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FOREWORD

This booklet provides convenient access to formulas and other data that are
frequently used in mathematics courses. If a more comprehensive reference
is needed, see, for example, the STANDARD MATHEMATICAL TABLES
published by the Chemical Rubber Company, Cleveland, Ohio.

DIFFERENTIALS AND DERIVATIVES

A. Letters u and v denote independent variables or functions of an indepen-
dent variable; letters a and n denote constants.

B. To obtain a derivative, divide both members of the given formula for the
differential by du or by dz.

1. d(a)=0 2. d(au) = adu
3. dlu+v) =du+dv 4. d(uv) =udv+vdu
vdu —udv
5. d =— 6. du™) =nu""td
(v) = (u")=nu u
7. d(e*) = 8. d(a") =a"“lnadu
du du
9. d(In 10. d(1 =
(nu) = & (log, ) = 9
11. d(sinu) = cosudu 12. d(cosu) = —sinudu
13. d(tanu) = sec? u du 14. d(cotu) = —csc? udu
15. d(secu) = secu tanu du 16. d(cscu) = — cscucot udu
du du
17. d(arcsinu —_— 18. d(arccosu) = ——=
darcsinu) = Zr=—s3 (arccosw) = = =2
d
19. d(arctanu) = 1—1——uu2 20. d(sinhwu) = coshudu
d
21. d(coshu) = sinh u du 22. d(arcsinhu) = e
u? +1
du
23. d(arccoshu) = , u>1
u? —1

24. (Differentiation of Integrals) If f is continuous, then

/f B dt) = f(u) du.

25. (Chain Rule) If y = f(u) and u = g(z), then
dy  dydu

de  dudz’



INTEGRALS

A. Letters u and v denote functions of an independent variable such as x;
letters a, b, m, and n denote constants.

. Generally, each formula gives only one antiderivative. To find an expres-

sion for all antiderivatives, add a constant of integration.

ELEMENTARY FORMS

1. /adu =au

2. /af(u)du:a/f(u)du

5. () + gydu= [ fw)du+ [ gtwdu

4. /u dv=uv— /’U du (Integration by parts)

un-l—l
. "du = -1
5 /u u= e n #
d
6. /_u = In|ul
U
7. /e"du =e"
8. /a“du = a—, a>0
Ina

9. /cosudu:sinu
10. /sinudu: — Ccosu
11. /seczudu:tanu
12. /csc2udu: —cotu
13. /secutanudu =secu
14. /cscucotudu: —CcSCU



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

tanudu = —In | cos u]

cotudu = In|sinul

secudu = In |secu + tan u|

u2+a2

¢____

U
arctan —
a

u
= arcsin —

/
/
/
/Cbcudu—ln|cscu—cotu|
| &
| =
| o=

uy u2 —a?

INTEGRALS INVOLVING au + b

1
b)" du = =
/(au—i—) u=-

/ du
au—i—b

a

1 u
= —arcsec—
a a

(au + b)"+t

-1
nrl 0 "F

1
—Injau + 0|
a

d b
/ ua ZE——21n|au—|—b|
a

au+b

a

b
1n|au—|—b|

/ (m?j—ub)z

(au—i—b)
v
au+b

1
Eln

/u\/au—i—bdu = M(au—i—b)%

15a2

udu 2(au—2b)\/—
= au—+b
Vau+b 3a?
2(8b% — 12ab 15a2u?
/uQ\/au—i-bdu: ( abu + au)(u—i—b)
10543
u? du 2(8b% — 4abu + 3a*u?) ——
= b
Vau +b 15a3 au+

3
2



38.

39.

40.

41.

42.

43.

44.

45.

31.

32.

33.

34.

35.

36.

37.

INTEGRALS INVOLVING u? + g2

d 1
/% = — arctan — [See 19]
us+a a a

/ 1 u—a
=—1In
2_ag2 20 |u+a
d
/;L:tUQZ In |u? £ a?|
u2+a
/quu L 1 u—a
=
u? 2 lu+ta
u? du u
= u — aarctan —
u2+a2 a
/ :I:l u?
= — IN|—-
uuQ:I:a2 2a2 " |u2 £ a?
udu 1
—_ - O
/(uz:I:az)"Jrl 2n(u? + a2)n’ n#

INTEGRALS INVOLVING vu?+a?, a>0

udu Vu?+a? [See 5]

vu? +a?

/u\/uQ:tanu: %(uQ:I:az)% [See 5]

/ du
vu? +a?

=1In|u+ Vu? £ a?|

2
/\/UQ:I:anu:g u2:|:a2:|:%ln|u—|—\/u2:|:a2|

U 1 U
-
/ux/u2—|—a2 a |a+vVu2+a?
1
/m = Earcsecg [See 21]

3 2
vu?z —a U
—du = +vu? — a2 — a arcsec—
m a

/2 2
/udu:\/zﬂ—i-az—l—aln
U

u
a4+ vVu? +a?



INTEGRALS INVOLVING vu?+a?, a>0 (Continued)

u? du u o 5 a? 5 5
46. mzi u® +a $?1n|u+\/u :|:a|
2

47. /uQ\/zﬁia?du = %(uQiaz)% L8 urta? -

8

4
%ln|u+\/u2:|:a2|

INTEGRALS INVOLVING va? —u?, a>0

= arcsin — [See 20]

/ du
' Va2 — u2? a
2
49. /\/az—zﬂdu:g cﬂ—uz—l—a?arcsinE
a

udu

V=i
51. /ux/ a? —u?du = —%(a2 - UQ)% [See 5]

N )
52. /uduzvaz—uz—i—ln i
m

a++vVa? —u?

