maximum diversity
A. Parallel Channels and Diversity for each parallel channel. An example of this situation is “di-

agonal” scatteringffl; in (28)] corresponding to Fig. 7(a) that
I;;\(_:hievesPCmaX butD = 1. D < Dy = max(P, Q) and if
P < @, each virtual transmit angle must couple with,.x =

The “image” of the scattering environment provided By
is intimately related to two key channel parameters from a co

munication theoretic viewpoint: the number drallel chan- . . . L .
@ distinct virtual receive angles vidistinct paths in order to

nels PC, that primarily controls capacity, and the leveld¥ . . ) . .
S P y pacty achieveD,,,.. This corresponds to receive diversity. On the

versity per parallel channeD, that primarily controls the slope her hand. P > O. D _ P distinct virtual t it
of the error probability curves as well as the slope of outage cg- er hand, 1P > Q, max Istinct virtual ransmit an-
s must couple to each virtual receive anglediginctpaths

pacity curves. These two factors are evident in the lower boufl : _ L
order to achieve),,,,.. This corresponds to transmit diver-

for capacity, conditioned on a channel realization, obtained H%/ T dat] (P P _p
Foschiniet al.[1] in their derivation of the BLAST architecture SI- Thus, we need at leastin(P, Q) x max(P, Q) = PQ
strictly distinct paths, corresponding to distinct virtual spatial

for a system with? = @) antennas under rich scatterin ) ; :
y @ g () bins (27) to excite all the degrees of freedom in the channel and
r PN\ o ) achieve botPC,,,.. andD,, . This corresponds to maximally
C(H) > ) log, (1 + (F) XQk) bits/s/Hz  (55) rich scattering H p_. in (28)], corresponding to Fig. 7(b).
k=1 We note that the requirement for the paths to be distinct (for
We thank one of the reviewers for this observation. Iversity) and strictly distinct (for parallel channels) Is impor-
diversity) and strictly distinct (f llel ch Is) is i
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tant. Consider a 5¢< 5 array and five propagation paths fowironment, the corresponding decompositiodhf (see Fig. 8)
illustration. If the paths are distinct only in the transmit dican be used to induce an approximate decomposition of (56).
rection, they can only be exploited for five-level transmit diFig. 8 strictly applies to an environment in which the clusters
versity. If they are distinct only in the receive direction, theyand the corresponding sub-matrices) are strictly distinct, thatis,
can only be exploited for full receive diversity. However, irthey have disjoint supports in both transmit and receive angles.
both above cases, the paths only contribute to a single paraliebeneral, some clusters may overlap on either the receive or
channel PC = 1 andD = D, = 5). If the paths are transmit side, in which case, the overlapping clusters will con-
strictly distinct, they would contribute to five parallel channelsibute to additional diversity as well as interference. For ex-
that could be exploited for maximum capacit#@...x = 5, ample, consideH - of the form

D 1) or maximum transmit/receive diversity’(C’ = 1,

= trar H+(1) H+v(2 0
Dy = 5) or a combination thereof{C' < PClx, D < Hy = L0( : Htggg 0 (57)
D,..x)- As an extreme example, if all paths are confined to a Hy(4) 0 Hy(5)

single virtual spatial bin (27)PC and D will be close to 1 no
matter how many paths there are! AchieViRG,ax andDyyax corresponding to five clusters. Strictly distinct clusters
requires maximum scattering spreads and maximally rich scé@rrespond toHy (1), Hy(3), and Hy(5). The sets of
tering foree = 0.5. Smaller spreads and less rich scattering rélusters{Hy (1), Hy(2)}, {Hv(3)}, and {Hy (4), Hv(5)}
sultin lower values of?C andD for o = 0.5 but can yield max- are distinct in receive angles, whereas the sets of clusters
imum values by sufficiently increasing. This is due to spatial 1Hv(1), Hv(4)}, {Hy(2), Hy(3)}, and {Hy(5)} are dis-
zooming and aliasing, which results in more virtual angles cotinct in transmit angles. The capacity is governediby Hy

pling to the scatterers.

