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On the Number of Distinct Terms in the Expansion of
Symmetric and Skew Determinants

By A. C. Agey,

H [. The expansion of the symmetrie determinant

. 3 ] a h g : 1
3 k| b =abe—aft - bgt- e v 2fgh '

La foc
3 i is familiar. 1t is of six terms; but one term, fgh, is duplicated,
: and so there ave five distinet terms. I we ascertain the number
w, of distinet terms in the expansions of symmetrie determinants
of inereasing order, we find the following sequence ol values, for
n=0,1,2, ..., ¥
1,25, 1T, T3, 388, 2461, 18135, ., — RUZS = (]
where by convention u, - 1. '
To Cavley (1874, Cofl. Papers IXG, pp. 185-190) is due the recur- :
rence relation
I
i

Uy =M, — 3 (n— 1) (n = 2)u,_y (1

and the theorem that wu, is the cocfficient of ("/n! in the expansion
of the generating funetion

gty = el +4F (1 —0)=h, (2) |

the latter satisfving the differential equation !

{
2(1-:)}2:(2—[—’)(/. (3)
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Cayley’s prool of (1) was indireet, hased on the prior ascertain-
went of (3). Sylvester (Aueer. Journ. Math. 2, 1879, pp. 80-96,
S14-222) and others have direet proofs.  An account of these
malters is given in Vol 111 of Mujr's History of the Theary of
Detevwidnnts, ppe 111, 112, 120, 199 231, 2820 In this present
nOTe e wive simple prools of three coenate recurrence relations
ol the ahove kind,

oAy tern in the expansion ol a general  determingnt
Hhafes ey or A ay be speeified by the periitation of eolumn
shftises exhibited by its elenonts, when the Taetors are arranged
socthat the row saflises e in natwral order, Azain, cach sueh
permmntation s corploely speeilicd by the vvelic permutations

o eveles cottaitel in it Cyeles of one index only, or of two, are

and colunm =uflixes, vefer 1o {he satie olements as betore,  For

sell-eonjumte aud on Lransposition, that is, interchange ol pow

esaniple the evele (#3) verers 1o e whiel ol trasposition
bivonmes o, . On tie altrer haned eveli ol 3 or more ndieos
Live on transposition o differen{ set ol element =,

[Far exarmple
Ayattotty Boeomes oy Lransposition w., o o

In Pt transpositin
veverses the arder of indices in o exveles socthat cxele (k) viells
exelo (i), '

a transposed exele of 3 oor more indices telors Lo a produet of

I symmetvie doterminants, however, sinee o Ui
the same elements as forn the original produet, and so sucl)
Products oceur foiee i association with any other fived fuetors
eaterme ol L The consequence is inmedinge

In the vxpansion of g syimetrie determinant a term corro.
sponding ton permutation containing s eveles of 3 or more indices
veecives duplivation for cach sueh evele, amd so appears with
cocflicien 21,

S0 Weanay now procesl, by consideration of eveles, to the
entneration of distinet torns,

Let a symmetrie determinant of order 5 - 1 be considered.
Its terms corvespond to permutations of the livst w - 1 natueal
nunihers, and ench guel) permutation may e supposed to he
Written ont in the form of its constituent eyeles (ub), (ede) and
the like. Lot the additional index # he introduced into a permu-
tation by the rollowine mambiguous and reversihle rule.  Place
w hefore or after uny of the other y — | indices, putting it always

W Ty [T T T T

FxpaxsioN oF SYMMETRIC AND SKEW DETERMINANTS 3
in the same evele as the index \\.'hir-h i p.-‘('n‘v?m.-: 1.1 .’.t ;]\ F,},]:.I'[,.,t.l:j-
last it forms a evele () of one index. In Hll.\‘ W “‘\l'll,l,‘ e
permutation yields n distinet new ones, Plﬂ'l‘l'b]]”ﬂi ;“;, i h“.[
in the enlarzed determinant.  Thus w, \\'Tmhl h.v l\flu.‘n }.' ;J“‘,,Il_l;“m
for one consideration.  Certain tj)'(‘ll‘.\' ol two ””l”.“.b.i”"\(,m,m‘:”‘m
of 1, have become exeles of 3 i!]l.lll‘t’ﬁ. Sn‘l'h.'lt lt;:'nll.s W I“{ e
2¢ fiave given rise to terms with umfﬂlvu-nil_i : |,I.T. ‘:I- o
allow for this duplication by subtraeting hall 1.1n-|11}n(1 J(IM \\}I“,.l_
terms,  They evidently eorrespond 111‘;‘3-"]“:4 0l ‘t}.lllr ‘;r ; i”l“w;
o and b arve ehoson in ovder from any of the 1'<~mm1|1|.|t.. 'f X
There are thus (v - 1) (i - 2) such ('_\'L‘h_‘r}.. u.ml the .||-|.||m|l|hl;".‘.l B
indices oive rize in each ense .tu wy o oodistinet terms.
have Cavley’s reeurrence relation
U, =Ny | — 3 —1) (0 —2)uy
1t is interesting to see ina mhl'v the enumer;;m‘u -.le.“t,l:z)ls.} 'Ilinh
tyvpes and the corvesponding distinet terms. or - example.

table for o = 5 s as follows :—

a3 H Toral

weledype  — 1P 12 193 14 |
AL ) Iy . N
‘c(’{,j'h("{-\p}]:m — 1 10 20 30 15 0 120
Distinet tern 5 15 10 12
Distinet terms = 110 10 15 15 1

Sy g COTeCTIITOTICe -
1. By o similar method we may establish the ’INIHV:ITII Ky
et : an v o, pit . 122
lation asserted by Sylvester (loe. eif. p. 38, ‘“”“,‘ e vl ]1”! b
) i i ) H 7t " . . slictine ~
in reeard fo a svinmetrie determinant with prineipal ol
in reg a s