48

50. a? — u? [See 5]

53. /diu — lln v
uva?—uZ2  a |a++Va?—u?
" du _ a? — u?
u2va? — u? a?u
N N R
55. /T du = v arcsmg

u? du u a? U
e S S N Sl v
56. =3 a u? + 5 arcsma

2
57. /uQ\/QQ—UQdu: —%(QQ—uz)g/Q—i— 282 +

8
a* .
— arcsin —



INTEGRALS INVOLVING TRIGONOMETRIC FUNCTIONS

u  sin2au
58. sinaudu = — —
/ 2 4a
u  sin2au
59. cos? audu = —
2 4a
3
cos cos
60. /81113 au du = aw_ cosau
3a a
. .. 3
sinau  sin® au
61. /C083 audu = —
a 3a
. sin” laucosau n—1 . 9
62. sin” au du = — + /sm”f au du,
na n
cos" lausinau n—1
63. / cos" audu = + /cos"_2 audu,
na n
u  sindau
64. sin? au cos? audu = — —
/ 8 32a
du 1
65. / — = ——cotau
sin” au a
du 1
66. / 5 = —tanau
cos?au a
1
67. /tan2 audu = —tanau — u
a
1
68. /cot2 audu = ——cotau — u
a
1 1
69. /sec3 audu = — secautanau + — In|sec au + tan au|
2a 2a
1 1
70. /csc3 audu = —— cscau cot au + — In | csc au — cot aul|
2a 2a
1 U
71. /usinaudu: jsinau——cosau
a a
n
72. /ucosaudu: —2005au+—sinau
a a
2u a?u? —2
73. /u2 sinau du = —2sinau— ——5——cosau
a a
2u a’u? -2
74. /u2 cosau du = —5 cosau + ———— sin au
a a



INTEGRALS INVOLVING EXPONENTIAL FUNCTIONS

au

76. u?e™ du = e—(a2u2 — 2au+2)

n _
u" e du = - — /u" e du, n>1

e

a a

a2—|—b2(

79. a cos bu + bsin bu)

- a2+b2(

80.

78. /e‘w sinbu du = ——— (asinbu — bcos bu)

MISCELLANEOUS INTEGRALS

/1 )
81. /arcsin auduy = yarcsingu + - > %
a
V1 —a?u?
82. arccos au du = warccosqy — ———
a
1 2 2
83. arctan au du = varctanau — — In(1 + a“u®)
a
1 2 2
84. arccot au du = u arccot au + % In(1 + a*u®)
a
85. /hlaudu:ulnau—u
1 1
86. /unlmauduzun+1 naw
n+1 (n+1)2
87. / e~ gy = ﬁ
0 2a



WALLIS’ FORMULAS

(m=1)(m=3)--B)(1) =
(m)(m—2)---(4)(2) 2’

88. /2 sin” udu =
0 (m=1)(m=3)---(4)(2)
(m)(m—2)---(5)(3) *

™ s

3 3
89. / cos udu = / sin™ u du
0 0

Z
90. / sin™ w cos™ u du =
0

™

(m=1)(m=3)--@3)1)(n=1)(n=3)---(4)(2)
(m4n)(m+n—2)---(3)(1) ’

(m+n)(m+n—2)---(3)(1) ’

(m=1)(m—3)--(4)(2) (n—1)(n—3)---(4)(2)
D) )

(

(
(m=1)(m=3)--(4)(2)(n— 1)(( 3)--(3)(1)

(

(

(m+n)(m+n—2)--

(m=1)(m=3)--(3)()(n=1)(n=3)---(3)(1)
(m+n)(m+n—2)---(4)(2)

ol

GAMMA FUNCTION

Definition :

Shift Property :

Definition :

Special Values :

m even;

m odd

m even, n odd;
m odd, n even;
m odd, n odd;

m even, n even

x>0



LAPLACE TRANSFORMS

L 7 — 0
2. af(t) + bg(t) aF(s) + bG(s)
> /' SF(s)— /(0)
4. fr(t) s2F(s) — sf(0) — f'(0)
5.0 t"f(t), n=1,23,... (C1)"F) (s)
6. et f(t) F(s —a)
7 Ft+P) = f(t) L eros
J(OH( ~a) e L{f(t+a))

9. f(t - a)H(t —a) B (s)

10. fo f(u) @

11. fo )g(t — ) U F(s)G(s)

- g [ F () de

15 H(®)", u(t) ;

4. ", n=1,2,3,... L

15. %, a>-1 Figjll)

16. eat Sia

17. sin wt -

18. coswt .

