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- .. ON THE FUNCTION x(n). ol

LA . _By J' w. L. GLusgzn.’ ! @i

.T'Deﬁniﬂ.bﬂs of x(n), §§1-3. 26;‘

§1. IF an uneven number n be the sum of two squares,
one of them must be uneven and one even; and if

n=a'+b’=0a'+b'=...,

5

where 4, a,, ... are une@en, then x(n) is defined to be the
quantity ‘
( 1) (al+6 "1) 2 +( 1)*(“2"‘61 1)2 +
Every resolution a*+ 5" of » as a sum of two squares thus

gives rise to a term (— l)i(a’*'b_l) 2a-in x (n); but if n be xtself
& square =qa’, the term due to the resolution n=a' is _

(- l)““'l)a (m which the coefficient 2 does not occur). - . R ey
Thus, for example, ’
@B -~ 25=34+4'=5,

a.nd therefbre

(25) (_ “3*““)x6+( 1)*(5‘"x5=—6+5=-1;

- (i) - - :'76551’+8'—7’+4',
—-‘ and therefore ' '
g " x (65) = (=)D 0 4 (- 1)*(7““) Xx14=2-14=-12;
| (i) 169 =54 12°=13",
K and therefore - ‘

% (169) = (= )ACH2D 5 10 4 ()M 13 210 4 12 =23.

§2. If a+b be any complex number, the real number
@'+ 5" was termed by Grauss its norm.
The four associated numbers

) a+1, a—1b, —a+1d, —a—1d
VOL. XX. o
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~ tiplied by p and (ii) the numbers (a + )" and (a —b)

106 Mr. Glaisher, on the Function x (n).

~ §12. We might have obtained the preceding general
expression for y (n) by a-direct application of the method
of §§8—-10 to the general case in which n=p ap,m..., 7.e. by
considering all the numbers which have n as their norm, and

_by deriving directly from them the value of y (n). If this

course were followed the formula of §6, viz.’

x (®)=x (n,) x () x (n).y S
could be deduced at once from the expression for x (n).

. Relation connecting x (p°) and x (p"™), §13.

- _ §1’3, It is evident from §8 that the numbers which bave

P" as norm consist of (i) those which have p"™ as norm_mul-

We thus obtain the formul= '
x(2)=px (p"") + (¢ +1b)" + (a— )",
if n be even; and :
- x{(P)=px(P7) +k{(a+B) + (a - D)7},
if n be uneven, where as before % denotes (- e,
- The value of (a + )" + (@ —5)" expressed in a real form is

9 {a“ - n (";T 1) af--abu +" (n - 1)'("4_l 2) (n — 3)' ambt —.-.} )

“and if we denote this expression by v (g, b) we“have,- for

all values of =,

’ s on ] n. 7 -1 '- .

() =@+ x (P + (=D (0 8).
_ This formula is almost as convenient as the formula in
§ 10, not only for the actual numerical calculation of x ( p*);

% (p%), &c. when p is a given prime number, but also for the
- calculation of the expressions for these quantities in terms
-of a and &.

Algebraical definitions of x (n), § 14.

§ 14, The arithmetical definition of x (n) given in §1is
equivalent to defining x (4n +1) as the coefficient of z**** in
the product : '

(z- 320 4 55— T2 + &c.) (1 — 22 + 2% — 22% + 22™ — &e.),
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and the definition of y(n) adopted in the preceding paper
(and quoted in §3 of this paper), is equivalent to de ning
X (4n+ 1) as the coefficient of +*** in the product

(z— 32"+ 52 = T2® + &) (z +2° + 2 + 2% + &e.).
We thus have -
x(Dz +x(5)2" +x(9)2° + x (13)2" + &e. ,
T= (2= 32"+ 52" ~ T2 + &e. X1 - 22* + 20— 2% 2% — &e.), !
= 8 and x (L&' +x(5)x" + x(9) 2" + ¥ (13) @' +&e.
¢ j =(z — 32" + 5™ - Ta* + &ea +2° + 2" + 2 + &e.).
From these two equations it follows that
: (z—32" + 50" — 72® + &e Xz + 2° + 2™ + 2° + &c.)
o = (2= 32" + 52 — Ta® + &c.)(1 — 22° + 22" — 227+ &e.);
‘ a result which may be readily verified by Elliptic Functions.

It will be observed, that an"arithmetical proof of the equi- -
valence of the two definitions in §§1 and 3 affords a proof

of this identity.

The function E (n), §§ 15—17.

§15. There is an intimate connexion, and ako in many
respects a close resemblance, between y (n) and the function
E (n) which denotes the excess of the number of divisors of
of the form 4m + 1 over the number of divisors of the form
im 4+ 3. : : ) : '

This function was referred to in §13 of the preceding
paper, and ¥ (n) was there expressed in terms of E(1), E (5), ...
E(2n ~ 1) by means of the formula ‘

X (2m+1) = E (1) E(4m+1) - E (5) E (4m~3) + E(9) E (4m—T7)

3 D et (2" E(4m— 3) E(5) + ()" E{dm + 1) E(1).
It was also stated that the uneven values for which -E (n)

-vanishes were the same as those for which ’ (n) vanishes.

vhrs——— e R MUY - i v

§16. If n=a"0".../"s"..., where q, b, ... are different
}Jrlmes of the form 4m + 1, and 7, s, ... different primes of the
orm 4m + 3, then it can be easily shown that £ (n) is equal
to the value of ~

(t+a+a’..+a") x (14+5+0"..+ bﬁ)... : :
X(l=r+ % 7)) x (1-s+s"...£5)...,
when g, 3, ... 7y 8 ... are &ll replaced by unity.
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Thus E (n) vanishes unless p, o, ... are all even; and if

this condition be tulfilled, we have

E(n)= ¢ (ab'c...),

where ¢ (n) denote the number of divisors of =.
It follows also that, if n=nnn,... where n,,n,n,... are
prime to each other, .

E(n) = E(nl) E(n’) E(na) ey

:llxlld if n=a*¥’c" ..., where a, b, c, ... are any different pri_xﬁes,
en ;

o Em)=E@YEG) E()....
“Also if p be a prime of the form 4m + 3,
E(p™)=0, E(p™)=1,

>

and if p be a prime of the form 4m +1,

E(p')y=n+1.

- §17. Corresponding to the algebraical formule which
. define x (n) in § 14, we have the following formule involving

E(n), viz. ' ‘ -
. E(W)z+ E(5)2"+ E(9)2° + E(13)a" + &e. .
=(@+2° +2°+2° + &) (1 + 22 + 22" + 22% + 22% + &e.),

E(1)a"+ E(5) :.z:‘° + E(9)z" + E(13) 2" + &e.
 =(@+ 2+ P+ + 2+ &e )
: "Comparing the first of these formula with the correspoﬁd-

4 ing x-formula in § 14, we see that £(n) is equal to the number

of compositions of n, supposed uneven, as a sum of two

- squares, t.e. E(n) is equal to the number of primary numbers

which have » as norm; and if in the expression which defines

o x(n) in § 1 we take all the terms with the positive sign, and

substitute unity for a,, a,, ..., that expression becomes equal
to E (n). ) .
Thus although E(n) admits of being defined in terms of
the real divisors of n, it stands in the same relation to the
number of primary numbers of which n is the norm as
x (n) does to their sum, 7.6. the number of primary divisors
of n which have » as norm is E(n), and their sum is y (n).
The fact that £ (n) is capable of being defined by means
of the real as well as of the complex divisors of n gives rise
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to the known theorem that the number of the compositions of
n as the sum of two squares is equal to the excess of the
number of (4m + 1)-divisors of n over the nwmber of (4m + 3)-
divisors. ‘ ’ :

If, for n uneven, we define £ (n) as the mumber of primary’
numbers having n as norm, it follows immediately from the
considerations in §§ 5 and 8 that E( pq) = E(p) E (g), if p and ot

be prime ; and that if p be a prime of the form 4sm + 1, then
& (p")=n+1. -
A comparison between either of the above F-formule and
. the corresponding x-formula in § 14 shows that when Z(n)
W vanishes, ) () must also vanish ; for, taking for example the
© first formula, if £ (n) =0, the E-formula shows that n is not '
expressible as a sum of two squares, and therefore necessarily
- - (n) vanishes. i
5 . " The converse theorem is also true; for E(n) and »(n)
' vanish for exactly the same values of n. '
+ The definition of E(n) as the excess of the number of
{(4m + 1)-divisors of »_over the number of (4m + 3)-divisors
assigns a meaning to £ (n) when n is even, viz: if n be even
=2"r where r is uneven, then E(n)= Efr); and in general
whether » be even or uneven, Z(2"n) = E(a). The function
w_, X (n), however, has béen defined in §§ 1-3 enly in the case of
n uneven. , S ‘ :

» - The fuﬁctﬁm \[r(n), §13. 3
§18. The function ¥r(n) which denotes the sum of the
real divisors of n, and which occurred in conjunction with
x(n) in the statement of several of the theorems in the
_%evious aper, admits of expression im terms of E(1),
(5), ...E(?n—l)' by a formula which differs from that
for x(n) in §15 only in having all its terms positive, viz.

