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where 5. = (n,, ns, ..., n) runs through the sets of positive integers such that n, < n.< -+ < n,..

Exanmete 1 {2]. Suppose a, = x" where 0 = x < 1. We obtain for Euler's product,

) .
(ﬂ< *") 1-x™)

Exaneie 2. Let [1), I1, Ty, ... be an enumeration of primes greater than or equal to 2 and s be any
number greater than 1. Let a, = /I, We have for the Riemann zeta-function

1
— =1+ .
,.Hl(l ) 2‘ Z(”-‘..—l) =0 =)

Exavece 3 [4. p. 245). Let {p.} be a sequence of increasing positive numbers and let r be greater
than zero. Let a, = r/(r + p,). Define the entire function f(z)=TI;., (1 + z/p.) with power series
Y ucz® Then we get

0= T (1+L) =14 27 S o0

neto\
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and ¢ = S5, (pupo )
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RESEARCH PROBLEMS

EpiTep BY RicHARD GUY

In this Department the Monthly presents easily stated research problems dealing with notions ordinarily
encountered in undergraduate mathematics. Each problem should be accompanied by refevant references (if any
are known 10 the author) and by a brief description of known partial results. Manuscripts should be sent to
Richard Guy, Department of Mathematics and Statistics, The University of Caigary, Calgary, Alberta, Canada,
T2N IN4.

WHEN ARE PERMUTATIONS ADDITIVE?

A. KotziG AND P. J. LAUFER
—
G. Suppose n=2k +1 is odd and call an n-vector a permutation if its n coordinates comprise the set
{0,£1,%2,..., £ k}. The vector f=(~k, —k+1, —k+2,...,k) is called the fundamental permutation.
L‘\'\ A permutation p is said to be a o-permutation if p+ f is also a permutation. Denote by S, the set of
o-permutations.

1. How big is S,?

S, is never empty since (0,1,2,....k, —k,—k+1,...,~1) is a o-permutation. For n>1, | S,
appears 1o be even, but we cannot prove this by observing that the negative reversal of a ¢-permuta-
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‘ tion is also a o-permutation, since some o-permutations, such as

(1,3,-2,0,2,-3,-1) and (2,-1,3,0,-3,1,-2) -~

are their own negative reversals.

K ‘e . N . S W
Two o-permutations u, v, are called an additive pair (a-pair) if #+ v+ fis a permutation.

\ o
2. For what values of n are there a-pairs, and how many a-pairs are there? e . .{“L'“_JJ_
- o f . 4 ‘(,)
Here are the answers to the questions for the first few values of n: 5
/'/-’.
n=1 3 5 7 9 11 13 P g i
ISf=1 2 6 28 244 2544 35600 < PR 2PN
# of . C
{
apairs 00 6 8 0 0 7 ,f ek
{ LY

For each n we can draw a graph with the o-permutations as vertices, joining two by an edgqust if
they form an a-pair. It is easy to see that no o-permutation forms an a-pair with itself (except in the
trivial case n=1) so for n>> 1 the graph has no loops. Here are the graphs for n=5 and 7,

3122130
0122] 0123321 2023113
PN
12210 02112 [
’ 1320231 2130312
2112 1202 e == =
0 /Il 1233210 3113202
20211 —
0312213

except that 20 isolated vertices are not shown in the latter.
We can make an a-pair as the product of two smaller ones. For example the product of

01221 4 0123321

is
12210 1320231
01221 56 7 3 4101112 8 9151617131415 14 13 17 16 10 9 812 11 54376
673451617131415 9 812 11 10 1 2 2 1 01112 8 91014 13 17 16 1543765

so that a partial answer to Question 2 is:

all n of the form 597°.
Are there any others?
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600 Mountain Avenue
Murray Hill, New Jersey 07974
Phone (201) 582-3000

July 25, 1978

Dr. A. Kotzig

Center de Recherches Math.,
University of Montreal

C.P. 6128

Montreal, Quebec

CANADA H3C3J7

Dear Dr. Kotzig:

Your |S,| is Sequence 666 in The Handbook of

vl
Integer Sequences (NJAS, Academic Press, N.Y. 1973). The
problem you describe was considered by Bennett and Potts,
J. Australian Math. Soc., 7 (1967) pp. 23- . They give

8,51 = 659632

but assert that the problem is exceedingly difficult.

Yours sincerely,
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