19. %(eat<_ 1) g(ﬁtgj

0| | g o7

21. teat -

22. thet, n=1,2,3,... #

23. sinh at 4

24. coshat -

25. = (1 — cosat) W

26. a—13(at —sinat) e

* The Heaviside step function H is defined by

H(t) = {

ift<0
if t > 0.
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LAPLACE TRANSFORMS (Continued)

27 7i3 (sinat — at cos at) W
928. 2—1at sin at W
- 2
29. > (sinat + at cos at) ra??
30. t cosat (3522-;7522)2
31. e Ty 070
23 asinat—bsin bt o a b
. (a2—b%) (s7+a?) (s +5%)
bt o
34. e sinwt (s-ﬁ-l))%
bt o 2
35. e " coswt m
2
36. 1 — coswt m
37. i(t—a) e
a0 i a+ w)
+
38. | where (Sﬂflﬁ%
U = arctan -
1+ @e_bt sin(wt — ¥)
b2+ 2
39. | where e ]
U = arctan =
1+ j;—%; sin(v1 — c2at — )
2
40. | where P Tr—
U= arctanl_Eccz, —l<e<l
5 + @e*bt sin(wt — )
+
41. | where TEHoToT]

— aw 2 __ 12 2
U = arctan =, ¢ =b"+tw
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PROBABILITY AND STATISTICS

Formulas for counting permutations and combinations:
| |
@ WPe= o (b) WC= (’;) -
Let A and B be subsets (events) of the same sample space.
(a) P(AUB)=P(A)+ P(B) - P(ANB).
(b) The conditional probability of B given A, P(B|A), is defined by
P(ANB)
pP(A)
(¢c) A and B are statistically independent if and only if
P(ANB)=P(A)P(B).

P(B|A) = P(A) # 0.

Let X be a discrete random variable with probability function f(x).
(a) P(X =2x)=f(x), where z € S = range of X

(b) E(X)=) xf(z)=p= meanof X
S

(¢) var(X) = B((X — p)?) = B(X?) — > = Y f(2) = p? = o
S

= variance of X

(d) o =+/var(X) = standard deviation of X.

Let X be a continuous random variable with and probability density f(x).
b
(a) Pla<X<b)= / f(z)de.
(b) E(X)= / xf(x)dr = p = mean of X
s

(©) var(X) = B((X = ) = BX*) = i = [ a®f(@)dr = 2 = o°
= variance of X

(d) o =+/var(X) = standard deviation of X.

Let X1, Xo, ..., X}, be n statistically independent random variables, each hav-
ing the same expected value, ;, and the same variance, o2. Let

X1+ Xo+--+ X,

n

Then Y is a random variable for which E(Y) = p and var(Y) = .

Y =
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PROBABILITY FUNCTIONS (Discrete Random Variables)

Binomial
n xr n—x
flasnp) = (M) -pr, @012,
p=mnp,  o®=np(l—p).
Poisson
flaa)= "=~  (£=0,12,..),
xZ.
p=oc’=a

STANDARD NORMAL CUMULATIVE DISTRIBUTION FUNCTION

N(0,1)

TABLE OF NORMAL AREAS

0.0 0500 | 0.8 | 0.788 | 1.6 | 0.945| 24| 0.992
0.1 | 0.540 | 0.9 | 0.816 | 1.7 | 0.955 | 2.5 | 0.994
0.2 10579 | 1.0 | 0.841 | 1.8 | 0.964 | 2.6 | 0.995
0.3 | 0.618 | 1.1 | 0.864 | 1.9 | 0.971 | 2.7 | 0.997
0.4 ] 0655 | 1.2 | 0.885 | 2.0 | 0.977 | 2.8 | 0.997
0.5 ] 0691 | 1.3 | 0.903 | 2.1 | 0.982 | 2.9 | 0.998
0.6 | 0.726 | 1.4 | 0.919 | 2.2 | 0.986 | 3.0 | 0.999
0.7 1 0.758 | 1.5 | 0.933 | 2.3 | 0.989
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PROBABILITY FUNCTIONS (Continuous Random Variables)

Uniform

f(x;a,b)zb_a (a <z <b).

a+b 5  (b—a)?
2 12
Exponential

f(2;b) = be™b® (x>0, b>0).

Normal

FOURIER SERIES

The Fourier series expansion of a function f(t) is defined by:

t
—G0+Z ancos——i—b smn%),

L
LL/_Lf(t)dt

I t
*E/_Lf(t)cos%dt, n>1

where

t
/f sinﬂdt n>1

(Note: for the complex Fourier Series, see page 29)
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FOURIER SERIES (Continued)

Examples of Fourier Series

f(t)
1 —
£(t) = 1, 0<t< L
1 -1, -L<t<O.
L t
4(, 7Tt+1 . 37rt+1 . 57rt+ )
7_‘_SIDL 3sm L 55111 L
f(t)
1

0, L<t|<L
ty=42 2
1) {1, 0<t|< 5. '

2T Lgp 2t 1o sm
. S1 I B 11 I 33111 I
f(t)
L
f@) =|t, —L<t<L
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SEPARATION OF VARIABLES

Eigenvalues and Eigenfunctions for the differential equation

O+ Xp =0.

op =sinFx and cosFwx, n=1,2 ...

Solution of inhomogeneous ordinary differential equations
1. ul, + kApuy = hy(t)
U (t) = ape At 4 fg B (T)e*2An (=) g7
2. U 4 pZ uy = ha(t)

Un(t) = ap cOS fint + by sin p,t + ;% fg B, (7) sin pu (t — 7) d7
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BESSEL FUNCTIONS

. The differential equation

:172y”+:17y 4 (/\2:172 _n2)y =0

has solutions
Yy = yn()\w) = Cl«]n()\l') + CQYn()\x),

where
0 (_1)mtn+2m
Jn(t) = .
®) 1nZ:O 2nt2mmIT(n+m + 1)

General properties:

Jon) = (=)™ Jn(t); Jo(0)=1;  Jo(0)=0, n=1,23,...;

for fixed n, J,(t) = 0 has infinitely many solutions.

