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AN EXTENSION OF A THEOREM OF JORDAN AND VON NEUMANN

LEonNARD M. BLUMENTHAL

1. Introduction. Let { E} denote the class of generalized euclidean spaces
E (that is, E C{E{ provided all finite dimensional subspaces of E are euclidean
spaces ). The problem of characterizing metrically the class { E} with respect to
the class { B} of all Banach spaces has been solved in many different ways,®

Fretchet’s characteristic conditions [ 5]

(*)

N | o~

3
g Z: [Hpi H2+HP]'H2_HPI; "'p]'H2]xixj >0, (Pl’stpg €B)
i,j=1

was immediately weakened by Jordan and von Neumann [6] to
(**) e, +p, 12+ 1lp, = p, 1P =210, 112+ {lp, 11P) (pysp, €B).

This relation has now become a kind of standard to which others repair by shows
ing that it is implied by newly postulated conditions [3,4,106], and it has been,
apparently, the motivation of work in which it does not enter directly [7,91.
Perhaps the best possible result in this direction, however, is due to Aronszajn

[1] who assumed merely that
1
G+ /201 = 5 Ul Ly il [l =y 1l (x,y €B),

with ¢ unrestricted except for being nonnegative and ¢(r,0,r) =r, r > O.

These conditions, and others like them, are all equivalent in a Banach
space, for each is necessary and sufficient to insure the euclidean character
of all subspaces. In a more general environment, however, this is not the case,
and so the desirability of making a comparative study of such conditions in
more general spaces is suggested. In this note the larger environment is fur-

nished by the class {M} of complete, metrically convex and externally convex,

1 This note deals exclusively with normed linear spaces over the field of reals.
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162 LEONARD M. BLUMENTHAL

metric spaces, of which the class of Banach spaces is a very special sub-
class.?® After giving purely metric interpretations of those conditions that we
shall discuss (in order that they might be meaningful in spaces of class {M})
we are chiefly concerned with showing that the Jordan-von Neumann relation
(**) characterizes class {E} among the class {M}.? This is true, a fortiori,
for Frechet’s condition (*) also, but an easy example shows that the inequality

used in Schoenberg [ 10] is not so extensible.

2, Metrization of the Jordan-von Neumann relation and comparison with other
four-point conditions. Writing (**) in the form

6o, +p /211 = S T21lp, 12+ 2117, 12 = [lp, =p, |121%

we see that the length |[(p, +p,)/2|| of the median of the triangle with ver-
tices 6, p,, p, (6 denotes the null element of B) is the same function of the
lengths ||p, |l; llp,lls |lp, —=p, |l of the sides of the triangle that it is in
euclidean space. Since any three elements x, y, z of B are superposable with
6, py=y-%x p,=2-x (the middle-element (y +2)/2 of y, z being carried
into (p, +p,)/2, the middle-element of p ,p,) we have the following metric
interpretation of (**): (1) every four elements p, g, r, s of B with q a middle-
element of p, r (that is, pq =gr =pr/2) are congruently imbeddable in the
euclidean plane E,.

In this formulation, the Jordan-von Neumann criterion is meaningful in every
metric space and may, therefore, be compared with other so-called four-point

conditions that antedated it.

A metric space has the euclidean k-point property provided each k-tuple of
its elements is congruently contained in a euclidean space (and hence in an
Ej.1). Observing that every metric space has the euclidean three-point property,
W. A. Wilson [11] investigated in 1932 the consequences of assuming that a
space has the euclidean four-point property. It follows from a result due to the
writer [2, p.131] that if M is any metric space whatever, and M” denotes the
space obtained by taking the positive square root of the metric of ¥, then M
has the euclidean four-point property. Thus the special class {M%} of spaces
with the euclidean four-point property has the same cardinality as the class of

2 ‘s . . .
For definitions of these and other metric concepts used in this paper see [2].

%The abstract of [8] given in Math. Rev, vol. 13 (1952) p.850 indicates a con-
nection between that paper (which the writer has not seen ) and the present note.
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all metric spaces (of which it is a proper subclass) and consequently the same

is true of the class of all spaces with the euclidean four-point property.

But none of the spaces (M"Y is metrically convex, and Wilson proved that
if a complete, metrically convex space has the euclidean four-point property,
it is congruent with a subset of a generalized euclidean space. If also external
convexity is assumed, then congruence with a generalized euclidean space

results.

The weak euclidean four-point property, introduced by the writer in 1933,
assumes the congruent imbedding in euclidean space (and hence in E;) of
only those quadruples that contain a linear triple (that is, a triple which is
imbeddable in £, ), and it was shown that the weak euclidean four-point property
suffices to obtain all of the results that Wilson had proved by use of the stronger
assumption [ 2, pp. 123-1281]. But the Jordan-von Neumann condition, as metriz-
ed in (1), restricts the class of quadruples assumed to be imbeddable in
euclidean space even more than does the weak euclidean four-point property,
and consequently is a weaker assumption. We shall refer to it as the feeble

euclidean four-point property.

3. Equivalence in {M} of the feeble and the weak euclidean four-point
properties. We prove in this section that in complete, metrically convex and
externally convex metric spaces, the feeble euclidean four-point property im-
plies (and hence is equivalent to) the weak euclidean four-point property.
Some elementary consequences of the feeble property in such a space are first

set down.

I. Middle-elements are unique; for if p, r EM(p #r) and ¢, g, are middle-

elements of p, r then
Ps G5 Gy T = P’uql’:'q;sr'

where the “‘primed”’ points are in £, and ‘‘~’’ denotes the congruence relation.

But then ¢/ and ¢ are middle-points of p’, r* and consequently

9{=97,9,9,=9 9, =0, g, =q,-

Il. Each two distinct elements are joined exactly one metric segment.
J y g
Since M is complete, metrically convex and metric, each two of its distinct
p ’ y
points are joined by at least one metric segment. If p, r € M(p #r) and Sp,m

S;,r are two segments with end-elements p, r, suppose g* belongs to the second
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segment and not to the first. Then p # ¢* #r, and traversing S; , from ¢* to p

a first point p* of Sp , is encountered. Similarly, traversing S; , from ¢* to r a
bl 1

. s . . *
first point r* of Sp’r is obtained. The sub-segments Sp*,r*’ SP*»’* have only
their end-elements in common, but each obviously contains a middle-element of

p*, r*, contrary to I

Ill. Segments admit unique prolongations. Since M is externally convex,
each segment may be prolonged beyond its end-elements. But if S admits
two prolongations beyond g, then clearly elements r, r* of different prol;ngations
exist (r #r*) such that ¢ is a middle-element of p*, r as well as a middle-
element of p*, r* for some element p* of Sp,q' The congruent imbedding in E, of

p*, g, r, r* shows this to be impossible.

IV. Each two distinct elements of M are on exactly one metric line. Since
M is metric, complete, metrically convex and externally convex, each two of
its distinct points p, g are on at least one metric line L(p,q) [2, p.561. It
follows at once from II and III that L (p, ¢) is unique.

THEOREM 3.1. If p is a point and L a metric line of M, then L +(p) is
congruently imbeddable in E,.

Proof. lfp € L then

L+(p)=L=~E,CE,,

by the definition of a metric line. Suppose p £ L, select points rp, r; on L with
rory=1, and let prf,r{ be points of E, such that p,ro,ry =pirs,r{. Let
L’ denote the straight line of £, determined by r, r/, and consider the one-to-

one correspondence

e p < P’v L(ro,rl) uL’(ro',rl'),

where the congruence of the two lines is the unique extension of the congruence

Tos Ty =74y T+ We shall show that I is a congruence.

If Ty denotes the unique middle-point of ry, ry, and n/'2 =l"(r1/2 ), then r{/2 is
the middle-point of r;,r/. By the feeble euclidean four-point property

PsTosTys Ty = PsTgsTlisTy e

with the ‘‘barred’’ points in E,, and since p’, TgsTy = PsTosTys @ motion of E,

exists that carries p,r ,r, into p’rg,r/, respectively. This motion evidently
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— . )
sends ry, into rigs and we have

— I'd rd ’ 4 .

PaTosTysly = PoTgsmi 1)

that is, pry, =pry;.

.If ry, denotes thc'a middle-point of Ty 7ys and ry = F(r%), the feeble four-
point property, applied to the quadruple p, Tys Tys T, Bives pry =p'r3/;. Con-
tinuing in this manner, we obtain Prijan=Pp 1]/ n for each dyadically rational
fraction /2", Since the points r;/on are dense in seglro,ry ], continuity of
the metric (and continuity of the congruence L(ro,rl)zL'(ro',rl')) yields

px =p’x’ x”=T(x), for every x €seglr,r, 1

Let r, be a point of L such that r is the middle-point of Tos T,+ The feeble
four-point property gives (in the manner employed above) p, T TysT, =P Tos rl', T
where r/ =I'(r,), and consequently pr, = p’r;. Then from p,r ,r, =p’,r/,r; we
obtain px =p’x’, x €seglr;,r,] in the same manner as described above for
seglry,r, 1. It is clear that a continuation of the procedure establishes px =p‘x*

for every x of L and x*=T"(x).

THEOREM 3.2. In a complete, metrically convex and externally convex
metric space M, the feeble and the weak euclidean four-point properties are

equivalent.

Proof. The weak property obviously implies the feeble one in any metric
space. Suppose M has the feeble property, and p, g, r, s €M (pairwise distinct)
with ¢, r, s congruent with a triple of £{. Then the line L(g,r) contains s,
and L (g,r) + (p) is congruently imbeddable in £,. Hence p, g, r, s are imbedda-
ble in E,.

4. Extension of the Jordan-won Neumann theorem. The writer has shown
[2, p.127] that a complete, metrically convex and externally convex semimetric
space with the weak euclidean four-point property has the euclidean k-point
property for every positive integer k. It follows easily that such a space is

generalized euclidean. Use of Theorem 3.2 now yields the following result:

THEOREM 4.1. 4 complete, metrically convex and externally convex metric

space with the feeble euclidean four-point property is generalized euclidean.

This is the desired extension of the Jordan-von Neumann theorem for real
normed linear spaces. For if L is such a space, and L satisfies the Jordan-

von Neumann condition (**), then the Banach space that arises by completing
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L in the Hausdorff manner is a complete, metrically convex and externally con-
vex metric space with the feeble euclidean four-point property. According to
Theorem 4.1, it is generalized euclidean and so an inner product is definable
in it, Hence an inner product is definable in L, and the Jordan-von Neumann
theorem for real normed linear spaces is obtained. Thus the metric essence
of (**) determines the euclidean character of L by use of the purely metric
features of the space, without regard, for example, for its very special proper-
ties due to linearity,

5. Concluding remarks. Condition (*) of Frechet is equivalent to Wilson’s
euclidean four-point condition [ 2, p.106] and consequently his theorem of 1935
had already been proved in more general form by Wilson in 1932,

A semimetric space is ptolemaic provided for any four of its elements p,
gs T, S, the three products pqg « rs, ps + qr, pr + gs of ‘“‘opposite’’ distances satis-
fy the triangle inequality. Schoenberg [10] showed that in a real linear semi-
normed ptolemaic space, the semi-norm satisfies the triangle inequality (and
so is actually a norm) and an inner product is definable which is related to
the norm in the usual way.

Schoenberg’s ptolemaic condition which (as a norm postulate in L has the

form

b= fll 2 [l ] - 1If - gl (f,gh € L)

WAL - Heg =Rl +1lgll -

is not extensible to the class {M}. For if three pairwise distinct rays of E,,
with a common initial point, be metrized convexly (that is, if p, ¢ are points
of different rays, then pg =e(p,0) +e(o,q), where e(,) denotes euclidean
distance and o is the common point of the rays, while pg = e(p, ¢) if p, g belong
to the same ray) the resulting space is easily shown to be metric, complete,
convex and externally convex, and ptolemaic. But it is not, of course, general-
ized euclidean. It would be interesting to know whether or not this *‘tripod”

is present in every such example.
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NOTE ON THE MULTIPLICATION FORMULAS FOR THE
JACOBI ELLIPTIC FUNCTIONS

L. CARLITZ

1. Introduction. For ¢ an odd integer it is well known [4, vol. 2, p.197] that

snx . G(lt)(z)
(1.1) Sn X = — (z =snx),

(¢)
Got (z)
where

t) _ 2 t
do —1+amz+aozz + +ag,r2

(1.2)

0 _ 2 t’ (42 _
(’(1 =t+a,, z+a,2 +e0eta,z (¢7= (£ -1)/2),

and the a;; are polynomials in u = k? with rational integral coefficients. If we

define
Bm(t) = Bm(t,u)
by means of

2m

o X
= 2 B2m(t) (2m)! (Bgm+1(t)=0)v
m=0 :

sn lx

(1.3)

tsnx

it follows from (1.1) and (1.2) that ¢8, (¢) is a polynomial in u with integral
coefficients for all m and all odd ¢. We shall show that

1
(1.4) Bom(t) =Hn(1) = 2 = ATV (),
p-llZm p
ple

where Hp(t) =H,(t,u) denotes a polynomial in u with integral coefficients,

Received August 8, 1953,
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170 L. CARLITZ

the summation in the right member is over all (odd) primes p such that(p-1)|2m
and p | & finally 4,(u) is defined [4, vol. 1, p. 399] by means of

) 2mt1
(1.5) snx=sn(x,u) = ,,,Z::, Agm+1(u) Gl

so that A, +,(u) is a polynomial in u with integral coefficients. We show also
that

r
(16) ¢35 <-1>'-s(;)ﬁm+s(p_”<t)A;-S(u)ao (mod (p™, p")),

s=0
where p is an arbitrary odd prime and r > 1; by (1.6) we understand that the

left member is a polynomial in u every coefficient of which is divisible by the

indicated power of p.

The proof of these formulas depends upon the results of [2]; for a theorem
analogous to (1.4), see [1].

2. Proof of (1.4). Put

x2m

B EOBM (2m)!’

x

(2.1)

sn x

Then B, is a polynomial in u with rational coefficients; indeed [2, Theorem
2],

—A;m/(p'l)(u) ((p-1)|2m)
(2.2) pB,, = (mod p)
0 ((p-1)42m).

In the next place, if we write

sn tx sn tx x
= ’
tsnx tx sn x

and make use of (1.3), (1.5), and (2.1), it follows that

tZS

s+1°

M 2m
(2.3) Bunl) = (23) Famesstasrs (8) 5
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As already observed, tﬁzm(t) has integral coefficients; thus the denominator

of Bzm(t) is a divisor of ¢. Now let p denote a prime divisor of ¢, and assume
p€|(2s +1), e > 1. Then

2s+1>p°® >3%>e+2, 2s > e+ 1.

Thus not only is ¢2°/(2s + 1) integral (mod p) but it is divisible by p. Since
by (2.2) the denominator of B,,, contains p to at most the first power it there-
fore follows that the product

(2.4) Bameast S/ (25 +1)

is integral (mod p) when p|(2s +1).

Suppose next that p t (2s + 1), where s > 1. It is again clear that (2.4) is
integral (mod p) since p occurs in the denominator of Bypm-as @t most once
while it occurs in £2° at least twice. Thus as a matter of fact (2.4) is divisible

by p in this case.

It remains to consider the term s =0 in (2.3). Clearly we have proved that
(2.5) pﬁzm(t)spﬁ2m (mod p).

Comparing (2.5) with (2.2) we may state:
THEOREM 1. Ift is an arbitrary odd integer then (1.4) holds.

We remark that the residue of Ap(u) is determined [2, $61 by

1 1
Ap(u) = (—1)1/2(1"1)17(—, -3 1; u)
2 2

(2.6)

%(p-1) 1 - 2
NI (/2(”‘ 1)) y

j:(, ]

(mod p).

Here F denotes the hypergeometric function.

3. Some corollaries. By means of Theorem 1 a number of further results
are readily obtained. By H,, will be understood an unspecified polynomial in

u with integral coefficients.

Since ﬁzm, as defined by (2.1), is integral (mod 2) we have first:
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THEOREM 2. If ¢ is divisible by the denominator of B, , then

(3.1) BZm(t)=H2m+ﬁ2m

If t is prime to the denominator of B8, , then Bzm(t) has integral coefficients.
THEOREM 3. If t;, ty are relatively prime and odd, then

(3.2) Bzm(tlt2)=H2m +ﬁ2m(tl)+62m(t2)'

If ¢t is a power of a prime we get:

THEOREM 4. Ifp is an odd prime and r > 1 we have

(3.3) BymP") =Hap + B, (p)
Using (3.2) and (3.3) we get also:

THEOREM 5. The following identity holds:
(3.4) By (t) =Ham + 2_ B,.(p)
ple

where the summation is over all prime divisors of t.
We have also:

THEOREM 6. If a is an arbitrary integer, then the product
(3.5) ala™~1)B, (1)

has integral coefficients.

4. A related result. It follows from (1.1) and (1.2) that, for ¢ odd,

00
(4.1) sntx = Z Cori1sn? 1y,
r=o

where the C,,+ are polynomials in u with integral coefficients. Clearly we have

(4.2) (l)"’ z A(2r) CZH‘I)
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where the A;":nr) are defined by

00 2

2r _ (2r) %
(4.3) snTx = Z A2rr: T

m=0

and like the C’s are polynomials with integral coefficients.

We shall now prove the following property of the C’s.

THEOREM 7. For t odd we have

(4-.4) (2m+1)C2m+1=0 (modt) (m=0y 1’ 27"')’

where (4.4) indicates that every coefficient in (2m +1)Cy 4y is divisible
by t.

Proof. Differentiating (4.1) with respect to x, we get

cn tx dn tx it
(4.5) t 2 = 3 (2m+ D) Caprrsn®mx.
cnx dnx m=0

Now we have, in addition to (1.1),

6 (z2) 6\ (z)

cn tx dn tx

(4.6) (z =sn’x),

ent G(()t)(z) dn x Gét)(z)

where G, and G; are polynomials in z of the same form as G,. By means of
(1.1) and (4.6) it is evident that (4.5) implies

(4.7) t Z Hr(nt)zm= Z (2m+1)62m+lzm,
=0

m=0

where the H,, are polynomials in u with integral coefficients. Clearly (4.4) is

an immediate consequence of (4.7).

Kronecker [5, p.439] has proved a similar result in connection with the
transformation of prime order of sn x. For a result like Theorem 7 for the

Weierstrass g-function, see [3 1

Returning to (4.2) we recall [2, ¢ 27 that
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(4.8) 48720 (mod(2r)!) (m=0,1,2,...).

We rewrite (4.2) in the form

m (901 450 (2 +1) Corey

(4.9) Famt) = 2 2r+1 (2r)! t

r=o0

By (4.4) and (4.8) the last two fractions in the right member of (4.9) have
integral coefficients; also (2r)!/(2r + 1) is integral unless 2r + 1 is prime.

Consequently (4.9) becomes

1 pC
(4.10) By () =Hym— & =Alp L
p-1|2m P t
plt

Comparing (4.10) with (1.4) we get:
THEOREM 8. If the prime p divides t, then

C
(4.11) p—psl (mod p).

t

Hence if p® |t, p¢*" t ¢ it follows that
(4.12) C, = (mod p€).

5. Proof of (1.6). Again using (5.1) we have

sn tx

(5.1)

o0
2
= Z C2,-+lsn ‘x.
sn x i=0

Now it is proved in [2, Theorem 4] that the coefficients Ag";f) defined by (4.3)
satisfy

r
(5.2) Z (=1)"s (;)A;r-s)b/(p-l)Agfnizsb =0 (mod(p2™, per)),
=0

where p®~!(p — 1) | b. Hence using (1.3) and (5.1) we get:



JACOBI ELLIPTIC FUNCTIONS 175

THEOREM 9. If p& ' (p —1)|b, then

(5.3) D> (_l)r-s(r\) A;r-s)b/(p-l)B2m+sb(t)50 (mod (p2™, per)),
=0 s

For b =p -1, (5.3) evidently reduces to (1.6).
It is of some interest to compare Theorem 9 with the results of [2,§7].

If we take r = 1, (5.3) becomes

t{,32m+b(t)-—A:/(P")ﬁzm(t)}so (mod (p2™, p®)).

If we put

62m(t) = Z BZm,i"’i

and recall that, by (2.6),

4,(0) = (-1)4(P"Y) (mod p)
we get exactly as in the proof of (2, Theorem 61.

THEOREM 10, Let p® ' (p —1)|b and p/~* < i < p/. Then
(5.4) Bzm+b,i5 (—1)%b32m’ ; (mod (p2™, p)).

6. An elementary analogue of f3, m(t). It may be of interest to say a word
about the numbers ¢m(t) defined by

e -1 > x™
(6»1) —_— = ¢ (t) -
t(e*-1) mz=o " m!

where ¢ is now an arbitrary integer. Clearly (6.1) implies that
t-1
tqﬁm(t) =S5,(t) = Z s™,

s=0

By a theorem of Staudt (see for example [6, p.1431),
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(6.2) ¢, (t) =G+ > é.(p),
ple

where G is an integer. Moreover,

-1 (p=1|m)
(6.3) pe,(p) = (mod p)
0 (p=14m).
It follows [6, p. 153] that
(6.4) 6, (=6- > L
p-l]Zm p
ple

Thus Staudt’s theorems (6.2) and (6.4) may be viewed as elementary analogues
of (3.4) and (1.4).

Formulas like (6.2) and (6.4) hold also for the numbers ¢, (z) occurring in

sin tx i p ) Zm
= t
tsinx =0 2m T (2m)!
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THE NUMBER OF SOLUTIONS OF CERTAIN TYPES OF EQUATIONS
IN A FINITE FIELD

L. CarLITZ

1. Using a very simple principle, Morgan Ward [3] indicated how one can

obtain all solutions of the equation
(1) AN N CTPRR Ay (y,x; €F),

where F is an arbitrary field, f(x;,,--+,x,) is a homogeneous polynomial of
degree n with coefficients in F, and (m,n) =1. The same principle had been
applied earlier to a special equation by Hua and Vandiver [2]. If this principle
is applied in the case of a finite field /' we readily obtain the total number of

solutions of equations of the type (1). Somewhat more generally, let
fi(xi)=fi(xi1,---,xisi) (i=1,00e,r1)

denote r polynomials with coefficients in GF (g), and assume

(2) f s ey Arg)) = A gy e ey ) (AEGF(q))

assume also

(3) (mymijy,g-1)=1 (i=1,e00,r).

We consider the equation

(4) YAAES MLCZTERREIE TP SRR A€ PRI ¥

insy +++++s, + 1 unknowns.

Suppose first we have a solution of (4) with y #0. Select integers A, k, !
such that

(5) km +kmymg «oomp +1(g=1)=1, (hyg-1)=1;
Received August 8, 1953.
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this can be done in view of (3). Next put

(6) y=}\h, xij=AkM/mizij (M=m,mg +++m,).

Substituting in (4) and using (2), we get

R S T ACT E I AR )
Since A?"! =1, it is clear from (5) that
(7) A=f(z)+ e +f(2).

Thus any solution (y, x;j) of (4) with y #0 can be obtained from (6) and (7)
by assigning arbitrary values to z;; such that the right member of (7) does not
vanish. Let N denote the total number of solutions of (4) and let Ny denote the
number of solutions with y =0, Thus there are N ~ N, sets zjj for which A # 0.

sl+o-. +ST

Since in all there are ¢ sets z;; it follows that

(8) N=qsl+”.+sr.
This proves:

THEOREM. Let the polynomials f; satisfy (2) and (3). Then the total
number of solutions of (4) is furnished by (8).

2. In Theorem Il of [2] Hua and Vandiver proved that the number of solutions
of

ay az s _.
(9) c, % +c,x,” + +eg % =0

subject to the conditions
crog tercs X xg reoxs £ 0, (ay q-1) =k, (kiskj)‘_‘l for i #7,
is equal to

-1
(10) I (g -1)"t 4 (=15},

q

It is easy to show that (10) implies that the total number of solutions of (9) is
equal to ¢°~!, which agrees with (8). Conversely if N; denotes the number of

nonzero solutions of (9), and we assume that
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(11) (hiy ki) =1 (G j=1Leeeys5i £,

then using (8) we get

Hence (if we take Ny =1)

N

(g-1)° = Z<-1>s-f(s)q (1) + 00
T

r=1

r

. (_1)8-'(3) (’)Nt S (-1 (g -1)
r=o r ¢

t=

o

N

> (j) NS (_1>s-'( "t) ~ (1) (g -1)

t=0 r=t s—r

=qgNy —(=1)%(q - 1),

and (10) follows at once. Thus if we assume (11) then (8) and (10) are

equivalent.

If in place of (11) we assume only that
(12) (kl,k2k3"'ks)=1’

the situation is somewhat different. As above let N; denote the number of non-
zero solutions of (9), and let M ., denote the total number of solutions

X 9%y Xg of

(13) 02x52+c3x:3+---+csx:s=0.
Using (8) we now get
1 s -1 s -1
(14) °7 =Ms1 + Ns + 1 Ns-1+"'+( 1 N,
S——

which implies (with My =1)
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(15) ~1)%t = 2( 1)3”(8"1)M,+Ns.
r

Thus making only the assumption (12) we see how the number of solutions of

(13) can be expressed in terms of Ny and vice versa.

3. Returning to equation (4), we see that a similar result can be obtained
if we allow f; to contain additional unknowns:

fi(xi;ui) =fi(xi1’“’vxisi§ui1""9uiti),

and assume that (2) holds only for the x’s. Then the number of solutions (y,

iy upk) of (4) becomes

Sy 4°°e +sr+t‘ 4 o0 +tr

q
Similarly we may replace the left member of (4) by

al (12 as
Y Y2 Y (ar,ag,+405a5) =m

Then assuming (3) we again find that the number of solutions of the modified

equation is equal to

Sy 4t 4Sp4s-1

q

This kind of generalization lends itself well to equation (9). For example it is

easy to show (see [1, Theorem 10]) that the total number of solutions of the
equation

¢ ki
D ¢ I—I x;.zj” =0
=1 j=1
subject to (@;15+++saik,, ¢ = 1) =d;, (d;,d;) =1for i #j, is equal to

qk[ +ee +kt-l .
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THE GENERALIZED SIMPLEX METHOD FOR MINIMIZING A LINEAR
FORM UNDER LINEAR INEQUALITY RESTRAINTS

GEORGE B. DaNTzZIG, ALEX ORDEN, PHILIP WOLFE

1. Background and summary. The determination of ‘‘optimum’ solutions of
systems of linear inequalities is assuming increasing importance as a tool for
mathematical analysis of certain problems in economics, logistics, and the
theory of games [1;51. The solution of large systems is becoming more feasible
with the advent of high-speed digital computers; however, as in the related
problem of inversion of large matrices, there are difficulties which remain to be
resolved counnected with rank. This paper develops a theory for avoiding as-
sumptions regarding rank of underlying matrices which has import in applica-
tions where little or nothing is known about the rank of the linear inequality

system under consideration.

The simplex procedure is a finite iterative method which deals with problems
involving linear inequalities in a manner closely analogous to the solution of
linear equations or matrix inversion by Gaussian elimination. Like the latter it
is useful in proving fundamental theorems on linear algebraic systems. For
example, one form of the fundamental duality theorem associated with linear
inequalities is easily shown as a direct consequence of solving the main prob-
lem. Other forms can be obtained by trivial manipulations (for a fuller discus-
sion of these interrelations, see [13]); in particular, the duality theorem [8;
10; 11; 12] leads directly to the Minmax theorem for zero-sum two-person games
[1d] and to a computational method (pointed out informally by Herman Rubin
and demonstrated by Robert Dorfman [1a]) which simultaneously yields optimal
strategies for both players and also the value of the game.