.we have ‘ _
¥(@m+1)= E(1) E(4m +1) + E(5) E(4m—3)+ E(9) E(4m—T)
S et E(4m - 3) E(5)4 E(4m +1) E(1).
‘Thus, by addition and subtraction,

Y(@m+1)+x(2m+1)=2E(1) E(dm+1)+ E{8) E(4m-T) +...},
_ VEm+1)~x2m+1)=2 (E (5) E(4m—3)+ EQ3)E(4m—11)+...}.
i : " The quantities ¥ (2m + 1)+ x(2m + 1) occur in the ex-

Pression of Theorem III. p. 88 of the preceding paper.
When the argument is of the form 4m+ 1 there is always

D
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a middle term, and if we beginlwith this middle term the
formulee may be written ‘ I

X(4m+1)=(="(E(4m + 1) E(4m + 1) = 2E(4m - 8) E(dm + 5)

 +2E(4m = 7) E(4m + 9)...4 (<) E(1) E(8m + 1)},
Y(mtl)= (E(4m+1)E(4m + 1)+ 2E(4m — 3) E(dm + 5) ,

+2E(m~7) B(4m+9)...  +EQ1)E@Bm+1).

When the argument is of the form 4m + 3 there are

_two middle terms, and the formula for y (4m + 3) vanishes

identically as it should do, the terms cancelling one another.

* The formula for ¥ (4m + 3) may be written o 7

Yv(dm+3)=2E (4m + D) E@Um+5)+2E(4m—3)E(4m +9)

. _ et 2B(1) E(8m + 5)..
Thus, for example, l :

X (9)=E(9)E(9) - 2E (5) E(13) + 2E(1) E(17),

VO)=E9)E©9)+2E(5)E13)+2E(1)E(17), . _
Y(11)=2E(9)E(18)+2E(5) E(17) + 2E(1) E(21).  ~
The formule for y (2m+ 1) and ¥ (2m +1) in terms of

an

- E(1), £(5), ...E(4m + 1) were obtained from the formulz

x (1) &+ x (5) 2 + x (9) 2 + (13) 2 + &e.

= (E()z +E(5)2° +E(9)2° +E(13) 2" + &c.}
x{E(1)z —E(5)a* +E(9)2" —E(13) 2™ + &c.},

¥ ()2 + 4 (3) 2+ ¥ (5) 2"+ ¥ (T) 2™+ &e.

= {E()a +E(5)a"+ E (9)° + E(13) x + &e.}
x{E (e +E(5)2"+ E(9)2° + E(13) 2 + &c.)

It follows also from these equations that
X (1) +x(5)2'+x (9) a*+&e.  E(1)-E(5) x+ E(9) 2*~ &ec.

V() +¥E)z +y (5] +&e. T E()+ E(B)z+ B(9)w+ &,

whence, by equating coefficients, we find :
E(dm+1)E()-E(4m—-3)E@)+ E(dm-1)E(5)  °

; ) et (P EQ) E(2m +1)=0,
where £(a) denotes - (a)— x(a) or ¥ (a) + x (a), according?

a8 m 18 even or uneven,
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_ This formula is included as (xvi) in the group in § 33.
It will be seen in the following sections that the function

¥ (n) is very similar in its properties to x (n), and that many
of the formul which they satisfy are nearly identical in
form. : '

Applications of x (n) in Elliptic Functions, §§ 19—24.
) §19. I)Gn\oting%r by p, we have in Elliptic Functions
pr=142¢+ 2g‘+ 2¢° + 2¢* + &c,,
Kot =1—2g +‘2g‘ - 2¢° + 2¢* — &e.,

4 k*p*\; 2¢t +2¢+ 29%¥ + 299 + &e.,
- MEipt=2gt —6g1 4+ 10g¥ — 14g% + &e.

* By multiplication we deduce

Ript x kMt =4 (g + g + g% + &e) (gh — 3¢ + 5¢% — &)

=4 {x (1) g"+ x (5) g +x(9) gt + x (13) g¥ + &e.},

Kt x Kitpt =2 (1 — 29 +24*— 20°+ &e.)(g— 3¢t + 5% — &e.)

C=2{x(1) g+ x(5) g + x (9) gt + x (13) ¥ + &e.},

Pt X Rikpl =2 (1 + 2¢ + 24*+24°+ &) (g2 — 3¢ + 5¢% — &c.)

=2{x ()¢ -x (5) ¢ +x(9) ¢t - x (13) ¥ + &c.},

and we thus obtain the formule . : .
L H=A3T  y(tnt1)gt,
BEp*=23" x (4n + l)‘gm"ﬂ),
T =237 (<) x (4n +-1) gD,

-§20, Tt can also be shown that we have in Elliptic

Functions the formula

Kp*=1637 ¥ (2n+1) ™,
ko'= 437 (20 +1) gt
REp'= 437 (<)% (20 +1) g,
and kp= 43’ E(4n+1) gt
” Fo= 257  E(an+ 1) g
R = 257 (<) E(dn + 1) gh,

Ve — e —— .

e — 0 e
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P It thus appears that the function (274 1) occurs as
“coefficient in certain g-series proceeding by ascending powers
- of ¢, which bear a close analogy to the known formule in

S

" which ¥ (2n + 1) and E(2n + 1) occur as coefficients. .
‘ The preceding formul involving ¥ (27 + 1) and E(2n + 1)
may be derived directly from the g-series for sn u, &e. by -
ik " “means of the equations C : .
Hil ® zt x* z -
! £ l—:c"—l—w°+]—:c“’—l—x"_l-&(_" .
i o =E(1)z+E (3) 2" + E (5) 2° + &e.
I z 32" 5x° = : -
’r 1-x‘»+1—m°+lfw‘°+1—m“+&ci

=¥ ()@ + ¥ ()2 + ¥ (5)2 + &e.

" . but as x (n) apparently depends only on the complex divisors
- 'of m, there 1s no series, corresponding to the left-hand members
. of these equations, which is such that the coefficient of z**
. _in it3 development in powers of x is y (2n + 1). .
; The elliptic-function formule found in the last section
+- . seem to be of interest, as giving the g-series for such funda-
mental quantities as /k%p*, &c. It is remarkable that the
.+ coefficients in these series should depend upon the complex
.~ divisors of the exponents; and that y (n) and 4 () should
be the corresponding coefficients in formule which present so
many points of similarity to each other. . 7

g e
P e
H

L4 5

—a - . -
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:

§21.- From the second and third equations of the first

'

il E e group of formul in the last section we may deduce the four
i 3 " formul= ' ' : ' :
j \ :El Sk - . ) k*p,= 22:0 ‘\P‘ (41l+ 1) gi(‘i.n«{-l)’
il | HKEp" = 237 (=)' 4 (dn + 1) g4,
4t .
Hp'=237 ¥ (4n+3) g9,

(
k! =237 (=) ¢ (4 + 3) g9,

- §22. It was remarked in §17, that the definition . of

- E(n) as the excess of the number of (4m + 1)-divisors over the
number of (4m + 3)-divisors applies also to the case when n

. is even; and it may be noticed, that if yr(n) were defined
as the sum of the divisors only in the case of » uneven, the
‘extension to the case of n even might be made in seyeral

e e
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i ‘ways, for not only does yr(n), the sum. of all thé divisors of

- s Y i,

n, occur as coeflicient in elliptic-function formule, but so
also do the three quantities A (n), A’ (n), ¢(n), where

A (n)= the sum of the uneven divisors of n,

a’(n)= ° , , divisorsofnhavinguneven conjugates,
(. w °, uneven divisors of n
tm)={ v

= » » even n

each of which becomes equal to 1[4' (n)>when nis uneven. ;
The values of the g-series in which ¥ (n), &’(n) and £(n)
oceur a3 coefficients involve ¥ as well as K, viz. we have, for
example, o L
242:, ¥ (n)g"=1 +.4 (1 +77;:") K 1.2KE

,”J ?
 oce g w4+ ENE' 4KE
ey~ AL KE
- .' . ‘“ - i ¢

827 {{n)q"= : -~1+—4f_,z,

but the series involving A (r) can be expressed in terms of K

alone, viz. we have
24E° A(n)g"=—1+ w
§23.- We can express p’, k”o* and -Ic'p' as g-series in-
volving A (r) by means of the formule
L PS8 R4 (1) A,
Kp'=1+8%7 {1+ (-1) 2}'A (n) ¢,
Kp*=1+837 {1+ (-1)"2} A (n) g™,

~and ¥¥" and £'#p* by means of the formula

Kip'=1+437( 1,0,-1,-2, 1,0,-1,6)A(n)g",
Flp*=1+437 (~1,0, 1,-2,-1,0, 1,6)4(n) g,

where the meaning of the notation 27 (a, a,y 4,y ...a,) A (n) ¢"
18 that the coefficient of ¢" is a, x A(n), a,xA(n),... or

2,4 (n) according as n = 1,2, ... or 8, mod. 8.