. Identities:
(2) Ft"Jn(t)] =" 1 ().
(b) Gt Tn(O)] = —t " Juga(t);  JG(t) = —Ai(t)
(¢) Ji(t) = 3[Jn- () Jnr(t)]

1

3 +1

= Jn1(t) = FIn(t) = FIn(t) = Jnga (1)
(d) Jns1(t) = 220 (t) — Juoa(t) (recurrence).

. Orthogonality:
Solutions y, (Aox), Yn (A1), . .., Yn(Xix), . .. of the differential eigensystem

:1723/’ + Iy + (/\2:172 _ n2)y =0
Ary(z1) = Biy'(21) =0,  Asy(w2) + Bay'(22) =0
have the property
o
/ 2Yn (NiZ)Yn(Njz)dz =0

x1

for ¢ #£ j, and

za A222 — n2)y2 (A 2fd () 2|%2
/ g o) dir = 0 A ;ijx [ yn (Niz)]

Z1

Z1

for i = j.

)
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5. Integration properties:

tJ,_1(t)dt =" J,(t) +C

VT, () dt = —t VT, (t) + C

tJo(t)dt = tJ1(t) + C

t3Jo(t) dt = (3 — 4t)Jy (t) + 262 Jo(t) + C

t2Jy(t) dt = 2tJ,(t) — t*Jo(t) + C

=
— S~

thIy(t) dt = (4% — 16t)J1(t) — (t* — 8t3).Jy(t) + C
LEGENDRE POLYNOMIALS

The differential equation
(1—2%)y" —2zy’ +nn+1)y=0

has solution y = P,(z), where

e

m=0

on the interval [—1,1]. The Legendre polynomials can also be obtained itera-
tively from the first two,

Py(z)=1 and Py (x) =z,
and the recurrence relation,
(n+1)Pryi(z) = 2n+ DzP,(x) — nPy_1(z).

The Legendre polynomials are also given by Rodrigues’ formula:

_ (= ar 2yn
Paa) = ST (00
Orthogonality:
1
0
/ Pn(a:)Pm(a:)da:—{ ‘9 nfm’
1 ont1 1
Standardization:
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TRIGONOMETRIC FUNCTIONS IN A RIGHT TRIANGLE

If A, B, and C are the vertices (C' the right angle), and a, b, and r the
sides opposite, respectively, then

a b
sine A =sin A = —, cosine A =cos A = —,
r r
a b
tangent A = tan A = 3’ cotangent A = cot A = —,
a
r T
secant A = sec A = B’ cosecant A = csc A = —,
a
B  exsecant A=exsec A=secA—1
versine A =vers A =1—cos A
r
a  coversine A =covers A =1—sin A
. 1
A c haversine A = hav A = ivers A

TRIGONOMETRIC FUNCTIONS OF SPECIAL ANGLES

o[ s [3]35[s]"[%
sin | 0| 3 |2 %1 -1
cos | 1| ¥ |22 L o |-1]|0
tan | O ? 1 V3| o] 0 00
cot | oo | V3 1 ? 0 | o 0
sec | 1 %5 V2 2 oo | —1| o
csc | 0o 2 V2 %g 1 | oo | -1

COMPLEX EXPONENTIAL FORMS (i? = -1)

o 2
sine = —(e" — e ') csecr = ————
21 e —e W
1, . _ 2
cosz = = (e +e ") secr = — .
2 eZI + e*l:l)
1 eim _ efim eiz + efim
tane = - ——— cotx =i—

7 eim + e—im etT e—im
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RELATIONS AMONG THE FUNCTIONS

sing = -1 L

- cSCT = —
CsSCT sin T
_ 1 _ 1
COST = —— secT =
_ 1 _ sinz o 1 __ cosxT
tanz = cotx = cosz cotr = tanxz = sinax
sinz +cos?z =1 1+tan’x =sec?zx
14 cot?z =cscx
*sinae = £v/1 — cos? z *cosz = +v1 —sin’z
*tanz = £v/sec?x — 1 *secx = £V1 + tan?z
*cotx = £vesc?x — 1 *cscx = £V1 + cot?x
sinz = cos(§ — x) = sin(m — ) cosx = sin(§ — x) = — cos(m — x)
_ s _ — us —
tanz = cot(§ — x) = — tan(m — x) cotx = tan(§ — x) = — cot(r — x)

SUMS AND MULTIPLES OF ANGLES

sin(z + y) = sinx cosy £ coszsiny

cos(x + y) = coszcosy Fsinxsiny
t +t

tan(z + y) = anz + tany

~ 1Ftanztany
sin2x = 2sinx cosx

cos2x = cos?x —sin’x = 2cos?zx —1=1—2sin’z
sin3z = 3sinz — 4sin®z

cos3x =4cos®x — 3cosz

sindz = 8sinx cos® x — 4sinz cos x

cosdx =8cos*x —8cos?z + 1

2tanz cot?x — 1
tan 2r = ———— cot2x = ——
1 —tan“x 2cotx

2

3tanx — tand x
1 —3tan?z

1 1-— 1 1
*sin—x::l:ﬂﬂ *COS_I::h/m
2 2 2 2

N 1 1—-cosz 1-—cosx sinx
tan —x = + = - =
2 1+ cosx sinx 1+ cosx

* The choice of the sign in front of the radical depends on the quadrant
in which z, regarded as an angle, falls.