The term ‘‘simplex’” evolved from an early geometrical version in which
(like in game theory) the variables were nonnegative and summed to unity. In

that formulation a class of ‘‘solutions’’ was considered which lay in a simplex.

The generalized method given here was outlined earlier by the first of the
authors (Dantzig) in a short footnote [1b] and then discussed somewhat more

fully at the Symposium of Linear Inequalities in 1951, Its purpose, as we have

Received August 29, 1953. Copyrighted 1953, by the RAND Corporation and re-
produced here by permission of the copyright holder.

Pacific J. Math. 5 (1955), 183- 195
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already indicated, is to remove the restrictive assumptions regarding the rank
of the matrix of coefficients and constant elements without which a condition

called ‘‘degeneracy’’ can occur.

Under degeneracy it is possible for the value of the solution to remain un-
changed from one iteration to the next under the original simplex method. This
causes the proof that no basis can be repeated to break down. In fact, for certain
examples Alan Hoffman [14] and one of the authors (Wolfe) have shown that it
was possible to repeat the basis and thus cycle forever with the value of the
solution remaining unchanged and greater than the desired minimum. On the
other hand, it is interesting to note that while most problems that arise from
practical sources (in the authors’ experience ) have been degenerate, none have
ever cycled [9].

The essential scheme for avoiding the assumptions on rank is to replace the
original problem by a ‘‘perturbation’’ that satisfies these conditions. That such
perturbations exist is, of course, intuitively evident; but the question remained
to show how to make the perturbation in a simple way. For the special case of
the transportation problem a simple method of producing a perturbation is found
in [1c]. The second of the authors (Orden) has considered several types of
perturbations for the general case. A, Charnes has extensively investigated
this approach and his writing represents probably the best available published
material in this regard [2; 3; 4].

It was noticed early in the development of these methods that the limit
concept in which a set of perturbations tends in the limit to one of the solutions
of the original problem was not essential to the proof. Accordingly, the third
author (Wolfe ) considered a purely algebraic approach which imbeds the original
problem as a component of a generalized matrix problem and replaces the origin-
al nonnegative real variables by lexicographically ordered vectors. Because

this approach gives a simple presentation of the theory, we adopt it here.

2. The generalized simplex method. As is well known, a system of linear
inequalities by trivial substitution and augmentation of the variables can be
replaced by an equivalent system of linear equations in nonnegative variables;
hence, with no loss of generality, we shall consider the basic problem in the
latter form throughout this paper. One may easily associate with such a system
another system in which the constant terms are replaced by l-component constant
row vectors and the real variables are replaced by real l-component variable
row vectors. In the original system the real variables are nonnegative; in the
generalized system we shall mean by a vector variable x > 0 (in the lexicograph-

ic sense) that it has some nonzero components, the first of which is positive,
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and by x >y that x =y > 0. It is easy to see that the first components of the
vector variables of the generalized system satisfy a linear system in nonnega-
tive variables in which the constant terms are the first components of the con-

stant vectors.

Let P =[Py,Py,+++,P,] be a given matrix whose jth column, Pj, is a
vector of (m + 1) components. Let ¥ be a fixed matrix of rank m + 1 consisting
of m + 1 l-component row vectors. The generalized matrix problem is concerned

with finding a matrix X satisfying
~ n
(1) PX =3 Pix; =M,
)

where ;] (the jth row of X) is a row vector of /-components satisfying the con-

ditions, in the lexicographic sense,

(2) x]_>_0 (j=1,2,""n),

(3) Xo = max.

where the relationship between max xo and the minimization of a linear form

will be developed in § 3.

Any set X of ‘“‘variables’’ (x¢;x1,%,,*+,%,) satisfying (1) and (2) in the
foregoing lexicographic sense will be referred to as a ‘“feasible solution’” (or
more simply as a ‘‘solution’’)—a term derived from practical applications in
which such a solution represents a situation which is physically realizable but
not necessarily optimal. The first variable, xo, which will be called the ‘‘value’’
of the solution, is to be maximized; it is not constrained like the others to be
nonnegative. In certain applications (as in §3) it may happen that some of the
other variables also are not restricted to be nonnegative. This leads to a slight

variation in the method (see the discussion following Theorem 5).

Among the class of feasible solutions, the simplex method is particularly
concerned with those called ‘‘basic.”” These have the properties, which we
mention in passing, (a) that whenever any solution exists a basic solution also
exists (Theorem 8), and (b) that whenever a maximizing solution exists and is
unique it is basic solution, and whenever a maximizing solution is not unique
there is a basic solution that has the same maximizing value (Theorem 6). A
basic solution is one in which only m + 1 variables (including x,) are con-

sidered in (1), the remainder being set equal to zero; that is, it is of the form

m
(4) BV=P0;)_0+ZP11E=M (;;Z_O’]z#())’

=1
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where B =[Py, Pj,+++,P; 1is an (m + 1)rowed square matrix and V is a

matrix of m +1 rows and l-columns whose ith row is denoted by v; (i=0,1, .., m).

It is clear from (4) that since M is of rank m + 1 so are B and V. From this
it readily follows that the m + 1 columns of B constitute a basis in the space
of vectors P;, and the solution V is uniquely determined. Moreover, since the
rank of V is m + 1, none of the m + 1 rows of V can vanish; that is, it is not
possible that v; = 0. Thus in a basic solution all variables associated with the
vectors in the basis (except possibly vo ) are positive; all others are zero. The

condition in (4) can now be strengthened to strict inequality

(5) 7 >0 (i=1,eee,m).

Let B; denote the ith row of B inverse:
(6) B-l=[P0;le:Pj29"‘,ij]-l =[BJ1B;s"'9B,;],

where primed letters stand for transpose.

THEOREM 1. 4 necessary and sufficient condition that a basic solution be
a maximizing solution is

(7) BoP; 2.0 (j=1,-ee,n).

THEOREM 2. If a basic solution is optimal, then any other solution (basic
or not) with the property that 9—5_] =0 whenever (BOP]. ) > 0 is also optimal; any
solution with xj > 0 for some (ByP;) > 0 is not optimal.

Proofs. Let X represent any solution of (1), and V a basic solution with
basis B; then multiplying both (1) and (4) through by B, and equating, one
obtains, after noting from (6) that B Py =1 and B P}, =0,

(8) %o + Z (Bopj);j=;o;
1

whence, assuming B P; > 0, one obtains %o < vo (which establishes the suf-
ficiency of Theorem 1); moreover the condition xj =0 whenever S P; > 0
(j #0) implies the summation term of (8) vanishes and % = vo; whereas denial
of this condition implies the summation term is positive if Theorem 1 is true
(establishing Theorem 2).
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In order to establish the necessity of (7) for Theorem 1, let Y, be a column
vector which expresses a vector P as a linear combination of the vectors in the

basis:

m
(9) Py =B(B™'P) = BYs = 3~ P}y, (Po = Pjo),
1]

=0

where it is evident from (6) that, by definition,

(10) Yis = B; Ps (:=0,1,e44,m).
Consider a class of solutions which may be formed from (4) and (9), of

the form

(11) BLV -Ys01+P6=M,

or more explicitly
— m — —_—
(12) Polvg =y, 01+ 30 Py [v; —y, 01+ Ps 6 =M.
=1

It is clear that, since v; > 0 for i > 1 has been established earlier (see (5)),
a class of solutions with 6 > 0 (that is, with 0 strictly positive) always exists
such that the variables associated with Pg and P;, in (12) are nonnegative,
hence admissible as a solution of (1). If y, . < 0, then the values of these

solutions are

(13) Vo~ ¥, 0> o (yo, <0, 6>0).

For a given increase in O the greatest increase in the value of the solution

(that is, direction of steepest ascent) is obtained by choosing s = such that

(14) B, Ps = min (B, P;) < 0.
j

This establishes Theorem 3 (below) which is clearly only a restatement of the

necessity of condition (7) of Theorem 1.

THEOREM 3. There exists a class of solutions with values xo > vo, if,

for some j=s,

(15) yos“_‘lBoPS <0.
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THEOREM 4. There exists a class of solutions with no upper bound for
values xo if, for some s, y, . < O0andy;, <O foralli.

THEOREM 5. There exists a new basic solution with value xo > vo, (0b-
tained by introducing P into the basis and dropping a unique P]-r), ify for some

S ¥os < 0and, for some i, y, . > 0.

Proofs. From (12), if ¥;s < 0 for all i, then 6 can be arbitrarily large (that
is, its first component can tend to +®) and the coefficients of P;. will re-
main nonnegative. The value of these solutions (13) will also be arbitrarily
large provided that y, < O (establishing Theorem 4). In the event that some

¥;s > 0, the maximum value of ¢ becomes

(16) max 6=(1/y, )o,= min (1/y, )5; >0 (y,, >0,i#0),
yis>o

where the minimum of the vectors (taken in the lexicographic sense) occurs for
a unique i =r (since the rank of V' is m + 1, no two rows of V can be propor-
tional, whereas the assumption of nonuniqueness in (16) would imply two rows
of V to be so—a contradiction). Setting 6 = max 6 in (12) yields a new basic
solution since the coefficient of P; vanishes. Thus a new basis has been formed
consisting of [Py, PjiseeeyPgyeee, Py 1, where P;_ is omitted and P is put
in instead (Theorem 5).

The next section considers an application of the generalized simplex pro-
cedure in which the restriction x; > 0 is not imposed on all variables (j =1,
2,+++yn). This leads to a slight modification of procedure: first, for all j for
which x; > 0 is not required, both P; and —P; should be considered as columns
of P; secondly, if Pfi is in the basis and_the restriction v; > 0 is not required,
then this term cannot impose a bound on 6; hence the corresponding i should be

omitted from (16) in forming the minimum.

Starting with any basis B = B(k), one can determine a new basis B{A*1) by
first determining the vector Pg to introduce into the basis by (14). If there
exists no B, Py <0, then, by Theorem 1, the solution is optimal and BUK) is
the final basis. If a P exists, then one forms Yis = (Bi P ) and determines the
vector P; to drop from the basis by (16) provided that there are Yis > 0. If
there exist no y, > 0, then, by Theorem 4, a clasE of solutions is obtained
from (12) with no upper bound for vy for arbitrary 6 > 0. If P; can be deter-

mined, then a new basis B¥*1) is formed dropping P;_ and replacing it by Ps;
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by (13), the value, vy, of this solution is strictly greater for BUA*1) than for
B®) since 6 > 0 is chosen by (16). Thus one may proceed iteratively starting
with the assumed initial basis and forming k& = 0,1, 2, -+« until the process stops
because (a) an optimal solution has been obtained, or (b) a class of solutions

with no finite upper bound has been obtained.

The number of different bases is finite, not exceeding the number of combina-
tions of n things taken m at a time; associated with each basis B is a unique
basic solution V =B 'M—hence the number of distinct basic solutions is
finite; finally, no basis can be repeated by the iterative procedure because
contrariwise this would imply a repetition of the value vy, whereas by (13)
the values for successive basic solutions are strictly monotonically increas-

ing— hence the number of iterations is finite.

The (% + 1)st iterate is closely related to the kth by simple transformations
that constitute the computational algorithm [6;7] based on the method: thus
for i =0,1,.++,m (i #r),

—L+ — — —
(17.0) of vt T e
+ +
(17.1) BT =BlemBrs BT = B,

where the superscripts k +1 and k are introduced here to distinguish the suc-

cessive solutions and bases, and where 7, are constants,
(18) 1= =Y;s/Yrs == (B;Ps )V (B.E), (i #71)
n,=1/y,, =1/(B,Ps).

Relation (17.0) is a consequence of (12) and (16); it is easy to verify that the
matrix whose rows are defined by (17.1) satisfies the proper orthogonality
properties for the inverse when multiplied on the right by the (% + 1)st basis
[Po,Pjys+++sPsy+++,P; 1. As a consequence of the iterative procedure we

have established two theorems:

THEOREM 6. If solutions exist and their values have a finite upper bound,

then a maximizing solution exists which is a basic solution with the properties

m
(19) BV=Z P]l;,/=M (Pj0=P0,?i>O,i=1,"‘,m),
i=0
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ByPo=1, By Pj, =0, B, P > 0 (j=1,2--,n),
Vo =B, M = max xo,
where B is the 1st row of B!,

THEOREM 7. If solutions exist and their values have no finite upper bound,

then a basis B and a vector Pg exist with the properties

m
(20) BV=ZP]L1—)_‘=M (Pjo=P0,;i>0,i=1,---,m),

i=0

Bops < 09 Bips .<_0,
ZP;,[v; = (B;P) 01 + Py 6=M,

where the latter, with 6 > 0 arbitrary, forms a class of solutions with unbounded
values (B, is the (i + 1)st row of B-1).

Closely related to the methods of the next section, a constructive proof will
now be given to:

THEOREM 8. [f any solution exists, then a basic solution exists.

For this purpose adjust M and P so that the first nonzero component of each
row of ¥

noorp. L /A -, M.
(20.1) jgo [0]] xj'*'iZ:_;[I]xn"’i+[1]x"+"’+l=[-1]

(;}.'ZO;;’:l,---,n+m),

where a—c;.' has one more component than xj, and . represents the null vector.
Noting that neither x nor %7, ., is required to be positive, one sees that an
obvious basic solution is obtained using the variables [x;,x’, s++yx’, . 1
It will be noted that the hypothesis of the theorem permits construction of a
solution for which

Xn+i

=0 (i=ly2,'°',m)‘

Indeed, for j < n set 51;.': (3:—]-,0) > 0. However, it will be noted also that
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4
2 xn+i = [- 1]
so that
max xp+; =L+ 1].

Accordingly, one may start with the basic solution for the augmented system,
’
ntm+1

Since, at the maximum,

keeping the vectors corresponding to x; and x always in the basis?, and

’

use the simplex algorithm to maximize x, ...

xn'+i=0 (L;ém+1),
the corresponding vectors are not in the basis any longer (see (5)). By dropping
the last component of this basic solution and by dropping x, ., one is left

with a basic solution to the original system.

3. Minimizing a linear form. The application of the generalized simplex
method to the problem of minimizing a linear form subject to linear inequality,
constraints consists in bordering the matrix of coefficients and constant terms
of the given system by appropriate vectors. This can be done in many ways — the
one selected is one which identifies the inverse of the basis as the additional
components in a generalized matrix problem so that computationally no addition-

al labor is required when the inverse is known.

The fundamental problem which we wish now to solve is to find a set x =

(%9, %1y **+, %, ) of real numbers satisfying the equations

n n

(21)  wo + 37 a0jn; =0, 37 ayjxj=bs (by > 0;k=2,3,-+,m),
1 1

such that

(22) xj >0,

(23) X0 =max,

where without loss of generality one may assume by > 0. It will be noted that
the subscript £ =1 has been omitted from (21). After some experimentation it
has been found convenient® to augment the equations of (21) by a redundant
equation formed by taking the negative sum of equations k=2, «++,m. Thus

1 To accomplish this omit i=0 and i=m+1 in (16).

2Based on a recent suggestion of W. Orchard-Hays.
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n m m
(24) Zalixj=b1 (a1j=—-2ak]-, b1=—z bk)'
1 2

k=2

Consider the generalized problem of finding a set of vector ‘‘variables’ (in
the sense of §2) (%xo,%,+-+,%,), and auxiliary variables (X, +1, Zn+2s*+»

Zp+m ) satisfying the matrix equations

n
(25) ;()'anoi;j:(oalsoa"'!o)’
1

n
Ttk + 2 g% = (g, 0,0,000,1,000,0) (by <O0;b; >0,k=2,++,m)
1

’

where the constant vectors have [ =m + 2 components with unity in position

k + 2, xy and x,+, are unrestricted as to sign and, for all other j,

(26) x]ZO (j=]_,---,n,n+2’...’n+m).

Adding equations k£ =1,...,m in (25) and noting the definitions of aij and by

given in (24), one obtains

m
(27) 3 Fpi =(0,0,1,1,++4,1).
1

There is a close relationship between the solutions of (25) and those of
(21) when x,+; > O, for then the first components of;j, for j =0,+++,n, satisfy
(21). Indeed, by (27), if all x,+; > O, the first component of all x,+; must
vanish; but the first component of the vector equations (25) reduces to (21)
when the terms involving x,,; are dropped. This proves the sufficiency of

Theorem 9 (below).

THEOREM 9. A necessary and sufficient condition for a solution of (21)
to exist is for a solution of (25) to exist with x,+; > O.

THEOREM 10. Maximizing solutions (or a class of solutions with unbounded
values) of (21) are obtained from the lst components of (xqy+++y%,) of the

corresponding type solution of (25) with x,+1 > O.

Proofs. To prove necessity in Theorem 9, assume (xg,:++,x,) satisfies
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(21); then the set

(28) ;0 =(x0,1,0,"'10)!
Ej=(x]-,0,0,---,0) (1Si5n),
;n'i'k:(oy(),"'sl""vo)?_o (lﬁkﬁm)

(where unity occurs in position % + 2) satisfies (25), Because of the possi-
bility of forming solutions of the type (28) from solutions of (21), it is easy
to show that Ist components of maximizing solutions of (25) must be maximiz-

ing solutions of (28) (Theorem 10).

It will be noted that (25) satisfies the requirements for the generalized

simplex process: first the right side considered as a matrix is of the form
M=[Q’U0:U1""’Um]9

where Uy is a unit column vector with unity in component % + 1, and is of rank
m + 1 (the number of equations ); second, an initial basic solution is available.
Indeed, set xg, Xp+1y Xn +25 * * *» X+ €qual to the corresponding constant vectors

in (25) where x,+; > 0 for k£ =2, ++,m because b;, > 0.

In applying the generalized simplex procedure, however, both xo and x,+,
are not restricted to be nonnegative. Since xp+; > 0 for k =2, .., m, it follows
that the values of the solutions, x,+, of (27) have the right side of (27) as an
upper bound.

To obtain a maximizing solution of (25), the first phase is to apply the
generalized simplex procedure to maximize the variable x,+, (with no restriction
on %g ). Since %+, has a finite upper bound, a basic solution will be produced
after a finite number of changes of basis in which x,+; > 0, provided that
max %p+; > 0. If during the first phase x,+, reaches a maximum less than zero,
then, of course, by Theorem 9 there is no solution of (21) and the process
terminates. If, in the iterative process, x,+; becomes positive (even though
not maximum), the first phase, which is the search for a solution of (21), is
completed and the second phase, which is the search for an optimal solution,
begins. Using the final basis of the first phase in the second phase, one sees

that x is maximized under the additional constraint x,+, > O.

Since the basic set of variables is taken in the initial order (xg, X, +1s°**,

Xp+m), and in the first phase the variable x,+; is maximized, the second row
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of the inverse of the basis, B,, is used to ‘‘select’’ the candidate P to in-
troduce into the basis in order to increase x,+; (see (14)); hence s is de-

termined such that

(29) B, Ps =min (B, P}) < 0.
]

However, in the second phase, since the variable to be maximized is x, and
the order of the basic set of variables is (xg,%,+y+++), then the first row of
the inverse of the basis, 3,, is used; that is, one reverts back to (14). Appli-
cation of the generalized simplex procedure in the second phase yields, after
a finite number of changes in basis, either a solution with max x, or a class of
solutions of form (12) with no upper bound for xy. By Theorem 10 the first
components of xg, %y, **+,%, form the corresponding solutions of the real vari-

able problem,

The computational convenience of this setup is apparent. In the first place

(as noted earlier), the right side of (21) considered as a matrix is of the form
M= [QgUOaUl"“’Um]’

where U; is a unit column vector with unity in component k& + 1. In this case,

by (4), the basic solution satisfies
V=B'M=[B'Q;B'].

This means (in this case) that of the / =m + 2 components of the vector v; the
last m +1 components of the vector variables v; in the basic solution are
identical with B, the corresponding row of the inverse. In applications this
fact is important because the last m + 1 components of v; are artificial in the
sense that they belong to the perturbation and not to the original problem and
it is desirable to obtain them with as little effort as possible. In the event that
M has the foregoing special form, no additional computational effort is required
when the inverse of the basis is known. Moreover, the columns of (25) cor-
responding to the m + 1 variables (xo, %m+1s***s%n+m) form the initial identity
basis (Ug, Uy, +++, Uy ), so that the inverse of the initial basis is readily avail-

able as the identity matrix to initiate the first iteration.
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CONSTRUCTIONS FOR POLES AND POLARS IN »-DIMENSIONS

A. P. DEMPSTER AND S. SCHUSTER

1. Introduction. As far back as 1847, von Staudt [2, p.131-136] introduced
the notion of handling a symmetric polarity (that is, a nonnull polarity ) by means
of a self-polar simplex and an additional pair of corresponding elements. In
projective space of two dimensions (S;) such a polarity is completely deter-
mined by a self-polar triangle 4;4,43, a point P, and its polar line p. We write
this polarity as (A4,4,43)(Pp). In S3, the polarity is determined by a self-
polar tetrahedron A,4,4344, a point P, and its polar plane #. We write it
(A;A,A344)(P 7). In general, we have a polarity in S, determined by the self-
polar simplex A;A4,---4,+,, a point P, and its corresponding polar prime or
hyperplane 7. We write it (4,4, ««+A,41) (P ).

Left unanswered by von Staudt and his followers is the following question:
Given an arbitrary point X, how can we construct the polar prime y of X? And,

conversely, given the prime ¥, how do we actually find its pole, the point X?

2. Construction. The construction of the polar line x of an arbitrary point
X for the polarity (A4;4,43)(Pp) in S, was given by Coxeter [1, 64]. We give
a direct generalization of this to n dimensions: to find the polar prime x of an

arbitrary point X relative to (4,4, +++A4p+,) (P 7).

Consider first the point X not in any face of 414, +++4,+. Let &; denote
face A]_Az L 'Ai-lAi"‘l o -An+l, and let

A/=PX .0y Pj=XA;-m, and X' =P4; - P4/

In the plane PXA; we have pairs P, P; and 4;, 4; conjugate under the induced
plane polarity., By Hesse’s theorem in the plane [1, pp.60-61], X and X are
conjugate for the induced polarity, and hence for the given polarity. In this
manner we determine n +1 points X', X%, ..., X?"! lying in x. The points
X' X2,...,X" determine y since otherwise they must lie in an (n - 2)-flat
which implies that the flat determined by P,Xl, «ee, X" is of at most (n ~1)

dimensions, which is impossible since the space contains P, 4,45, +++,4,. It

Received August 1, 1953.
Pacific J. Math., 5 (1955), 197- 199
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follows that x is determined by any (n — 1) of the points X’ This completes the
construction in S, for general X. This is illustrated for n =3, and is easily

seen to yield Coxeter’s construction for n = 2.

A second approach is to reduce the question of finding ¥ in S, to two ana-
logous constructions in (n ~ 1) dimensions, namely in any two faces o;. Under
the polarity induced in o; the point X; = X4; + «; maps into an (n — 2)-flat
x; consisting of points conjugate to X. For the general X considered, no two
x; coincide; hence, any two of them determine an (n ~1)-flat of points con-
jugate to X. This can only be x. Using this idea we can reduce the construction
in S, to 2" analogous constructions in n —r dimensions, and at any stage of
this induction on r, we may use the first method to solve the question com-

pletely.

In particular, if n =2 we can construct directly by the first method or use
the construction for corresponding points in two involutions on the sides of
A{A,A3. If n =3 we can use the first method, or carry out constructions in two

faces of A;A,A3A4,, or carry out constructions in four edges of A;4,434,.

Going back to n dimensions, suppose X is not of general position; that is,
X lies in a face «; If X lies in r such faces we may name these Cly,e««, Gp
Then  contains 4,,+-+,4,. Considering the (n —r)-flat determined by simplex
Arsy+++An+y, we see that the polarity induced in this space has A;4y -+ -4+,
as a self-polar simplex and X belongs to the space but is not on a face of
A;41+++An+1. Thus, we can use the first method to determine the polar prime
x* of X in this space. Then A,,+-+,4,, and x* generate an (n —1)-flat of
points conjugate to X. This (n - 1)-flat is x.

The problem of finding X when given x is solved by dualizing the foregoing

procedures.
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POWER-TYPE ENDOMORPHISMS OF SOME CLASS 2 GROUPS

FrankLiN HaiMo

1. Introduction. Abelian groups possess endomorphisms of the form x —» x™
for each integer n. In general, however, non-abelian groups do not possess such
power endomorphisms. In an earlier note, it was possible to show [1] for a
nilpotent group G with a uniform bound on the size of the classes of conjugates
that there exists an integer n > 2 for which the mapping x — x™ is an endo-
morphism of G into its center. We shall consider endomorphisms of some groups
of class 2 which induce power endomorphisms on the factor-commutator groups.
In particular, we shall show, under suitable uniform torsion conditions for the
group of inner automorphisms, that such power-type endomorphisms form a ring-
like structure. Let G be a group of class 2 for which Q, the commutator sub-
group, has an exponent [2]. Then the relation [2] (xy,u) = (x,u) (y,u) shows
that x —» (x, u) is an endomorphism of G into Q for fixed u € G. Let n be any
integer such that n(n —1)/2 is a multiple of the exponent of Q). Then the map-
ping x — x™(x, u) is a trivial example of a power-type endomorphism. If G/Q
has an exponent m, we shall show that the number of distinct endomorphisms of
the form x —» x/, where x/ is in the center Z of G, divides m. In particular,
a non-abelian group G of class 2 has 1 or p distinct central power endomorphisms
if G/Q is an elementary p-group (an abelian group with a prime p as its ex-

ponent [21).

2. Power-type endomorphisms. Let G be a group with center Z and com-
mutator subgroup Q. We assume that ) CZ so that [2] G is a group of class 2.
Further, suppose that there exists a least positive integer N for which x €G
implies x" €Z. This means that G/Z, a group isomorphic to the group of inner
automorphisms of G, is a torsion abelian group with exponent N. An endomor-
phism o of G will be called a power-type endomorphism if there exists an
integer n =n(a) for which o(x) =x" mod Q for every x €G. & induces the

power endomorphism
OL* ( XQ ) - an

Received August 20, 1953. This research was supported in part by the USAF under
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on G/Q; and conversely, any extension of a power endomorphism of G/Q to an
endomorphism of G must be a power-type endomorphism of G. For «, above,

there exist elements

g(x)=q(x; ) €Q

such that o (x) =x"g(x). It is easy to show that if m and n are two possible
values for n (o) then m = n mod N. We note that if N is taken to be the exponent
for G/Q rather than for G/Z, then n(®) can be chosen least nonnegative, in
fact, so that 0 < n(a) < N. We let P denote the class of all power-type endo-
morphisms of a fixed group G of class 2. Let t(x) =x for every x €G be the
identity map on G. We have ¢ € P with n(¢) = 1. If e is the identity element of
G, let v(x) =e for every x € G be the trivial map of G. We have v € P, in fact,
any endomorphism of G which carries G into Q lies in P. Let the set of all
such endomorphisms into the commutator subgroup be denoted by Il. We have
veN. If « €l then n(a) =0, and conversely (for o € P),

Suppose that o and S are in P, Then

aB(x) = alx™® g(x; 8)1 = [a(x) 1"Blulq(x; B)]

- [xn(a)q(x; a)]"(ﬁ)oc[q(x; BI1.

Since Q C Z, we have
wB(x) =x™ B4 (s ) 1B [ g (x; B) 1.

This shows that « B € P so that P is closed under endomorphism composition.

In fact,
n(aB)=n(a)n(B)mod N.

This multiplication is associative. Suppose that & € P and that y € Il. Then it
is easy to see that Gy and yo €11, since Q is admissible under every endo-

morphism of G.