YOL. XX. _ T qQ
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| o®
E@) ¥ (r) = E(1) ¥ (r—4)...t E (n) ¥(3)
4)...x B (m) x (1).
| (vi) .
E(OHr(r +E(U) ¥ (r=4).t B (n) ¥ (3)

= EM¥()+E@ ¥ —4)oeet E(m) ¥ (1).

. (vii) o

LEOQx(D-EM x(p=-4 s E@ x 1)}

E(1)x (5) +E(5) x (1 =4) ot E(0) % (),
(viii)

LB (0) ¥ () = E (1) ¥ (1 = 4) Frrrrenn o}

L =EO () -EE x(p -4 B x W)

o - (ix) ,
L B0 () =EQ) ¥ (r—8) Feeererererreerns

=P EO) 2 () + E(5) X (p=8)tneenrnrnnnn }

The last term is omitted in the second member of (viii)
and in both members of (ix) as it depends upon the form of =.
According as n i3 even or uneven, it is E(3n) (1) or

E{}(n—1)} ¥ (3) in (viii), E(n) §(3) or E{}(n—1)} ¥ (7)
in the left-hand member of (ix) and E(2n+ l)x(l) or °

- E(2n—1) x(5) in the rlght-hand member.

' §51. Tt may be remarked that we may deduce from these

: formulm the equalities :

O
. E(])x(s) +E(5)x(s -4)..+E(s) x (1)
A{EO) x(p)~ EW) x (p—4)-- £ E(n) x (1)}
L{EO)Y(p)=EL)Y(p—2)...+ E@n)¢ (1)}
. (i)

E(l)x(s) —E(5)x(s —4)...+E(s) x(1)
= E(l)Y(s) ~EG)¥(s —4)...+ E(s) ¥ (1)
[EQ)x(p)+E(@2)x (p-4)..+E@n) x (1)}.
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me;funch'cm E, (n), §§ 52, 53. 7 L A’ X‘75

§ 52. If we denote by E, (n) the excess of the sum of the
s%uares of the (4m + 1)-divisors of n over the sum of the squares
o

(
the (4m + 3)-divisors, it can be shown that, if

n=2°a"b"c"...reso¢7...,

where a, b, ¢, ... are primes of the form dm 41 and 7y 8yt uue
‘are primes of the form 4m + 3, then ,

’ a™ -1 P
= (=)ptot.
{ B, ()= (-t T x
' (-1 S (- 1)
pi+1 .8+l
If therefore n =2"r, where r is uneven, E,(n) is positive
_ or negative according as r is of the form 4m + 1 or 4m + 3.

_ e see also that iIf n =a*bé("... where a, b, ¢, ... are any
different primes, _

| E,(n =, (@) E, (¥ E,(c)...

e o Mgy .. are relatively

‘and that if n=nnpn,... where 2, n
prime to each other, :

vy B, ()= B, (n) B, (n) E, (n)on.

§ 53. The expression E,(n) occurs as coefficient in the
g-series for certain expressions involving p° viz. we have

ko'= 4g'S7 ()" E,(2n+1)¢",
= 4¢'s® E,2m+1)g, - -
Ho=- g's7  E,(m+3)q, '
T == P57 () B n+3) g,
B ==8¢'s  E (4n+3)¢™
Ep*=1+457 ()" E,(n) ¢°
Me=1-43 . B,
which, if we define E, (0) to denote — #, may be written.
Kp'=—437 (-)' B, () 7"
k'p'=—437 E (n)q"

{
( " We find alsb the formule
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then ®
(P Em)=E(p) ¥ 1)+ E(p-9) ¥ ()t E1) ¥ (),

WOE ()= E©)¥ () +EW) ¥ (=)ot E(n) ¥:(3) -
Putting as before n =2, these formule give o
E, (5) =4 (EQ)¥ (5) + E(D¥-(3)+ E@) ¥ (1} =26,
-$E,(1) = EQ)¢AD+EM¥@+E@)¢(3) =15.

- The formula in §§ 31 and 46 do not afford expressions for
E, (m) and E,(r) in which the function  is involved.

144 Mr. Glaisher, on the Function x (n).

- Expressz'oné Jor E (m) and E, (r) in te'rm.;; éf E and +, §§ 54, 55.1

54. By combiﬁing the first group of formule in the

_preceding section with the formule in §31, and equating -
“coefficients we obtain the following expressions for % (m)
. and B, (r) in terms of the £ and + functions, the arguments

being uneven:

- If m=2n+1, p=dn+l, r=4n+3, '

Gy

o RE,() =E(p) ¥ )+ E(p=4) ¥ (8).rrt B(1) ¥ (m)

=¥(P) B+ (p=-4) E@)..ct ¥(1) B (m).

- For example, let n =2, and the formule give

E,(5) =E@)¥(1)+ E() ¥ (5)+ E(1) ¥ (9)=26;,
-3E,(10)=E(9) ¥ (1) + E(5) ¥ 3)+ E (1) ¥ (5) =15,
=¥ () E()+ ¥ () E@)+¥ (1) E@) =15

-§55. By means of the formula for p, &c. in §46 we niay
also obtain the following formule in which the E’s of even

" arguments are involved and £ (0)=1}.

Gy o

) By ) = [B(0) eom) + E() ¥l =)t Bl (1)

(iv)' g

N
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Formule involving the functcons x and E § 56.

§56 We may obtain by means of the formul® in §53
numerous equations connecting the fanctions x £ ¥, E,
the arguments being uneven : ff‘rconﬁne myself Rowever to the
‘oply two formule in which X is involved, viz. s

)
S XY= x (P ¥ @)t x (1) Y (m)
=  E(p)E,()+E(p-4)E,3)...+ EQ1) E(m).

XY@~ x(p=5 ¥ @.et x (1) ¥ ()
=—-}{E(p)E,(3)- E(p-4) E,(7).. -+ EME,(r)f.

- We may also notice the following formula in which ever

as well as umeven arguments of E, occur, the value of E, (0)
being — }: :

i . \m—) )
5,00 (- E()x(p—4)..x Emx (D)
' =,E.<ow<p)+E,<r>wp 4wt B, () ¥ (1)-

ﬂefunctwn 7&( ) §§57-6t.

§57' In the prevxous sections of this- paper the fanction
E(n), denoting the number of primary numbers having n as
norin, and the function X (n), denoting the sum of the primary
nnmbers having » as norm, have been considered; and it
has been shown that the g-series for certain quantities in-
Volvmg p depend upon E(n), and that the g-series: for certain
quantities involving p* depend upon y (n).

The function which denotes the sam of the squares of the
prlmary pumbers having 7 as norm will now be considered,
and it will be shown that it serves to express the coefficients
in the g-series for certain expressions involving P

§58. If we denote by A (n) the sum of the squares of the
primary numbers having » as morm, we see as in §7 that
if p be a prime of the form 4m + 3, then _

AP =0, A (p7)=p"
YOL. XX. _ U
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146  Mr. Glaisher,on the Function x (n).