tan3x =
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MISCELLANEOUS RELATIONS

sinz £ siny = 2sin 3 (z £ y) cos 3 (z F y)
cosx + cosy = 2cos 5 (:v—l—y)cos%(x—y)
cosz — cosy = —2sin 1 (z + y) sin 3 (z — y)
sinz cosy = $[sin(z + y) + sin(z — y)]
coszsiny = $[sin(z + y) — sin(z — y)

]
lcos(z 4+ y) + cos(z — y)]

COSZ COSY =
. . o 1
sinzsiny = 5[cos(x —y) — cos(x + y)]
tanz + tany = SnlrEy) cot z £ cot y = ZnEzy)
E COSX COosYy sinx Sy
Hans = tan( + o) foratt = cot(§ — )
sinxztsiny __ sinxtsiny _ 1
cos w+cosy tan 5 (I = y) cosz—cosy cot 2 (.CC + 1/)

sinxz+siny _ tan Q(IJF?J)

sin z—siny tan % (z—y)

sin? 2 — sin? y = sin(x + y) sin(z — y)

cos? x — cos?y = —sin(x + y) sin(z — y)

cos? x — sin? y = cos(x + y) cos(x — y)
INVERSE TRIGONOMETRIC FUNCTIONS

The following table gives the domains of the inverse trigonometric functions.

Interval containing principal value
Function
X positive or zero X negative
y = arcsinx and y = arctanx 0<y<3 -5 <y<0
J— J— us ™
y = arccosz and y = arccotx 0<y<3 s<y<m
J— J— s ™
y = arcsecx and Yy = arccsce 0<y<3 —T<y< —3

Two notation systems are in common use. For example, the inverse sine is
often denoted by arcsin or sin~'. In many references, however, “principal
value”is used for the function and is denoted by Arcsin or Sin~'. Thus, in one
book,
1 o @ . @
Arc s1n§ =Sin" 'z = 5 and arcsinx = 3 + 2nm,

while in another, only lower case is used:
o1 T
arcsin — = —.

2

6
Special care is advisable in the use of reference materials.
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SIDE-ANGLE RELATIONS IN PLANE TRIANGLES

Letters A, B, and C' denote the angles of a plane triangle with opposite sides a,
b, and c, respectively. The letter s denotes the semi-perimeter of the triangle,
that is,

s = %(a—i—b—i—c).
a b c
snA _ snB  snC
a? =024+ —2bccos A
a=>bcosC+ ccosB
A—B a-b

= diameter of the circumscribed circle

tan B a—f—bCOt?
sin A = bz\/s(s—a)(s—b)(s—c)
c
area = +/s(s —a)(s — b)(s — c)
A (s=Db)(s—c¢)
Sy T be
_ /s(s—a)
59 T be
A [s=b(s—09
tan 2 s(s —a)
a+b sinA—l—sinBitan%(A—i-B) cot 3C

a—b sinA—sinB  tani(A-B) tani(A- B)

sma sin3 d
s1n (a+B)  cota+ cotf
o
)hL

N

s1n asing’ d

sm (3 —a) cota —cotf
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HYPERBOLIC FUNCTIONS

1 1
sinhz = 5(6”” —e "), coshz = i(ez +e™)

et —e * sinh x 1
tanhx = =4+ =
et +e* coshx cothzx
tanh 1
sinhz = +Vcosh®>z — 1 = AR ==+

V1 —tanh?z a Veoth?z — 1

1 th
coshz = V1 +sinh?z = =+ oy
V1-— tanh? x Veoth?z — 1

sinh x n Veosh?z — 1 1

t h == = =
— V1 +sinh?z coshz cothz
cothz — V1 + sinh? z 4 coshz 1

sinh z T /cosh?x — 1 ~ tanha
sinh(x 4+ y) = sinh  coshy & cosh x sinh y
cosh(z + y) = cosh z cosh y + sinh z sinh y

tanh x £ tanhy cothzcothy £ 1
tanh(z £ y) = th(z £y) = —————
anh(z £ y) 1+ tanhztanhy coth(z £ y) cothy £ cothx

sinh 22 = 2 cosh z sinh x cosh 22 = cosh? z + sinh? z
sinh ™'z = In(z + V22 + 1) cosh™ z =1In(z 4+ V22 — 1)
1 1 1 1
tanh 'z = = In R cothflxz—lnx—i_
2 1—x 2 r—1

Complex hyperbolic functions involve the Euler relations

i o eiz + efiz . eiz _ efiz
e”* =cosz + isinz; cosz=—————, sSinz=—""-—
2 21
cosz = coshiz cosh z = cosiz
sinz = —¢sinhiz sinh z = —isiniz
tan z = —itanhiz tanh z = —7taniz
cotz = icothiz cothz =icotiz

sinh(z 4+ dy) = sinhxz cosy + icoshz siny
cosh(x +iy) = coshx cosy +isinhz siny

1
Inz=In|z|+ iargz; so Iniz=Inlz|+ (2n+ i)m

and In(—z) =Injz|+ 2n+ 1)mi (n=0,4£1,4£2,...)
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FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS

I. Separable equations : N(y)dy = M (z) dz. To solve, integrate both sides:
/N )dy = /M )dz + c.
oM  ON
II. Exact equations : M(z,y)dz + N(x,y)dy = 0, where oy or To
solve,
0 0
integrate ('“)_jc[ = M(z,y) and 8_£ = N(z,y) :

flz,y) = /Mxyda?—l—(b /N:z:ydy+1/l()

III. Linear equations :

dy
ar +p(2)y = q(=).
The solution is given by
/P x)dr + ( Pa) where  P(x) = ECL
x

IV. Homogeneous equations :

Substitut dy du n dx dx
ubstitute y = ux, —= =x— +u or T =0y, — =Yy—
4 " dx dx 4 dy ydy

integrate the resulting expression, then resubstitute for u or v.