Let R be the set of all elements of P with the property that o € R if and
only if N | n(a). For endomorphisms o and 8 of G, we define a mapping « + f3,

(not necessarily an endomorphism), by

(a0 +B)(x) =alx)B(x)
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for every x € G. Then we have the following.

THEOREM 1. If & €P, then ot + B EP for every B €P if and only if o € R.
If .+ BEP, then

n(a) +n(B)=n(a + B) mod N,

and
g(x; 0+ B)=qlx; a)q(x;B).
Proof. Suppose that 0.+ B €P for every 8 € P. Choosing 8=, we have

(o0 + ) (xy) =l + VT + ) (y)T=a(x)xaly)y.

On the other hand,
(o + ) (xy) = alxy)ay = a(x) aly)xy,

so that a(y)x =xu(y) for every x,y € G. This places a(y) € Z; but

n(a)

aly) =y""*q(y; )

where ¢ (y; o) €Q C Z. Thus, y"( %) e 7, for every y €G, and N | n(a), placing

o €R. Remaining details are immediate.

For elements of P, addition is commutative whenever one of the sums in-
volved is in P, and if all the sums involved are in °, then addition is associa-
tive. A like statement can be made for the distributive law of multiplication
over addition. R is a ring with the two-sided ideal property in P in that if
o« €P, BeR, then af and BoL € R. 1 likewise can be shown to be a ring which
has the two-sided ideal property in P, therefore in R.

THEOREM 2. Let G be a non-abelian group of class 2 for which the group
of inner automorphisms | has the exponent N. If G/Q is aperiodic, then Nisa

prime ideal in R.

Proof. Suppose that o, 8 € R and that «f € L. If G =Q, then Q C Z implies
that G is abelian. Hence we can find x € G, x £ Q so that

C{,B(x) =xn(a)n(/3)q’

where both ¢ and aB(x) € Q. Since G/Q is aperiodic, n(at)n(B) =0. We have
really proved the prime ideal property of !l in P, The exponent on /, (isomorphic
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to G/Z) is required only to guarantee the existence of R. A related result is the
following.

THEOREM 3. Let G be a non-abelian group of class 2 for which G/Q is a
p-group with exponent p/. Then | is a primary ideal in R. In particular, if G/Q
is an elementary p-group [ 2], then W\ is a prime ideal in R.

Proof. The proof begins as for Theorem 2. Since G/Q has exponent p/, the
latter is a divisor of n(&)n(B). If o £ 1, at least the first power of p would
have to divide n(B). For, G/Z has an exponent p* where 1 <k < j. Since
n(B7) =[n(B)V we have p/ | n(B87) whence B/ €. The ring K exists since
G/Z has an exponent. If G/Q is elementary, then j =/ =1 so that Il is a prime
ideal.

3. Additive inverses. An element & of P is said to have an additive inverse

a’€ P if o+ o= v If such an additive inverse exists, it is unique, and

ax) =™ D (x; x) ",

A mapping with the structure of o” always exists, but it need not be, in general,
an endomorphism, ergo not an additive inverse. If ¢ is an additive inverse of

o, then ¢ is the additive inverse of &". We first prove the following.

LEMMA 1. « has an additive inverse if and only if the n(o)-powers of G

form a commutative set.

Proof. Whether the mapping 0" is an endomorphism or not, we have

a(x) =la(x)1?,

so that

a(xy) =o' (y) o’ (%)

for every x,y € G. Since Q C Z, the conclusion follows at once.

Let ¥ be the set of all o € P with the property that kernct D Q.

LEMMA 2
(a) ¥ has the ideal property in P.
(b) ¥>R(ON).
(¢) «€P has an additive inverse if and only if o € ¥.
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(d) OiERandBE%implies that o. + B € ¥,

Proof. (a) and (d) are trivial. For « € P, we have
OL(x-ly-lxy) =y Mgy P

where n =n(a). If, further, . € R, then x" €Z so that o(x,y) =e, and (b)
is established, since (x,y) =x 'y 'xy is typical of the generators of Q. We
have o € ¥ if and only if a(x,y) = e, that is, if and only if x"y" = y"x", Lemma

1 now enables us to prove (c).

For fixed y € ¥, we have yo € ¥ for every o € P, Write —y« for the additive
inverse of yo; then —yo € ¥. Let j; be 0 or 1, and suppose that o, € I°,
i=1,2,-++,m. A mapping

m .
Z (—'l)h y ;=0
i=1

is defined on G into G by

m . .
o(x) =TT " Y0 in(a) [ o (5 5) ] In(ai)
=1

Call such a map a y — 2 map. It is clear that the sum of two ¥ — % maps is a
y — % map in the obvious way. The set of y — % maps is denoted by (y) and
will be called the right principal ideal generated by y in P,

THEOREM 4. If y € ¥ then (y) is a ring, and (y) C ¥,

Proof. As we saw above, (y) is closed under addition. yv = v so that (y)

has the zero element v. If o is defined as above, then
m ,
S 1y g =0 e(y).
=1

By its effect on x €G we see that o € °. Since —o exists, (y) C ¥ by Lemma
2(c). Now (ya)(yB) =y(cyB), so that (y) is closed under multiplication,
once we recall that the distributive law is valid whenever the sums involved
are in . A similar statement can be made for the associative laws, and we have

proved that (y) is a ring included in ¥,
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THEOREM 5. Let G be a non-abelian group of class 2, and let y be in ¥.
If the ring (y) has a right multiplicative identity or a left multiplicative identity,
then it has a (unique) two-sided multiplicative identity.

Proof. (y) has a left (right) identity o € (y) if and only if ¢ €(y) is a
left (right) identity for the set of elements of () of the form yB. More, specifi-
cally, o is a left identity if and only if oy = y. A routine investigation shows
that

oy(x) = PO 3™ (1Y in(0) g™ ) 3 (1) n(ay)

=1 i=1

where ¢ = q(x; y). Let

u=n(y) Z (-—1)iin(0{i) -1.

i=1
Then oy = y if and only if

xn('y)uqu —e

for every x € G, Hence (1) y(x%) =e for every x €G, (2) G/kerny has an
exponent dividing u and (3) y(G) has an exponent dividing u are conditions
each equivalent to (4) o is a left identity of (y). If (5) o is a right identity
of (y), (6) yo =y. But one can readily verify that (6) and (1) are equivalent,
so that if o is a right identity, it is also a left identity, whence (y) would then

have a unique two-sided identity.

If o is a left identity, then oy = y and

yBo(x) = [y(x) 1" A) = 48 (x)

for every x € G. Thus o is also a right identity, and we have proved that every

left identity is a right identity.

COROLLARY., Let G be a non-abelian group of class 2 for which G/Q is
an elementary p-group for an odd prime p. Let y € ¥ have the properties (a)
that p ¥n(y) =n and (b) that there exists an integer m such that (b)) mn =1
mod p and (b)) m — 1 and n — 1 are relatively prime. Then (y) has an identity.

Proof. (m=1, n=1) =1 implies that ((m~1)n, n~1)=1 and that

(mn=1,n-1)=1 since mn-1=(m—=1)n+(n~-1). Hence we can find an



POWER-TYPE ENDOMORPHISMS OF SOME CLASS 2 GROUPS 207

integer r such that

(7) nn=1)r=m(m=1)mod (mn -1).

Form the mapping
T(x) =x"[q(x;y) 7.

Since G is a group of class 2, we have [ 2] the identity

(xy)t=xtytzv(t)’

where

z=(y,x) =y 'z yx and v(t)=¢(t-1)/2,
Since y is an endomorphism, we have

v(n)

q(xy;y)z =q(x;9)q(y;y).

Hence

T(xy) = x™y™ 2™ g (7)1 (g (y; ) T 270,

Let us write the exponent of z as h/2 where A =m(m —1) —rn(n - 1). By the
choice of r we have A =0 mod (mn ~1). But mn ~1=0 mod p, so that A =0
mod p. Since p is odd we obtain 4/2 = 0 mod p.

Since G/Q has the exponent p, Q CZ implies that G/Z has an exponent ¢
where ¢ | p. Since G is non-abelian we have ¢ =p. In [1], we proved that if
G/Z has the exponent p then the mutual commutator group (G,Z,) has an ex-
ponent ¢’ which divides p. Here Z, is the second member of the ascending
central series of G. Since G is of class 2 we have Z, =G, and (G,Z;) =0Q.
If t=1, then G is abelian, a contradiction with hypothesis. Hence ¢t“=p and
"% = ¢, since z €Q and p | (k/2). As a result, 7(xy) reduces to 7(x) 7(y),

so that 7 is a power-type endomorphism with n(7) = m and
q(x;7) =[q(x;9)].
Then

u=n(y)n(7)=1l=mn-1.
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Since p is the exponent of G/Q we have x* € Q for every x €G. But y € ¥ so
that y(x") = e. Using the theorem and (1) and (4) above, we see that y7 is
the required identity of (y).

4. Some mappings into (). Let € be the set of all oL € P which are exten-
sions both of the identity map on Q) and of the identity map on G/Q. That is,
o € € if and only if a(x) =xq (x;a) for every x €G and «(q) =q for every
q €Q. Tt can readily be verified that the elements of € are automorphisms of
G and that, under automorphism composition, they form an abelian group with
unity ¢. For «, 8 € € and x,y € G, it follows at once that

q(xy; ) =q (% a)g(y; &)

and that
q(x;aB) =qx; &) g(x;B).

Let 6, be a mapping defined on € into Q such that 6,(«) = q(x; &) for
every o € €, It is immediate that the 6, are homomorphisms. We can define an

addition in the set O of mappings 6, by
(6 + 6)) (o) = Oa) O, (cx)

for every « € €. Likewise define mappings ¢, on G into Q by ¢ (x) = q(x; o

Here, too, in the set d of mappings ¢_, mappings which are also homomorphisms,

a?
an addition is given by

(&, +¢ﬁ)(x) =¢a(x)¢ﬁ(x)

for every x €G. Let F be the set of elements of G which are the fixed points
held in common by the elements of £. Then we obtain the following.

THEOREM 6.
(a) O=G/F.
(b) d=Nand N=E.
(¢) W and 3 are dual additive abelian groups in the sense that each can be

represented faithfully as a set of homomorphisms on the other into Q.

Proof. It is easy to verify that 0, + 6y = Oy, and it follows that O is an
additive abelian group with unity 6,. Let F, be the subgroup of all x € G with
o(x) =x. For t € €, each F,, and hence F =NF,, is a normal subgroup of G.
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« € kern 6y if and only if x € Fy. 6, = 0, if and only if x =y mod F. The map-
ping 0 on G into O given by 6(x) = 6, is a homomorphism onto & with kernel
F. We have established (a).

¢, is an endomorphism of G into Q with kern ¢, = Fq. For y €1l, let I" be a
mapping of G into G given by I'(x) =xy(x). Since 1 C R C ¥, we have
I'(q) =qy(q) =g for every g €Q, so that I" € £, Also, ¢ = y- Hence nci.
Trivially, & C . The unity of Il as a group is v which can be represented as
¢,- The mapping ¢ given by ¢ (o) = ¢, on € onto ® =l turns out to be an

isomorphism, whence (b).

The mappings ¢, on [l into Q given by

cx(y) = 0,07 ()

for every y €Il are homomorphisms. y € kernc, if and only if x € kerny. We

can introduce an addition into the set C of mappings ¢, by
(ex +cy) (y) = cx(y) ey ()
for every y €. There is a homomorphism ¢ of G onto C with kernel equal to
U=0Nkem y,

where the cross-cut is taken over all y € Il; and ¥/ (x) = ¢yx. A trivial argument
shows that U = F. One can verify that the correspondence 6, «» c, is one-to-one
and is an isomorphism of O with C, Hence O is represented faithfully as a set

of homomorphisms on !l into Q.

Just as there are homomorphisms ¢, on [l into Q, so there are homomor-
phisms b, on O into Q for each « € €, given by by(6y) = ¢ (x). Here, kern b,
consists of all 6, with x € F,. The mapping b, is single-valued; for 6, = 6, if
and only if there exists r € F with y =xr, and q’)a(xr) = qﬁa(x). We can intro-
duce an addition into the set B of such b, by

(ba+bg) (6:) = 6,(x) G 5(x).

Now bg + bg =bap, and, under this addition, B becomes an abelian group with
unity b,. The correspondence by <> ¢, is one-to-one and is an isomorphism
of B with 1, so that !l is represented faithfully as a set of homomorphisms on
9 into Q, and (c) is established.

Further, there is an isomorphism w on € onto B given by () = ba. The

mapping
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ex(x)-l =8x

is a homomorphism on B into Q with kernel consisting of all b, with x € F,.
For every « € €, let {_ be a mapping defined on C into Q by

¢, (cy) =¢,(x).

It is clear that { is a homomorphism with kernel consisting of all ¢, where

x €kern ¢ . We summarize these results as follows.
COROLLARY.
Oy =0y w=cyd

on € into Q, and dually,

on G into Q.
5. Some enumerations of mappings.

THEOREM 7. The elements of P are in one-to-one correspondence with
the ordered pairs (n, \), where n is an integer, A is a mapping of G into Q and
n and A satisfy

(A) Ax) Aly) = Alxy) 2P

for every x,y € G, where z = (y,x) and v(n) =n(n -1)/2.

Proof. If o €P, then g(x;0a) =A(x) and n(a) =n. Conversely, if A and
n are given, and if (A) holds, define & on G into G by «(x)=x"A(x) for
every x € G, Condition (A) and the fact that

show that ¢ is an endomorphism and is therefore in P.

COROLLARY. If Q has the exponent m, and if n is an integer for which

m | v(n), then x — x" is a power endomorphism of G.

Proof. If we let A(x)=e for every x €G then the pair (n, A) satisfies

(A) since, here, AL
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THEOREM 8. For o, BEP, a necessary and sufficient condition that
n(a) =n(B) is that there exists a y =y, g€ W such that « =B + y.

Proof. Suppose that n(a) = n(B). Define a mapping y by

y(x) =q(x; ) [q(x;8)11.
We have

(B+y)(x)=Bx)y(x) =x" By (x; B) q(x; x) g (x; )T

=x"(a)q(x; o) =alx),

so that 8+ y = a. Now

y(xy) = q(xy; ) [q(xy; B) 171,

hence if we apply (A) to each of the ¢’s and simplify, it turns out that y(xy) =
y(x)y(y), so that y is an endomorphism lying in .

COROLLARY. Let M be the cardinal of \. Then P decomposes into par-
tition classes, each of cardinal M, in such a way that & and f3 are in the same

partition class if and only if n(a) =n(B).

Examples of such partition classes are Il (where n =0) and & (where n =1).
Nontrivial € and € = 1| along with an exponent on Q imply, by the Corollary of

Theorem 7, the existence of an infinite number of partition classes.

Let Iy denote the group of integers, modulo N.

THEOREM 9. Let G be a group of class 2 with exponent N on G/Z. Then
there exists a nontrivial mapping T on P into Iy which preserves addition and

multiplication (whenever they are defined on P). 1l Ckern 7.

Proof. Let in denote the residue class, modulo N, to which the integer j
belongs. Let 7(x) =(n(a))y. Then 7(¢) =1y, so that 7 is nontrivial. The
remaining statements are apparent. Note, however, that if N is the exponent of

G/?, then kern 7 = 1.

It should be noted that a well known lemma of Griin leads to nontrivial !l and
hence to nontrivial elements of P, For, by this lemma, the mappings of the type
x — (x, u) for each fixed u €G, u £ Z are in N for groups of class 2.

Let G/Q have exponent n, so that G/Z has exponent ¢ | n. By [1, Lemma,
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p. 3701, the mutual commutator group (G, G) =() has an exponent k | ¢ If ¢ is

t

odd, then % |v(¢t), and (xy)? = x’y", whence x — %’ is a central endomorphism
Y Y rp

of G. If ¢t is even, then x — x* is a central endomorphism, Since x" € Q, and

kn _ ¢ for every x € G. Now ¢ is the

since k is the exponent of (J, we have x
exponent of G/Z, so that ¢ must generate the ideal of exponents of central
power endomorphisms of G in case ¢ is odd. The central power endomorphisms

are then all
x —> %! (j=0,1,2,+++(kn/t) - 1).

If kn is not the exponent of G but only an integral multiple thereof, then the
number of distinct central power endomorphisms will be reduced (in proportion)
to a submultiple of kn/t.

If ¢ is even, then the generator ¢ of the ideal of exponents of central power
endomorphisms of G must have the property ¢|t’|2:. Hence t”=¢ or t’ = 2t.
If t” =¢ then the kn/t mappings x —» »/® include all the central power endo-
morphisms (with possible repetitions). In fact, if %k is odd, then % | ¢/2,and
t"=t If t=¢t" then k| v(¢). It follows readily that £ =0 mod 2" implies
t=0 mod 2!, Thus £ =0 mod 2" and ¢ #0 mod 2"*! imply ¢’ = 2¢. Whenever
t” =2t, there are, at most, kn/2¢t central power endomorphisms of G. Since, in
any event, a submultiple of kn/t or of kn/2t is a submultiple of n, we have

proved the following.

THEOREM 10. Let G be a group of class 2 for which G/Q has exponent

n. Then the number of central power endomorphisms of G divides n.

The above is a generalization of the following: Let G be an abelian group
with exponent n. Then there are precisely n power endomorphisms of G; for,
AL L

COROLLARY. Let G be a non-abelian group of class 2 for which G/Q is
an elementary p-group (2] for an odd prime p. Let G have at least one nontrivial
element of order #p. Then G has precisely p central power endomorphisms. If

p =2, then G has only the trivial central power endomorphism.

Proof. Since G is non-abelian we have k #1, and k|n =p implies k =p,
so that k|¢|n leads to t =p. Likewise, kn = p®. The exponent of G is not p,
since there exists y € G with yP # e. Hence the exponent of G must be p2. If
p is odd, then there are precisely kn/t =p central power endomorphisms. The

set of these endomorphisms is generated by the endomorphism x —> xP under
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endomorphism composition. If p =2 then x — x* is not an endomorphism; for,
if it were, (xy)? =x2y? would imply yx =xy, whence G would be abelian.

Since x* = e, G has only the one trivial central power endomorphism, x —» x* =e.

In a hon-abelian group of class 2, as in the Corollary above, we can find an
element of ¥ for which the corresponding right principal ideal does not have a
unity. Let n(x) =xP so that n(7) =p. Since k =p we have n € ¥. If (7) had
an identity, then there would exist mappings 0; € P, i =1,2,+++,m, with

p2n(e;) =1mod p?,

by the proof of Theorem 5, item (3), and the fact that p® is the exponent of
G D 7 (G). But the congruence p £ =1 mod p? has no solution ¢.
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ON GENERALIZED SUBHARMONIC FUNCTIONS

L. K. Jackson

1. Introduction. In a previous paper [1], the notion of subharmonic func-
tions was generalized in a manner corresponding to Beckenbach’s [2] general-
ization of convex functions. This generalization was accomplished by replacing
the dominating family of harmonic functions by a more general family of func-

tions. In [ 1] the discussion was restricted to continuous subfunctions.

In the present paper we shall give some further properties of the dominating
functions and extend the definition of subfunctions to permit upper semicontin-
uous subfunctions. We shall then show that results of J. W. Green [3] on approx-

imately subharmonic functions extend to our subfunctions.

2. { F }Hunctions and sub-{ '} functions. Let D be a given plane domain
and let { y} be a given family of contours bounding subdomains I" of D such that
[ =y +'CD where T indicates the closure of I. We assume that {y} contains
all circles of radii less than a fixed number which lie, together with their in-
teriors, in D. We shall use the Greek letter x to represent a circle of {y} and
K its interior. We shall use single small Roman letters to represent points in
the plane. Let there be given a family of functions { F(x)} which we shall call
{ F }-functions satisfying the following postulates.

PosTULATE 1. For any y € {y} and any continuous boundary value function
h(x) on y, there is a unique F (x; h;y) € { F(x)} such that

(a) F(x;h;y)=h(x) ony,
(b) F(x;h;y) is continuous in I'.

PoSTULATE 2. If h;(x) and h,(x) are continuous on y and if A;(x) -
ho(x) <M on y, ¥ > 0, then

F(x;hy;y) —F(x5he3y) <M
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215
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in I'; further, if the strict inequality holds at a point of y, then the strict in-
equality holds throughout I'.

PosTuLATE 3. For any « €{y{ and for any collection {4y (x)} of functions
hy (x) which are continuous and uniformly bounded on «, the functions F(x;hy;

k) are equicontinuous in K.
DEFINITION 1. The function s (x) is defined to be sub-{ £} in D provided

(a) s(x) is bounded on every closed subset of D,

(b) s(x) is upper semicontinuous in D,

(c) s(x) < F(x)on yimplies s(x) < F(x) in I\
DEFINITION 2. The function S(x) is defined to be super-{ F'} in D provided

(a) S(x) is bounded on every closed subset of D,

(b) S(x) is lower semicontinuous in D,

(c) S(x) > F(x) on yimplies S(x) > F(x)in I\

Let Q be a bounded connected open set comprised together with its boundary

o in D and let g(x) be a bounded function defined on w.

DEFINITION 3. The function ¢(x) is an under-function (relative to g(x))
if ¢(x) is continuous in &, sub-{ F}in Q, and ¢(x) < g(x) on .

DEFINITION 4. The function ¥/(x) is an over-function (relative to g(x))
if ¥ (x) is continuous in Q, super-{ F'}in €, and ¥ (x) > g(x) on w.

PosTULATE 4. If Q is any bounded connected open set comprised together
with its boundary w in 1) and g(x) any bounded function defined on w, then the

associated families of over-functions and under-functions are both non-null.

PoSTULATE 5. For any circle « €{y} and any real number ¥, there exist

continuous functions %(x) and %,(x), defined on «, such that
Flx;hy3k) > M, Flxjhysk) <M in K.

POSTULATE 6. For any circle « € { y}, if the functions h,(x) (n=0,1,2,..-),

defined on k, are continuous and uniformly bounded on «, and

lim Ap(x) =holx)

n— oo
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for all but at most a finite number of points of «, then

lim F(x;hy; k) =F (x5 ho; k)

n— oo

at all points of K.
PosTULATE 7. For any circle « € { y}, if the functions h,(x) (n =1,2,+.),
defined on k, are continuous and uniformly bounded on « and equicontinuous at

a point xq € K, then the functions F(x;h,;«) (n=1,2,..+), defined in K, are

equicontinuous at xg.

Our definition of sub-{ F} functions differs from the definition of subhar-
monic functions in that we have restricted our subfunctions to be bounded on
closed subsets of D. This seems to be necessary since we do not have a Harnack

theorem of the type that is available in the theory of harmonic functions.

3. Some theorems concerning the { F }-functions.

THEOREM 1. If «€{y}, N is any real number, and xo €K, then there

exists a continuous function h(x) defined on k such that F(xq;h; ) = N.

Proof. By Postulate 5 there exist continuous functions h;(x) and A,(x)

defined on « such that
F(x;hy;6) >N, F(x;hy;6) <N on K.
We define on «

Aa(x) = Ahy(x) + (1 = A)hy(x), 0<A<I.
Then for 0 < A < 1 we have

F(xo;hz;/() < Flxg;hy; k) < F(xo;hl;K).
Now set

Ar=glbe [A]F(x0;hp; ) > N1

and

Az =Lub. [X|F(xg;hr; ) < N,
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Using Postulate 2 we see that A; = A, and
F(xo;h,\l;K) =N.

This result shows that Postulate 6 of [1] is actually a consequence of

Postulates 1, 2, and 5 and may be omitted.

THEOREM 2. If f (x) is continuous in D and xo €D, then given any € > 0,

there exists k €{y} with center at xo and radius arbitrarily small such that
|F(wf;k)—f(x)] < e inK.

Proof. If k, is any circle of {y} with center at x,, then by Theorem 1 there

exists a continuous function k(x) defined on «; such that
Fxo;h;k) =f(x0).
By continuity there exists a smaller concentric circle « such that
| Fx;hs00) = f(x)] < &/2 inK.
Let
hy(x) =max [ F(x;h;%,), f(x)] onk,
ho(x) =min [F(x; A5 ), f(x)] on «.
Then in K
F(x;hoyk) < Flx;hyry) < Flx;hy3k),
F(xshyy k) < Flx; fyx) < Flxhy3x),
F(x;hy k) = Fxs by k) < €/2.
Therefore in K we have
|F(x; fs0) = f(x)]| < |Fafi) = Flaghyr) |+ | Fxshs i) —f(x)] < €.

THEOREM 3. If f (x) is bounded and upper semicontinuous on y, then there

exists a function F(x; f;y) such that

(1) F(x;f;y) is upper semicontinuous in I" and continuous in I,

(2) F(x;f;y) is an { F +function in T,
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(3) F(x;f;y) =f(x)on y.

Proof. Let F(x;f;y) be the infimum in I" of all over-functions in I" with
respect to the boundary function f(x) on y. Clearly F(x;f;y) is upper semi-
continuous in I". Theorems 11 and 12 of [1] show that ¥ (x; f;y) is continuous
and an {F }function in I, Let fn(x) (n=1,2,+++) be a monotone decreasing
sequence of continuous functions converging to f (x) on y. Then F(x; fos y) is

an over-function for each n and therefore F (x;f;y) =f (x) on y.

Heretofore we have used the notation F (x; A; y) only for functions continuous
in T but henceforth we shall use the same notation when A (x) is bounded and
upper semicontinuous on y and F(x;h;y) is defined as in Theorem 3. No con-
fusion should arise since, for A(x) continuous on vy, the F(x;h;y) as defined
by Theorem 3 is the unique F (x;4;y) of Postulate 1. Hence, if s (x) is sub-{ F'}
in D and y € {y}, there exists an { F }-function F (x;s;y) such that

s(x)=F(x;s;¥) ony

and

s(x) < F(x;s;y) inI.

THEOREM 4. If hy(x) and hy(x) are bounded and upper semicontinuous on
yand hi(x) —hy(x) < Mony, M > 0, then

Fx;hy;y) —F(x3hy;y) <M on T,
Proof. l.et xo €I" and suppose that
F(XQ;hl;}/)_F(XO;}lz;)/)=M+8, 5> 0.

By Postulate 4 and Theorem 3 there exists an over-function ¥ (x) with respect

to h,(x) such that
0 < ¥lxg) = Flxg3h25y) < 0.
Then F (x; ; ) is also an over-function with respect to A5(x) and

0 < F(xos;5y) = F(xo; hy5 y) < 8.

Furthermore F (x; ¢ + M, y) is an over-function with respect to k;(x); hence, by

the preceding inequality and Postulate 2 we have
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F(xo3hy;y) = F(xo3ha;y) < Flxos ¥+ M;y) = Fxo; h25y)

< F(xo; ¥ +M;y) —=F (%03 Y3 7) + Fxo; ¥5¥) = Fxo3 ka3 y) <M + 0.

This is a contradiction and the theorem is proved.

THEOREM 5. If the functions {h,(x)} are upper semicontinuous and uni-
formly bounded on «, then the functions F(x;hy; k) are equicontinuous in K;
further the function

u(x) =sup Fx;hy; «)

v

is continuous and sub-{ F{ in K, and

v(x) =inf F(x;hy; &)
14

is continuous and super-{ F } in K.

The proof follows immediately from Postulate 3 and Theorem 4, and Lemma
1 and Theorem 11 of [1].