If}) be a }Sn-irrie- of the form 4m + 1, then it follows from
§10 (p. 104) that if p=a’+ b*, where a is uneven, then
A= By = (@ B (a4 i)™ = (a— )™
P)= Tarar (- b

-Now in § 10 it was shown that, if n be uneven,
' (a +1h)"™ = (@ —1b)™"

where % denotes (— 1)},
Thus we find _— S
o w_ x{p™) _x (™) -
R = L= . >

§ 59.. This remarkable formula renders it nnnecess’ary to
give any special formulz for the calculation of the A-function
corresponding to those for x(n) in §10. The general

.expression. for A (n) corresponding to that for x (n) in §11

(p- 105) is, in the notation of that section,
(a,+ 1.bl)za,+2 - (a,— {b.)?aﬁ-?
41:atbl . ‘ . e
« (0, +z-b')2¢1+2 _ ‘((’-’ _ Q.b?)2%+2
S 4dap, -
It will be. noticed that, like the function x (n), the
fanction A (n) has been defined only in the case of n uneven.

Afn)=

XeooX 8,718 72000 0

: 60. The function X (n) vanishes for the same values as
E(n) and x (n), ©.e. A (n) vanishes unless every prime factor

“of n of the form 4m + 3 occurs with an even exponent. It is

- also. evident that if @, B, ¢, ... be any different uneven primes
, S A (@Bi.) = A (@) A (B A ()
and that if n=nmngp,..., where n,,'n,, n,, ... are prime to one
another, then
A (n) =2 (n) A () M(n,)... .

If n be any number having no prime factor of the form
4m +3, and if a, b, ¢, ... be the prime factors of m, then

_X (n'abe ...) _ L(_rf"@
_ x (abc ...) x(8) ? .
where 8 is the greatest divisor of n which contains no squiare

factor.
. . .

A (n)
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61. If n=a'+b'=a’+d’=..,; .
where a,, a,, ... are uneven, then
CA@m)=2(a =8 +2 (e~ b +....
- The resolutioné of 2n as .a. sum of two squares are
"2 =(a 4 B) + (@, - 5) = (e, + B + (0, =) =aeeeny

and, with regard to the form of these squares, it is evident
that if @ >b, then a +b6, and «,—b, are positive, and
therefore they are both of the form 4m <1 or both of the
form 4m +3; but if a, <b,, then a,+5, and the (positive)
numerical value of a, — b, are of different forms. Thus when

. the numerical value of 2 (a,* - 4?) is positive, the two squares

(a,+5,)" and (a;—b,)" are both of the form (4m + 1)* or both -

- of the form (4m + 3)*, and when it is negative one square

is of the form (4m + 1)* and the otheris of the form (4m + 3)".
It follows therefore that if : :

m=al+ Bl =0+ 8=,

where a, 8, a,, B, ... are positive numbers, which are
necessarily uneven, then A (r) = '

) 2')((—1)5(.“'—'1)6!,?((—l)b(ﬁ'—l)ﬂ‘+2x(—l)i(ﬁ—l)a,x(—l)l(ﬁrl),31+---,

viz. the terms are of the form 2a8 and the positive or negative
8ign is to be prefixed according as a and B are of the same
form or of different forms. If n=a' the corresponding term
in A (n) is a* (¢.e. without the factor 2). ’

For example, let n=65, then 22 = 3"+ 11*=7"+ 9",
and A(n)=2x—-8x—11+2x—7x9=66—126=—060.

LY

- Elliptic-Function formulee involm'nj L(n), §62.

§62. The expression given in.the last section for A (2n)
in terms of the complex numbers having 2= as norm shows
that A (4n + 1) is equal to the coefficient of =**** in the ex-

- Ppansion of

(= 32"+ 5™ — 7o + 9™ — &e)'.*

* Each member of the equation which forms the theorem in the “ Note on the

- eompositions of a number as a sum of two and four uneven squares” (Quarterly

Journal, vol. xix. pp. 212—215) is equal to A (V). N
It follows from the last formula in that ‘ Note’ that

740+ 1)@ = (B0 2P x BT (-)7(2n + 1) 2
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- §66. ‘We may deduce from these formulm results similar
_to those given in §§41—45, but I only give here the formula -
which corresponds to L. of §41, viz. ‘

A(p) . -
_ +27\.(.p—4)+2>{.(p—8) »
+ 8 (p—12)+ 3\ (p~ 16) + 31 (p—20)
F oiieesecanisaenss oo evseesesnsossasaessoser ceseos

x(p)
—2x(p-4)-2x(p-8)

This formula corresponds exactly to L. of §41, & and ¥
replacing x and E. These two formula are perhaps the most
“curious and interesting of those given in this paper. Cor-
responding to 1L.* of {41 we have an exactly similar formala,
in which x and E are replaced by A and y respectively.

§67. The product-formule (in which each term contains
two factors) are very namerous, but there are only two in
‘which E, x, and A are alone involved, viz. t '

‘ (1) . -
E(p)M1)+E(p— 4\ (5).+ E(1) M (p)

e (@@ +x(p-HxEt x Ox ()

T (i)
E(p)M(1)+ E(p—8) M (5) +eeriesunsennnnns
= (=) {x(p) x (1) +x(p=8) X (5) +reeeren ereees |8

Tables of x(n), § 68.

§r68. The contents of the Tables are as follows:
- Mable L. gives the value of x(n) for all values of n up to
a= 1000 for which x(n) is not zero. e

AN

\

* See the erratum at the end of the paper.
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The function x (n) i8 defined only for the case of n uneven,
- and, if n be of the form 42 + 3, x (n)=0. All the arguments
are therefore of the form 4m + 1.
~ Table II. gives the value of y (n) for every prime number
of the form 4m+ 1 (t.e. for every prime number for which
x (n) is not zero) up to n =13,000.
Table IIL. gives the values of x(n) for powers of pnmes
up to n=13,000.

| Table 1.

Values of x (n) for all (uneven) numbers up to n=1000
for which x (n) is not zero.

nlxm| » [xo| » [x@] s |x®
1 1] 220 | +30 | 481 | —12 || 757 | =18
B|— 2| 233 | +26] 485 | —36 || 761 | — 38
9[- 3| 241 | ~30 || 493 | —20 || 765 | + 12 .
18|+ 6| 245 | +14 || 505 | + 4 || 769 | +50 o
17 |+ 2| 257 | + 2| 509 | ~10 || 7713 | — 3¢ L
, 2 |~ 1| 261 | +30| 521 | —22 || 785 | —44 :
29 | 10| 265 | —28 || 528 | —23 || 793 | — 60
87 | — 2| 269 | —26 || 533 | +60 || 797 | +22
| 41| +10| 27| —18 | 541 | —42 || 801 | -30
B 48|+ 8] B H10 ) sa5 ] - 12 809 +10
W] 45| = 7 289 | 18 || 549 | +30 || 821 | 50
53 [ +14 |l 208 | —34 || 557 | + 38| 829 | +54
6l | —10 | 805 | +20 |[ 565 | +28 |[ 833 | - 14
65 | —12 | 313 | +26 || 569 | +26 || 841 | +71
| 73|~ 6| 317 [ +22([ 577 | + 2 || 845 | — 46
\ 8i |+ 9 325 | — 6| 585 | +36 || 833 | + 46
g 85 | — 4333 |+ 6| 593 | —46 || 857 | + 58
89 | +10 || 337 | +18 || 601 | +10 || 865 | + 52
. 97 | +18 || 349 | —10 || 605 [+ 22 || 873 | — 54
101 | = 2| 353 | +34]| 618 —3¢| 817 | 58 3
109 | + 6 361 | —19 | 617 | —38 || 881 | +50 .
18| —14 ] 365 | +12 | 625 [ —19 || 901 [ +28
17 | —18 | 369 | —30 || 629 | — 4 1| %05 | +36 -
) 120 =11 || 373 | +14 | 637 | --42 || 909 | + 6 :
125 | +12 || 877 (| —60 || 641 | +50 [| 925 | + 2
187 | —22 || 389 | —34 || 653 | —26 || 929 | —46
145 | +20 || 397 | +88 | 657 | +18 || 937 | - 88
149 | +14 || 401 | + 2 || 661 | —50 || 941 | —58 [ -
153 | = 6| 405 | —18 || 673 | —46 || 949 | =36 o

| 795 | + 10 || 997 | + 62
206 | —20 || 4567 | +42 || 729 | — 27
221 | +12 || 461 | +38 || 733 | + 6¢
225 |+ 8 || 477 | —42 || 745 | - 28