+ v,

V. Equations in the rational form

@ _ar+by+c

dr  drv+ey+ f’

where a, b, ¢, d, e, f are constants such that ae # bd. Substitute
bf —ce _cd—af

ae — bd’ ae — bd’

r=X—-h, y=Y —k, where h=

to obtain the homogeneous equation

dY  aX+0bY
dX dX +eY’

This equation may be solved as in item IV above.
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LINEAR SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

L.

II.
. Solve the homogeneous equation ay” + by’ + cy = 0 for y,.

WITH CONSTANT COEFFICIENTS

Homogeneous equation ay” + by’ + cy = 0. Substitute y = " to find the
characteristic equation, and write its roots 1 and 79 :

—b+ Vb? — 4dac

ar? + br 4 ¢ = 0; 1,72 =
2a
The solution, ¥, is given by the following table.
Case 1. b% —4ac > 0, Yo = c1™ + coe™”
real and distinct roots.
Case 2. b?> —4ac =0, Yo = (c1 + cox)e”™
two real equal roots.
Case 3. b2 —4ac <0, Yo = €**(cq cos Bx + ¢z sin ),
two complex roots. where
—b Viac — b?
o=, p=t0
2a 2a

Undetermined Coefficients : ay” + by’ 4+ cy = F(z).

Assume a particular solution y, for any term in F'(z) that is one of three
special types, as follows.

A. For a polynomial of degree N, y,, is a polynomial of degree N.
B. For an exponential keP(*), Yp = AeP@),
C. For jcoswz + ksinwz, yp, = Acoswz + Bsinwz.

If any term in y, found above appears in y., multiply the corresponding
trial term by the power of x just high enough that the resulting product
contains no term of y,.

For any term in F'(z) that is a product of terms of the three types listed
above, let y, be the product of the corresponding trial solutions.

Substitute y, into the given O.D.E. and evaluate the unknown coefficients
by equating like terms.

. The general solution of the given equation is

Y ="Yc+ Yp-

Evaluate the two arbitrary constants ¢; and cg in the general solution y
by applying boundary/initial conditions, as appropriate.



I11.
. Write the solution of the homogeneous equation ay” + by’ + cy = 0 in the
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Variation of Parameters : ay” + by’ + cy = F(z)*.

form
Ye = C1Y1 + C2Yo2.

Assume a particular solution y, for any term in the form
Yp = U1Y1 + U2y2,
where w1 and ug are functions determined by the conditions

uyy1 + ugys = 0

uyyy + usyy = G(x) where G(z) = ”

. The solution of this system of equations is given by

u&:—% and ué:%,
where W denotes the Wronskian determinant:
Y1 Y2
W=W(x) = 0
(@) YioYs a

Integrate to find the unknown functions:

uy(z) ——/%dm and  ua(x) :/7y1(x)G(x) dx.

5. Form the particular solution y, = u1y1 + u2ys.

1v.
. Take the Laplace transform (see pages 9-10) of both sides of the given

The general solution of the given equation is

Y ="Yc+ Yp-

Evaluate the two arbitrary constants c; and cg in the general solution y
by applying boundary/initial conditions, as appropriate.

Laplace Transforms : ay” + by’ + cy = F(z), y(0) =yo and y'(0) = yj.

equation, using the given initial conditions. The result is an algebraic
equation for F(s), the Laplace transform of the solution.

Solve the algebraic equation obtained in Step 1 to find F(s) explicitly.

3. The inverse Laplace transform of F'(s) is the solution of the given initial

value problem.

*The coefficients may also be functions, i.e., b = b(x) and ¢ = ¢(x).
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VECTOR ALGEBRA

1. Scalar and vector products. Given vectors

a=aje; + azes + azez = azi+ a,j+ak
b = pie1 + ez + Bze3 = byi+ byj + b2k,
Cc = 71e1 + 2€2 + ¥3e3 = c;i+ ¢, j + ck,

let ¢ be the angle from a to b. The scalar (dot) product of a and b is the
scalar

a-b = |a||b|cos ¢ = azb, + ayb, + a.b..
The vector (cross) product of a and b is the vector of magnitude

|a x b| = [a|[b]sin ¢,

perpendicular to a and b and in the direction of the axial motion of a
right-handed screw turning a into b. In coordinate form,

ey xe3 oy [
axb= ez X e «y 62
el xey az f3

boap b ay, a a, a a; a
=3a b= iy g B, K
k a. bz y z z T i y
= (ayb, — azby)i+ (azby — azb,)j + (azby — ayby)k.
The box product of a, b, and c is the scalar quantity given by
a-b x ¢ = [abc] = [bca] = [cab] = —[bac] = —[cba] = —[acb]
aq 61 71 Ay bz Cg
=|az P2 2|lerezes] =|ay by, ¢y
ag 3 73 a, b, ¢,
The product of two box products is given by
a-d a-e a-f
[abc][def]=|b-d b-e b-f]|.
c-d c-e c-f

A special case gives Gram'’s determinant :

[abc]? = ‘?)- E(c;
[ c)(c x a)]
= (a-a)(b-b)(c-c)+2

( )? )

—(c-c

(a-b)(b-c)(a-c) —(a-a)(b-c)’~
-b)2.