B. Capacity Expressions

For simplicity, letP = . Consider the noisy channgl=
oHs+w, wherep is the transmitted powéi||s||*] = 1), and
w is zero-mean complex Gaussian noise vector Witbw" | =
1. Conditioned on the knowledge &f (or Hy/) at the receiver,
channel capacity is approximatélgiven by [1], [2]

H
C(H) = log, [det <I+ &PHVN bits/s/Hz ~ (56)

where we have used unitary equivalencédboéndHy . The er-

or H{{Hy where the first form is useful for distinguishing
clusters in receive angles, and the second form for distin-
guishing them in transmit angles. In this case, we have (58) and
(59), shown at the bottom of the page. The diagonal blocks
correspond to sets of distinct clustetlat mainly contribute to
parallel channels and diversity, whereas the off-diagonal blocks
represent the interference between them. However, since the
different cluster sub-matrices are uncorrelated, the diagonal
blocks dominate, especially as the size of the sub-matrices
increases. Thus, when the number of antennas is large, we
have the approximate decompositions for (56), shown in (60)
and (61) at the bottom of the page, whé¥g is the number of
strictly distinctclusters, (60) distinguishes clusters in receive

godic capacity is given bz = E[C(Hy )], where the expec- angle_, and (61) distinguishes them in transm_it a_ngles. In (60),
tation is over the statistics @f+-. For a clustered scattering en-Vr.i i the number of clusters that overlap eceiveangles

with the 4th strictly distinct cluster, andHy r (4, j)} are the

8The eXpreSSiOn in (56) isan apprOXimation since it Strictly applies to full ||60rrespond|ng sub-matrices. For example, in (wﬁgl — 2’

H or H+ . A closed-form expression for the exact capacity of a sp&fseis

an open problem. Nevertheless, (56) serves as a useful approximatifin for

Hy r(1,1) = Hy (1), andHy g(1,2) = Hy (2). Similarly,

consisting of smaller nonvanishing sub-matrices with uncorrelated (and in soifie(61), N ; is the number of clusters that overlaptiansmit
cases iid) elements. A detailed discussion of this technical issue is beyond the

scope of this paper and will be reported elsewhere.

9Distinct in receive angles in (58) and in transmit angles in (59).

[Hy()H! (1) + Hy (2)H{! (2) Hy(2)HY (3) Hy (1) H{ (4) |
HyH{ = Hy(3)H{ (2) Hy (3)Hi (3) 0 (58)
i Hy(4)Hi (1) 0 Hy(4)H{ (4) + Hy (5)H{ (5) |
[HIE (1) Hy (1) + B (HHy (4) HI()Hy(2) HI(4)Hy (5)]
H{Hy = HY{ (2)Hv (1) HY (2)Hv(2) + Hy (3)Hv (3) 0 (59)
HY (5)Hy (4) 0 Hi (5)Hy (5) |
N, i Ng,i
O(H) = log, |det [ I+ % N Hy r(i, ))H (i) | | bits/s/Hz (60)
=1 j=1
N, i Ny
O(H) =Y log, |det [ I+ % > HY (i, 5)Hvz(i,j) | | bitsisHz (61)
=1 j=1
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angles with theith strictly distinct cluster, and Hy (4, 7)} N e T AT
are the corresponding sub-matrices. In (5®)r; = 2, 0.98f o
HV,T(]-a 1) = Hv(].), andeyT(l,2) = Hv(4). The above _
interpretation of the capacity of an arbitrary spatial channel i|§°‘96
terms ofHy can be summarized as follows. 5 0.94f
A spatial channel corresponding to an arbitrary clustered“0
scattering environment representedHy- can be decomposed &
into V. independent virtual spatial sub-channels correspondin¢g ©9f
to strictly distinct clusters. The number of parallel channelsg, .|
(PC) and diversity per parallel channéD) in each sub-channel 2
are contributed by both the strictly distinct clusters as well asg %[
clusters that overlap with them in receive or transmit virtual an-£ o sl | T Draaonar APPROXIMATION
gles as exemplified b{G0) and (61) respectively. Within each =+ 3-DIAGONAL APPROXIMATION
sub-channel, PC is determined by the sizes of the constitue *%
cluster sub-matrices, anf! is determined by the nature of scat- o8 e e & & e
tering in the clusters that can be captured by-diagonal model CAPACITY (BITS/S/Hz)
(with uncorrelated entries) for the sub-matrices. (@)