—
D
3
i
»
'S
-~
©
—_
-
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’ i} ;- 3 - o Table IF, ,
R —~-  Values of x(n) for primes of the formr 4m+1 up to
? 2!7& n =13,000.
| 3 -
‘L , n X Ku)[ on | x(n) n | x(n) n x (7) n x (n)
3 J | -
- 717
: ) 5|— 2| 673 |—46|| 1489 [ +66 || 2377 | + 42 | 3301 | — .98
13|+ 6| 677 |— 2| 1493 | +14 || 9381 | + 70 || 8313 | + 114
iy~ 17 |+ 2| 701 | —10 || 1549 | +70 || 2389 | — 50 || 8329 | + 50
1} | 29 [ =10 || 709 | +30 || 1553 | —46 || 2393 | + 74 || 3361 | — 30
: 37| — 2| 733 | +54 || 1597 | —42 || 2417 | + 98| 3373 | + 6
by : 41 | +10 || 757 | —18 || 1601 |+ 2 || 2437 | — 98 || 3389 | — 10
| 53 | +14 || 761 | —38 || 1609 | — 6| 2441 | + 58 || 3413 | + 14
Lt 61 | —10 || 769 | +50 || 1613 [~ 26| 2473 | + 26 || 3433 | ~ b4
ol 73| — 6|| 773 | —34 || 1621 | +78 || 2477 | + 38 || 3449 | — 86
oo 89 | +10.|| 707 | +22 || 1637 | +62 || 2521 | — 70 || 3457 | — 78
; 97 | +18 || 809 | +10 || 1657 [ —38 || 2549 | + 14 || 3461 | + 62
i - 101 | — 2 || 821 | —50 || 1669 | +80 || 2557 | — 42 || 3469 | — 90
o= 109 | + 6| 829 | +54 (| 1693 | ~74 || 2593 | + 34 || 3517 | +118
[ 113 —14 || 853 [ +46 || 1697 | +-82 || 2609 | — 94 || 3529 | — 70
S 137 | —22 || 857 | +568 | 1709 | +70 || 2617 | —102 || 3333 | — 26
g . 149 | +14 || 877 | —58 || 1721 | —22 || 2621 | + 22 || 8541 | — 50
il | 157 | +22 || 881 | +50 || 1733 | —384 || 2633 | — 86 || 3657 | — 98
fieed <173 | —26 || 929 | —46 || 1744 | —58 || 2657 | + 98 || 3581 | + 118
B [ 181 | —18 || 937 | —38 | 1753 | —54 || 2677 | + 78 || 3593 | + 166
il - 193 | ~14 || o041 | —58 || 1777 | =78 || 2689 [ + 66 || 3613 | + 86
F R 197 | — 2| 953 | +26 | 1789 [ —10 || 2693 | + 94 (| 3617 | + 8%
et | 229 | +380 || 977 | — 62| 1801 | =70 || 2713 | — 6 || 3637 [ + 78
| - 933 | +26 || 997 | +62 || 1861 | +627|| 2729 | + 10 || 3673 | + 7
s 241 | — 80 || 1009 | — 30 || 1873 | +66 || 2741 | — 50 || 3677 | + 118
s 267 | + 2 || 1013 | +46 || 1877 | —82 [[ 2749 | + 86 || 3697 | + 98
B | 269 | —26 || 102t | +922 || 1889 | +34 || 2753 | — 14 || 8701 | + 110
! - 277 | —18 || 1083 | — 6 || 1901 | +70 || 2777 | + 58 || 3709 | — 106
b 981 |+ 10 || 1049 | + 10 | 1913 | —86 || 2789 | — 34 || 3733 | =114
: , 993 | =84 || 1061 | +62 || 1938 | — 26 || ‘2797 | + 102 || 8761 | + 50.
! 313 | +26 || 1069 | —26 || 1949 | +86 | 2801 | + 98 || 3769 | + 26
il 317 | +22 || 1093 | — 66 || 1973 | +46 || 2833 | — 46 || 3793 | + 66
(o 337 | +18 | 1007 | +58 || 1993 | —86 || 2837 | — 82 || 3797 | — 82
1 349 | —10 || 1109 [ —50 || 1997 | — 58 || 2857 | — 102 || 3821 | —122
353 | +34 | 1117 | —42 || 2017 | +18 || 2861 | + 38 || 3833 | + 106
{ I 373 | + 14 || 1129 | — 51 || 2029 | —90 || 2897 | — 62 || 3853 | + 6
N | 389 |-=84 || 1153 | +66 || 2053 | —34 || 2009 | — 106 || 3877 | + 62
O 397 | +88 || 1181 | —10 || 2069 | —50 || 2917 | — 2| 3881 | — 118’
b5 401 [+ 2| 1198 | +26 || 2081 | +82 || 2953 | + 106 || 3889 | + 34
[ 409 | = 6 || 1201 | +50 || 2089 | + 90 || 2957 | — 58 || 3917 | - 122
{1 421 | +80 || 1218 | +54 || 2113 | +66 || 2969 | + 74 || 8929 | — 70
i r 433 | +34 || 1217 | —62 || 2129 | —46 || 3001 | — 102 || 3989 | — 50
fft - 449 | —14 || 1220 | +70 || 2187 | +58 || 3037 | + 22 || 4001 | + 98
i 457 | +42 || 1237 | —18 || 2141 | —10 || 04T | — 110 || 4013 | — 26
4611 +38 || 1249 | —30 || 2153 | +74 || 3049 | + 90 || 4021 | + 78
i 509 | — 10 || 1277 | +22 || 2161 | —30 || 3061 | + 110 || 4049 | — 110
 FE 521 | — 22 || 1280 | —70 || 2213 | + 94 || 3089 | — 110 || 4057 | ~ 118
ko 541 | —42 || 1207 | + 2 || 2221 | — 90 [['8109 | + 94 || 4073 | + 74
i 557 | +38 || 1301 | — 50 || 2287 | +22 || 3121 | — 78 || 4093 | + 54
i 569 | +26 || 1321 | +10 || 2260 | —74 || 3137 | + 2 || 4129 | — 46
i 577 | + 2 || 1361 | —62 || 2278 | —94 || 3169 | — 110 || 4133 | — 84
! 593 | —46 || 1873 | —74 || 2281 [ +90 || 3181 | — 90 || 4153 | — 86
| 601 | + 10 || 1381 | + 80 || 2293 | + 46 || 8209 | + 106 || 4157 | + 118
{ 613 | —34 || 1400 | +50 || 2297 | —38 || 3217 [ + 18 || 4177 | + 18
i #| 617 | —38 || 1420 | +46 || 2309 | + 94 || 3221 | + 110 || 4201 | — 102
W ' 1 641 | +50 || 1433 | +74 || 2333 | +86 || 3229 | + B4 || 4217 | - 22
| { 653 | —26 [ 1453 | + 6 || 2341 | +30 || 3253 | — 114 || 4229 | — 130
661 |.—50 || 1481 | —70 || 2357 | — 82 || 3257 | — 22 || 4241 | + 130
i ; :
! I 1
| 1
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s | x(» a | x(n) B | x(r) , n | x(n) B | x(n)
4253 | — 106 || 5381 | — 130 |) 6421 | + 78 || 7541 | + 142 || 8629 | + 46
4261 | —130 | 5393 | + 146 || 6449 | — 14 || 7549 | — 170 || 8641 | — 142
4273 | + 114 || 5413 | + 126 || 6469 | + 126 || 7561 | ~ 150 || 8669 | — 170
4289 | +130 (| 5417 | — 118 || 6473 | — 86 || 7573 | + 174 || 8677 | — 162
4297 | +122 || 5437 | — 138 || 6481 | + 18 || 7577 | -~ 118 || 8681 | — 182
4337 | + 98 (| 5441 | — 142 | 6521 | — 22 || 7589 | —130 {| 8689 | —~ 30
4349 | + 86 || 5449 | — 86 || 6529 | +130 || 7621 | + 80 || 8693 | — 146
4357 | = 2|/ 5477 | — 2|/ 6553 | + 74 || 7649 | —110 || 8713 | + 186
, 4373 | + 46 || 5501 | — 10 || 6569 | + 26 || 7669 | + 174 || 8737 | + 82
4397 | — 122 || 5521 | +130 || 6577 | + 162 || 7673 | — 166 || 8741 | + 158
4409 | +106 || 5557 | — 18 || 6581 | ~ 82 || 7681 | + 50 || 8753 | + 34
442] | —180 | 5569 | — 126 || 6637 | — 122 || 7717 | —162 || 8761 | — 150
4441 | + 68 || 5573 | + 94 |[ 6653 | — 106 || 7741 | +150 [{ 8821 | — 178
’ 4457 | — 88 1 5581 | + 70 |[ 6661 | —162 || 7753 | — 6 || 8837 | — ¢
4481 | + 1807 5641 | — 150 || 6673 | — 126 || 7757 | + 38 || 8349 | + 130
4493 | +134 (| 5633 | — 146 || 6689 | + 34 || 7789 | + 166 || 8861 | — 10
4618 | — 94 | 5657 | +122 || 6701 | + 70 || 7793 | — 14 || 8393 | — 106 |
(4517 [ — 98 (| 5669 | — 130 || 6709 | — 50 || 7817 | + 122 || 8929 | + 146
4549 | — 130 || 5689 | — 150 || 6733 [ + 6 || 7829 | — 146 || 8933 | + o4
4561 | — 62 || 5693 | + 86 || 6737 | — 62 || 7841 | —158 || 8941 | — 58
4697 | — 82 [| 5701 [ 4+ 30 || 6761 | — 38 || 7853 | + 134 || 8969 | — 70
4621 | —122 || 5717 | + 142 || 6781 | + 150 || 7873 | + 114 || 9001 | — 102
4687 | +118-|| 5737 | — 102 || 6793 | — 134 || 7877 | — 98 || 9013 | & 174
4649 | 4+ 10 | 5741 | — 58 || 6879 | — 154 || 7901 | — 170 || 9029 | + 190
i 4657 | — 78 || 6749 | — 114 |/ 6833 | — 94 || 7933 | + 86 9041 | — 190
4673 | — 14 | 5801 | + 10 || 6841 | + 42 | 7937 | + 178 || 9049 | + 186
4721 | + B0 (| 5813 | — 146 || 6857 | +122 || 7949 | + 70 || 9109 | + 110
4729 | 4 90 || 5821 | + 150 || 6869 | + 110 || 7993 | + 106 || 9133 | _ 186
4738 | — 74 |[ 5849 [ — 70 || 6917 | + 1568 || 8009 | + 170 || 9137 | — 149
| 4789 | 4110 || 5857 | + 18 || 6949 | + 30 (| 8017 | — 62 || 9157 | + 158
. 4793 | + 26 || 5861 | + 62 || 6961 | +162 || 8053 | + 174 || 9161 | — 170
A 4801 | +130 || 5869 | — 90 || 6977 | — 142 || 8069 | — 180 || 9173 — 146
L — 4818 | 4134 || 5881 | — 150 || 6997 | + 78 || 8081 | + 82 || 2181 | + 182
4817 | + 82 |( 5897 [ — 22 || 7001 | — 70 || 8089 | — 134 || 9209 + 106
4861 | —138 || 5953 | + 114 || 7018 | — B4 || 8093 | — 74 || 9271 | + 190
4877 | — 192 | 5981 | + 118 || 7057 | + 2| 8101 | — 2| 9241 + 10
4889 | — 134 || 6029 | — 154 (| 7069 | + 150 || 8117 | —178 || 9257 | — 118
4909 ) + 616037 | — 82 ||.7109 | + 94 || 8161 | + 162 || 9277 | — 49
4933 [ —-66 (| 6053 | + 94 || 7121 | ~ 110 || 8209 | — 110 || 9281 | — 190
4937 | + 58 [| 6073 | + 154 || 7129 | — 54 || 8221 | + 22 || 9203 | — 154
4957 | —138 || 6089 [ —134 || 7177 | — 22 || 8233 | 1+ 154 || 9337 | — 29
4969 | + 74 || 6101 | — 50 || 7198 | — 134 8237 | — 58 || 9341 | — 170
4973 | 1+ 134 || 6118 | + 146 || 7213 | + 166 || 8269 | — 25 || 9349 + 190
: 4998 | — 126 || 6120 [ + 90 || 7229 | — 170 || 8273 | — 46 || 9377 | _ 138
5009 | +130-|| 6133 | + 14 || 7237 | — 162 || 8203 | + 94 || 9307 + 142
6021 | + 92 |1 6173 | =106 || 7253 | + 46 || 8297 — 182 ] 9413 | — 194
5077 | %142 || 6197 | + 142 || 7207 | = 78 || 8317 +182 | 9421 | — 90
v 5081 | 118 ([ 6217 | + 42 || 7300 | + 70 8329 | — 150 || 9433 | + 186
5102 | + fo2 || 6221 | — 122 || 7321 | +122 | 8353 | 174 9437 | + 182
. 5113 | 1+ 106 || 6220 | — 146 || 7333 | + 126 | 8369 | + 50 9461 | — 50
v [ 8153 | — 46 || 6257 | — 158 || 7339 | — 50 | 8377 | — 102 || 0473 +194
5189 | — 34 || 6269 | — 74 || 7369 | + 170 | S389 + 34 ] 9497 | + 122
8197 | — 58 || 6277 | + 158 || 7393 | — 94 | 8129 | - 154 || 8301 +178
5209 | + 10 |] 6301 | +150 || 7417 | — 38 | 8i61 | + 38| 9333 | — 106
5233 | — 14 [ 6317 | — 58 || 7433 | + 106 | 8301 + 110 || 9601 | — 190
5237 | + 142 || 6329 + 154 || 7457 [ + 82 | 8313 | — 14| 9613 | + 6
5261 | + 140 ([ 6337 | Z 142 || 7477 | — 18 || 8521 +170 f| 9629 | — 10
2273 | — 184 ([ n353 | 4 146 || 7481 | + 170 | 8337 | — 182 || 9619 + 114
5281 [ 4+ go 6361 | + 138 || 7489 | + 66 | 8573 | + 86 || 9661 | — 138
) 5297 | 142 1 6373 | ~ 81| 7517 | + 22 | 8581 | — 130 || 9677 | — 5%
5309 [ — 106 || 6389 | + 110 || 7529 +154 | 8597 [ —178 || 9689 | — 70
J 8333 | — 146 || 6397 | 4118 || 7537 | — 138 | 8609 | — 94 || 9697 | + 162
X