(a
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VECTOR ALGEBRA (Continued)

The vector triple product of vectors a, b, and c is given by

b c

ax(bxc)=(a-c)b—(a-bje=| "

Three additional formulas for scalar and vector products:

a-c b-c
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)= a-d b.dl
(axb)? =(a-a)(b-b)— (a-b)?
(axb) x (c xd) =[acd]b — [bcd]a = [abd]c — [abc]d.
VECTOR ANALYSIS
Differential operators
0P, 0%, 09
VO(r,y,2) =grad ®(z,y, 2) = ol + a—yJ + Ek
L _ 0F, O0F, OF,
V- -F(z,y,z) =divF(z,y,2) = 3 o o,
V x F = curlF(z,y, 2)
_ ,0F, 0OF,,., ,0F, OF,,. ,0F, OF,
_(3y 3z)l+(8z 3x)']+(3:c 3y)
i j k
_lo o8 o
| Oz dy Oz
F, F, F.
OF OF OF

V)F = G, — il L
(G-V)F =G 52 Gy + G-,

=(G-VE,)i+ (G-VE)j+ (G -VF,)k
Vi=(V.V)= (6—2 + 8—2 + 6—2) (Laplace operator)
ox?  Oy?  0z2
div grad ® = V- (V®) = V?®
grad div F=V(V-F) = V?F + V x (V x F)
curl curl F =V x (V x F) = V(V-F) — V’F
curl grad ® =V x (V®) =0
diveurl F=V-(VxF)=0
V(®T) = UV 4 OV
V3(@V) = UV?® +2(VD) - (V) + dV3T
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VECTOR ANALYSIS (Continued)

(F G)=F -V)IG+(G-V)F+Fx(VxG)+Gx (VxF)
V. (OF) =V -F + (V®) - F
( xG)=G-VxF-F-VxG
(G-V)(PF) =F(G-V®) + (G- V)
X (OF) = &V x F + (V&) x
VX(FXG) (G- )F—(F-V)G+F(V-G)—G(V-F)

Cylindrical : x = rcosf,y = rsinf, z = z

(9(1) 100 » 6<I>A

1 8(TFT) 10F, _OF,

divF=V .-F=-
v v r or . r 00 ' 0z
o9 Ik
carl F=VxF= |4 2 2
F. rFy F,
10 ([ 00 1920  9°®
. 2
Laplacian & = V“® = e (’I’E> 2900 + == 9.2
Spherical : x = pcosf@sin¢,y = psinfsin ¢, z = pcos ¢
0P 100 - 1 00,
gradq)—VCI)—a— p+ - (?gb +psin¢%
. 1 (9( 2F) 1 (sin¢F¢,) 1 8F9
divF=V.F=— £ —
v v P> 8p + psmgb 1)) psing 96

14

P bln¢p p:alnqﬁ(b 50

arlF=VxF=| £ = 2
F, pFy  psing Fy

1O (O0) 1 0 (L oey 1 5w
V(I)_pQBp P op +p251n¢6¢ Sln¢a¢ +pQSin2¢(992

Integral Theorems

Jy V- -F(r)dV = [(F(r)-dA (Divergence theorem)

[, V@ - VIV + fV V2<I> dV = [((¥V®)-dA (Green’s theorem)

[, (¥V2® — OV20) dV = [(IVS — dVV)-dA (symmetric form)
V20dV = [ V®-dA (Gauss’ theorem

Jv s
V x F(r)] -dA = ¢ F(r)-dr (Stokes’ theorem

s c




FUNDAMENTALS OF SIGNALS AND NOISE

Complex numbers (j2 = —1)

a+bj = Re’, where

R =+a? + b2,

arctan(%), a > 0;

g — arctan(g) +m, a<O0;
5 a=20,b>0;
-5 a=0,b<0.

Ae’? . Bel? = ABe(0+9)

ef = l0+2nm) oy — 41 49 .

Unit phasor

j= ej%
eI = —1 1=¢l0=¢l?m
_j — ei‘]% = e‘]Tﬂ
Euler Identity

_ eI,

tie . cos x =5

e " =cosz *+ jsinz; . piw =i

Smx = 32

Fourier series (Periodic signals. For the real number form, see p. 13.)

o0
x(t) = Z cped?mit where
n=—oo
1 b1
2 .

Cp = — z(t)e 72 At gy,

n Tl _% ( )

Ty = period,

fi= T = fundamental frequency,
1

(For real signals, c_,, = ¢}, (complex conjugate).)

29
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Fourier transform (aperiodic signals)

X(f)= / x(t)e 72 dt; x(t) = / X (f)e?>t qgf.
The correspondence between z(t) and X (f) is denoted by z(t) < X(f).
Transform of Fourier Series
If z(t Z Cne? ™1t then X (f) = Z end(f —nf).