4. Some properties of sub-{ F } functions.

THEOREM 6. A necessary and sufficient condition for the function s (x),
which is upper semicontinuous in D and bounded on every closed subset of D,
to be sub-{ F }in D is that corresponding to each xo €D there exists a sequence

of circles Kk, with centers at xo and radii r,(x0) — 0 such that
s(x0) < F(xo;s;kp)
for each n.
THEOREM 7. Ifsy(x),+++,s,(x) are sub-{ F{in D, then
s(x) =max [s;(x),+++,s,(x)]
is sub-{ F } in D.
THEOREM 8. Ifs(x) is sub-{ F}in D and y €y}, then
s(x) for x €D -T

s(x;y) = _
F(x;s;y) forx €l
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is sub-{ F }in D.

The proofs of these theorems parallel those given for continuous sub-{ F' }

functions in [1] and will be omitted.

THEOREM 9. lfs(x) is sub-{F} in D, then s(x)—-M, M >0, is sub-{F}
in D,

Proof. Since s(x) is upper semicontinuous in D) and bounded on every
closed subset of D, s(x) —M has the same properties. Now let xo €D and

k € {y} have its center at xo. Then by Theorem 4
s(xg) < F(xg;s;6) <M+ F(xg;s —M; &),
hence,
s(xo) =M < F(xp3s = M; )
and by Theorem 6 s (x) — M is sub-{ F }in D.
5. A Harnack theorem for the { F' }|-functions.

THEOREM 10. [If the decreasing sequence of sub-{ F} functions {s,(x)} is

uniformly bounded on each closed subset of U, then

lim sp(x)=s(x)

is sub-{ F}in D,

Proof. Clearly s (x) is upper semicontinuous and bounded on every closed
subset of D; hence, to show that s (x) is sub-{ F} in D it will be sufficient to

show that it satisfies the L.ittlewood criterion of Theorem 6.

Let xg €D and let « €{y} have its center at xo. By Theorem 4 we have

F(x;sp+154) < Flxssp;K),
and

F(x;s;k) < Flagsp; ) in K

for each n. Since s,(x) is sub-{ F } in D for each n and the sequence {s,(x)}is

decreasing, it follows that



222 L. K. JACKSON

s (x0) < splxg) < Flxgssn54).
Therefore,

s(x9) < lim F(xp;sp;«),

n— oo
and we conclude the proof by showing that

lim Fxg;sp; k) =F(xg;s;K).

n— oo
Since

lim F(xo;sp; &) > F(xg;s;k)

n— oo
assume

lim F(xg;sp;x) =F(xg;s;k)+8, &>0,

n—» 00

There exists an over-function ¢(x) with respect to the boundary function s (x)

on k such that
F(xg;s3x) < ¥lxg) < Fxg;s;k) + &/2.
Since ¢(x) is super-{ F } in K we have
F(xg;s;k) < F(xo; Y3 k) < Flxg;s;k) +6/2.
An application of Postulate 2 then gives
F(xg;s5k) < F(xg;+ 8/4;k) < F(xg;s;k) +35/4.

Since ¥ (x) + 8/4 is continuous on « and

s(x) <y¥(x) + /4
on k, it follows that for N sufficiently large we have

splx) < ¥(x) +6/4
on « for n > N. Then for n > N

F(xg;sp;k) < Flxo; ¢ + 6/4;3k) < F(xo;s;K) +38/4.
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This is a contradiction, hence

lim F(xg;5,; k) = F(xq;8; &),

n-— oo
and
s(xg) < F(xg;s;k).

Consequently by Theorem 6 s (x) is sub-{ F } in D.

As an immediate consequence of Theorem 5 and Theorem 10 we have the

following Harnack type theorem for the { F {-functions:

THEOREM 11. The limit of a uniformly bounded monotone decreasing se-

quence of { F' -functions is an { F }-function.

Furthermore it is clear that if f (x) is bounded and upper semicontinuous on
k, if F(x; f;k) is the {F }-function defined in Theorem 3, and if {fn(x)}
(n=1,2,.++) is any monotone decreasing sequence of continuous functions

converging to f (x) on «, then

lim F(x;fn;K) =F(x;f;«) in K.

n— o0

6. Approximately sub< F} functions. D.II. Hyers and S.M. Ulam [4] have
introduced the notion of approximately convex functions. A function f(x) is

said to be approximately convex provided
fAx + (1= A)y) < e+ Af(x) +(1=N)f(y),

for 0 < A <1 and for a fixed € > 0. For € = 0 the definition is that of a convex

function.

The notion of a subharmonic function may be thought of as an extension to
two dimensions of the notion of a convex function in one dimension. Using this
idea, Green [3] has defined an approximately subharmonic function as follows:
a function f(x) defined in a domain D is €-subharmonic provided (a) it is
upper semicontinuous, and (b) if A(x) is a harmonic function in a domain D’
interior to £, which is continuous on the boundary of D’ and dominates f (x)

there on, then in D’

flx) <e+hlx)

In an analogous way we define an approximately sub-{ F'} function as follows:
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DEFINITION 5. A function g(x) is said to be e-sub-{¥} in D provided

(a) g(x) is bounded on every closed subset of D,
(b) g(x) is upper semicontinuous in D,

(c) g(x) < F(x) on the boundary of a subdomain D’ of D implies
g(x) < e+ F(x)in D’

With this definition the theorem of Green for approximately subharmonic

functions extends to approximately sub-{ F' } functions.

THEOREM 12. If g(x) is esub-{F} in D, there exists a function u(x),
sub-{ F } in D, such that u(x) < g(x) < e+u(x)inD.

The proof of the theorem depends on the existence of a maximal sub-{ F}
minorant for a continuous function. We shall give the proof of Theorem 12 after

we have considered this question.

7. Maximal sub-{ F} minorants. The theorem given in this section has the
same statement as the corresponding theorem for subharmonic functions and the

proof is similar to the one given in [3].

THEOREM 13. If f (%) is continuous in a domain R C D and has a sub-{ F}
minorant in R, then it has a maximal sub-{F} minorant u(x). The function

u(x) is continuous in R and is an { F }-function where it is less than f (x).

Proof. Let S be the family of all functions sub-{ F} in R and dominated by
f (x). By hypothesis S is non-null. For x € R we define

u(x) = sup s(x).
sES

We wish to show first that u(x) is lower semicontinuous in R. Let xo € R and
n > 0, then there exists s (x) €S such that

ul(xg) —n <slxg) <ulxg) <flx).

Then s(xg) -7 < f(x0) —7/2 and, by the continuity of f(x) and the upper

semicontinuity of s(x), there exists a circle x, with center at xo such that
s(x)=n <fx)=-1/2 < f(x) in K.

By Theorem 2 we may choose a circle « with center at x4, with radius less than

that of «,, and such that
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Flayf(xg) =n/2 k) < f(x) inK.
Then by Theorem 4 we have also
F(x;s —mk) < f(x) in K.
Now define

s(x) -7 for x in R = K
s*¥(x; k) =

F(x;s ~m;k) in K.
It follows from Theorem 8 and 9 that s* (x; k) € S. Therefore,

lim inf u (%) > lim inf s*(x; k) = F(xg;s = ;) > s(x9) = 1;
X — XQ xX— X0

hence,

lim inf u(x) > u(xo) - 27.

X — X0
Since 7 is arbitrary this implies that

lim inf u(x) > u(x)
X — X0

and u (x) is lower semicontinuous in R.

Now we designate by A4 the set of all x €R such that u(x) =f (x) and let
B =Rn comp A. B is an open set and for the moment we assume that it is not
void. Let x € B, then since B is open, there exists a circle « with center at x

such that K C B. Suppose that there exists an s (x) €S such that
Fx;s;1) > f(x)

at some points of K. Then by Postulate 5 and Theorem 4 there would exist an
n > 0 such that

Fx;s —mk) < f(x)

in K with the equality holding at some points of K. If for this s (x), , and n we

again define

s(x) -7 for x in R — K
s*(x; k) =

F(x;s —n;«) in K.



226 L. K. JACKSON

then s*(x;k) €S and s*(s;k) =f(x) at some points of K. Thus we would

have u(x) =f(x) at some points of K and this would contradict K C B. Hence
Fx;s;) < f(x) in K
for every s(x) €S. Hence for every s (x) €S let

s(x) inR -K
s(x;k) = _
F(x;s;x) inK,
Then s (x;«) €5 and s (x) < s(x;«) in R, therefore,

ulx)=sup s(x)= sup s(x;«).
s€S sES

We conclude by Theorem 5 that u(x) is continuous and sub-{ F} in K and hence
in B.
Now we define
f(x) forxed
u*(x) =
u(x) forx€eB.

Then clearly u*(x) is upper semicontinuous in R and u(x) < u*(x) < f(x) in R.

Next we show that u*(x) is sub-{ F} in R. We have already observed that
u(x) is sub-{ F} in B, hence u*(x) is sub-{ F }in B. Let xo €4 and let k €{ y}
have its center at x, and K C R, then

s(x) < F(x;s;) < F(x;u*;«) in K
for every s(x) €S. For x € 4n K

sup s(x) =f(x) < Fx;u*«);
sE€S

it follows by the continuity of f (x) and F (x;u*; ) in K that
u*(xo) =f(xo) < F(xo;U*; K)-

By Theorem 6, u*(x) is sub-{ F } in R, therefore u*(x) €S and u*(x) < u(x).
This taken with the previous inequality shows that u*(x) =u(x) and, being

both upper semicontinuous and lower semicontinuous, u(x) is continuous in R.
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By using Theorem 2 one can easily see that u(x) is an { F }-function in B.

In Theorem 16 of [1] it is shown that, if Q is a bounded open set contained
with its boundary w in D and if for each x € w there is a circle « such that
Qn K =x, then Q is a Dirichlet region for the { F }-functions. For such a region
) we may construct barrier sub-{ '} functions as was done in Theorem 16 of
[1] and thus obtain equality of u(x) and f(x) on the boundary w of Q. This
would imply the continuity of u(x) in Q.

8. Proof of Theorem 12. Let {1 CD be a bounded Dirichlet region for the
{ F +-functions of the type mentioned in the previous paragraph. By Definition
5 the e€-sub-{ F { function g(x) is bounded on Q and hence by Postulate 4 and
Theorem 9 has a sub-{ F | minorant in Q. Since g(x) is upper semicontinuous
in €, there is a decreasing sequence of continuous functions {f,(x)} converg-
ing to g(x) in Q. By Theorem 13 f (x) has a maximal sub-{ F | minorant up(x)
in Q. The sequence {u,(x)}is uniformly bounded and decreasing in { and there-
fore by Theorem 10 converges to u(x) which is sub-{ F} in Q. Clearly u(x) is

the maximal sub-{ F' } minorant of g(x) in .

For each x €, either u,(x) =f,(x) or up(x) < f,(x). 1 un(x) < fn(x),
let {’ be the component containing x of the open subset of  in which u,(x) <
f.(x). Then u,(x) is an { F j-function in {)” and agrees with f,(x) on the bound-
ary of (1% Hence g(x) < up(x) on the boundary of Q”and therefore g(x) < € +

u,(x) in Q% Thus we have
g(x) <up(x) +€

in Q and letting n become infinite

w(x) <glx) <ulx)+e

in .

This proves Theorem 12 for the above class of Dirichlet domains in D. Now
consider a nested sequence of such bounded Dirichlet domains { Qx } exhausting
D. Let {ux(x)} be the associated sequence of maximal sub-{ F'} minorants of

g(x). This sequence is obviously decreasing and, since for k > N
glx) —€ <uplx) < glx)
on Qy, is uniformly bounded on each closed subset of D. Another application

of Theorem 10 shows that the sequence {ux(x)} converges to a function which

is sub-{F} in D, is clearly the maximal sub-{ ¥} minorant of g(x) in D, and
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satisfies the inequality of Theorem 12 in D. Theorem 12 is proved.

In a subsequent publication it will be shown that the solutions of certain

elliptic partial differential equations satisfy the postulates of the { F' }-functions.
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ON THE RENEWAL EQUATION

SAMUEL KARLIN

Introduction. Recently Chung and Pollard [3] considered the following
problem: Let X;(i=1,2,...)denote independent identically distributed random

variables having the distribution function F (x) with mean

m=fxdF(x) (0 <m)

and let

S

Define

w(&)= X Pril <Sp < ¢ +h,

n=1

if X is not a lattice random variable then they show that lim; o u({) =h/m.
The above authors imposed the restriction that the distribution F possess an
absolutely continuous part. T.E. Harris by written communication and inde-
pendently D. Blackwell [2] show that this restriction was unnecessary. Of

course, as can be verified directly, u ({) satisfies a renewal type equation

. u(é)—/oou(é——t)a’F(t)=./;L+hdF(£)=g(é).

o0

The existence of solutions and the limiting behavior for bounded solutions of
such renewal type equations which involve positive and negative values of ¢

has not been treated.

Feller [10] and later Técklind [12] have developed many Tauberian results
for the cases where all the functions u(¢), F({) and g(¢) consilered are
Received July 22, 1953,

Pacific J. Math. 5 (1955), 229- 257
229
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zero for { negative. This reduces (*) to the classical renewal equation where
Laplace transform methods can be exploited. Doob [6] and Blackwell [1]
discussed the same type of renewal equation from the point of view of prob-

ability theory and appealed to the ergodic theory of Markoff chains.

In this work we shall show that most problems of the general renewal equa-
tion can be reduced to an application of the general Wiener theorem and the
properties of slowly oscillating functions. Our methods are thoroughly analytic
and apply to situations which do not necessarily correspond to probability
models. Moreover, a complete analysis of (*) shall be given concerning ex-
istence and asymptotic behavior of solutions with results describing rates of
convergence under suitable assumptions. Erdés, Pollard and Feller [7] and
later Feller [9] in the study of recurrent events did apply the Wiener theorem
to some discrete analogues of (*) and these examples have served to suggest
to this writer this general unified approach. Most of the results of T&cklind
who dealt with the classical renewal equation use deep methods of Fourier
analysis. These results are illuminated and in many instances subsumed by
our methods. Finally, in the course of revising this paper it has come to our
attention that W.L. Smith very recently [11] independently has discussed the
classical one-sided renewal equation from the point of view of Wiener’s general
Tauberian theorem. His treatment and this investigation supplement each other
in many respects. We employ the basic properties of slowly oscillating functions

while Smith uses Pitt’s extension of the Wiener theorem.

Some fundamental differences appear between the general renewal equation
(*) and the type of renewal equation studied in [8], [13] and [11]. For ex-
ample, solutions to (*) need not exist and when they do exist there are, in
general, infinitely many bounded and unbounded solutions. This complicates
the analysis of the asymptotic behavior of solutions of (*). In fact, solutions
u(¢) can be found for certain examples which oscillate infinitely as |{ | — w.
Even when we restrict ourselves to bounded solutions to (*), the abundance of
such solutions necessitates a careful analysis which does not occur in the

handling of the one-sided renewal equation. (See the beginning of $3.)

In §2 we present a complete treatment of the discrete renewal equation

[>]

(**) Up = D Gn-fluk =bn.

k=00

In this case necessary and sufficient conditions are given to insure the ex-

istence of bounded solutions to (**). Asymptotic limit theorems for bounded
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solutions to (**) are obtained and appropriate conditions are indicated which

yield results about the rates of convergence of such solutions as n — .

The general equation (*) is treated in § 3 where the existence and limit
theorems for bounded solutions of (*) are given. The Plancherel and Hausdorff-
Young theorems are used to establish the existence of bounded solutions to
(*). Limit theorems are analyzed and rates of convergence are obtained. Some

applications are made to the classical renewal equation.

The relationship of Wiener’s Tauberian theorem to ideal theory motivated
the content of §4. This last section indicates a new avenue of approach to the

meaning of the renewal equation.

Finally, I wish to express my gratitude to James L. McGregor for his helpful

discussions in the preparation of this manuscript.

2. Discrete renewal equation. This section is devoted to a complete analy-

sis of the renewal equation

o0

(1) Up — Z an-kuk=bn'

k== oo

The convolution of two sequences {x, } and {yn } is denoted by

This product operation is well defined whenever, for example, at least one of
the sequences is an absolutely convergent series while the other sequence is

uniformly bounded. Equation (1) can thus be written as
(2) u—a*xu=>b,

We suppose hereafter, that the sequences {a,} and {5, have the property that
an >0, Za,=1and Z|b,| < c and that u, represents a solution of (2).
In general, there exist many solutions of (2) which complicates the study of
the asymptotic behavior of solutions {u,} of the renewal equations. We first
investigate the general problem of the existence of solutions of (1). To this
end, we introduce the linear operation T which can be applied to any sequence

{c, } which forms an absolutely convergent series. Precisely, let

Ttept=1(Tc)y}
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where

—Zci n <0.

Let
1 n>0

0 n <0

and define the linear functional ¢ (c) = Zj,o:_ 0o Cp+ We note the following re-

lation for future use

(3) ¢0(c)a—0*c=Tc.

The operation T can be repeated provided that the resulting sequence { Tc} is
. o0 k
an absolutely convergent series. If, for example, & ,=-o, |n”" ¢y | < 0, then

T¥c is well defined. Moreover, we observe for later reference that if

Zlnfen] < w,

then

lim ‘nk(Tc)n|=0.

n|— oo

We now impose two very fundamental assumptions.

AssuMPTION A. The greatest common divisor of the indices n where
a, > 01is 1.

AssuMPTION B. The series 2 |na,| < 0 and & p=-00 nap =m # 0. (For
definiteness we take m > 0.)

Many of the following results can be extended to the case where the g.c.d. of
the indices n where a, > 0is d > 1, We leave this task to the interested reader.
However, Assumption B is indispensible for the validity of many of the sub-
sequent results. Some results can be extended by suitable modifications to

m = Q.
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An important tool to be used frequently is the following lemma.

LEMMA 1. If Assumptions A and B are satisfied, then there exists a se-

quence {1y with

2l | <oand r*Ta=8
where 8 = { 32 J. (The sequence & is the identity element with respect to the

* multiplication.)

Proof. For the sequence {a,} let a(0)=2" a, ¢'"% The relation (3)
implies for 0 < 6 < 27

—a(0 e .
11 “(m) = 3 (Ta), e = Ta(0).
—e -0

Assumption A implies that Ta(0) #0for 6#0 and | 0| < 27 Assumption B
yields that Ta(0) £ 0 and the fact that 224 |(Ta)| < w. By virtue of Wiener’s

Tauberian theorem

1 = in6
(Ta)(6) {? e

defines an absolutely convergent Fourier series. The conclusion of Lemma 1 is

now evident from this last relation.

We now proceed to discuss the existence of solutions to (1) or (2).

THEOREM 1. If Assumptions A and B are satisfied, then there exists a
bounded solution of (1). Any two bounded solutions of (1) differ by a fixed

constant.
Proof. We seek a bounded solution of
(2) u—a*u=5>b,

Multiplying formally (2) by o and using (3) we obtain u * (Ta) =0 * b and
hence by Lemma 1

u=r*oxb,

The sequence r * 0 *b is a bounded sequence and it is easily verified
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provides a solution for relation (2). To establish the second half of the theorem

it is sufficient to show that

(4) u—ax*xy=0

possess only constant bounded solutions. Let (Au) = (u, —up+(). It follows
readily that (4) implies (Ta) * Au = 0. Multiplication by r yields that (Au) =0
and hence the result sought for.

We now show that in general, nonbounded solutions of (4) and therefore of
(1), can be found. This is illustrated by the following example. Although the
example is special, the technique is general and the reader can easily construct

many other such examples.

Let a; =1/2, a; =1/2 and a; = 0 for i # 1, 2. Equation (4) becomes

1 1
Un =§ Up.y + -2- Up-2 all n.

We can prescribe uo and u; arbitrarily and therefore we obtain a two-dimensional
set of solutions. However, by virtue of Theorem 1 only a one-dimensional set of
bounded solutions exists. Hence, unbounded solutions also exist. The unbound-

ed solution oscillates infinitely as n — ~ cc.

It is worth showing that a converse to Theorem 1 can be obtained.
THEOREM 2. If

Z by, > 0, 2 lnap| < 00 but Znan=0,

f==oo

then there exists no vounded solutions to (2) provided that
00

> b, >0, ¢y >0 and a.y > 0.

n=-o0

Proof. Suppose to the contrary that {u,} is a bounded solution to (2). Let

A=lim, _, o up then there exists a subsequence u,;, — A. By virtue of a stand-
ard probability argument (see [10, p.2601), it follows that lim,,_, o up.p =2
for each integer k. A similar subsequence m; can be found such that lim,,_,_ o
Um;-k =U, where u=limy, _, _ o upm. As in Theorem 1 we obtain that ( Ta) * Au = b.

Summing from m; to n; gives
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00 ni
2 Cungek —umge) (Tadg = 20 by
= 00 k:mi

Allowing n; —  and m; — — w, it follows readily since 2-|(Ta);| < oo that

0 < Z b =(A—u) Z (Ta), =(A=u) Z nap, =0
-0 &

n=— oo
a contradiction.

REMARK. Theorem 2 can be established using the weaker Assumption A
in place of the hypotheses that a; > 0 and a_; > 0. We omit the details

Having discussed the question of existence we now turn to investigate the
asymptotic properties of bounded solutions to (2). Throughout the remainder of
this section we assume that Assumptions A and B are satisfied. A useful result
which we state here for later purposes is the following well known Abelian

theorem.

LemMA 2. If {r,} is such that Z:’,_w I7e | < 0, {op} is bounded and

lim,, _, o @« =0, then

lim Z Cpapp TE =0,

— 0
n - 0

The following theorem is a simple Tauberian result for solutions of (2).

THEOREM 3. If u, is a bounded solution to (1), then lim,_ o u, and

lim, _ o up exist.

Proof. By Theorem 1, it is sufficient to prove the result for the special

solution
u=r*b*o,
For this special solution, we have
n

Uup = Z (r*b)k.

k=— oo

Hence the limit exists, in fact,
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¢, (b)

m

lim 4, =0, lim u, = 2(’*b)k=

n— — oc n—soo

Q.E.D. To obtain more precise results let

¢,(b)

v=Uu-—
m

where u =1 * b * o is the unique bounded solution for which u, — 0 as n — «.
From the proof of Theorem 3 it is clear that v, — 0 as |n| — . It is easy
to show that

¢y(b)

m

(5) Ta *v=-Tb+ T2

or

m

(b)
v=—r*[Tb—-¢0 Tza].

Hence if we assume in addition to A and B that
2 |(T?%),| <o and 2[(Tb),]| < c,

then it follows that 2-|v, | < w. These new assumptions enable us to obtain
further results about the rate of convergence of v, and hence of u,. To this end,

we define the operation S on any sequence {t,}, St ={nt,}. The hypothesis
Zl(Tza)nl <o and 2[(Th),| <
or the equivalent assumptions
> n?a, <o and X|nb,| < c,
respectively imply easily that STa defines an absolutely convergent series and
ST%a constitutes a bounded sequence which tends to zero as |[n| — . A

direct calculation using (5) gives that

0

)
(6) S(Ta xv)-ST(a) *v==STb + ST?%: —STa * v.

m
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The left side of (6) is identical componentwise with Ta * Sv. Multiply (6) by
Ta, then with the aid of (5), we obtain

(b)
(7) Ta * Ta * Sv = — Ta * STh + — {Ta * ST%a}
m
¢,(b)
—STa * | =Tb + T% |.
m

On account of the hypothesis and Lemma 2, we find that the right side is a
bounded sequence which tends to zero at +®, Employing L.emma 1, we conclude

that Sv is bounded and lim,, _, o |nv, | = 0.

Although it might appear as if the relation (7) is rather fortuitous, a simple

method to deduce the formula begins with the Fourier series relation

fo

)
(8) Ta(0)v(0)=-TbH(0) + T%(6)

m

which is well defined and is an alternative way to express (5). Differentia-
tion of (8) with multiplication by Ta(6) and use of (8) gives a formal repre-
sentation of (7). The preceding argument was in essence a justification of

this differentiation process.

The preceding analysis extends with the aid of an induction argument. The

details are omitted and we sum up the results in the following theorem.

THEOREM 4. Let a, > 0, 2 0 a, =1, satisfying Assumptions A and B.
Let uy represent the unique bounded solution of (2) for which limy, _, o up =0
(see Theorem 3). If

o

Z Inkbn[<oo and Z lnk“an|<oo,

n=—o00 n=-—o0c0

then

Z n!c-l[un_ ¢o(b)] . Z ‘nk-lun\ <o

n> m n<o0

and
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¢,(b)
lim n*lu, - 2 = lim n%u, =0.

n— oo m n-—s=o0

A first classical application of Theorem 1 can be obtained from the theory
of Markov chains, Let E represent a recurrent state from an irreducible non-
periodic chain, Let u, represent the probability of starting from £ and returning
to £ in n steps. Let a, denote the probability that the first return occurs at the
nth step (n > 0). Put ug =1, u., =0 and a., =0 (for n > 0), then

n
Up — Z An-j uf = by
k=0

where b, =0 for n #0 and by = 1. Since £ describes a recurrent state, 2 a; =1
and trivially m = 2720 ia; > 0. As an immediate consequence of Theorem 4,

we infer that if

Up — —

i 1
< and lim n" |u, - —]=0.
m m

n-— o0

o< o0
z nkﬂan < o, then z T
0

n=1

A second application deals with the following problem treated by K.L.
Chung and J. Wolfowitz [4]. We generalize their result in obtaining stronger
rates of convergence by assuming further conditions on the moments. Let X
denote a random variable which assumes only integral values and define for all

n

a, =Pr{X =n} n=0,+1,+2,...,

Let X;(i =1,2,...) denote an infinite sequence of independent events with the

same distribution as X. Define

j %)
Sj = Z X; and u, = Z Pr{S]- =n} = Expected number of sums where Sj =n.
=1 j=t

Let m = E(x) be the expectation of X. Suppose the greatest common divisor of
the indices n such that @, > 0 is 1 and 0 < m < co. Chung and Wolfowitz in
[4] allow m = o, but the present method does not apply. The restriction on the
greatest common divisor is not essential but the requirement that m # 0 is very
crucial and in fact in the contrary case u, =« as is shown by Chung and Fuchs
[5]. We obtain that if 2 ,____ |n*"'a,| < o, then
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1
nk'l [un -
m

Indeed, it follows from the definition of u, that

+ 2 |nF'a,| and lim nk[ ——] hm n¥ uy =0,

<0 n— oo

n—»=

oo
Z: Qp.f Uk =Qp e

k=—00

It can be seen that the sequence u, is uniformly bounded and lim,_, .0 u, =0
(see [5]). The conditions of Theorem 4 are met and the conclusion follows from
the results of that theorem., Summing up, we have

CoROLLARY. Let X; be identically distributed independent lattice random
variables with distribution given by Prix =n}=a, and u, = 2 =1 Prisj =n}
where sj = 2; 1 x;. If the expected value of x =m > 0 and g.c. d n =1, then

implies

n> 0

while

1
lim nk[un-——]= lim  nfu, =0.

n— o m

3. Continuous renewal equation. This section is devoted to an analysis of

the existence and asymptotic properties of solutions for each ¢ of the relation

(9) u(f)-f“’ W(&—0)df (1) =g ().

The convolution of two functions x(¢) and y (¢) is defined as

x*y:_[_: 2t =)y (£)de
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which exists if, say, x is integrable and y is bounded. We shall be concerned

only with bounded solutions of (9). It is assumed that

dﬂt)ZO,fw¢ﬁ=lam1fm1<w.

The following hypotheses are now imposed:

AssuMPTION A’ The distribution f is a non-lattice distribution, that is,

the points of increase of f do not concentrate at the multiples of a fixed value.

ASSUMPTION B’.fm [t1df (¢) <o andfo0 tdf (t)=m#0 (saym > 0)

These two assumptions constitute the continuous analogues of Assumptions

A and B and hereafter we suppose these assumptions satisfied.