YOL. XX,
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9721
9733
9749
B 9769
) 781

9829
9833
9857
9901
9929
9941
9949
9973
10009
10087
10061
10069
10093
110133
10141
- 10169

- w7
10181
L 10198
10253
10273

x (m)

- 150
- 194

— 198

+ 190
+ 194
+ 166
- 174

N

10289
16301
10313
10321
10333
10337
10357
10369
10429
10433
10453
10457
10477
10501
10513
10529

-10589

10597
10601
10613
10657
10709
10729
10733
10753
10781
10789

Values. of x (n), up

xm) a | x(n) n x| =» n
+ 34 || 10837 | — 178 || 11353 |"+ 186 || 11941 | + 190
Z 902 Il 10853 | — 194 || 11369 | + 74 || 11953 | + 34
— 86 || 10861 [ — 90 || 11393 | —206 || 11969 | + 130
— 190 || 10889 | — 134 || 11437 |+ 102 || 11981 | — 218
+ 54 || 10009 | — 106 || 11489 | — 110 || 12087 | — 162
Z 158 || 10937 | — 22 || 11497 | +202 || 12041 | — 70
+ 78 || 10949 | —130 || 11549 | + 214 || 12049 {'+210
Z 196 || 10957 | +198 || 11598 | — 214 || 12073 | — 166
— 10 11 10973 | — 74 || 11597 | + 88 |[-12097 | — 142
+194 || 10993 | + 114 || 11617 | + 98 || 1210t § — 2
+ 14 || 11057 | +178 || 11621 | —130 |} 12109 | + 6
+9202 || 110691 —170 || 11633 | —206 || 12118 | + 194
+198 || 11093 | + 206 || 11657 | + 58 || 12149 | + 14
— 98 || 11113 | +154 || 11677 [ — 42 || 12157 | — 138
4146 || 11117 [ =122 || 11681 | + 82 || 12161 | —190
2746 || 11149 | —186 || 11689 | + 10 || 12197 | + 62
—170 || 11161 | +138 || 11701 | —210 ) 12241 | —110
+158 || 11173 | — 194 || 11717 | + 158 || 12258 | + 86
+902 || 11177 | = 88 || 11777 | = 62 || 12269 | — 26
1906 || 11197 | +182 || 11789 | +166 || 12277 | —178
+162 |} 11218 | +134 || 11801 | 4202 || 12281 | + 218
+9206°|| 11257 | + 42 || 11813 | + 94 12280 | + 50
Z%sa |l 11261 [ = 10 || 11821 | —122 (| 12301 | +198
+ 166 || 11273 | + 106 || 11833 | + 26 || 12329 | + 154
o906 || 11817 | — 18 || 11897 | + 218 || 12373 | 4 206
182 || 11321 | +170 || 11909 | — 194 |l 12377 | ~ 182
+190 || 11329 | — 190 || 41933 | + 214
Table 111

