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MATHEMATICAL NOTES

3207. A sequence connected with the sub-factorial sequence
We define a sequence

4L3,11,53309,... 2S¢
which satisfies the conditions
Uy =1, u =1, Up =TUp_y +(r—1)ur—2 (1' >2)'

This sequence has the interesting property that if (1 +u)" denotes
symbolically the expression

Uy +nuy +3n(n - Duy+ ... Uy Uy,
with binomial coefficients, then
(I+u)" = (n+ 1)L
Proof: _
In the symbolic notation, we have
(1 +u)ur =yt 4T+

=u"+(r + 1)u’ +rur1

| =L 4u) 420 0 r 1 (W0 =y = 1),
i Now '

(1 +u)+t = (1 +u) (1 +u)?

= (1 +u) Z': (:)w

e

= Z](‘:)[ruf-l(l +u) +2u +1+u

=1\ " 2()ur (sincou =1)
f(r—l)u (L+u)+ Zo L L=

=
= (1 +u) +2(1 +u)
= (s+2)(1 +u)e.

 Since 1 +u, =2, it follows casily by induction that

{ (I+u)® = (n+ 1)L

The given sequence is closely connceted with the sub-factorial
| Bequence v, , where v, is the number of permutations of r objects in
' Which no object is left unchanged.* This sequence satislics the

tonditionst

* Thia is the old problem of the numbor of wayn in which  lotters can bo put
1 10to r addressod envolopos 8o that, ench lottor is wrongly nddressod.

T The choico of 1 for vy i puroly conventional, but very convenient later,

g
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to=1, t,=0, v,=(r~D)(0,+v,,) (r>>2), 3208. Powerful numbers

Mr. ApSimon’s implicit challenge in Mathematical Note 3172
and the first few terms are I I g

(A very odd number) spurred me to find a larger such number, viz.
/% T 1,0,1,2,9,44,265,.... 4670307774 = 410 1 §10 {7710 1. 10 L 310 4 ()10 1 710 4 710 L. 710 4 410
Now it is easily proved by induction that T suggest the name powerful numbers be given to numbers having
n =+ this property and give a list of those I have found in addition
T to the onc above:
For the result is clearly true for r =0 and 1, and if it is true for

153 = 13 4 5% +3°
r=%-2and k-1, so that o3 503

370 = 3% +7% + 02 2/
371 = 33473 418 OS 2

Up_g = Vpg TV

| 407 = 42+ 0%+ 73
and | 1634 = 14 +064 + 3%+ 44
Ugy = Vp—1 Vg, ) { 8208 = 84 +2% +0% +8¢ 2
then ) ’ ] 0474 = 94 +4% 1. 74 444 /
wy = ity + (k= 1)y | 4150 = 45 +15 455 +.0° :
= k(vg_y +v5) + (B — 1) (Vg +051) ’i 4151 = 4% +1° 457+ 1° . l/

54748 = 55445 175 445 + 85
5 92727 = 95425475425+ 75
= Vg +Vpyg- 93084 = 95+35+05 485 +45
104979 = 15+ 95 +45 195 4+ 75495
:‘ 548834 = 55 +45 4+ 86 86 1. 36 1. 48
i 1741725 = 17 4+77 447 +17 477 + 27 + 57

= (k1) (Vp_y +Vx_g) +E(vi + Vi)

We now prove a result for the v sequence similar to that for the
u sequence, namely

1 +v)* =nl ! 4210818 =47 4+274+17+07+87 +17 +87
i 9800817 = 97 + 87 +07 + 07 + 87 +17 477
Proof: ; 9926315 = 97+ 97 +27 + 67+ 37 + 17 + 57
Since ur = (1 + )", | 14459929 = 17 +47 +47 4+ 57 + 97 + 97 +27 + 97
- . nd 1 { 24678050 = 2° +4° +6°+7° + 8%+ 0° +5° + 08
Loy = 1+2)S (n— )Uf= 5 (" )ur=(1+u)n—1=n1 24678051 = 25 + 43 + 65 + 75 + 89 408 + 58 418
f=o0\ T r=o\ T - 88503477 = 88 + 8% + 58+ 08 438 148478478
Finally, we obtain an explicit expression for u,. It is well known y 146511208 = 19 +4°% +6° +59 +194+1° 429409 + 8°
that 472335975 = 4% + 7% +29 4+ 3% +3% +59+ 9% 4+ 79 4+ 5°

534494836 = 5% + 3% +4° +4° + 9% + 4% -89 + 39 +- 6
912985153 = 99 +1°+2°% +9°+ 8% +59 +12 4594+ 3°

11 1
’Ur=f!<2—!—§+..-+(—'l) ﬁ).

H 15 Farcliffe Terrace, JEREMY RANDLE
ence Bradford, 8, Yorkshire.
Vrio
Up =V H Vi =70
11 1 3209. An inecquality
= (r+ 2)7!(5 -3 Foo (- 1)”'2’()_':27) . Most of our pleasant discoveries turn out to have been anticipated
T ' Ly a century or more and the following is no exception, being
— associated with the name of Jensen. But although it can be found
D P Max RUMNEY tl“'SO(,laiLd wit . eh .
141 g ! ,J,‘;:.:;Cla.pton Road, in standard works of algebra if one happens to look in the right place,
i’ -'F } Fetosslir E. J. F. PRIMROSE it may be as new to others as it was to me.
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