We introduce the operation T defined for any function of bounded total varia-

tion A (¢). Let

1 ¢>0 0o
o) = and ¢, () =[ ™ anto)
0 t<0 -

and
Th=¢0(h)0—0*h

or

meU) >0

t

(Th) (¢) =
-ft&u)z<o

T is also defined for integrable functions % (¢) as follows:
t
Tk = Tk*(t) where k*(t)=[ E(EVdE.

Let

un( &) =n/g;5+l/nu(t)dt
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with defined similarly, Equation (9) can be converted to
g, y. Eq

i &) = [ 7 1y (620 df (1) =, (6)

Since the derivative of u, is essentially uniformly bounded, we obtain on inte-

gration by parts that

(10) o= [T wi(E=0 T ()d=g,(£).

The finiteness of [% [¢| df (¢) is equivalent to the integrability of Tf (¢) and
thus (10) is well defined. Integrating (10) from a to & gives

[7 tntemn—uta-01r 0 ar= [* g (.

Ietting n go to cc, we have almost everywhere

(11) /°° [u<§-n-u<a_t)}Tf(mt=/§g(ndt.
- 00 a

Since both the right and left hand sides of (11) are continuous this identity
holds everywhere in ¢ and a. Allowing a — o, we find from (11) that

lim fm ula =t)Tf(¢)dt =c.

aQ— =00 had

Adding to any solution of (9) a constant produces a new solution u of (9).

Therefore, we may suppose that ¢ =0. Thus,

00 £
(12) f W(E—1) TF(0) de =/ c()dr.

We define for this u satisfying (12),

¢,(g)
(12-a) (&) =ul§) - = o (&),
m
It follows directly that
¢,(g)
(13) v Tf==Tg + ALIRY
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We now present a series of lemmas needed in the sequel.

LEMMA 3. Under the assumptions stated above, the Fourier transform

<Tf)*<e)=f°° 8 Tf (1)d

o0
vanishes nowhere.

The proof is similar to that of Theorem 1, and is based on the identity

i@(Tf)*(e)=_1+f°" % df (1),

o0

LEMMA 4. Any two bounded solutions of (9) differ by a constant.

Proof. It is enough to show that the only bounded solution of

u<§>—f°° w(E=)df (1) =0

are constants. Using a reasoning similar to that of deducing (12), we get

(13a) f°° w(E—0) Tf (1) de =c.

o0

By subtracting an appropriate constant from (13a), we have for v =u — ¢’ that
v I'f =0, Lemma 3 and the general Wiener’s Tauberian theorem yields that
v *r =0 for every integrable r(¢). It follows readily from this last fact that

v =0 almost everywhere or u = ¢’ a.e.

LEMMA 5. If r(t) is integrable and w(t)— O as |t| — w0, then

tim [T w(e-0 =0,
[ & =00 “7%
This last Abelian theorem is well known and straightforward.
LEMMA 6. If v is bounded and satisfies (13), then
in [ re-0 v =0
€m0 ™™™

for any integrable function r.
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Proof. The hypothesis and the character of the operation 7 imply that

lim  Tg(&)= lim T?* (&) =0.
[€ e | €]

Consequently,

lim fw v(E-t) Tf()de =0,
[&]oo ™7™

An application of the general Wiener Tauberian theorem leads to the conclusion

of the lemma.

COROLLARY. Under the assumptions of Lemma 6 we have
x+A

lim / v(t)dt =0.

e 4

Indeed, choose

0 elsewhere

We now establish the fundamental asymptotic limit theorem for bounded
solutions of (9). The basic Tauberian theorem used is the Wiener theorem

coupled with the properties of slowly oscillating sequences.

THEOREM 5. If u is a bounded solution of (9), and { has a decomposition
f=1, + [, where f, is absolutely continuous and the total variation of f, = A <1,
and limlflaoC g( &) =0, then lim;_, o u(t) and lim,_ .o u(t) both exist.
If limy .o () =0, then lim;_, oo u(t) = ¢(g)/m.

Proof. Tt is enough to assume that v defined by (12-a) from u satisfies
(13). This can be achieved if necessary by altering u by a fixed constant (see

the discussion preceding LLemma 3). As before, we find that

(14) lim f°° w(E— 1) Tf (1) de =0
&]moe® ™™

It will now be shown that v(t) is slowly oscillating as |t] — o (v (t) is



244 SAMUEL KARLIN

said to be slowly oscillating (s.o0.) if

lim |o(&+n)=0(€)]|=0.
g_.oo
-0

A similar definition applies at ¢t =—w. The general Wiener theorem and the

s.o. character of v (¢) implies the stronger conclusion over I.emma 6 that

lim v(¢) =0

(t‘—»oo

which is our assertion. It thus remains to establish that v (&) is s.o. and we
confine our argument to the situation where £ — w. A similar analysis applies
at —cc. Remembering that the convolution of an absolutely continuous distribu-
tion and any other distribution remains absolutely continuous, we obtain upon
n fold iteration of (9) that

u(g):f” u(f—z)dkl(t)+[m u(g_wd@(mf"" g (&= 0)dky(2)

[>9] -

=]l(é_)+l2(§)+[3(§)

where k, is absolutely continuous, k, is the n fold convolution of f, with itself
and %3 (t) is of bounded total variation. Since g(¢)— 0 as | {|— « by

Lemma 5

lim [3(&) =0,
|&[—o0

Next, we observe that |I,(£)| < A" ¢ where ¢ is the upper bound of u. Finally,

(&4 ) = 1,(E)] S/‘u(f—t)l k! (e v &) k! () | de

<o [lkftesm -k () |de—0 as 7 —0

by virtue of a well-known theorem of Lebesgue. Combining these estimates, we
get that

Tim v(€4m) —v(E)] < 2e A"
f_.oo

m—0
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which by proper choice of n can be made as small as one pleases. This com-

pletes the proof.

REMARK. Theorem 5 is valid if we merely assume that some iterate of

f has an absolutely continuous part.

COROLLARY. Under the conditions of Lemma 6, if v(t) is uniformly con-
tinuous for t > O and t < 0, then

lim o»(¢)=0.

[t]— o0

Proof. The function v (¢) is s.o. from which the conclusion follows as in

Theorem 5.

In many examples, we deal with a solution u of (9) which is by physical
considerations bounded while in other cases boundedness for certain solutions
has to be verified. Our next object is to give sufficient conditions so that we
can establish the existence of bounded solutions of (9). From now on we as-

sume that f is absolutely continuous and let

rr=[* ata

LEMMA 7. If u is a solution of (9) which belongs to LP(p > 1), a€L"
also belongs to LP” where p” is the conjugate exponent to p and g is bounded,

then u is bounded.

Proof. Applying Hélder’s inequality to (9) and an obvious change of vari-

able, we obtain

weer <([" |u|P)”P(f_°; latp’)””'ﬂ.

THEOREM 6. If a(t) belongs to L' and L?, g(t) is bounded,

flxlza,(x)dx < o

and

flx|g(x)dx < 0,

then a bounded solution u(t) of (9) exists.
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Proof. The Fourier transform of any integrable 4 (¢) is denoted by A* ().

Consider the expression

g*(0) = (Ta)*(0) [¢(g)/m]

(14) *(0) =
we(6) 1-a*(6)

It will now be shown that (14) is the Fourier transform of a function in L2, To
this end, by the Riemann Lebesgue lemma a*(6) — 0 as |6 — o and
la*(6)] <1 for 6 #0 with a*(6) continuous. Since the first moment of a
exists, Ta is bounded and in L'. Hence, Ta belongs to L% and Ta*(6) € L2,
A similar argument shows that g*(6) € L2, Thus for | 6] > « > 0, w*(6) is in

L? for any fixed positive constant &. But,

tg*(0) —(Ta)*(0)[#(g)/ml}/i6

* 6 =
(15) w (0) (1-a*(0))/i0

—~(Tg)*(0) + [(g)/m] (T%)*(6)
- (Ta)* (6)

The existence of the second moment of a implies that ( T2a)* () is continuous.
Analogously, (Tg)* (6) is continuous by virtue of [|x|g(x) < co. Since
Ta*(0) =m > 0, we find that w* (@) is continuous in the neighborhood of zero
and hence w* (6) is in L2, Consequently, w (¢) in L? exists which is the Fourier

transform of w* (6) and conversely. Moreover, (14) yields

¢o(g)

m

w<§>-f°° w(t) alé—t)de =g (&) = Tal &)

for almost all &.

As a convolution of two elements of L? the integral on the right is bounded
and continuous. Hence the right side is bounded and remains unaltered, if w is

changed on a set of measure zero.

As in Lemma 7, it follows that w ( £) is bounded. Putting

¢, g)

m

u(&)=w(é)+ o (&),

we find that u is bounded and satisfies (9).
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REMARK. Theorem 6 can be established under the weaker conditions that

/]xl”“ alx) <o

and

[ie17 5 <

for some ¢ > 0. These assumptions are sufficient to imply the boundedness of

w* ( 0) in the neighborhood of zero.

Other sufficient criteria can be obtained for the existence of bounded solu-
tions to (9) involving use of the Hausdorff-Young inequalities in place of the

Plancherel theorem.

THEOREM 7. If a(t) belongs to L' and LP (1 < p < 2),

/lt\”aa(t)dt <o

with o > 0,

/lg*(@)lpd6<oo

and g is bounded, then a bounded solution of (9) exists.

It is worth noting that the solutions u guaranteed by Theorems 6 and 7 have

the property on account of Theorem 5 that lim|;| , e u(t) exist,

Our next objective is to find conditions which imply conclusions about the
rate of convergence of w(¢) of Theorem 6 as | €| — o and thus of u(¢).
To this end, we differentiate (14) and 15), we get

a* () w*(0) + g**(0) ~Ta*’"(0) [¢(g)/m]
1~a*(0)

(16) w*’(0) =

Ta** (0)w*(0) ~ Tg**(0) + [¢(g)/m1(T%a)*"(0)

17 *2(0) =
(17) w ) T 00)

Relation (17) can be derived from (16) by dividing numerator and denomina-
tor by i0 similar to the method of obtaining (15) from (14).

Under the assumptions that
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/|t|3a(t)dt < o

and

ftzg(t)dt <w

with g bounded and monotone decreasing as |t| — 0 we now show that w*’ ()
belongs to L,. Indeed, for |0| > ¢« > 0 we use (16) to estimate w*’(6) and

we use (17) to analyze w*“(0) in the neighborhood of the origin.

For £ >0
ETald) 5/; ta(2)de <

and similarly | £ Ta(§) | < ¢ for & negative. Also,

f°° 12 Ta? (1) gcf"" ¢ Ta(s) | Sc'/tza(t)dt <

and

/m tzgz(t) Sc/ﬂg(t) < .

Since g(t) is monotone decreasing as |t| — o, we obtain easily that
ltg(£)| < c. As a*’(6) is the Fourier transform of ¢ a(¢) in L' (except for a
fixed constant factor) we know that a*’(6) is uniformly bounded. By Theorem
6, w*(0) is in L? and therefore a*’(0) w*(6) is in L% g*’(6) is in L? by
virtue of ¢ g(¢) € L? and Ta*’(6) is in L? as a consequence of ¢ Ta(t) in L?
which were established above. Since |a*(60)| < 1 for 0 # 0 and tends to zero
as | 0| — w, we find, collecting all these cited facts, that w*’(6) is in L?
for |6] > o > 0. The assumptions of the existence of the third and second
moments of a and g respectively yield as in the proof of Theorem 6 using (17)
that w*’ () is continuous at zero. Thus w*’(0) is square integrable through-
out and as a result of standard Fourier analysis is the Fourier transform of

tw(t) in L2 Relation (16) gives

(18) tw(t)—fm alt— &) éw(&)dé

tTa (t)

=j’m w(t—f)fa(§)+tg(t)— ¢‘(g)

oo m
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The fact that tg(¢) and ¢(Ta) (¢) are bounded imply by an argument completely
analogous to the proof of Lemma 7 that tw (t) is bounded. It follows as before
that tw (¢) is s.o0. (see Theorem 5). The relation (17) leads to

(19) /w\ Ta(&—-1t) tw(t)dt

¢(g)

m

ET?a(€).

=f°° (E=t)Ta(é-t)w(t)dt - ETg(E) +

Since w(t) — 0, £ Tg(¢) — 0 and E(T%) (£)— 0 as |t]— o0, we obtain
by Lemma 5 that the right side of (19) tends to zero as | {| — w. Combining
the s.o. character of zw (¢), its boundedness and the Wiener Tauberian theorem

leads to the conclusion that

lim aw(¢)=0.

| 2] o0

Proceeding inductively we can obtain higher rates of convergence by imposing
the requirement of the existence of higher moments using this same method. We

sum up the discussion in the following theorem.

THEOREM 8. Let

fm 1e]" 2 a(t)dt < o

o

with a in L and L?. Let g(t) be bounded monotone decreasing for t > to > 0
and nondecreasing for t < —to < 0 with

f\tl"Jrl g(t)dt < w,

then
lim t"w(t)=0
‘tl—»oo
where
bo(g)
u=w + o
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is a solution of (9), and w(t) is the Fourier transform of w*(60) (see (14)).
(We recall that Lemma 4 shows that u(¢) as given above is the only bounded
solution for which u(¢) —0 as t — - .)

We now append some remarks about the classical renewal equation
(20) w(x) =g (o) + [T ulx - £)df (£) x> 0.
0
The assumptions made are that

u>0,g2>0, /;Ng(f)d§=b < o

and f is the distribution of a non-lattice random variable. The function Tf ( ¢)

is introduced as before. If the first moment of f exists, then 7f € L' and

m=/:oxdf(x)>0.

Thus, we deduce as before that Tf possesses a Fourier transform which is
never zero. lhroughout the discussion of this case it is no longer necessary to
assume any boundedness condition on u( ¢), the nonnegativeness of u suffices

to enable us to obtain all the results of Theorems 5-8.

To indicate the simplicity of our methods we now show how Wiener’s
Tauberian theorem can be used directly to establish a slight generalization of
one of the fundamental results of Tacklind on the classical renewal equation.

His procedure involves complicated estimates.

TBEOREM 9. Let ®(x) denote a monotonic solution to the integral equation

(21) (I)(x)=Q(x)+fx®(x—y)df(y) x>0
0

where ®(x) is continuous and ®(0) =0, O (x) is a distribution on (0, ©) with

finite first moment and f is a non-lattice distribution continuous at zero with

finite second moments, then

1
lim [(D(x)——x+£-_ _C.l_]=0

x> 00 m m 2m?

where
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m=./(;wxa'f(x), a=_/0°° x*df (x) and y=/:o xdQ(x).

Proof. Define

1
¥(x)=2¢(x) - —x,

m

then it follows from (21) that

x 1 x
(22) ‘P(x)—/o qn<x_ndf=o(x>-_/o Tf(£)dé.
m

Integrating (22) over the interval (0,y) and then performing an integration by

parts we obtain
y Y L ry 2
(23) form_t)@mdt:-fo [I—Q(f)]d+;[) T2 (£)dé.

By an elementary calculation as y — o the limit of the right side tends to

We now collect the facts needed to employ the Wiener theorem. That the Fourier
transform of Tf never vanishes has been shown previously. It is easy to show
that ¥(z) =0 (1) see [12]. Finally, we verify that ¥(¢) is slowly decreasing
(s.d.) that is,

lim [W(£+7)-¥(E)] > 0.

f—;oo
n—0
In fact,
L]
Y(E+n) V(&)= (&+n) —0(E) + —> —.
m - m
Thus,

lim [W(&47) -¥(E)] > 0.
§_.oo

77—90
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As Tf is nonnegative and W (&) > - C a sharp form of the Wiener theorem be-

cause of the (s.d.) character of ¥ implies that

lim ‘P(t)=~ﬁ ;= .
t— 00 m 29m?

We continue with a brief examination of the example discussed in the in-
troduction., Let X; denote independent identically distributed non-lattice random
variables with cumulative distribution f which has an absolutely continuous

component. We assume the first moment exists and

/xdf=m >0,

Put

]' n
sj=> X; and u(§)= 3 Prié<s; < é+h}

i=1 j=1

where /% is a fixed positive number. The intuitive fact that u ( ¢) is bounded can
be proved directly from probability considerations. We do not present the details.

The function u is readily seen to satisfy the renewal equation (1).

u<x>_f°° u(x_§>df(§)=g(x>=f’”h af (€).

The hypothesis of the corollary to Theorem 5 can be shown to be satisfied by
probability analysis and we obtain lim;_, o u(¢) =h/m and lim; . u(t) =0,
the result obtained by Chung and Pollard by other methods [3]. We close this
section by presenting some extensions of these results by imposing further
conditions of the existence of higher moments of f to secure some results about

the rate at which u(¢) converges.

THEOREM 10. If X; are independent identically distributed non-lattice
random variables with density function a(t)dt such that a € L, and

f]t]””a(t)dt <
and

f°° ta()dt=m >0, u(é)= SPrié <s; < & +h)

=1
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where
J
§j = Z Xis
i=1
then
h
lim t"|u(t) ——=|= lim ¢"u(s)=0.
Lt —00 m L — =00

Proof. This is an immediate consequence of Theorem 8.

4. Abstract renewal equation. The purpose of the subsequent analysis is
to present an abstract approach to some of the fundamental ideas involved in the
analysis of the renewal equation. Although some of the results are formal and
simple, it is felt that this study sheds some light on the real nature of the re-

newal equation.

Let T denote a linear operator which can be viewed as a bounded operator
from (m) into (m) or from (1) into (7). The spaces (m) and (1) designate the
Danach spaces of bounded sequences and absolutely convergent series re-
spectively. Suppose furthermore that the operator T is of norm one viewed in
either space. Let ¢, >0, 2a,=1 (r=0, +1,...) and we assume that the
g.c.d. of the indices r for which a, > 0 is 1. Suppose also that 2|n | a, exists
with Zna, =m # 0. If a, =0 for r < 0, then automatically 2 na, is not zero
provided a; # 1. In this case we consider the operator 27:0 a, T" where T° =1.
This operator is linear and has norm bounded by 1 as || T7|| <1 and Za, = 1.
If T-! exists and is of norm 1, then we can deal with the general case where
a, is given not necessarily zero for both r positive and negative. We consider
then the operator Z:;.oo a, T". As a generalization of the renewal equation,

we set

(+) Su = [1- > anTn]u,=v.

r=—oo

It is given that the operator S applied to u produces the element v. In many
examples, u is a bounded sequence, that is, an element of (m) while v is an
element in (/). Put,

0 n
tm= 2 a; for n >0 and r, =~ 2 a; for n <0,

i=n+1 [ =—0c
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then 2|r,| < as 2|nay,| < co. It is important to note on account of 2-|r,| < co,

the series

o0

Z rp, T"

n=—0oc

defines a bounded linear operator which can be viewed acting either on (m) or

(1) into itself. By a summation by parts, we obtain that

n=-—00

( Z Tn Tn)(l—T)u=v.

. 00 . . .
Since 2 =—co rps™ with |s | =1 has an absolute convergent reciprocal ( Wiener’s
theorem is used here analogously to the analysis of section 1), we secure that

(£ r, T")"! exists as a bounded operator over (m) and (1) and that
P
(I-T)u=(2r, T") .

Since v € (1) we conclude that (/ — T)u € (1) although u itself might only be an
element of (m). This represents the basic abstract conclusion obtained from
(+). Further results are obtained by specializing 7. A particular example is
obtained by (m) = the set of all bounded sequences u ={u,{n=0,+1, +2,...,
where T is the shift operator which moves each component one unit to the right.

Whence, (+) reduces to

(I-2ZapT)u={u,- D apog Uk

f==o00

If all the hypothesis on a, are met and v, € (1), then the abstract theorem tells
us that (I — T)u €(1) or

o0

z Iun"um‘l' <.

n=-o0

This implies that both lim, e u, and lim,_, .o u, exist. Similar results are
valid for the circumstance where T-' does not exist. Then we deal only with

the case where a, =0 for n < 0. Considering the same shift operator leads to

Y n
(1— > anT") u=u, - Z Qp LU
k=0

n=0
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and we deduce as above that lim, _, « u, exists.

We turn now to examine some continuous analogues of (+). Let T (¢) denote
for 0 >t > 0 a strongly continuous semi-group of operators acting either on
the space of bounded functions (M) or integrable functions (L) with || T'(¢) || < 1.
Let A denote the infinitesimal generator of T(¢) and let df (¢) define a non-
lattice distribution with finite first moment on [0,c0]. If u belongs to (M) we

consider

u(t)—[./:o T(t)df(t)]u=v

where v belongs to (L ). The linear operator

fow T(¢)df (¢)

is well defined either over (M) or (L) into itself. Put r(¢) =1 ~f(¢), then
r € L and the Fourier transform of r never vanishes. Since r is monotonic de-

creasing and in L it can be easily shown that

[f"" r(t)T(t)dt]u
0

belongs to the domain of the infinitesimal generator 4 and
4 /;Nr(t)T(t)dc u=v.

Formally, we also obtain upon commutating 4 and the integral operator
[/:o r(¢) T(t)dt]Au =v.

We note that if

[wr(t)T(t)dz
0
is multiplied by any other operator of the form

/NS(Z)T(t)dt,
[¢]
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we obtain the operator

pr(t)T(t)dt
0

where

p(t):/;tr(t—f)s(f)df.

Since the Fourier transform of r does not vanish, then Wiener’s theorem in a

formal sense, furnishes an inverse to

fmr(t)T(t)dt
0

which takes v €L into L. Thus, Au belongs to L. Specializing 7 (t) to the
translation semi-group 7 (¢) u(x) =u(x —¢), then Au = du(x)/dx whenever the
derivative exists and belongs to the proper space. The fact that Au € L yields
[ |du/dx | exists from which we infer that lim;_, o u(¢) exists. Thus we obtain
the limit behavior of Theorem 5 for the one-sided case. The justification of
these last formal considerations is very difficult and can only be carried through
in certain cases as is shown in § 2. The full renewal equation is generalized

by taking 7 (¢) a group and proceeding as above.
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SOME DETERMINANTS INVOLVING BERNOULLI AND EULER NUMBERS
OF HIGHER ORDER

Frank R. OLsoON

1. Introduction. In this paper we evaluate certain determinants whose ele-
ments are the Bernoulli, Euler, and related numbers of higher order. In the nota-
tion of Nérlund [1, Chapter 6] these numbers may be defined as follows: the
Bernoulli numbers of order n by

n

(LD ( 1) 2:1—

0

Tl

the related “‘D’’ numbers by

2v

t
1.2 _1)Y (n) (n) _
( ) (sint) 1,20( b (2 )! D (DZUH 0),
the Euler numbers of order n by
(2V
(1.3) (sec )" = 2( RTY E{m) (£, =0),
v=0

and the “‘C’’ numbers by
(n)

o0 c!
(1.4) ( 2 ) 2:.1
v=0 v!

et +1
(By n we denote an arbitrary complex number. When n =1, we omit the upper

index in writing the numbers; for example, Bf)l) = BU.)

We evaluate determinants such as
\Bu)l (4,j=0,1,+--,m)

for the Bernoulli numbers, and similar determinants for the other numbers. The
Received July 29, 1953.
Pacific J. Math. 5 (1955), 259 - 268
259
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proofs of these results follow from the evaluation of a determinant of a more

general nature; see (3.4), below. Finally, a number of applications are given.

2. Preliminaries and notation. The numbers BS)”), D(z’;), E ;'L ), and Ci”) may

be expressed as polynomials in n of degree v [1, Chapter 61; in particular,

B _p{m) ~ gl _clw) 1,

Although little is known about these polynomials, it will suffice for our purposes

to give explicitly the values of the coefficients of n” in each of the four cases.

Considering first the Bernoulli numbers, we use the recursion formula [1,

p. 1461

”)Bs B

S

(2.1) B -2 > (_1)8(
v s=1

Ilet

Bf}’”:bvn”+bv_ln”'1 +eer by,

(n) P
Bv,ix =b

v-1 , v=-2 ’
vt P +bv_2n +eee+ b,

Q

and compare coefficients of n” on both sides of (2.1). We find that
1 v
b=~ (-1>(1) B, b/,

But By = —1/2 and therefore b, =~b_ /2. Since Bg") =1, the preceding leads

us recursively to

v
(2.2) B(")=(—}-) n’+b a4t by,
v 2 v-1

In a similar fashion the formula [1,p. 146 ]

(2.3) cln) __ g > (-1)S(U>CSC(”)
s$=0

v+l ves ?
s s

coupled with Cé") = 1, permits us to write
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(2.4) le")=(-—1)vnv+cv-1nv'l+---+co.
As for the Euler numbers, we consider the symbolic formula [1, p.124]

(2.5) (B 4 1)2 1 (E® _1)20 —gp(-t)

in which, after expansion, exponents on the left side are degraded to subscripts.

Hence we have

20)(2v ~ 1)
(n) , (2 (n) (n-1)
(2_6) E2'zl) +—TZ—E2Z-2+...=E2YL .
Writing
E(ﬂ)_ v v-1
sy =€,n te, n’T e te,

and

E(n) =e, v-1+e/ nv-2+ °+€’

2v-2 ve1 v-2n o’

we see first that
(n) E(n-l) _ v-1 d
Ezv —-E, =ve,n"" +terms of lower degree .

Hence comparing coefficients of n”"! in (2.6) we have

(20)(20 ~1)
e, =- e

v % v-1

Since E(()") =1, we obtain recursively

g _ (20)!

v v-1
e

(2.7) 2v (~2)V ! n v-1

Next, from [1, p.129]

(2.8) (D™ 4 1)204 1 _ (D) _1)20%1 _ 9 (9, 4 1)D(1),

we find that
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1\ (20)!
(2.9) D(z':))=(_g) — n’ +dp n? e +d,.

We shall employ the difference operator Ay = A for which

A (x)=f(x+d)-f(x) and A” =A . AYL,

We recall that if
f(x)=apx’ +ay. 12"t +00 +aq,

then
(2.10) AVf(x) =a,d’v!
3. Main results. Let
(3.1) f(x) =ag nx" tap,pax" i tag o (an, £0),

and consider the determinant

(3.2) [fx)) | Gy j=0, 1, m).

This may be written as the product of the two determinants

ag,0 0 .. 0 1 1 1
ai,o ay,p +++0 X0 X1 **tXp
(3.3) ' ! . .
m m
Am, 0 m, 1 Am,m o Xyttt ¥y

The first determinant in (3.3) reduces simply to the product of the elements on

the main diagonal, and the second is the familiar Vandermond determinant.

Hence
m
(3'4) lfl(x])iz H ak,k I_I (xr—xs) (r’ s =0, 15"'ym)~
k=0 r>s
If we let

(x;)
filx;) =B,
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then it follows from (3.4) and (2.2) that
m

(3.5) |B§"f)|=ﬂ( )I_I(x,—xs Girs=0,1,0ee,m).

k=0 r>s

Application of (3.4) to (2.4), (2.7), and (2.9) yields results of a similar
nature for the C, D, and E numbers. Consequently we have:

THEOREM 1. Fori, j=0,1,+.-,m,

(i) B n( )nu,_xs

r>s

(ii) e ﬂ (-1)F TT G -x,),

r>s

. m k (2%)!
(iii) 05T (- ) =+ 22T G-,

k=0 r>s
. m k (2)!
W S e
k=0 r>s

If we take x; = a + jd then we obtain:

CorROLLARY 1. Fori, j=0,1,.+.,m, a and d constants,

. mod\k

; (atjd)| _ __

(i) |Bla*) “U( 2) ,
k=0

(ii) |clatid)| 1'1 (—d)*k!,

m k
(iii) platid) | - ﬂ (__) (21,

(iv) Elatid)| ﬂ( )(2k)'
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If we let
fla +xd;) =gi(x),

f{(x) defined as in (3.1), then we can readily show by the above method that

(3.6) fi(a+jd) | =TT a; ,df ! (i, j=0,1,+++,m).
k=0

Hence (3.6) implies

(a+1d) r:i ( )k

with like results for the other numbers.