1=hi SoAre EIRI S TN
Ul equal to zero The vanishine elenents arve those 1k
a; all cque LT O,

! i e, o 8 sl eveles e
correspond to eveles of one index, and =0 o sl e

1 We i N 1 i -~::‘ P lex
admitted in our enwmeration.  We introdues the additionn

i just as in 33, but we cannot ].mt it ]::st' nis :1|I(‘_\.!L-]I'|I-ilnj ““ilnln'l!:{]l,l. :
and so we treat it in g - 1 ways instead u.l 1 Mj m.[- . ,.,:‘,,I' o
e eveles in which w appears wider this ]].](tl"“” f;]i‘.h S
or lllt.ll‘(‘, amd so we have still t.n add the eases 1{r!. W ich ‘;“.[\ .
cinted with any ol the remaining - | 1‘11=1|r\w.\‘ l‘i]!i‘.lelg l-\.n.m g
(na)s and in each such case the rest ol the in S A

jon lor rms s exaetly
distinet terms. The compensation for duplicated terms is o :

as before, and so we have

= (1 — 1) (g + Uy p) — 2 (0= 1) (0 — 2}t

RS0, 88 g0

the first several values ol w, being 1,007,106,
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5. We ean also enmmerate the distinet terms in the expansion
of o strietly gkew determinant with prineipal elements zero. This
result was also asserted by Sylvester (loe. ¢it.) in the form

w, = — 1Py —3(n—1)(n—2)(n — 3)ua_y

[ zkew determinant, sinee ay; =-ay, any cyele of an odd
tnher ol indices eonnotes a produet of elements vielding on
transposition o product cqual in value but opposite in sign. Thus
terms corresponding to permutations containing any eveles of odd
ovder annibilate one another, and so only eyeles of even order
are adimis=ible, OF these the only self-conjugate eveles are those
ol two dndiees,

There are various rulex by which we may set up an un-
wibigions and reversible correspondence between distinet terins
ol - 2 clementz and derived distinet terms of n elements, where
s even, coual to 2ue We c¢hoose the following,  Write out as
helore the exeles, corvesponding to each distinet term of » - 2
clements. Ioteodnee the two new indiees, # -1 = p, and n,
Place o anywhere amonge the 2 = 2 indices, in the manner of §3.
This can be done inony = 1 ways.  Then introduee p anywhere,
exeept thiat, i1 p falls in the same eyele as a. do not let it oecupy
first place in that eyele. (This is to prevent unnecessary dupli-
cation, sinee, for exaple, exveles (panb) and («ebp) are eqniva-
lent.)  This can alzo e done in w = 1 ways. Now take the index
followineg o in exelic order inits evele and plaee it after p. We
thus have o devived pattern of even eyeles only, all patterns so
devived are distinet, and the correspondence is reversible.  Thus
u, = (1 — 1)Fu,_y, subjeet to the allowanee tor duplicated terms.
Cvelos that wore previously of two indiees give rise, under the
pule, to eveles o4 indiees ol the two types (1) (nabe), of which there
s { Dt = 3 (e - By and (i) (naph), of whieh, since we
choose woamd b oin order and then may insert p in 3 ways, there
are Al = Dy (0 - By There are thus (n — 1) (e -~ 2)(n ~ 3) new
evelez on 4 jndices, and in each case the remaining » - 4 indices
correspond 1o o, -, distinet terms.  Hence we have the recur-
renee relation

Up=(n— 12U s —4(n — 1) (0 — 2) (n — 3) up_y,

the first several values of a, being 1, 1, 6, 120, 5250, 395010, ...
Sylvester sugeests that congideration of eyeles may give a
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vg APPRONTMATION B
Ox THE NEWTON-Rarusox sieruob O Apprroxis

a shew syinmetrie Il"li'l'lnll{.’l!l]
This can he dane by examina

Teos may he awelnmerted

simple proof of the thearem Lhiit
of even order is a perfect squire. ‘
tion of the way in which eyeles of Lwo 1 e
in eveles of more indices, but it would hardly S e b -\“-.'1 ' l:|,..
s Sylvester believed.  One eang however, Gagily et

tertu.s in the square root, the [*faflinn.

[ Iinant eorres 1 exed

e skew determinant eorvespone .
o onlv,  =inee Loy
wilyveE L

Foe thie soumeed terms
neively to permatations

containing  eveles of  two pdices .
Thus we have 1o find i how e

— @i @y =,
L, Fror et exelootple 1 el

cnddices mav be put into e sueh eyeles. . e Lo
; ¥ ini i s SO P T AN AN { S
anv o frow the remaining Za 1 indiees: Tor =eean - i
: i Jer il i the
the next sarviving indes pattira] order and any borron
remnaining 2ne - 31 and so proceed. Ihe 1--m1i : .
Praffian b= s (Zec Ve BHZm =) o ,.1 Fhetotio
‘ | i This 1= a well-known resul.
composed of odd ninnbers,  This i a well-known

Tue MATHEMATICAL DsTHETE,
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On the Newton-Raphson method of Approximation

By H. W. Ricusonn O

1. The Method—An coimion Fle ."f b=
known expetly.  Fromoa first appresins ' .,',, -
=, s cbtained Tropg vhe Tani

approximatian.
b= u - Fla) Frin)

3 v ibinined by vl
From b a third approxunanid ¢ 3
o ) Vg t +}ii [ | BT I
sormula. znd 5o on. The m-thi
i ¥ s Cae
Racently 1 hute hed we 4w Tewd Ve sttty
hooks © among LD ) L
(2 Whimakar & Bobinenn, Caudrilus o Oheesvy
o v .
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