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Tirkonreaw 3, IfZec8 =S80y Jor von-triving urnaments S and 7z, then
N and Z are botly transitive or S =1"and 7 = J° for sone towrnament J1.

Proof.  Suppose that » — 95 + rwhere s = |1S] < 5 = Zland 0 < < g
Ifs =z, then 8 = 4 by Theorem 1a. Ifs « - and i =0 then Z = (C o § for
some nontrivial tournament ( shenee, C o 8 = § o, by Corollary L1, and the
result for this ease now follow by induetion on m = piny (St 144

Ifs < zandr >0, then Z=Veol,,, ., = TeoCand S5 = Lo ol =
Voo, for some towrmanients 17 and ¢ by Theorem 1e: therelore,

Lepe o' U T gy =208 = N V= TeeU s T,
Sinee s >z it follow frome Tenuna 1.2 that ¢~ N
and Vomust botls be trgs i
This completes (. procl of

The st ol alj w?ruuir1:u=('<‘—;n'v\m'\'iny\' permtations ol the nodes of g tonrna-
ment 8 forms a aroup GO e aulamorplisie qroup of 22 it is shown in 1]
that G o Ny is cotnd o the componition (o reath producet) of GOR) with (7(N),
The main step ie Proving this is showine (ha sivautomorphiany of 2o N INEN
copies of S onto copics of N, That this ix the

fromy the prool of Theoren 1.

s trnsitive, But (Len ¢
e wod, consequentiv, both S wunl 7 e transi(ive.
the theorem,

o

caze follows alimost immediately

6. The number of Prime tournaments. [.of g« sayv that towrnament 3 is
amultiple of tournament A4 if 3 = oo for some towrnament X, It follows
from Theorem 2 that every nontrivial tournament 77 lis o unique representation
ot the type /1 = R o S where exactly one of the following alternatives holds:
(1) Sis a nontransitive primce tournament, or
(b) S is a nontrivial transitive touwrnament, and 2 i

s ot o multiple of o non-
trivial transitive tournaumnent

This observation ean be used to determine the pumd
i terms of the tofu nunber of tournanents,
LvaMlcno[o the nwber of nentzomorphie towrnaments with » nodes
(Davis [2] has determined {he value of ) for ,
(1) Involves a sum over partitions of »). Al=o, fet #(0) denote the number of
nonisomorphic towrnaments witl, nevodes that are not multiples of a nouteivial
travwitive tournanment (notice that #(1) = 1 hyy that the transitive tournament
2, 1s not among the tournaments connted by v (o) il o > ). 1t follows from
the above obscervation (hat ) = D r(nsd). Therefore,

e of prime tournaments

< 85 his general Tormula for

A259105
A 259106

AS6¥
E(n)
C ("‘5

rin)y = > w(ybn /), AZ\SCT l05

don

where u denotes the Mobius fune
Lknown.

If p() denotes the number ol 1

tion, so we may reaard the numbers r(n) as

wnisomorphie nontransitive prime tourna-
~0 Ot -
ments with 2 nodes, then PG equals r(0) minus the

number of nonisomorphie
—
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nontransitive tournaments with n nodes thut are nontrivial multiples of non-
transitive prime tournaments when n > 1. Therefore,

p(n) = r(n) — ' pd)i(n/d),

when 7 > 1, where the sum is over-all divizors of n other than 1 and 2. The
formulas for r(n) and p(x) may be combined to vield the following result which
permits the numbers p(i) o be determined recursively.

Trworey 4 If > 1, then
fp(n) — u(0)} = () = =" {pld) — pld)}tln/d),

where the swm is over oll divisors of n other Ut 1 and n.

The tota! number of nonisomorphic prime tournaments with 7 nodes 1s
P00 4 1 or pln), according as i is or ix not a prine number, since the transitive
tournament 7, is prime if and only if #ois prime, (The Livst few values of ((n)
and p(n) — w(n) ave given in the table below.)  The following result, which we
state without proof, follows rom the formulba javis [2]gave lov ((n) and Theorem 4.

T
Turorex 5. plu) ~ () ~ ‘2(")/)1!, (s 10— @,

n L) pln) — p() n {(n) pln) — p(n)

1 1 —1 7 496 456 <
21 71| 3 6,550 6,873

I8t 2 } 2 9 101,536 191,532

4 4 3 10 9,733,056 9,753,032

D 12 12 11 903,753, 248 903,753,248

6 52 12 i34, 108,511,168 154,108,311,016
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