We remark that the determinants of Corollary 1 may also be evaluated by a

succession of column subtractions.

4, Applications. We consider first the determinant
(4.1) '|B§a+fd)(x)l (i, j=0,1,+++,m; a, d constants),

where BL.(”)(x) is the Bernoulli polynomial of order n defined by [1, p.145]

t n <. tY
¢ (n)
(t )ex:Zern(x)
e ~1 0o V¢

(For x =0, 31(;")(0)'_“81()”)’ the Bernoulli number of order n.) Also, by [1,
p. 143 ],

v N
B™(x)= 3 (:)xv-SBs‘n).
s:
Consequently
i
(4.2) |Bl(a+]d)(x)| - Z (L)xi-s Bia*’fd) .
s=0 'S

If we define
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0 i
()=1and()=0forj>i,
0 j

then the right member of (4.2) may be written as the product of the two deter-

()

The first determinant has value 1 and hence, by Corollary 1(i),

minants;

. lBi(aﬁd) ] .

. m d\k
(4.3) 1849 ()] = T] (- -) k.
k=0 2

The Bernoulli polynomials may also be expressed in terms of the D numbers

by [1, p.130]

[v/2] V=28
(4.4) Bl(}”)(x)= 2 (21;) (x~%) D(erz)/st.
s=0

If in (4.3) we let x = hn, A # 1/2, then

[v/2]

1\v-2s
(4.5) B (hn) = S (”)(h--) n=25 D) /25 |
v £=0 2s 2

Since Dé':z) may be written as a polynomial in n of degree s, and D(()n)= 1, it

follows readily from (4.4) that, expressed as a polynomial in n,

1\v
(4.6) Bl()")(hn) = (h - 5) n" + terms of lower degree.

Consequently, using the same procedure that gave (3.4), we can show for a, d

fixed constants, i, j =0,1,...,m, that

. m 1\%
(4.7) 1B (h(a +jd)) | = ] ( - 5) d k.
k=0

For h =0, (4.7) reduces to the case of Corollary 1(i). If A =1/2 and v is odd,
then it follows from (4.4) that



266 FRANK R. OLSON

B (n/2) =0

Therefore for m > 1, the value of the determinant in (4.6) is zero. However,

if v is even, then
(n) (
an (n/2) = Dvn)/22u’

and

m

. d .
Bg(zﬂd)(a';] )| ID(?+]¢1)/22L I‘I ( ) (2k)!,

(4.7)°

where in evaluating the second determinant we have applied Corollary 1 (iii).

Finally, it is of interest to point out that [1, p. 4]

N () =3 (- 1)v-1( )f(x+;d)
i

] =0

together with (2.2), (2.4), (2.7), (2.9), and (2.10) yield the recursion formulas

(4.8) Z( 1)”'1( )B‘“*l‘“ (—-i—)vv!’

(4.9) (- 1)”'!( )chd) (=d)’v!,

(4.10) > (- 1)0-1( )E("+1d) ( )v(2v)!
j=o i 2

and

(4.11)

M-

(- 1)1)-]( )D(a+]d) ( )v(zv)!.
j 6

5. Some additional results. The above methods may also be applied to the

~
1]
(=

evaluation of determinants involving the classic orthogonal polynomials. We

consider first the Laguerre polynomials defined by [2, p. 97]
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n+-a) (=x)?

n-—v

(5.1) L= T] (

v=0 vl
Setting ¢ = a + jd and writing (5.1) as a polynomial in j we have

n

. d
Lr(la’”]d)(x) =" — + terms of lower degree .
n!

Consequently, as in $ 3, we obtain

m=1

(5.2) ]L§a+jd)(x)|= H dk = g¥m(m-1) (i,j=0,1,.-

k=0

For the Jacobi polynomials defined by [2, p.67]

s e E () ()

v=o ‘B~ v

we set ¢ =a + jd and hold B fixed. Then, as a polynomial in j

. d® (x + 1"
P’(la+1d,,8)(x) =in _

on n!

+ terms of lower degree .

Hence, we find

. 1 Yom(m-1)
(5.4) lPi(a+1d’B)(x)l=[(—9€+—)(-z'-]

2

Similarly

i -1 Yim(m-1)
(5.5) [pga,b’r]e)(x)l:[(x )e]

2

We consider next, as a polynomial in j,

platid,b¥ie) (y)

(i, j=0,1,+"

(i1j=0v 19"

267

'9m_1)n
m=1),
.,m=1).

n o v —1\? /% + 1\n-v
=" Z ° (x ) ( ) + terms of lower degree
(n-v)!

21\ 2 2

v=0
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i [(d+e)x +d-e
-5

n
5 ] + terms of lower degree,

which yields

- Yom(m-1)
(5.6) |p§a+jd,b+je)(x)l= (d+e)x +d e] 1

2
(i, j=0,1,++0,m=1).

Finally, for o = £, the Jacobi polynomials reduce to the ultraspherical poly-
nomials P{*(x). It follows from (5.6) that

(5.7)  |PLa%id)(x) | = (dx)"m{m-1) (i j=0,1,c00,m=1).
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THE ADJOINT SEMI-GROUP

R. S. PHILLIPS

Introduction. The purpose of this paper is to develop a general theory for
the adjoint semi-group of operators which fits into the framework of the present
theory of semi-groups. To each semi-group of linear bounded operators [T (s)]
defined on a Banach space X to itself and possessing suitable continuity
properties, we shall assign an adjoint semi-group with like continuity proper-
ties, defined on an ‘“‘adjoint’ Banach space X* which is in general a proper
subspace of the adjoint space X*. The usefulness of the adjoint semi-group
has already been demonstrated by W. Feller [3] in his treatise on the parabolic

differential equation. !

In our theory of the adjoint semi-group, the choice of the subspace X*C X*
is decisive. We have been led to X* by two independent considerations. In the
first place X is the largest domain over which the ordinary adjoint T*(s) has
suitable continuity properties. It should be noted, however, that a rather ex-
tensive theory of semi-groups has been developed by W. Feller [4] which has
no such continuity requirements, The more compelling reason for our choice of
X" has to do with the infinitesimal generator. In most applications of the theory
of semi-groups one starts with an infinitesimal generator 4 and it is desired to
establish the existence of a semi-group of operators generated by 4. It is natural
to expect the behavior of the semi-group operators T (s) to be uniquely deter-
mined on the domain of 4 (in symbols 9(4)); and since T(s) is required to
be bounded, there will exist a unique extension to the smallest closed subspace
containing 9 (4 ), namely 9(A). Further extensions are not uniquely determined
by A and should not be associated with the operator A. A reasonable approach
to the adjoint semi-group would be to require that its infinitesimal generator be
the adjoint 4* of the infinitesimal generator 4 of the original semi-group. In ac-

cordance with the above remarks, the proper domain for the adjoint semi-group

Mt is remarkable that Feller actually obtained the entire adjoint semi-group without
employing a precise notion for the adjoint to an unbounded operator such as the in-
finitesimal generator. For without this, the general formulation loses much of its signi-
ficance.

Received August 30, 1953. This paper was written under the sponsorship of the Office
of Ordnance Research, U.S. Army, under Contract DA-04-495-ORD-406.
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would then be 9(4™). Now X% is precisely 9(4™); however the infinitesimal
generator A% of the adjoint semi-group turns out to be the maximal restriction
of A* with domain and range in (47) = X*,

As in the ordinary theory of adjoint spaces, it is possible to develop an
entire hierarchy of ‘‘adjoint’’ spaces for a given semi-group of operators.? How-
ever it can happen that the second ‘‘adjoint’ is equal to the original space
(under the natural mapping); in this case nothing new is achieved by going
beyond the first ‘‘adjoint.’’ This situation occurs not only when X is reflexive
in the usual sense but, more generally, when the resolvent of 4 is weakly com-

pact (as in the case of most nonsingular problems of mathematical physics ).

1. The adjoint transformation. We take X and {) to be Banach spaces over
the real (or complex) scaler field. The transformation y = T(x) is taken to be
linear with domain 9 C X and range % C ¥, and it is assumed that 9 is a linear
subspace of X.

DEFiNiTION 1. Let y = T(x) be defined on a domain © dense in X to 2,
and let X* and $* be the adjoint spaces to X and ¥ respectively. The adjoint
trans formation T* of T is defined as follows: Its domain 9 (T™) consists of the
set of all y* € §* for which there exists an x* € X* such that y* [T (x)] = x* (x)

for all x € 9; for such a y* we define T*(y*) =x*,

It is clear that the density of ® in X is required in order that T* be single-
valued. Further it is easy to show that 7™ is a closed linear transformation on
D(T*) to X£*, On the other hand the second adjoint is not always well defined

since D (T*) is in general not dense in $*. In this connection we have:

THEOREM L1. If T is a closed linear transformation with domain O dense
in %, then D(T*) is weakly* dense in L. In particular, if ¥ is reflexive then
D(T*) is strongly dense in T*.

Proof. If 9(T*) were not weakly* dense in 9*, then the weak* closure of
D(T*) would be regularly closed [1] so that there would exist ay, € T, y, #0,
such that y*(y ) =0 for all y* €9(T*). Now (0,y,) does not belong to the
graph @ of T, and @ is a closed linear subspace of ¥ @ . Hence by a theorem

2For example if X = Cp—o0,00), the space of continuous functions f(£) on (—oc,00)
such that nng\N f(€)=0and ||f||=sup |f(&)], and if A(f)=f", D(A)=[f; f
continuously differentiable, f and f*€ Co ], then X*=L;(-00,00), (X*)*=space of all
functions f(&) uniformly continuous and bounded on (—oo,00) with || f|| =sup |f(£)],
and so on.
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due to H. Hahn [ 5, Theorem 2.9.4 ], there exists an
ey €ED D -2 ® *

such that
x:(x) +y:[T(x)]=0 for all x €9 and x:(0)+y:(yo),~éo.

It follows that
y: € d(TY), T*(y:) = -—x:, and yet y:(yo )#£0,
which is impossible. In case ) is reflexive we conclude that 9 (T%) is weakly

dense and hence strongly dense in {* (the latter conclusion follows from the

above-mentioned Hahn theorem ).

We turn now to the relation between a transformation, its adjoint, and their

inverses.

THEOREM 1.2. Let T be a linear transformation with © = X, Then (T*)"!
exists if and only if R = . More generally, R consists of the set of all points
y such that T* (y*) =0 implies y*(y) =0.

Proof. It T* (y:) =0, then

[T*(y:)](x)=y:[T(x)]=O

<

and hence that T* has an inverse. On the other hand if Yo & ?ﬁ, then by the Hahn
theorem there exists a functional y: € 9 such that y:(yo) =1 and y:(ﬁ) =0,
Thus y:[T(x)] =0 for all x €9; it follows that y: € d(T*) and T*(y:) =0;
whereas y: (y,) #0. In particular we see that if R £ 9, then T* cannot have an

for all x €9, and hence y:(?:—%) =0. In particular, & = implies that y: =0,

inverse.

THEOREM 1.3. Let T be a linear transformation with ® = X. If R(T*) is

weakly* dense in X%, then T has an inverse.

Proof. Suppose that T has no inverse; then there is an xo #0 such that

T(xq) = 0. Consequently
[T*(y*) Uxo) =y*[T(x0)1=0

for all y* € 9(T%), and this shows that the weak* closure of R(T*) is a proper
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* .
subspace of X7, contrary to assumption.

THEOREM 1.4, Let T be a linear transformation with an inverse and such
that =X and R =9. Then (T*)'=(T"')* further T-* is bounded if and
only if (T*)"' is bounded on X*.

Proof. In the first place (T-!)* exists because % = 9(T!) is dense in ¥,
and (T%)! exists by Theorem 1.2, If y € R and y* € 9(T*), then

y*(y) =y*{TIT () B =[T*(y*) [T  (y)].

This implies that R (7*) C O[(T-1)*] and
(T[T (y%)] = y*

for all y* € D(T*). Thus (T')* is an extension of (7*) L, On the other hand
if x €9, then

o*(x) =x*{ T T ()1} =T (=) [T (x)],
for all x* € D[(T-1)*1. It follows that R(T*) > D[(T-*)* 1. Therefore

QUTH*1=R(T*) =9[(T*)'],

and hence (7°1)* = (T*)"!. If, in addition, T"' is bounded, then it is clear that
(T-Y)* is also bounded. Conversely if (T*)! is bounded on X*, then for all
x €R and x* € ¥* we have

| [T () 1] = [T D" ) 1) | < [T (] =0

It follows that T-! is bounded.

If T is a linear operator with both domain and range in X, 9 = %, then the
adjoint transformation 7™ has its domain and range in X*. It is easy to show for

an arbitrary bounded operator B on X to itself, that
(B+T)* =B*+T* and D[(B+T)*]1=3(T").

We are especially interested in the combination M — T, where [ is the identity
operator and A is a real (or complex) number. If M — T has a bounded inverse

with domain dense in X, then A is said to belong to p(T), the resolvent set of

T, and
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(M=T)'=R(\;T)
is called the resolvent of T.

TueoREM 1.5. If T is a linear operator with O = ¥ and % C X, then

p(T) =p(T*) and [R(NT)T* =R(A; T*).

Proof. 1f A€ p(T), then, according to Theorem 1.4, A € p(T™) and
[R(A;T)TF =R(A; TY).

On the other hand if A € p(T™), then Theorem 1.3 shows that T has an inverse,
Theorem 1.2 shows that & = X, and Theorem 1.4 then implies that A € p(T).

2. The adjoint semi-group. We now apply the previous results to semi-groups
of linear bounded operators (cf. [5]). Let €(X) be the Banach algebra of
endomorphism of X, and let [T (s)] be a one-parameter family of operators in
€ (X) defined for s € [0, ©) and satisfying:

(i) T(sy +s2)=T(s;)T(sy) forall sy,s, >0, T(0)=1;
(ii) for each x € X, T (s)x is continuous for s > 0;
(i) f,' [|T(o)x||do < o for each x € X.
If T satisfies the additional condition
(iv) limy_ A [;° exp(=20) T (o) xdo = x for each x € X,

then T(s) is said to be of class (0,4). If, instead of (iv), T(s) satisfies

the stronger condition

(v) lim__ 7! [T T(0)xdo =x for each x € X,

then T'(s) is said to be of class (0,C). Finally if T(s) satisfies (i), (ii),

(iii), and the still stronger continuity condition
(vi) limg_, o T(s)x =x for each x € X,

then T'(s) is said to be of class C.

The domain 9(4) of the infinitesimal generator 4 is the set of elements x

for which
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lim 77 T(7) -1]x
T— 0

exists, and this limit is defined to be Ax. It follows from (iv) (and hence (v)
or (vi)) that 8(4) is dense in % (cf. [5, Theorem 9.3.1]). We have previously
shown [6] that 4 is closed if and only if T(s) is of class (0,C). However,
even when T'(s) is of class (0,4), the infinitesimal generator has a smallest
closed extension, called the complete infinitesimal generator (c.i.g.) and de-
noted by A. For each %o € D(4) there is a sequence {x, } C9(A4) such that
%, —> %o and Ax, —> Axo. It follows that R (A;4) is an extension of R (X;4),
that p(A4) = p(4), that 4* = (4)*, and that

RO =[R(A DT
It can be shown that

(2.1) wo = inf log ||T(s)||/s = lim log ||T(s)||/s.

s>0 S§ oo

Each A > wg belongs to the resolvent set for 4, and the resolvent is given by

(2.2) R(A;Z)x:/w exp (=Ao) T (o) xdo;

0
see [6].

DEFINITION 2.1. The semi-group T(s) is said to be of class (0,4)%,
(0,C)*, or C* if it is of class (0,4), (0,C), or C, respectively, and if in
addition || T*(s)x*||, 0 < s < 1, is majorized by integrable function for each
x* € X*. 4

DEFINITION 2.2. Let T(s) be a semi-group of class (0,4) with infini-
tesimal generator 4. We define the adjoint semi-group to be the restriction of
T*(s) to X*=9(4™) and denote it by T*(s). We denote the infinitesimal
generator of T*(s)by 4™,

3For )\Ep(A ), the resolvent R (A;4) has a unique bounded linear extension R (A
A) on X. If {x,1C9 (4), x, —xg €9 (4), and Ax, —» Axg, then R(A;4) (A -
A)x, =x, implies that R(A;A)y (Al ~4)xg =x9. Likewise for {y,} R(A-4)
and y,—> yo, the relation (AJ ~ A)R (A;A)y, =y, implies that (A ~ AR (A;4) 0 =y0.
It follows that R (A;4) exists and is identical with R(A;4)1. This shows that p(4)C
p(Z). A similar argument can be used to prove A* =74%, and the last relation is obvious.

*This condition is automatically satisfied if fol | T(o)]|| do < oo or if T(s) if
of class C.
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THEOREM 2.1. If T(s) is a semi-group of class (0,4)*, (0,C)*, or C¥,
then the adjoint semi-group is of class (0,4), (0,C) or C, respectively. The

c.i.g. A% is the largest restriction of A* with domain and range in X'
Proof. According to Theorem 1.5,
R(A;A") =R(MA%) =R*(X;4)

and hence D(4™¥) is simply the range of R*(A;4). For A > wy, R*(A;4) can

be expressed by means of a Dunford integral [2] as
(2.3) R*(A;A)x*=f°°exp(-,\a)T*(a)x*do.
0

It is clear from this that

T*(s)R*(X;4) =R*(M;4)T*(s),

so that T*(s) takes 9(4*) into D(4*). Since T*(s) is bounded, it follows
that T*(s)(X*) CX*; that is, T*(s) € G(X"). It is obvious that T*(s) and

hence 7% (s) satisfies (i).

In order to establish continuity we first note that

(2.4)  [T*(71) =TI*IR* (A5 4)x* = [exp (A7) - 1]/°° exp (=Ao) T*(0)x*do
0

- exp()tT)fTexp (=X0) T* (o) x* do.
0

The first term in the right member is simply [exp (A7) =11 R*(A;4)x*, and
it clearly converges to zero with 7; further the assumption that || T* (o )x* ||
is majorized by a function in L;(0,1) implies that the second term also goes
to zero with 7, Thus

lim T*(s)y* =y*

s— 0

for all y* € 9(4™). It follows from this (cf. [5, Theorem 9.4.11) that T*(s)y*
is strongly continuous for s > 0, y* € 9(4™), Further since ||T*(s)|| =
|| T (s)|| is uniformly bounded in each interval of the form (§,1/8), we see that

T™(s)x* is strongly continuous for s > 0 and all x* € X*, Thus T*(s) satisfies
(i), (ii), and (iii). Again, for each x* € D(A™),
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T*(s)x*— x* as s — 0

and a fortiori
o
T" T (6)x*do — x* as 7T— 0
0

and

AR*(A;A)x* —5 x* as A — 0.

Now if T(s) is of class C, then ||T*(s) || =0(1); if T(s) is of class (0, C)
then

||[T-l[°'r T(o)do T[] = 0(1);

and if T(s) is of class (0,4) then ||AR*(X;4) || =0(1). It now follows from
the Banach-Steinhaus theorem that T*(s) will satisfy (vi), (v), or (iv) with T(s).

Finally, the c.i.g. A% of T*(s) is determined by its resolvent (cf. [6]),
which for A > @ can be expressed by the Bochner integral

R()\;z‘1_+);vr,*=./‘°‘7 exp(=Ao) T*(0)x*do (x* €X1).
0

According to formula (2.3) this is simply the restriction of R(X;4%) to X%
thus A% is a restriction of 4% Now if x* € D(4*) and A*(x*) € X*, then
(AI* = 4*)x* € X* and hence

RN A*®) (MF =A%) x* =xx€2(4Y).

Conversely if x* € @(F), then x* € D(A4*) and 4™ x* =E* € £*. In other
words, A% is the maximal restriction of A* which maps ¥X*into X*. This con-

cludes the proof.

COROLLARY. If NEp(4), then )\Ep(A—+) and R()\;A_r) equals the res-
triction of R(A;4%) to X7,

Proof. If A€ p(4), then R('.\LA*) exists. Let R(A;4™), be the restriction
of R(A;4%) to X7, For x* €9(4%), we have

(MY =AM x* = (AT* =A%) x*
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and hence R(X; A%)q is a left inverse for A* — A_+ On the other hand if
x* € X7, then

(AF = A"YR(A; A% ) g~ = x*.

Since R(A;4%)gx* €D(4™)C Xt we also ‘have A*R(A;4%)gx* € Xt and
hence by the above theorem R(}\_;_z_‘l*)o x* € @(A:)Lh follows that R(}\;A*)o is
also the right inverse for MY~ A% so that A € p(A+).

A converse to the above corollary is obtained in Theorem 3.2 where it is

shown that p(4) =p(4*).
COROLLARY. If X is reflexive, then X% = X",

Proof. If X is reflexive, then, according to Theorem 1.1, D(A4*) is dense
in X*. Hence X*=9(4*) = X*,

We conclude this section with two other characterizations of X*,
THEOREM 2.2. For a semi-group T (s) of class (0,4 )¥, let
I'=[x*; T*(s)x*— x* as s — 01.
Then %% =T.

Proof. Tt is clear that D(4*) CT; and since D(4*) is dense in XY we
have X* CT. On the other hand if x* €', then a direct calculation shows that

AR()&;A*)x*=)\./°°exp(—)\o)T*(0)x*da—>x* as A -— .
0

Consequently x* € D(4*) = X*,

THEOREM 2.3. For a semi-group T (s) of class (0,4)* let
* B " %~ v
Fo=[ya,3;yaﬁ= T*(o)x*do, x* €X¥,0 < o < BI.
a

Then ¥+ =T,.

Proof. An easy calculation shows that Iy C I'. On the other hand if x* €I’
then

.
7"1/ T*(0)x*do — x* as 7T— 0
0
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and belongs to I'y; thus [ O T and therefore T, =" = X*.

3. The adjoint space. We shall call X* the adjoint space to X relative to
the semi-group [T (s)], or simply, the adjoint space; and we shall denote the
generic element of x* by x*. To avoid confusion we shall hereafter refer to
%* as the full adjoint space. This section is devoted to a study of the hierarchy

of adjoint spaces which arise from a given semi-group of operators of class

(0,4)".

It will be observed that whereas

||x* || =sup [|x*(x) 5 [|x || <1, x€X],

it is not in general true that ||x || can be obtained in like manner as
(3.1) x||“=sup[|x*(x) |5 |[x*]] <1, xteXt].

All that can be asserted here is that ||x||” < ||x||. If X7 is equal to the full
adjoint space, then it is clear that [|x||"= || |]. This occurs when X is re-
flexive or when 4 is bounded. In any case we see that the function ||x || satis-

fies the postulates of a pseudo-norm, However, more is true:

THEOREM 3.1. The norm ||x)||” defines an equivalent topology for %; in
fact, there exists an m > 0 such that

x|l 2 x|l 2m =]l
for all x € X. In particular if

lim inf H}\R()\;Z)H =1,

A 00
then ||z || = || ||"
Proof. For a fixed x € X there exists an x* e X*, ||x*|| =1, such that
x*(x) = ||%||. It follows from (iv) that
IAR* (A A)x*1(x) =x*[AR(A;4)x 1 — x* (x) as A — 0,

and from (iv) together with the uniform boundedness theorem that

lim [AR(A;A) || =M < w.
Ao o0
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Consequently, given € > 0, there is a A¢ with
HAeR* (A3 A) || <M+ e and [IAR* (Ne; D) x*] (x) = ||x || < e.
Now
Y2 =AeR* (A3 A)x* €X7 and ||y) || <M +e.
Hence

2 al-e
_>— .
yX 1| M+e

and since ¢ is arbitrary this gives the desired result with m = 1/M. In particular

if M =1, then ||z || = || ][

THEOREM 3.2. If[T(s)] is a semi-group of operators of class (0,4)%, then
p(A) =p(4™h),

Proof. We have already shown in the first corollary to Theorem 2.1 that
p(A) Cp(A*). I A€ p(4™r), then

RO =IO RN T-A) = %%,

Since, by Theorem 1.1, 9(4*) C X7 is weakly* dense in X*, the same is true of
ROAM* =4™*). Tt now follows from Theorem 1.3 that A/ —A4 has an inverse.
Further, if

(AF =A%)k =0
then x: €9(4*) and A_*xg‘ €D(A4*) C%*, so that x} E@(;l—:). Since 4" is a
restriction of A%, this implies that ()\1+—Z+)xg =0 and hence that x* =0.

Theorem 1.2 now asserts that i (A/—~4) is dense in X. Finally for x€ R (A/-4)

we have
WM =AY x]] < mt [J(M=A) " x]|”
=mtsup [[x LA =A) %15 ||=¥]] <1, 2t €X7]
<m IROGAD || 1xl

and this shows that (Al — 4)-! is bounded. It follows that A € p(4).
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We see from the above theorem that A* has the same resolvent set as 4™

(and 4) in spite of the fact that it is a restriction of 4™,

Renorming X by ||x||” has no effect on our determination of X*; in fact,

even the norm of the elements of X* remains the same. For
Hall”< x|l and [x*(x)| < [|x*]] [|x]|”
imply that

Haetll <sup [lx* () |5 2 ]]7< 1, x €XT < {|2*]].

Nevertheless, when we deal with the second adjoint space relative to a given

semi-group [T (s)], a slight advantage is obtained by renorming X in this way.

THEOREM 3.3. Suppose that both [T (s)]and [T*(s)] are of class (0,4),
and let the norm of ¥ be given by ||x||%. Then X can be embedded in X** by

means of the natural mapping.

Proof. Each x, € X defines a unique bounded linear functional F, € (xH%
namely Fy (x*) = x*(x¢ ). Further,

[|Fo || =sup [[Fo(x*) | = [x*(xo) |5 2] <L, x* €% ] = |xo ||

Hence xo —> F, is a linear isometric mapping of X onto a subspace of (X*)*,

It remains to show that X C(X*)* in the above sense. This in turn requires
that X C 9[(4*)* 1. However, if x;, — F, then

[R*(M A Fy 1 (x%) = Fo [R(A; 4 5+ ] = [R(A;4 D) 51 (x0) =+ [R (A5 1) %)
Hence
R(MA)xg — R¥(N; AN F, .

Now

lim AR(A;4) % =0
Ao oo

implies that

lim AR*(A;41)F, =F, ;
Ams oo
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and since
R*(X\ A% Fy € D[(4%)*],

it follows that xo € @[(ZT)* 1.

The space X** depends only on T*(s) and X*. Further, the norm in X% is

not effected by renorming X with the norm ||x ||’; in fact
||| =sup [|x*(x) |; ||x]|" <1, x€X].
Since X with the norm ||x ||” is a subset of X**, it follows that

b7 =sup[lxt* (=) |5 [la**]] <1, € X ] = ||*

.

Thus it is only in the case of X and X7 that a nonsymmetric condition between
norms may arise; for all other pairs of successive adjoint spaces the norms are
symmetric. Even if X is not renormed, X will be isomorphic with its image in

X** under the natural mapping.