to n = 13,000, for squares and higher powers
of primes as arguments. L

n x () . x
2 | - 1 372 - 33
H3 + 12 412 + b9
B¢ | — 19 432 | — 43
5% - 22 472 — 47
7t - 1 637 + 143
73 0 592 — 9.
7| o+ 49 617 | + 39
112 — 11 672 — 67
113 0 S 71z - 71
11¢ + 121 732 - 37
132 |+ 23 792 - 79
13 + 60 83% ~ 83
172 - 13 892 + 11
173 — 60 972 + 227
192 | — 19 o | - 97
193 -0 1032 — 103
232 - 23 17 ~ 107
23?2 0 [l 109 - 73
997 [ 4+ 7L || 118 | + 83
312 - .31 \
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. - Calculation of tke‘ Tables, § 69,

o § 69 " Table I. was calculate:d by multiplying the expfes,sion

i ' 1--l;f'z:+a:’+ z® 4 a:"’+:z:“’+:7z:"_1 +.&c.‘ ‘ ’
by . 1-3z452° - T2+ 92 — 112" 4 &e.,

the coefficient of 2™ in the product being y(4n+1). This
table was calculated before I had obtained the formula

X =x(n) x(n) X (n)....
It was subsequently verified by means of this formula.

.~ Table II. was deduced from Reuschle’s table* of decom-
positions of primes into the form a* + :

Table I11. was, calculated by means of the formula in
§§7and 10. - -

[} . - et

*" Remarks on the Jormulee in the paper, §70.

§70. The results given in' this paper relate to the five
| - functions Z (n), x (n), ¥ (n), E,(n), A(n); but the formule
which are deducible from the g-series in Elliptic Functions
are 8o numeroas that it is only possible to consider in detail,
without great expenditure of space, those relating to a very
restricted group of the functions occurring a3 coefficients . In
the preceding sections the relations connecting x (n), E(n),.
and. ¥~ (n) are those which have been most fully considered ;
and they afford a good example of the complete system of
_ such formule. The most interesting of the functions, however,
appear to be the three E(n), X (), A(n), as these quantities
depend in so simple a manner upon the complex numbers of
‘Which # is norm, and are so closely allied to one another by
* their definitions. It is an interesting fact also that the coeffi
cients in the g-series for such simple quantities as A¥%'tp .
Mot ..., kKp%, ... depend upon the complex divisors of
the exponent. - '
q The next seven sections relate to certain groups of rela-

tions which seem to be especially deserving of notice.

® “ Mathematische Abbandlung des Professors Reuschle, enthaltend neue
Ahlentheoretische Tabellen, pp. 32—38, Reuschle has omitted the decompo-
. sitions of 197, 11173, 12269, 12301, and 12373, -

t‘-———-—-—m
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Formula involving \[r, E,, and A, §71.
§71 We find

k'}az:-. ") 1k(4n+l)

" 2:' 1[r(4n+1)g
S (<) E,(4n+3)q"
. E(n+3)¢

2
32

_=2 A(dn+1)g"
) E‘ =" 4\(4n+1)q"’

apd from these equalities we may deduce that, if
7 f=8n+5  v=8n+7,
~ then @
O OO0 Bt A (=0
: (i)
E()» (1) +E,v-4) (8)...+E, (3) A (s) =

(m)
‘.El_'(v) ¥ (1) - Ez (!? - 4) ? (5)'."* Es (3) ¥ (‘.’)—= 0. .

For'mulaa mvolvng 1}:, £, X% §§72, 73.
§72 We find also :

.o 2. (=)" ¥(en+1)g"
: k T3 yen+1)g

2 AL
E(n)q"
- 2:' (=) E,(n)q" .

3% EMmg’
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whence w-e deduce that, if ‘ N
| ' ?n=2n+l,- r=dn43,
then : () .
EQ@ ¥ () ~EQ) ¢ (r-2)...1 E(M)\P‘ (D=0,

(i)
E(O)‘lf(r) +E(1) ¥ (r —2). +E'(M)\lf(1)=0

(iit)
E(O)E(m)+E(1)E(m 1).. +E(m)E(0) 0,

the values of £(0) and E . (0) bemg }and —- 1- respectwely
§73 Smce o
¥ 2 x(n+1)q"

S M Yln+1)gr
we find also that, if : :

8 - . m=2n+, y-p=4n+l,

| \F ‘ \thog ‘ o (i)i | i .
L EOx+EW) x(p- 9.t By (1)

- =EO¥(p-E (L)\”(Z’-‘i)---i:.g’('lifl"(})-.l

i)

B O0x(p)-E 1) x(p-1).. +EWx() -

= EONE+B0) ¥~ 1)+ B 613 )
(iii)

Y OXEF O X (et ¥ (mx 1)

=¥vMY¥ () -v@)v(p-1). :t‘!’(')‘!“(l)

The second and third equations have been given already
‘a8 (iii) of §56 (p. 145) and (x) of §35 (p. 126).
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System of formule for A', (n), §§ 74, 75.

§74. If we denote by A’, (n) the sum of the cubes of those
divisors of n which have uneven conjugates, we have in
Elliptic Functions the formula

PP = 1637 (<) &, ()47
and, since Kk o' = kk'p* x kK
= Kb x Kk
= kp Xk
=7kt x kkip®,

we thus obtam (changing the sign of ¢) the followmg system
of algebralca.l equalities :

ST A, (n+1)g"
= S Y@nEl)xI ¥ @atl)g
= Y @n+1)g"x3? v (4n+3)q"
2 E@n+1)¢" x 27 (- )"Ez(zn-l- 1)q"
- =—§2 (4n+l)g"x2 (4n+3)
§75. By equating the coefficients of ¢", we find that the
followmg four expressions in which

/ m=2n+1, r=4n+3
are all equal to A’ (n +1)

(M)
() (m)+~1f(3) ( Jeert ¥ (m) ¥ (1)

(n)
HyMy@) +vO) ¥ (r —4) +9.(p) \1'(3)

(i11)
Y {E ) (B) E,(m—4) +..vverrianirenrans Is

(iv)
HEMWE () + EG)E,(r - 4)...+ E(p) E,(3)
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» System of six equal formule, §§ 76, 77.
§76. Since ‘ _ o
| Kk pt = RAp? x BikEpt
- =kik'tp x kik'tp®
CLBe
=kp x ko®
=kp  xEp.
=p X kk

it follows that the following six products are all equal to one
another : .

2‘-" X (n+t1)g" i) 57 x@z&l)q"
P R
I Entl)gd x I A(a+1)g,
LT

D EOEeS < T

(iv) ,
B, (2 + 14",

E(@n+1)q"

4S*(-yE(n)¢" . A(an+ 15 '

- §77. By equatmg coeficients in these expresswns, we
find that the six quantities

' (i)

x (X (p)+x (8) x (P4t x (2) x (1),
o Gy

EMX(p)+ EG) N (p—4)-+E (p) 2 (1),
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(iii)
OO x )+ X (P=4)-t ¥ (p) x (1)
« iy ,
HEOV B )+ E (1) B, (= 9)...+- F () B, (1,
T '

= 4{E,(0) E (m) + E,(1) B (m— 2).s+ B, (n) E (1)}

. (vi) . '

S 4{E(0)>~(m);E(1) A(m=2)...+ E (n’)'k.(l)},

are all equal. - : ’

- Each of these quantities is equal to 1% (=1)" x coefficient -
of ¢™% in the g-series for k', but I koow of no single
function (corresponding 'to A’ in §75), which serves tor

express this coefficient.

On résults involving E (n) and (») only, §78.
. §78. As the subject of the present paper is y (n), I have

88 a rule, omitted results which involve £ (n) and ¥ (n) only.

Several formule involving E(n), in which the terms follow

~ laws of the same kind as those which oceur in §§ 39-45, are

contained in a paper# communicated to the London Mathe=
matical Society on February 1, 1884; and a collection

. of formule involving yr(n) is given in a papert which was

communicated to the Cambridge Philosophical Society on
January 28, 1884, and is now in course of publication in
their Transactions.} ) .