OBABILITY[CAPAC

C. Numerical Examples R

We now present some numerical results to illustrate variot | .
aspects of the virtual representation framework. Our illustrexo-%r )
tions are in the context of both an idealized rich scattering en§0_94 Y
vironment and more realistic environments consisting of sca< .
tering clusters with smaller angular spreads. In all caBes; 092 '
Q = 11 and SNR= 10log;o(p) = 20 dB (p = 100). The iid osf
channel matrices have unit variance complex Gaussian entrig !

2 t 0.88F | — CLUSTER MODEL
resulting ino? = P? = 121. In clustered scattering environ- -, DIAGONAL APPROXIMATION
ments, each cluster is simulated via the physical model (9) usn< o6
L = 200 paths. The channel power is equally distributed belom_ .
tween the clusters. Within each cluster, each path is associa '
with random(¢ 1, ) that are uniformly distributed within the % \
angular spreads of the cluster. The path gains are simulated 0g- ; S P
iid zero-mean complex Gaussian random variables with pow CAPACITY (BITS/S/Hz)
&2 adjusted so thako? equals the total power associated with (b)
that CIUSter'(TH/4 for the environment in Fig. 10). The OUtangl Capacity comparison étdiagonal approximations. (a) Maximally

capacity plots are computed from 1000 independent Chann6|ri’&'r (||d) scattering environment. Thediagonal approximations are scaled so
alizations. that all matrices have same average power—the level of diversity is the main

difference between the approximations. (b) Realistic environment consisting of
Fig. 11 compares the capacity bfdiagonal apprOX|mat|ons 7/4 x w/4-wide cluster centered at the origin. The channel power is not
to the true channel matrix in both an idealized rich Scatterlrn@rmalized in this case. Both the level of diversity and received SNR contribute
environment and a more realistic environment consisting Bfdifferences in performance.
a limited spread cluster. In the iid case, which is depicted in
Fig. 11(a),H+ for computingH, in (28) is computed frordd  This may be attributed to the lack of interference between the
via (15) withar = ar = 0.5. The matrixH}, is scaled so that parallel channels in the diagonal case.
the received SNR is the same in all cases. The scaling factoFig. 11(b) compares the capacity lfdiagonal approxima-
is given by \/P2/(P+ k(2P —k—1)),k = 0,...,P — 1, tions for ar/4 x =/4-wide cluster centered &tr, pr) =
which equalsy/P for k = 0 (diagonal approximation) and 1 (0, 0). The channel power is not normalized in this case; the
for £ = P — 1 (full matrix). As evident from Fig. 11(a), the powers are 121.6, 23.3, and 93.3 for the full, diagonal, and
outage capacity curve is much steeper for the full iid matriwo-diagonal approximations. As evident, the capacity of the
compared with the diagonal approximation due to highéwo-diagonal approximation is fairly close to that of the full iid
diversity in the former case. Furthermore, the performance othannel. This is becauseC and D are relatively small in this
three-diagonal approximation is fairly close to the iid channehse due to limited scattering spread. The ergodic capacities are
(ten-diagonal), demonstrating that for the same received SN33.8, 23.2, and 31.8 bits/s/Hz for the full, diagonal, and two-di-
the three-diagonal system captures most of the diversity adjonal approximations, respectively, and the differences in ca-
vantage. The ergodic capacities are 60.4, 65, and 60 bits/sfizities also reflect differences in received SNR in addition to
for the iid, diagonal, and three-diagonal channels, respectivalyversity.
Note that the diagonal channel yields a slightly higher ergodic We now illustrate the effect of antenna spacing on capacity
capacity, even though its outage capacity performance is worsg simulating channels corresponding to the scattering environ-