DErFINITION 3.1, We define the (I')-weak topology in X in the usual way

be means of the generic neighborhood

Nlxosxfyeeesxks €) =la [xf (x —x0) | <€, b=1,000,nl,

where the (x},+.,x%) can be any finite subset of I" and € is an arbitrary

positive number,

It is of interest to determine when, under the natural mapping, X = X*%; that
is, under what conditions X is reflexive relative to a given semi-group of opera-
tors [T(s)]. Here we assume that X has been renormed with norm ||x||% If X is

a reflexive in the usual sense, then the second corollary to Theorem 2.1 asserts
that X* = X*, and likewise that

x++ =(}:+)* - X** - }:
More generally, we have:

THEOREM 3.4. Suppose that both [T(s)] and [T*(s)] are of class (0,4)%,
and let the norm of X be given by ||x||. A necessary and sufficient condition

for ¥ = %% is that R(A; A) be (X*)-weakly compact.

Proof. Suppose first that R(A;4) is (X*)-weakly compact; that is, the
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image of each bounded set is contained in an (x+)-weakly compact subset of
X. Let Fy be an arbitrary element of (X*)*, Then by Helly’s theorem, given a

finite subset 7 C X*, there exists an

xn €%, llxn|| <2||Fo ],

such that Fy(x*) =x*(x5) for all x* € 7. Ordering.the #’s by inclusion, we

easily see that they form a directed set. Consequently,
[R*(A A1) Fol(x*) = Fy[R(A; A7) x*] = lim [R(A; 4 ) x*] (x)
v
=limx*[R(A;4) %],
m

Since the R(A;4) image of any bounded set is contained in an (X*)-weakly

compact subset of X, it is easily shown that there exists an x, € X such that

lim x* IR(X;4) 2] =xt(xg)

for all x* € X*, Thus R*(A;_A *)F, is the image of xo under the natural mapping;
in other words, X D9 [(4%)*]. This together with Theorem 3.3 shows that
X=X

Conversely, suppose that X = X**, Then R*(M;45)[(X5)*] is contained
in the images of X. Now R*(A;4") is continuous in the usual weak* topology
of (XH)*; hence the unit sphere, which is weakly* compact, maps onto a weakly*
compact subset. Now this image lies in X and the weak* topology in X C (X*H*
is the same as the (X*)-weak topology for X. Hence R(X;4), which is es-
sentially a restriction of R¥*(X; A"Y), takes bounded sets into (X*)-weakly

compact subsets of X. This concludes the proof.

COROLLARY If R(M;4) is weakly compact relative to the usual weak
topology of %, then % = X*%,

Proof. It is clear that a weakly compact subset of X is also weakly compact

relative to any weaker topology such as the (X*)-weak topology of X.
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A LATTICE-THEORETICAL FIXPOINT THEOREM
AND ITS APPLICATIONS

ALFRED TARSKI

1. A lattice-theoretical fixpoint theorem. In this section we formulate and
prove an elementary fixpoint theorem which holds in arbitrary complete lattices,
In the following sections we give various applications (and extensions) of this
result in the theories of simply ordered sets, real functions, Boolean algebras,

as well as in general set theory and topology.’

By a lattice we understand as usual a system U = (4, < ) formed by a non-
empty set A and a binary relation <; it is assumed that < establishes a partial
order in 4 and that for any two elements a,b €4 there is a least upper bound
(join) @ u b and a greatest lower bound (meet) an b. The relations >, <, and

> are defined in the usual way in terms of <.

The lattice ¥ = (A4, < ) is called complete if every subset B of A hasa
least upper bound UB and a greatest lower bound 1B. Such a lattice has in
particular two elements 0 and 1 defined by the formulas

0=NA and 1=UA4.

Given any two elements a,b € 4 with a < b, we denote by [a,b] the interval
with the endpoints a and b, that is, the set of all elements x € 4 for which
a < x < b; in symbols,

[a,b]=E,[x €4 and a <x <b].

The system {[q,b], <) is clearly a lattice; it is a complete if U is complete.

We shall consider functions on 4 to 4 and, more generally, on a subset B of

A to another subset C of A. Such a function f is called increasing if, for any

1For notions and facts concerning lattices, simply ordered systems, and Boolean
algebras consult [1].

Received June 29, 1953, Most of the results contained in this paper were obtained
in 1939. A summary of the results was given in {6]. The paper was prepared for pub-
lication when the author was woarking on a research project in the foundations of mathe-
matics sponsored by the Office of Ordnance Research, U.S. Army.

Pacific J. Math. 5 (1955), 285- 309
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elements x,y €B, x <y implies f (x) < f (y). By a fixpoint of a function f we

understand, of course, an element x of the domain of f such that f(x) = x.

Throughout the discussion the variables a,b, «++,x,y,++. are assumed to

represent arbitrary elements of a lattice (or another algebraic system involved).
THEOREM 1 (LATTICE-THEORE TICAL FIXPOINT THEOREM). Let

(i) W= (4, <) be a complete lattice,
(ii) f be an increasing function on A to A,

(iii) P be the set of all fixpoints of f.

Then the set P is not empty and the system (P, <)isa complete lattice; in
particular we have

UP=UE,[f(x) > x]€P
and
NP = NE,[f(x) <x]€P.?
Proof. Let

(1) u=UE[f(x) > «x].

We clearly have x < u for every element x with f (x) > x; hence, the function

f being increasing,
f(x) <f(u) and x < f(u).
By (1) we conclude that

(2) u < f(u).

2[n 1927 Knaster and the author proved a set-theoretical fixpoint theorem by which
every function, on and to the family of all subsets of a set, which is increasing under
set-theoretical inclusion has at least one fixpoint; see [3], where some applications
of this result in set theory (a generalization of the Cantor-Bernstein theorem) and
topology are also mentioned. A generalization of this result is the lattice-theoretical
fixpoint theorem stated above as Theorem 1. The theorem in its present form and its
various applications and extensions were found by the author in 1939 and discussed by
him in a few public lectures in 1939-1942, (See, for example, a reference in the Ameri-
can Mathematical Monthly 49(1942), 402.) An essential part of Theorem 1 was included
in [1, p- 54]; however, the author was informed by Professor Garrett Birkhoff that a
proper historical reference to this result was omitted by mistake.
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Therefore

fu) < f(fw)),
so that f (u) belongs to the set E,[f (x) > x]; consequently, by (1),
(3) f(u) <u.

Formulas (2) and (3) imply that u is a fixpoint of f; hence we conclude by (1)
that u is the join of all fixpoints of f, so that

(4) UP = UE,[f(x) > x]€P.

Consider the dual lattice U "= (4, >). U’, like ¥, is complete, and f is
again an increasing function in U’, The join of any elements in %’ obviously
coincides with the meet of these elements in U. Hence, by applying to 2 * the
result established for & in (4), we conclude that

(5) NP =NE,[f(x) <x]€P.
Now let Y be any subset of P. The system
B=([Uy,1],<)
is a complete lattice. For any x € ¥ we have x < UY and hence
x=f(x) < f(UY);
therefore UY < f (UY). Consequently, UY < z implies

UY < f(UY) < f(z).

Thus, by restricting the domain of f to the interval [UY, 1], we obtain an in-
creasing function f* on [UY, 1] to [UY, 1]. By applying formula (5) established
above to the lattice B and to the function f’, we conclude that the greatest lower
bound v of all fixpoints of f* is itself a fixpoint of f% Obviously, v is a fixpoint
of f, and in fact the least fixpoint of f which is an upper bound of all elements
of Y; in other words, v is the least upper bound of Y in the system (P, <)
Hence, by passing to the dual lattices U’ and B, we see that there exists
also a greatest lower bound of Y in [P, <]. Since Y is an arbitrary subset of

P, we finally conclude that

(6) the system ( P, < ) is a complete lattice .
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In view of (4) -(6), the proof has been completed.

By the theorem just proved, the existence of a fixpoint for every increasing
function is a necessary condition for the completeness of a lattice. The question
naturally arises whether this condition is also sufficient. It has been shown

that the answer to this question is affirmative.?®

A set F of functions is called commutative if

(i) all the functions of F have a common domain, say B, and the ranges of

all functions of F are subsets of B;

(ii) for any f, g € F we have fg = gf, that is,
f(g(x))=g(f(x)) for every x € B.
Using this notion we can improve Theorem 1 in the following way:

THEOREM 2 (GENERALIZED LATTICE-THEORE TRICAL FIXPOINT THEO-
REM). Let

(i) U=(4, <) be a complete lattice,
(ii) F be any commutative set of increasing functions on A to A,
(iii) P be the set of all common fixpoints of all the functions f € F.

Then the set P is not empty and the system (P, <) is a complete lattice; in

particular, we have

UP = UE,[f(x) > x for every fEF]EP
and

NP =NE.[f(x) < x forevery fEF]EP,

Proof. Let

(1) u=UEx[f(x) > x for every f€ F].
As in the proof of Theorem 1 we show that
(2) u < f(u) for every fEF,

Given any function g € F, we have, by (2),

3This is a result of Anne C. Davis; see her note [2] immediately following this
this paper.
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glu) < g(f(u))
and hence, the set F being commutative,

g(u) < f(g(u))

for every f € F. Thus
g(u) €Exlf(x) > x for every fEF].
Therefore, by (1),
g(u) < u;
since g is an arbitrary function of F, we have
(3) f(u) < u forevery fEF,

From (1)-(3) we conclude that u is a common fixpoint of all functions f € F,

and, in fact, the least upper bound of all such common fixpoints. In other words,
UP = UE,[f(x) > x for every fEF]EP,
In its remaining part the proof is entirely analogous to that of Theorem 1.

Since every set consisting of a single function is obviously commutative,
Theorem 2 comprehends Theorem 1 as a particular case. Theorem 2 will not be

involved in our further discussion.

2. Applications and extensions in the theories of simply ordered sets and
real functions. A simply ordered system U = (A4, <), that is, a system formed
by a nonempty set 4 and a binary relation < which establishes a simple order
in 4, is obviously a lattice. If it is a complete lattice, it is called a continuous-
ly (or completely) ordered system. The system U is said to be a densely ordered
system if, for all x,y € 4 with'x < y, there is az €4 withx < z < y.

Theorems 1 and 2 obviously apply to every continuously ordered system .
Under the additional assumption that U is densely ordered we can improve
Theorem 1 by introducing the notions of quasi-increasing and quasi-decreasing

functions.

Given a function f and a subset X of its domain, we denote by f*(X) the
set of all elements f (x) correlated with elements x € X, A function f on B to
C, where B and C are any two subsets of 4, is called quasi-increasing if it

satisfies the formulas
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fUX) > Nf*(X) and fONX) < Uf*(X)

for every nonempty subset X of B. It is called quasi-decreasing if it satisfies

the formulas

£(UX) < UF*(X) and f(NX) > NFx(X)

for every nonempty subset X of 4. A function which is both quasi-increasing

and quasi-decreasing is called continuous.
THEOREM 3. Let

(i) U= (A, _<_) be a continuously and densely ordered set,

(ii) f be a quasi-increasing function and g a quasi-decreasing function on A
to A such that

£(0) > (0) and f(1) < g(1),

(iii) P=E, [f(x)=g(x)].

Then P is not empty and (P, <) is a continuously ordered system; in particular

we have
UP = UE,[f(x) > g(x)]eP
and

NP =NE,.[f(x) <glx)]€P.
Proof. Let B be any subset of 4 such that

(1) f(x) > g(x) for x €B.
Assume that

(2) f(UB) < g(UB).
Since, by hypothesis, { (0) > g(0), we conclude that
(3) UB £ 0.

The system U being densely ordered, we also conclude from (2) that there is

an element @ € A for which
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(4) f(UB) <a < g(UB).

Let

(5) D=E.lx <UB and g(x) <al,
whence

(6) UD < UB

and

(7) Ug*(D) < a.

If UD = UB, we see from (3) that UD # 0 and that consequently the set D is
not empty; hence, the function g being by hypothesis quasi-decreasing, we

obtain
g(UB) = g(UD) < Ug*(D),
and therefore, by (7),

g(UB) < a.

Since this formula clearly contradicts (4) we conclude that UD # UB and thus,
by (6),

(8) UD < UB.
Let
(9) E=E,[UD <x and x €BJ.

If the set £ were empty, we would have x < UD for every x €5 and conse-
quently UB < UD, in contradiction to (8). Hence £ is not empty. We easily
conclude by (9) that UE = UB. Since, by hypothesis, the function f is quasi-

increasing, we have
f(UB) =f(UE) > Nf*(E)
and therefore, by (4),
a>N*(E).

Hence we must have @ > f(z) for some z €E, for otherwise
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a < Nf*(E).
Thus, by (1) and (9),
UD <z, z€B, and g(z) < a;
therefore, by (5), z € D. The formulas
UD <z and z €D

clearly contradict each other.

We have thus shown that formula (2) cannot hold for any non-empty set B

satisfying (1). In other words, we have
(10) f(UB) > g(UB) for every non-empty subset B of

Exlf(x) > g(x)].

By applying the result just obtained to the dual system U’= (4, >), we

conclude that

(11) £(NC) < g(NC) for every subset C of
Exlf(x) <glx)].
Now let Y be any subset (whether empty or not) of the set
P=E.lf(x)=g(x)],
and let
(12) u=UE,[f(x) > g(x) and x <NY].

By (10) and (11) we have

(13) f(u) > g(u) and f(NY) < g(NY).

Hence, in case u = NY, we obtain at once

(14) f(u)=g(u), that is, u €P.

In case u # MY we see from (12) that u < NY. The system U being densely

ordered, we conclude that
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(15) u=NE[u <x <NYI.

We also see from (12) that f (x) < g(x) for every element x of the set

Exlu <x <NYI.
Hence, by (11) and (15), we obtain
flu) <glu),

and this formula, together with (13), implies (14) again. Thus we have shown
that

(16)  for every subset ¥ of P, if u = UE,[f(x) > g(x) and x < UY],
then u € P.

Dually we have

(17) for every subset Y of P, if v = NE,[f(x < g(x) and x > NY],
then v € P,

We see immediately that the element u in (16) is the largest element of P
which is a lower bound of all elements of Y; in other words, u is the greatest
lower bound of Y in the system ( P, <). Similarly, the element v in (17) is the
least upper bound of Y in { P, <). Consequently,

(18) (P, <) is a continuously ordered system.

Finally, let us take in (16) and (17) the empty set for Y, so that NY =1

and UY = 0. We then easily arrive at formulas

(19) UP =UE,[f(x) > g(x)]€P
and
(20) NP =NE,[f(x) <g(x)]€P.

By (18)-(20) the proof is complete.

Every increasing function is clearly quasi-increasing., The identity function,
g(x) =x for every x €A, is continuous, that is, both quasi-increasing and
quasi-decreasing, and the same applies to every constant function, g(x) =c €4

for every x € A. Hence we can take in Theorem 3 an arbitrary increasing function
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for f and the identity function for g; we thus obtain Theorem 1 in its application
to continuously and densely ordered systems. On the other hand, by taking for

g a constant function, we arrive at:

THEOREM 4 (GENERALIZED WEIERSTRASS THEOREM)., Let

(i) U ={(4, <) be a continuously and densely ordered system,

(ii) f be a quasi-increasing function on A to A and ¢ be an element of A
such that
f(0) > ¢ >f(1),

(iii) P =E.[f(x)=cl.
Then P is not empty and (P, <) is a continuously ordered system; in particular,
we have

UP = UE[f(x) > cleP
and

NP =NE,(f(x) <cleP.

An analogous theorem for pseudo-decreasing functions can be derived from

Theorem 3 by taking an arbitrary constant function for f.

It can be shown by means of simple examples that Theorems 3 and 4 do not
extend either to arbitrary continuously ordered systems or to arbitrary complete
lattices which satisfy the density condition (that is, in which, for any elements

x and y, ¥ < y implies the existence of an element z with x < z < y).

We can generalize Theorem 3 by considering two simply ordered systems,
U= (A: S) and B=(Bn S)’

as well as two functions on 4 to B, a quasi-increasing function f and a quasi-
decreasing function g. The system U is assumed to be continuously and densely
ordered. No such assumptions regarding B are needed. Instead, the definitions
of quasi-increasing and quasi-decreasing functions must be slightly modified.
For example, a function f on A to B will be called quasi-increasing if, for
every non-empty subset X of A and for every b € B we have

f(UX) > b whenever f(x) > b for every x € X

and
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f(NX) < b whenever ftx) < bforevery x €X.

By repeating with small changes the proof of Theorem 3, we see that under
these assumptions the conclusions of the theorem remain valid. (The only
change which is not obvious is connected with the fact that the system B is
not assumed to be densely ordered; therefore we cannot claim the existence of
an element a € B which satisfies (4), and we have to distinguish two cases,
dependent on whether an element a with this property exists or not.) Theorem

4 can of course be generalized in the same way.

Theorems 3 and 4 thus generalized can be applied in particular to real func-
tions defined on a closed interval [a,b] of real numbers. In application to real
functions Theorem 3 can easily be derived from Theorem 4. In fact, if f is a
quasi-increasing real function and g a quasi-decreasing real function on the

interval [a,b ], then the function f * defined by the formula
fx)=f(x)-g(x)

is clearly quasi-increasing; by applying Theorem 4 to this function, we obtain
the conclusions of Theorem 3 for f and g. Hence the fixpoint theorem (Theorem
1) for increasing real functions is also a simple consequence of Theorem 4.
Finally, since every continuous function is quasi-increasing, and since, in the
real domain, continuous functions in our terminology coincide with continuous
functions in the usual sense, Theorem 4 is a generalization of the well-known

. . . 4
Weierstrass theorem on continuous real functions. %)

Returning to Theorem 3 for simply ordered systems, if we assume that both
functions f and g are continuous, we can strengthen the conclusion of the

theorem; in fact we can show, not only that the system ( P, <) is continuously

4Theorem 3 (for both simply ordered systems and real functions) was originally
stated under the assumption that the function f is increasing and the function g is con-
tinuous; see [3] In 1949 A, P. Morse noticed that this result in the real domain could
be improved; in fact, he obtained Theorem 4 for real functions—under a different, though
equivalent, definition of a quasi-increasing function. By his definition, a real function
f on an interval [a,b] is quasi-increasing if it is upper semicontinuous on the left and
lower semicontinuous on the right, that is, if

(i) Tim f(x) <f(d)< lim f(x) for every d € [a,b].

x—d- x—d+

By generalizing this observation, the author arrived at the present abstract formulations
of Theorems 3 and 4. According to a recent remark of Morse, the first part of the con-
clusion of Theorem 4, that is, the statement that the set P is not empty, holds in the
real domain for a still more comprehensive class of functions; in fact, for all real func-
tions which satisfy the condition obtained from (i) by replacing lim by Tim on the right
side of the double inequality (or else by replacing lim by lim on the left side ).
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ordered, but also that, for every nonempty subset X of P, the least upper bound
of X in (P, <) coincides with the least upper bound of X in (4, < ), and simi-
larly for the greatest lower bound. In application to real functions this means
that the set P of real numbers is, not only continuously ordered, but also closed

in the topological sense. Analogous remarks apply to Theorem 4.

3. Applications to Boolean algebras and the theory of set-theoretical equi-
valence. As is known, a Boolean algebra can be defined as a lattice U= (A, 5_),
with 0 and 1, in which for every element b € 4 there is a uniquely determined
element b € 4 (called the complement of b), such that

bub=1 and bnb=0.

Given any two elements a,b € 4, we shall denote by a ~ & their difference, that
is, the element anb. If U = (4, <) is a Boolean algebra and a € 4, then
U= ([0,a], <) is also a Boolean algebra, though the complement of an element

b in ¥’ does not coincide with the complement of b in U,

By applying the lattice-theoretical fixpoint theorem we obtain:

THEOREM 5. Let
(i) U =(A4, <) be a complete Boolean algebra,

(ii) a,b be any elements of A, f be an increasing function on [0,a] to A, and

g an increasing function on [0,b] to A.

Then there are elements a’,b’€ A such that
fla~a’)=b" and g(b-b")=a".
Proof. Consider the function 4 defined by the formula

(1) h(x)=f(a-g(b-=x)) forevery x €4.
Let x and y be any elements in A such that

x {vy.
We have then

b-x>b-y;

and since b —x and b —y are in [0,6], and g is an increasing function on [0,5]

to A, we conclude that
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glb—x) > g(b—-v)
and
a-g(b-x) <a-glb-y).

Hence, the elements a — g(b —x) and @ — g(b —y) being in [0,a], and f being

an increasing function on [0,a ] to 4, we obtain
fla-g(b-x)) <fla-g(b-y)),
that is, by (1),
h(x) < h(y).

Thus 4 is an increasing function on A4 to 4, and consequently, by Theorem 1,

it has a fixpoint b”. Hence, by (1),

(2) fla—g(b-b"))=0b".
We put
(3) glb-b")=a"

From (2) and (3) we see at once that the elements a” and b’ satisfy the con-

clusion of our theorem.

If in the hypothesis of Theorem 5 we assume in addition that f (a) < b and
g(b) < a, we can obviously improve the conclusion by stating that there are
elements a’,a "}6 6" € A for which

a=a’va’, b=b'ub”, a’na”’=bnb""=0,

fla”)=b"and g(b”)=a’.®

Theorem 5 has interesting applications in the discussion of homogeneous
elements. Given a Boolean algebra U = (4, <), two elements a,b € 4 are called
homogeneous, in symbols a = b, if the Boolean algebras (10,al, < ) and
( [0,6], <) are isomorphic. In other words, a = b if and only if there is a func-
tion f satisfying the following conditions: the domain of f is [0,al; the range

of f is [0,b]; the formulas x <y and f(x) < f(y) are equivalent for any

5In this more special form Theorem 5 is a generalization of a set-theoretical theorem
obtained by Knaster and the author; see [3].
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%,y € [0,a ). Various fundamental properties of the homogeneity relation easily

follow from this definition; for example, we have:
TueoREM 6. U = (4, <) being an arbitrary Boolean algebra,
(i) @ =a for every a € 4;
(ii) ifa,b €4 and a ~b, then b ~ q;
(iii) if a,b,c €A, a = b, and b = ¢, then a = c;
(iv) if ay,az,b1,b €A, aynay; =0 =byn by,
ay = by, and az = by, then a; vay = by v by;
(v) ifa,by,by €A, bynby; =0, and a ~by v by,
then there are elements aj,a; €A such that a; vay =a, a;jna; =0, a; = by,

and aQy = b2 .

In what follows we shall use parts (i)-(iii) of Theorem 6 without referring
to them explicitly. If now we restrict our attention to complete Boolean algebras,
we can establish various deeper properties of the homogeneity relation by apply-

ing Theorem 5. We start with the following:

THEOREM 7. U = (4, <) being a complete Boolean algebra, if
aby,by,c,d €A, bynby; =0, c=d, andauc=byubyud,
then there are elements ay,a; €A such that

ayvay=a, ayna; =0, ayuc=byud, and aguc=by ud.

Proof. By the definition of homogeneity, the formula ¢ ~ d implies the ex-
istence of a function { which maps isomorphically the Boolean algebra { [0,c],
< ) onto the Boolean algebra (lo,d], £); we have in particular

(1) fle)=d.

Similarly, the formula a uc =b; u b, ud implies the existence of a function
g which maps isomorphically ([0, b; ubs ud], <) onto ([0,aucl,<), and

we have

(2) g(byubyud)=auvc.
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We can assume for a while that the domain of g has been restricted to the in-
terval [0, b; ud]. Thus, f is an increasing function on [0,c] to 4, g is an
increasing function on [0, b; ud] to 4, and by applying Theorem 5 we obtain

two elements ¢ ,d’ such that

(3) fle=c’)=d’ and g((byud)=d’)=c".

The functions f and g being increasing, formulas (1)-(3) imply
(4) d’<d and ¢’<avc.
We now let
(5) a1=c’—c and a; =a —ay.
By (4) we have ¢’ ~ ¢ < a, and hence, by (5),
(6) ajva;=a and a;na; =0.
From (4) and (5) we also obtain

(7) (c~c’)uc’=ajuc and (c<c’)nec’ =0,
(8) d’uvl(byud)=d’l=b;ud and d’n (b, ud)-d’]=0.

Since f maps isomorphically {[0,c], < ) onto ([0,d], <), we conclude from
(3) that it also maps isomorphically {[0,c ~c’], <) onto ([0,d°], <) and
that consequently

(9) c—-c’=d’.
Analogously, by (3),

(10) ¢’ =(byud)-d".
By Theorem 6 (iv), formulas (7)-(10) imply

(11) ayuvuc=byud.

Furthermore, from (4) and (5) we derive

(12) (enc)ullaue)=c’l=azuc and (cne’)nl(auec)=-¢’]=0,



300 ALFRED TARSKI

(13) (d=d”)ul(by—d)ud’l=by ud and (d -d’)n[(by ~d)ud’1=0.

The function f being an isomorphic transformation, we obtain, with the help of

(1) and (3),

flene)=flc=(c=c))=f(c)=flc=c")=d~d’,

and hence, by arguing as above in the proof of (9),
(14) cnc’=d-d’.
Since, by (4) and the hypothesis,

(by —d)ud’=(byubyud)-[(byud)-d’l,

we conclude analogously, with the help of (2) and (3), that

glby—d)ud”)=g(byubyud)-g((byud)-d)=(auc)-c’
and therefore

(15) (auve)=—c’ =(by~-d)ud”.
From (12)-(15), by applying Theorem 6 (iv) again, we get
(16) a,uc=byud.

By (6), (11), and (16), the proof is complete.

In deriving the remaining theorems of this section we shall apply exclusively
those properties of the homogeneity relation which have been established in
Theorems 6 and 7; thus the results obtained will apply to every binary relation
(between elements of a complete Boolean algebra) for which these two theorems
hold. It may be noticed in this connection that Theorem 6 (v) restricted to com-

plete Boolean algebras is a simple consequence of Theorems 6 (i) and 7.

THEOREM 8 (MEAN-VALUE THEOREM). U = (4, <) being a complete
Boolean algebra, if a,byc,a’c’€A4, a <b <c,a’"<c,a=a’%and c ~c’, then
there is an element b” € A such thata” < b” < c”and b =b".

Proof. We apply Theorem 7, with a,b(,b,,c,d respectively replaced by

¢c’-a’, b-a, c~b, a’, a, and we conclude that there are elements a;,a, € 4
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such that
c’—a’=ayuay and (b—-a)ua=a ua’.
The element 6" =a,u a” clearly satisfies the conclusion of our theorem.

TeeoREM 9. U = (A, <) being a complete Boolean algebra, for any ele-

ments a,b € A the following two conditions are equivalent:
(i) there is an element ay € A such that a ~a, < b;

(ii) there is an element by € A such that a < by ~ b.

Proof. To derive (ii) from (i), we consider an arbitrary element a, satisfy-
ing (i), and we apply Theorem 8 with a,c,a’,c’ respectively replaced by a;,
1, a, 1. The implication in the opposite direction follows immediately from

Theorem 6 (v) (and hence holds in an arbitrary Boolean algebra).

THEOREM 10 (EQUIVALENCE THEOREM). U = (4, <) being a complete
Boolean algebra, if a,b,c €A, a < b < c,and a=c, thena=b=c.

Proof. This follows immediately from Theorem 8 with a”=¢“=c.

Tueorem 11. U =(4, <) being a complete Boolean algebra, for any

elements ay,a,,b € A the formulas
(i) aiub=a,uvb=b and
and

(ii) aruazub=b

are equivalent.
Proof. Obviously,
b<aub<ajuazub and b <ayub <a,uayub.

Hence (ii) implies (i) by Theorem 10.

Assume now, conversely, that (i) holds. We clearly have

la; —(a;ub)In(a,ub)=la; —(a;ub)Inb=0
and

a; ~(ay ub)=~ay —(ayubd).