Convolution (*) and Correlation (x)

— 00

z * y:/oo x(T)y(t_T)de/w

y(Nz(t—71)dr =y * x

— 00

T * y:/oo z(T)y(t +7)dr

— 00

Properties of the delta function

/O;é(t)dt_

/_OO §(t — to)a(t) dt = x(to)

2(t) * 8(t —to) = a(t — to)
z(t)o(t — to) = x(to)d(t — to)

Parseval theorem (Average Power in a periodic signal)

T

=_ 1 [z 2 2
P:T/_ ()2 dt = Z|cn|

NIH

n=—oo

Rayleigh theorem (Total Energy in an aperiodic signal)

B= [ RwpPa- [ xpy

— 0o




Fourier theorems

If x(t) < X(f) is a transform pair, then
ax(t) + by(t) < aX (f) + bY (f)

LINEARITY

SHIFT/MODULATION

PRODUCT/CONVOLUTION

SCALE

DIFFERENTIATION
INTEGRATION

Fourier pairs

Time Domain

w(t — to) < X(f)e 72t

w(t)e’? ™ X(f ~ fo)

z(t)y(t) & X *Y

wry < X(NY(f)

w(at) o ﬁx(f)

dt

/_:o x(r)dr <

2oty = janfX(f)

X
2]

Frequency Domain

A(t) = 1~y (1) () = 2
h(t) 1. L H()
1 0,
T2 T2 NS y "I'\é/:'\\/f
0 0
in(2m
o) = 2200 HUT) = 5 (= ug (1)
L Ahe) H(D)
1/2f,
N TN = o g
ot 1t
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Fourier pairs Continued

Time Domain Frequency Domain
hit)=K <  H(f)=Kif)
h() AH(O
K K
t f
h(t — H(f)=K
h(t) H(f)
K
| t f
A
= Acos(2m fot) 5[5(f+fo)+5(f—fo)]

A N A BN

‘ \/ Ui t K b

Mt = Asin@nfot) = H(P) = S50 + fo) — 3/ — o)

h(t) A2 Im[H(f)]
ANANEAN

SNV

t in?(nT,
h@—bfﬂk—mwﬂ o Hm—%éﬁﬁ
t H
To

T | To ot UT, 2T, f



Fourier pairs Continued

Time Domain

33

Frequency Domain

h(t) = e Il

L he

2
a2 + 4x2 f2

2/a H()

H(f) =

h(t) = exp(—at?) —

h(t)

e_o‘t t>0

— 3

0, t<0

a+2njf

1@\ o) HO

h(t) = sgn(t)

h(®)

>

H(f):w_f

)
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Linear time — invariant systems

Basic Properties

If

x(t) y(t)

g(t) q(t)
then
ax(t —to) + bg(t — to) ay(t —to) + bg(t — to)
Transform properties

Input Output
Time Domain 3(t) h(t)
2(t) y(t) = o(t) * h(t)
system
X(f) Y(f)=X(f)-H(f)

Frequency Domain
h(t) < H(f) h(t) = impulse response; H(f) = transfer function

Random signals
T / xp(x) dx Mean value

Tr =
— 00

_ oo

x?2 = / 2?p(x) dx Second moment
—o0

1 (% )
/ |x()|* dt Norm square

T
1 %
<x>== / x(t) dt Time average
)z

For an ergodic process:
and Mean value = Time average.

Second moment = Norm square



Autocorrelation

Power Spectral Density

The power spectral density G, is the Fourier transform of the autocor-
relation function:

R..(t) = /_00 Goa ()™ df & Goulf) = /°° Run(t)e—7270 gt

— 00

Noise power (G, denotes the power spectral density)

FTo‘cal = /G;E;E df = Rmm(o) = F = (5)2

ﬁac

= N = 02 = noise power

Pye = Ryz(o0) = (T)?

Noise bandwidth (G, denotes the power spectral density)

Gyy = Gus - |H|? (linear system)

o0
N, = / Guo - |H|? df = noise power output
— 00
. no . .
N = ngBx = noise power, where — = white noise

By = / |H|? df = mnoise bandwidth

35
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Ideal filter (low — pass)

L he H(f
1/2fg

Nt -fo fo
1281t

RC filter (low — pass)

VC = h(t)*E(t) = L —t/RC m
| Vey K IH()I
Ideal filter (high — pass)
- Snizeful) 1) = up 1)
h(t) H(f)
1/2f0 1/, — 1 —
\_//\ ’\_/'
fo fo f
RC filter (high — pass)
mjfRC
Va=hOE®)  HO =80 pge T o H() = ot
| Thm L HO
C
VeI R
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Ideal filter (band — pass)

_ sin(2mfot)  sin(2m fit)

h(t) H(f) = up(If) = upn (1FD)

t t
h(t) H(f)
1
t - o f g
LRC filter (band — pass)
27 fRC
Vi = h(t) x E(t) ht) o H(f)= 1_(2ﬁf)2£2+2wijO
h(t) 1 [HOI

t f f

-1/(2mLC) |1/(2mLC) f

Ideal sampling

Sampled signal

xs(t) = x(t) - s5(t) where 8§ = i 5(t — kT)

k=—o0

Spectrum after sampling

Xs(f) = X(f)=Ss(f)  where  Ss(f)=fs > 0(f—nfs)

Sampling theorem
It )
T, < W or fs >2W (“Nyquist rate”)

then the signal can be reconstructed with a filter of bandwidth B, given
by:
W<B< fs—W.