APACITY >
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Fig. 12. Effect of antenna spacing on capacity for the single-cluster environment depicted in Fig. 9. Contourp|dt&,afy, p)|*] and outage capacity curves
for both the clustered channel and an iid channel are shown. (a) Contour @/t (p, ¢)|*] for « = 0.5. (b) Outage capacity plots fer = 0.5. (c) and (d)

correspond to (a) and (b) for = 1.0 and (e) and (f) correspond to= 1.31. Note that the support d&[|H (p, ¢)|?| closely matches the supports in Fig. 9. For
a = 1.31 the clustered channel has the same capacity as the iid channel due to maximum zooming.
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Fig. 13. Effect of antenna spacing on capacity for the four-cluster environment in Fig. 10. Contour fit&/ef(¢, p)|?] and outage capacity curves for both
the clustered channel and an iid channel are shown. (a) Contour @it&f, (p, ¢)|?] for o = 0.5. (b) Outage capacity plots foer = 0.5. (c) and (d) correspond
to (a) and (b) forx = 1.0 and (e) and (f) correspond to= 2.0. Note that the support &[|Hy (p, ¢)|?| closely match the supports in Fig. 10. Foe= 2.0 the

clustered channel has the same capacity as the iid channel due to spatial zooming and aliasing.
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ments depicted in Figs. 9 and 10. We compare the outage ¢(see, e.g., [3]) for realistic channels. This is facilitated by the
pacity of the clustered channel to that of an iid channel with tHact that Hy- decomposes an arbitrary clustered channel into
samep. As the examples in Figs. 12 and 13 demonstrate, amdependent subchannels whose structure is very similar to the
scattering environment with limited angular spreads can yieiid model exploited in existing space-time coding techniques;
an iid channel matrix via the zooming and aliasing effects lihie sub-channels are represented by nonvanishing sub-ma-
increasing antenna spacing. trices of Hy with approximately uncorrelated entries. One

Fig. 12 corresponds to the single-cluster environment daection for refining the ideas in this paper is the investigation
picted in Fig. 9. Two quantities are plotted for three antenrd alternative spatial basis functions that could entail better
spacingsae = 0.5, 1.0, and 1.31. First, a contour plot ofsmoothing properties and/or account for the effects of mutual
E[|Hv(p, q)|]] is provided to show the support 8 (6.67) antenna coupling as well as arbitrary array geometries. Prolate
and the effect of spatial zooming on it. Second, an outagpheroidal and wavelet bases could be promising candidates in
capacity plot is provided along with the outage capacity of ahis context. Another direction is the development of models
iid channel (with the samg) for comparison. As evident from that are more accurate than thaliagonal model to reflect the
Figs. 12(a), (c) and (e), the effective size of the cluster infthenature of scattering in each cluster. Finally, testing the ideas
domain increases due to spatial zoomingrascreases. This presented here in an experimental setup would be invaluable in
is accompanied by a corresponding increase in capacity dugeabning the framework. Interestingly, certain types of antenna
increase in the number of parallel channels and decorrelatioraenfays, namelylens arrays[21], inherently perform a spatial
channel coefficients as increasingly more virtual angles cougteurier transform in the analog front-end. We are currently
with the scatterers. We note that the ergodic capacity of the @dllaborating with researchers at the University of Colorado
channel is 60.4 bits/s/Hz, and that of the clustered channelds further investigate this connection and its implications
33.9, 52.6, and 59.8 bits/s/Hz far= 0.5, 1.0 and 1.31. Recall for practical design of multiantenna wireless communication
from Fig. 9 that fora« = 1.31, the cluster covers the entiresystems.
@ region, thereby effectively yielding an iid channel. This is
confirmed by Fig. 12(e) and (f).

Fig. 13 illustrates the effect of antenna spacing on capacity for
the four-cluster environment depicted in Fig. 10. Again, contour The author gratefully acknowledges insightful discussions
plots of E[|Hy (p, ¢)|]*] and outage capacity plots are shownvith H. Bolsckei, R. Heath, K. Liu, and V. Veeravalli, as well
for o = 0.5, 1.0, and 2.0. Fig. 13(a), (c), and (e) corresponds the useful feedback provided by the reviewers.
to Fig. 10(a)—(c), respectively. The ergodic capacity of the iid
channel is 60.4 bits/s/Hz, and that of the clustered channel is
34.8, 53.9, and 60.2 bits/s/Hz for = 0.5, 1.0 and 2.0. Recall REFERENCES
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