By Theorem 6 (iv), these two formulas together with (i) imply
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(1) ayvayub=lay -(a; ub)lula,ub)=la;~(a,ub)lub.

Since

la; ~(ayub)lub<azub<a,ua,ub,
we derive from (1), by applying Theorem 10,
(2) aub=a,ua ub,
Formulas (i) and (2) obviously imply (ii), and the proof is complete.

Various properties of the relation of homogeneity can conveniently be ex-
pressed in terms of another, related relation which is denoted by <. Thus
% =(4, <) being a Boolean algebra, and a,b being any elements of 4, we
write @ < b if there is an element ay €A such that a =a; < b; in case the
algebra U is complete, an equivalent formulation of this condition is given in
Theorem 9(ii). Theorems 8 and 10 can now be put in a somewhat simpler,
though essentially equivalent, form:

MEAN.VALUE THEOREM. ¥ ={(4, <) being a complete Boolean algebra,
if a,b,c €A, a <c,and a =% b =< c, then there is an element b*€ A such that
a <b’<cand b=b".

EQuivALENCE THEOREM. U = (A4, <) being a complete Boolean algebra,
ifa,b€A,a < byand b < a, thena=b.

We shall give two further results formulated in terms of <.
THEOREM 12, U =(A4, <) being a complete Boolean algebra, if
ayagci,cz €4, a1 < cyya1 2 e, 8 X oy, and a; Sca,

then there are elements byby €A such that ay < by <cyy a; < by <y
and bl = bg.

Proof. The hypothesis implies the existence of two elements a/,a; such that

’

(1) ay~a/ <c; and a; ~a;

1 S Cy.
Since, by (1),

’

aina, <a~a/,

we conclude from Theorem 9 that there is an element d for which
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(2) ana;~d <a.
We have, by (1),

ay =(ayna;)ula; -a,) and (ayna;)n(a; —ay)=0;
hence, by Theorem 6(v), there are elements ey,e, such that
(3) a;=ejue; and e;ney =0,
(4) ey=arna, and ey ~a, —ay.
By (1)-(4) and the hypothesis,

d<al <cy e <cy d=ey, and c; ~cy;

hence, by Theorem 8, there is an element f for which
(5) ey <f<cy and af =f.

Since, by (4),

ea—f <ey=a;—a,
Theorem 9 implies the existence of an element g with

(6) e;—f=g <a; —ay.

We now put
(7) by=ajug and by =fu ey —f)=fue,.
By (1), (3), (5), (6), (7), and the hypothesis, we obtain
(8) a; <by <cy and a; <by <ea.
By (5) and (6) we have
ayng=fnle, —f)=0, ay=f, g=~ez —f;

hence, by (7) and Theorem 6 (iv), we get
(9) by = by

From (8) and (9) we see that the elements b, and b, satisfy the conclusion of

our theorem.



304 ALFRED TARSKI

From the theorem just proved, by letting a; = ¢, we derive as an immediate
consequence the mean-value theorem; if we put a; =c¢; and a; = ¢,, we obtain

the equivalence theorem. A further consequence of Theorem 12 is:

THEOREM 13 (INTERPOLATION THEOREM). U = (4, <) being a com-
plete Boolean algebra, if ay,az,ci,c2 €A and a; = cj for i,j = 1,2, then there
is an element b € A such that a; <" b < c¢j for i,j =1,2.

Proof. The hypothesis implies the existence of two elements al' and az' for

which

’

(1) ay~a/ <c; and a; =a,

1 _<_6‘2.

Hence, as is easily seen,

4 ’ ’
1 2 ¢ a, Xcyya

2 2 Sc2.

al' S Ciy, Q
Consequently, by Theorem 12, there are elements b;,b, such that

(2) af <bi <ciy a) <by <y and by = b,

From (1) and (2), with the help of Theorem 9, we obtain

a =% b X ¢ for i,j =12,
Thus the element b = b, satisfies the conclusion of our theorem.

From Theorems 7 and 11-13 we obtain by induction more general results in
which the couples (aj,az), (b1,b;) (ci,c2) are replaced by finite sequences

(ala""an): (bls""bn)» (Ch"'scn)

with an arbitrary number n of terms; in Theorem 13 the couples <al,a2) and
(c1,c2 ) can be replaced by two finite sequences with different numbers of
terms, The results discussed can be further extended to infinite sequences;
however, these extensions seem to require a different method of proof, and we
see no way of deriving them by means of elementary arguments from the fix-

point theorem of $1.8

8Theorems 6-13 concerning the relation of homogeneity and their applications to
cardinal products of Boolean algebras and to the theory of set-theoretical equivalence
are not essentially new. (Theorem 12 is new, but it can be regarded simply as a new
formulation of the interpolation theorem 13.) All these results are stated explicitly or
implicitly in [7, §§ 11, 12, 15-17], where historical references to earlier publications
can also be found. However, the method applied in [7] is different from that in the
present paper and is not directly related to any fixpoint theorem. Also, the axiom of
choice is not involved at all in the present discussion, while the situation in [7] is in
this respect more complicated (compare, for instance, the remarks starting on page 239).
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All the results of this section, except Theorem 5, remain valid if the Boolean
algebra ¥ = (A4, <) is assumed to be not necessarily complete, but only count-
ably-complete (o-complete). This can be seen in the following way. To prove
Theorem 5 we have constructed, in terms of two given increasing functions f and
g, a new function h, and we have shown that this function % is increasing and
hence has a fixpoint., In the subsequent discussion, Theorem 5 has been applied
only once, namely in the proof of Theorem 7., The functions { and g involved in
this application not only are increasing, but have much stronger properties, in
fact, the distributive properties under countable joins and meets; that is, for

every infinite sequence {a;,++, a, ,-++) we have
flayuecrvague)=fla)u--uflag)u---,
f(aln...nann...):f(al)n...nf(an)n...,

and similarly for g. It can be shown that the function A constructed from f and
g in the way indicated in the proof of Theorem 5 also has these distributive
properties, It is also easily seen that, in any countably-complete Boolean
algebra (and, more generally, in any countably-complete lattice with 0), every
function A which is distributive under countable joins has at least one fixpoint
a; in {act,

a=0uk(0)uA(A(0O))u--..

The results obtained in this section have interesting consequences con-
cerning isomorphism of cardinal (direct) products of Boolean algebras. To
obtain these consequences it suffices to notice that every system of Boolean
algebras {2; ) can be represented by means of a system of disjoint elements
(a; ) of a single Boolean algebra 2 (in fact, of the cardinal product of all
algebras ;) in such a way that (i) each algebra U; is isomorphic to the sub-
algebra ([0,a;], <) of U; hence (ii) two algebras 2; and & are isomorphic
(U; = Uj) if and only if the elements a; and a; are homogeneous (a; = aj);
(iii) for i #j, we have U; x W; = Uy if and only if a; vaj=~ay (iv) ¥; is
isomorphic to a factor of U if and only if a; < aj. Keeping this in mind, we

derive, for example, the following corollary from Theorem 11:
Uy, U,, B being three complete Boolean algebras, we have
Uy xBxUy,xBx B
if and only if
U, xUy x B~ B,
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Results of this type can again be extended to countably-complete Boolean

algebras.

Any given sets 4, B, C,..- can be regarded as elements of a complete
Boolean algebra; in fact, of the algebra formed by all subsets of the union
AuBuCu-.., with set-theoretical inclusion as the fundamental relation. As
is easily seen, two sets A and B treated this way are homogeneous in the
Boolean-algebraic sense if and only if they are set-theoretically equivalent,
that is, have the same power. Hence, as particular cases of theorems on homo-
geneous elements, we obtain various results concerning set-theoretical equiva-
lence; for instance, Theorem 10 yields the well-known Cantor-Bernstein theo-
rem. ”

4. Applications to topology.® By a derivative algebra we understand a
system U = {4, <, D) in which (4, <) is a Boolean algebra and D is a unary
operation (function) on A to A assumed to satisfy certain simple postulates;
the main consequence of these postulates which is involved in our further dis-
cussion is the fact that D is increasing. The element Dx (for any given x €4)
is referred to as the derivative of x. The derivative algebra U is called complete

if the Boolean algebra (4, <) is complete.

In topology the notion of the derivative of a set is either treated as a funda-
mental notion in terms of which the notion of a topological space is character-
ized, or else it is defined in terms of other fundamental notions (for example,
the derivative of a point set X is defined as the set of all limit points of X).
At any rate, all point sets of a topological space form a complete derivative
algebra under the set-theoretical relation of inclusion and the topological operas
tion of derivative. Hence the theorems on complete derivative algebras can be
applied to arbitrary topological spaces.

% = (4, <, D) being a derivative algebra, an element a € 4 is called closed
if Da < aj it is called dense-in-itself if Da > a, and perfect if Da =a; it is
called scattered if there is no element x < a different from O which is dense-in-

itself.

As a consequence of the fixpoint theorem we obtain:

THEOREM 14 (GENERALIZED CANTOR-BENDIXON THEOREM).

7These extensions can be found in [ 7). The proof of Theorems 12 and 13 extended
to infinite sequences requires an application of the axiom of choice (to denumerable
families of sets ). Compare the preceding footnote.

8In connection with this section see [4, pp. 182 f.]; compare also [5], in particular
pp. 38 f. and 44.
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U= (A’ <, D)

being a complete derivative algebra, every closed element a €A has a decom-

position
a=buc, bnec=0,
where the element b € A is perfect and the element ¢ € A is scattered.
Proof. We put
(1) b=UE,[anDx >x] and ¢ =a-b.
Hence obviously
(2) a=buc and bnec=0.

D being an increasing function on 4 to 4, the same clearly applies to the func-

tion D, defined by the formula

Dyx =an Dx for every x € 4.

Hence, by Theorem 1, we conclude from (1) that b is a fixpoint of Dg; that is,

(3) b=Dgb=an Db,

Consequently b < a and Db < Da; since the element g is closed, we have
Da < a, Db < a and therefore, by (3), b = Db; that is, the element b is perfect.

If an element x < ¢ is dense-in-itself, that is, Dx > x, we have, by (1),
an Dx > X,

and hence x < b; therefore, by (2), x =0. Thus the element ¢ is scattered.

This completes the proof.

It should be mentioned that the operation D in a derivative algebra
U=(4,<, D)
is assumed to be not only increasing, but distributive under finite joins, that is,
D(x uy)=Dx v Dy for any x,y €4.

Under this assumption we can improve Theorem 14 by showing that every closed
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element a €4 has a unique decomposition
a=buc, bnec=0,
where b is perfect and ¢ is scattered. In fact, let
a=b’uc’ b’nc’=0
be another decomposition of this kind. We then have
b=Db<D(bub)=D(b-bNub)=D(b-5)uDb’=D(b-b")ub"
Hence

b-b’<D(b-b";

that is, b — b’ is dense-in-itself. Since, moreover, b~ b’ < ¢’ and ¢’ is scat-
tered, we conclude that b — 6’=0. Similarly we get 6°—b = 0. Consequently

b =05’ and hence also ¢ =c"

If, instead of Theorem 1, we apply Theorem 5, we obtain the following result

(of which, however, no interesting topological consequences are known ):

THEOREM 15. U = (4, <, D) being a complete derivative algebra, every

closed element a € A has two decompositions
a=buc=b’uc, bnc=b'nc’=0,

where b, ¢, b’ ¢’ are elements of 'A such that
Db’=b and Dc’=c.

Proof. From Theorem 5 (with @ = b) we conclude that there are two elements
¢,b” € A such that

(1) D(a—-c)=b" and D(a-b")=c.
By putting
(2) b=a—-c and ¢’=a-b"

we obtain, from (1),

(3) Db=b"and Dc’=c.
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Since the function D is increasing and the element a is closed, (1) implies
¢ <Da<a and b’< Da < a;

hence, by (2),

(4) a=buc=b’uc’ and bnc=b'nc’=0,

By (3) and (4) the proof has been completed.

Theorems 1 and 5 can be applied not only to the operation D, but also to
other topological operations which are defined in terms of D and, like the

latter, are increasing; for instance, to the operation | defined by the formula

Ix =x - Dx;

Ix referred to as the interior of the element x. Theorem 5 can of course be

applied to two different topological operations, provided both are increasing.
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A CHARACTERIZATION OF COMPLETE LATTICES

ANNE C. Davis

1. Introduction. A complete lattice ¥ = {4, < ) has the property that every
increasing function on A to 4 has a fixpoint.' Tarski raised the question whether
the converse of this result also holds. In this note we shall show that the
answer to this question is affirmative, thus establishing a criterion for complete-

ness of a lattice in terms of fixpoints. 2

We shall use the notation of [6]. In addition, the formula @ 4 b will be
used to express the fact that a < b does not hold. By (aé; £<a), where
¢ is any (finite or transfinite) ordinal we shall denote the sequence whose
consecutive terms are ag, Aryest Qg ,cee (with & < «); the set of all terms
of this sequence will be denoted by {af ; £ < ol The sequence (a‘f s E<a)
is, of course, called increasing, or strictly increasing, if ar < agsy O ay <ags,
for any & < £’ < «; analogously we define decreasing and strictly decreasing

sequences.
2. Alemma. Ve start with the following:

LEmMMA 1. If the lattice U= (A, < ) is incomplete, then there exist two
sequences ( be E<B) and (cn;n <y) such that

(i) bg < ¢y for every & < B and every n < y,

(i) ( b ; £ < B) is strictly increasing and (cn; n < y) is strictly decreas-

ing,

(iii) there is no element a € A which is both an upper bound of 1 bg; &< B
and a lower bound of {cpn;n < y}°

1Sce [6] (where further historical references can also be found ).
2This result was found in 1950 and outlined in [ 2].

S A related, though weaker, property of incomplete lattices is mentioned implicitly
in [ 1, p.53, Exercise 4.

Received June 29, 1953, The present note was prepared while the author was work-
ing on a research project in the foundations of mathematics sponsored by the Office of
Ordnance Research, U.S. Army.
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Proof. We first notice that there exists at least one subset of A4 without a
least upper bound (for otherwise the lattice would be complete ). * Hence we can

find a subset B of 4 with the following properties:
(1) UB does not exist;

(2) if X is any subset of 4 with smaller power than B, then UX exists.

Let B be the initial ordinal of the same power as B (that is, the smallest
ordinal such that the set of all preceding ordinals has the same power as B).
The ordinal B’ may be equal to 0; if not, 87 is certainly infinite and, since
it is initial, it has no predecessor; that is, & < 87 implies £+ 1 < B’ for every
ordinal & Thus all the elements of B can be arranged in a sequence ( bé;
&< B’). For every £ < 87, the set {bg; ¢ < £+ 11} is of smaller power than
B’ and therefore, by (2), its least upper bound

u§=U{b§';é< 41}

exists. The sequence { g & < B”) is clearly increasing but not necessarily
strictly increasing. However, by omitting repeating terms in this sequence, we
obtain a strictly increasing sequence (bg; &< B), where B is an ordinal
< B’, such that

{bes €< Bl =tugs £ < B
(Actually, one can easily prove that 8 = 8°.) Obviously,

(3) for every b € B there is a £ < 8 such that b < bes

(4) for every £ < 3 there is a subset X of B such that b, = UX.

By (3) and (4), if the least upper bound U{ bes £ < B} existed, it would co-
incide with UB; hence, by (1),

(5) U{b§;§< B1 does not exist,
Let C be the set of all upper bounds of {b,; ¢ < Bl Clearly NC does not
exist, for if it did, it would coincide with U} b§5 & < B}; this result would con-

tradict (5). Now C, like B, is either empty or infinite. Since C is partly ordered
by the relation <, there is a strictly decreasing sequence { cp; 7 < y) such

4See [ 1, p.49].
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that {cn; 7 < y} is a subset of C with which C is coinitial (that is, there is
no element of C which is a lower bound of { ¢y; 7 < y} without belonging to
{ens m < y1).° If the greatest lower bound N{cy; n < y} existed, it would be
an upper bound of {bg; ¢ < BY; but since U} 553 & < B} does not exist, there
would be an element ¢ € C such that N{c,; 7 < y} 4 c. Hence we would have

cnNicnsn <yl €C and cnNicy;n <yl <Nicpin <vyi,

in contradiction to the assumption that C is coinitial with {¢,; 7 < y}. Con-

sequently,
(6) Nicns n <y} does not exist.

The sequences <b§3 &< B) and <C77§ n<vy) obviously satisfy conditions
(i) and (ii) of our lemma. To show that (iii) is also satisfied, assume that an
element a €4 is both an upper bound of {bg; ¢ < B} and a lower bound of
{cn; 7 <yl We have then, by definition, ¢ € C. Hence, C being coinitial with
{cns n <y}, we must have

S {cn; n < yi,
and therefore

a=0N{cy;n <y,
in contradiction to (6). This completes the proof.

3. The main result. With the help of Lemma 1 we now obtain the main result

of this note:

THE OREM 2. For a lattice ¥ = (A, <) to be complete it is necessary and

sufficient that every increasing function on A to A have a fixpoint.

Proof. Since the condition of the theorem is known to be necessary for the
completeness of a lattice, we have only to show that it is sufficient. In other
words, we have to show that, under the assumption that the lattice U = (4, <)
is incomplete, there exists an increasing function f on 4 to 4 without fixpoints.

In fact, let ( be; &< B) and (077§ 7 < y) be any two sequences satisfying
conclusions (i)-(iii) of Lemma 1. To define f for any element x €4, we
distinguish two cases dependent upon whether x is a lower bound of { c; 7 < ¥}

or not.

5Ci. [3, p.141].



314 ANNE C. DAVIS

In the first case, by conclusion (iii), x is not an upper bound of { bg; E<BY;
that is, the set of ordinals

(1) @(x)=E§[§<,8 and b, 4 «]
is non-empty. We put

(2) ¢ (x) =min &(x) and f(x)=b¢(x>.

(A being any non-empty set of ordinals, min A is of course the smallest ordinal

belonging to A.) In the second case, the set

(3) l1’(96):(5,0[7]<y and x § ¢y
is nonempty. We let

(4) Y (x) =min ¥(x) and f(x)=c¢(x).

We have thus defined a function f on 4 to 4. From (1)-(4) it follows clearly
that either f(x) 4 x or x { f{(x) for every x € A; thus [ has no fixpoints.

Let x and y be any elements of 4 with x < y. If x is a lower bound of
{cns m < B} but y is not, then, by (1)-(4) and conclusion (i) of Lemma 1,
f{x) < f(y). If both x and y are lower bounds of {cy, 7 < y}, we see from
(1) that ®(y) is a subset of ®(x); hence, by (2) and conclusion (ii) of Lemma
1, it follows at once that f (x) < f (y). Finally, if x is not a lower bound of
{cns n <y}, then y is not either, and by an argument analogous to that just
outlined (using (3) and (4) instead of (1) and (2)) we again obtain f(x) < f(y).

Thus the function f is increasing, and the proof of the theorem is complete.

4. Extensions. More difficult problems seem to arise if we try to improve
Theorem 2 by considering, instead of arbitrary increasing functions, more
special classes of functions. In particular, we have in mind join-distributive
(or meet-distributive) functions, that is, functions f on 4 to A which satisfy

the formula
flxuy)=f(x)ufly) (orflxny)=f(x)nf(y))

for all x,y € A. The problem is open whether Theorem 2 remains valid if the
term ‘‘increasing’’ is replaced by ‘‘join-distributive’” or by ‘‘meet-distributive”’,
We are going to give (in Theorem 4 below) a partial positive result concerning

this problem.



A CHARACTERIZATION OF COMPLETE LATTICES 315

The lattice % = (4, <)is called G.-join-complete (or o -meet-complete) if
UX (or NX) exists for every nonempty subset X of 4 with power at most equal
to R,.

LEMMA 3. Let U = (4, <) be an incomplete lattice with the set A of power
Ro. If U is 8-join-complete for every § < «, then there exist two sequences
(bg; &< B) and (cn; n < y) which satisfy conclusions (i)-(iii) of Lemma 1

as well as the following condition:

(iv) if an element x € A is a lower bound of {cn; 1 < y}, then there exists

an ordinal & such that £ < B and x < b§ .

Proof. From Lemma 1 we easily conclude that there exists a strictly de-
creasing sequence { cns < y) of elements of A such that N{c,; n < y} does
not exist. Let B” be the set of all lower bounds of {cy; 7 < y}. Then clearly
UB’ does not exist. Hence, by hypothesis, B’ must be either empty or of power
R,; since ¥ is S-join-complete for every § < o, it follows that B’ satisfies
conditions (1) and (2) in the proof of Lemma 1 (with B replaced by B”). There-
fore, by literally repeating the corresponding part of the proof of that lemma, we
obtain a strictly increasing sequence (bg; & < B) of elements of B* for which
conditions (3)-(5) (with B = B) hold. Obviously the sequences <b§5 £<B)
and (cyn; n < y) satisfy conclusions (i) and (ii) of Lemma 1. To show that
conclusion (iii) is satisfied, assume, to the contrary, that ¢ is both a lower
bound of {cn; 7 <y} and an upper bound of b ¢ < B}, Therefore, by the
definition of B’, we have a € B”; using (3) of the proof of Lemma 1 we see
that a < bg for some & < f3, and hence, a being an upper bound of { b§5 &< B,

we conclude that

a=U{b§§§<B}a

which contradicts (5). Finally, in view of the definition of B, conclusion (iv)
of our present lemma simply coincides with condition (3) in the proof of Lemma

1 (again with B = B”).
With the help of [.emma 3 we now obtain:

THEOREM 4. Let U = (A, <) be a lattice with the set A of power Ry * For

A to be complete it is necessary and sufficient that
(i) U be 5-join-complete for every & < o and

(ii) every join-distributive function on A to A have a fixpoint.
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Proof. If U is complete, then obviously (i) holds. To show that the com-
pleteness of U implies (ii) we need only note that every join-distributive func-
tion is increasing, and then apply Theorem 2. Thus (i) and (ii) are necessary

conditions for the completeness of .

In order to show that these conditions (jointly) are also sufficient, we
assume that U is an incomplete lattice which is §-join-complete for every
& < o, and we show that there exists a join-distributive function f on 4 to 4

without fixpoints.

Let (bg; &< B) and (cn; 7 < y) be any two sequences satisfying con-
clusions (i)-(iii) of LLemma 1 and the additional conclusion (iv) of Lemma 3.
In order to define f for every x €4 we distinguish two cases dependent upon

whether x is a lower bound of { ¢5; 7 < y} or not.

In the first case, by (iv) of Lemma 3, the set
(1) 9(x)=E§[§<,8 andx_<_b§]

is non-empty. We notice that, by conclusions (ii) and (iii), the sequence
(bg; & < B) cannot have a last term; that is & < 8 always implies £+ 1 < S.

Hence we may put

(2) F(x) =min 0(x) and f(x)=bg( ¢
In the second case, the set

(3) Wix) = Eply <y and x 4 en]

is nonempty. We let

(4) Y{x) =min ¥(x) and f(x)=c¢,(x).

We have thus defined a function f on 4 to 4. If x €4, and x is a lower bound

of {cn; n <y}, it follows from (1), (2), and conclusion (ii) of Lemma 1, that
% < 090) < bf(x)e =f(x),

while if x is not a lower bound of {cp; 7 < ¥}, we see from (3) and (4) that
x § f(«); thus f has no fixpoints.

Now let x and y be any elements of A. Assume first that both x and y are
lower bounds of {¢n; 7 < y}. Let, in addition, #(x) < &#(y). Then, obviously,

F(x)+1 <B(y)+1
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and, by (2) and conclusion (ii) of Lemma 1, we obtain
(5) f(x)uf(y):blg(x)ﬂubl’(y)H:bl’(y)H.

Clearly, x uy is a lower bound of { ¢;; 7 < y} and we see from (1) that O (xuy)
is a subset of 6(y); therefore it follows from (2) that

(6) I(y) < dxuy).
On the other hand, by (1), (2), and conclusion (ii) of Lemma 1, we have
% S bge) S0Py and ¥ < by
hence x uy < by, and, by (1), ?(y) € 0(x u y). Then, using (2), we obtain
dxuy) < dy);
hence, with the help of (2), (5), and (6), we conclude that
(7) flruy)=f(x)uf(y).

Assume next that x is a lower bound of {cy; 7 < y} while y is not. Then,
by (2), (4), and conclusion (i) of Lemma 1, we have

(8) f(x)Uf(y)=b19(x)+1UC¢}(y)=C¢(y).

Since y is not a lower bound of {¢y; 7 < ¥}, x uy is not either, and by (3) we
see that ¥ (y) is a subset of W (x u y); therefore, by (4),

(9) Ylxuy) < Uly).
From (3) and (4) it is obvious that
2 Uy £y
and hence either
* 4 Cyiuy) O Y £y auy)
But since x is assumed to be a lower bound of {cy; 7 < yi, it follows that
Y 4 €y lxuy)’

therefore, by (3), ¢ (x uy) € ¥(y); and, by (4),
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(10) Uiy) < ylxuy).

Applying (4), (8), (9), and (10), we conclude that (7) holds.

Finally, assume that neither x nor y is a lower bound {cn; 7 < y}, and
let ¥ (x) < ¥ (y). From (4) and conclusion (ii) of Lemma 1, we obtain

(11) F)uf(y)=cy(yvey,)=cy i
Since, by (3), ¥(x) is a subset of ¥(x u y), it follows from (4) that
(12) Ulxuy) < v(x).
Using (3) and (4) again, we see that

ZUy L ey (ryy)
and hence either

% Cyxuy) @Y L Cyruy
Therefore,
Ylx) <y(xuy) or Uly) <ylxuy).

But if ¢ (y) < ¢ (x uy), then, since ¥ (x) < ¢ (y), it is also the case that
(13) lx) < ylxuy).

Using (4), (11), (12), and (13), we again obtain (7). Thus the function f is

join-distributive, and the proof of the theorem is complete.
As an immediate consequence of Theorem 4 we obtain:

CoROLLARY 5. Let W= (A4, <) be a lattice in which the set A is de-
numerable. For U to be complete it is necessary and sufficient that every join-

distributive function on A to A have a fixpoint.

By analyzing the preceding proofs we easily see that Theorem 4 and Corol-
lary 5 remain valid if we replace in them ‘“‘join’” by ‘“‘meet’” everywhere; we also
notice that in every lattice & = (A4, <) without O the conclusions of Lemma 3
(with 8=0) hold, and hence there is a join-distributive function on 4 to 4

without fixpoints.

If, instead of considering arbitrary lattices, we restrict ourselves to
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Boolean algebras, we immediately conclude from Corollary 5 that in every
Boolean algebra & = (4, <) in which the set 4 is (infinitely) denumerable
there is a join-distributive function f on 4 to A without fixpoints. This result
can be extended to a wider class of Boolean algebras, in fact to all infinite
Boolean algebras with an ordered basis;® the proof will not be given here.”
However, the question remains open whether the result can be extended to
arbitrary incomplete or even to arbitrary countably incomplete Boolean algebras

(that is, to those which, in our terminology, are not 0-join-complete ).

6For the notion of a Boolean algebra with ordered basis, see [ 5]. It is well known
that every denumerable Boolean algebra has an ordered basis, and that every infinite
Boolean algebra with an ordered basis is countably incomplete, but that the converses
of these statements do not hold.

7The essential property of infinite Boolean algebras with an ordered basis which is
involved in this proof is that every such algebra contains a sequence of disjoint non-
zero elements (b 3 < wk‘? such that, for every element x of the algebra, either the
set E lbunx= Of or the set E,[b,n x # 0] is finite. The idea of the proof was sug-
gested to the author by an argument in [4, p.921], where a particular case of the result
in question was obtained.
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