"~ The former paper contains a table of E(n) up to n = 1000;
and the latter contains a table of ¥ (n) up to n=3000. ‘

 The five functions, S5 79, 80.

'§79. In the three following sections I have colleoted
together for reference the definitions of the five functions and

* the groups of g-series which have been used in deriving the

* “On the difference between the number of (4m + 1)-divisors and the number
of (4m + 8)-divisors of a number.”

g‘ ‘Tables of the number of numbers not greater than g given nomber and
prime to it, and of the number and sum of the divisors of a number, with the
corresponding inverse tables, up to 3000.”

'Fl)]ese papers contain also corresponding formulge relating to the function
{ (n), which denotes the excess of the sum of the uneven d.iviso‘rs of 2 over the sum

- of the even divisors,

"

.
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formule contained in the Paper; and I have also added a
" table givinf the values of the five functions up to 7 =100, -
. This table I found very useful in verifying the formulz.

A table of contents, consisting of the sectional headings,

with references to the Pages, is appended (p. 164),

~ §80. The definitions of the five functions are: -

E (n)=number of (4m + 1)-divisors of n
- = .n » (4m+3)-divisors ” } ’

= number of primary numbers having # as norm, if
L n be uneven.

3& (n) = sum of the divisors of n, -
X ()= sum of primary numbers having n as norm,

E ()= sum of squares of (4m + 1)-divisors of ) - o
' = Ty n - (4m+3)-divisors ,, f? -

A(n)= sum of squares of primary numbers having n as.
. - norm. . . :
The definitions of X (n) and A (n) apply only to the ease of
7 uneven. - . B , :
In general y{n) = 0, unless n=u»", where all the prime
factors of u are of the form 4 +1 and all the prime factors
of v are of the form 4 + 3, (the case v*=1 being included),
and then o .

S XM =(Yox(e),

Where r denotes the sum of the exponents of the prime factors
m v, viz. the sum of the exponents when v is resolved into its
Prime factors (see §11). '

Similarly \ (n) = 0, unless n = uv’, and then .
. ' A (n) = v"\ (u),
and E (n) =0,. unless 7 = 2°u»", and then
' E (n) = E(u).

“In the case of E(n) and E, (n) the presence of a power of
2 in the argument does not affect the value of the function,
feifn= 2, ’ : ‘ :

-

- . E()=E(r), E (@) =E/&.
VOL. XX, ‘ Y
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§81 The following is a complete list of the g-series

Mr. Glaisher, on the Function x,(n).

List of g-series, §81.

which have been used in this paper:

@ :
Kp= 2¢t37  E(tn+1)q,
Bl = 2g8 37 () Elin+ 1),
kp= 4¢t 27 E(4n+1) q”'}.
= 4¢i3®  E@n+1)¢ )’

) |
Ep'= 4gtZT Y (@t 1),
Rip'= 4gt 37 (<) ¥ (@2n+1) ¢
k"p—lﬁq % y@En+1)g7;

(ul) ,

Kp'= 2¢t3>  Y(n+1)g, .
MEip'= 2¢4 37 (=)' ¥ (4n+1) &
Hp'= 2 3e ¥ Un+3)g,

ki = 20337 ()Y (4n+3) 05

S (iv)
Kbk p'= 2¢% =7 (4n+1)g",
Piyie 201 5F () xlin 41,
kk3p'= 4gt =7 x (4n+ 1) g“}
= 4gt 37 x(2n+1) -
(v)
kot= 4¢i7 (<) E,(2n+1) ¢
kot = 4¢4Z) E, (2n+1)q";
‘ (v-iA)
Kp'=- g7 E(n+3)q,

KK =— ¢i=y () E,(4n +3),
E,(4n+3)q";

k.P' = - Sqiz:’
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(vii)
BEp'= 2¢ 37 A (4n+1)q",
_ ""G'P = 294 37 ()" N (4n + 1) ",
Bip'= 4432 A{dn+1)g"
: = 4gt 3?7 ‘X(2n+1)z”} '
CEEY'=16¢ 7 A(4n41)g*;
(i)
. p=437  E(n)q",
Kp=437(-)" E(n) ¢",
Kip =453 ()" E (n) g™,
E(O)-:'iy i
(ix) - : - -
Kp'=—437 (-)E (n) ¢, T
K =—43 E (),
E0)=-%.

The followmg list shows the sections in w]nch the dxﬂ'erent
groups were given: ,

(), §20 (p.111), (V),A(vi), §53 (p. 143),
(i), §20 (p. 111),”  (vii), §62 (p. 148),
(i), §21 (p. 112),  (viii), §23 (p. 114), §46 (p. 137),
© (iv), §19 (p. 111),  (ix), §53 (p. 143).
The first four groups were reproduced in §31 (p. 119).
The five g-series
P'=1+837 2+ (=1) }A(n)g,
E'p'=1+837 {1+ (~1)*2} A (n)g, v
Kp'=1+837 (1+(-1)"2} A (n) g™,
Kip'=1+437 ( 1,0, -1, "27 1,0,-1,6)A(n) g
Kip'=1+43° (-1,0, 1,-2,—-1,0, 1,6)A(n)g",

were given in §23 (p. 113), but no use has been made of
them in the paper. The g-series for pb, Kigh, kiph Eix'iph
were gwen in §19 (p. 111). The formula A'4”p'=16%7,
(= 1) 4", (n) 7" was used in § 74 (p. 158).

»

L]

S N



e e g ———

D e et

164 Mr. Glaisher, on the Funftion y (n). X [ i

Table of the five funcfions, § 82. 72"
Values of x (n), ¥ (n), E(n), E,(n), A(n) from n=1 tojn=100.

- Table 173
A1 203 -«

n x (n) Y (n) | E(n) E,(n) N (n)

1 1 1. . 1 + ] -

2 - 1 + 1

. 3 0. 4 0 - g 0

4 7 1 + 1

3 -2 6 2 + 26 - 6~

6. 12 0 - 8 .

. 7 0 8 0 - 48 0

8 . e 15 - |- 1 + 1 '

9 .| =3 13 1 + T8 |+ 94
10 e 18 2- 4+ .26 .
11 0 12 0 - 120 0 =
12 28 - 0 - 8 | ..
13 + 6 14 2 + 170 +10 «
14 24 0 - 48
15 0| 24 0 - 208 0
16 31 1 + 1
17 + 2 18 T2 + 290 -30 4
18 39 1 + .73
19 0 20 0 - 360 0

20 42 T2 + 26 .

21 0 32 0 + 384 . 0 -
22 36 0 - 120
23 0 24 0 - 528 0
24 60 0 - 8-

25 -1 31 3 + 651 411 o
26 42 2 + 170 .
27 0 40 0 | - 658 0
28 56 0 - 48
29 -10 30 2 + 842 +42

.30 ver 72 0 - - 208 .

31 ) 32 0 - 960 0

32 e 63 1 + 1
. 33 0 48 0 + 960 0
) 34 54 2 + 290

35 - -0 48 0 ~ 1248 0
36 91 - 1 |-+ 13
37 -2 38 2 + 1370 -10
-88 60 0 - 360
39 0 56 - .0 - 1360 Q
40 90 2 + 26
41 +10 42 2 + 1682 +.18
42 . 96 0 + 384
43 0 44 0 - 1848 ]
44 84 . 0 - 120
45 + 6 78 2 + 1898 -5t
46 . 72 - 0 - 528
47 0 48 0 -~ 2208 0 .
48 - 124 0 - 8
49 -1 57 1 + 2353 +49
50 - e 93 3 + 651
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Table IV (continued).

v (r)

e e dl.
: HE O
o' ®»

‘e’ o 0w o' o' o @ o eo"

o

st

72
98
54

120
12
120
80
90
60
168
62
96
104
127 -
‘84
144
‘68
126
96
144
72

195

4

114 -

124

140
96
168
80
186
121
126
84
224
108
132
120
180
90
234
112 |
168
128
144,
120

252

98
171
156
217

~—
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Erratum—In n.; p. 131, the sign (—)» shoul& be applied to one member of the
equation, i.e, the equation should be

X (P)+2X (P—8)+2x (p—16) +...= (-} (E (p) - 2E (p— 8) — 2E (p—16) +...}.

. THE SYMMEDIAN-POINT AXIS OF AN ASSOCIATED

) SYSTEM OF TRIANGLES.
- . By R. Tucker, M.A.

HE following notes arose out of a consideration of
the question to shew that the three straight lines joining
the mid-point of each side of a triangle to the mid-point of the

corresponding perpendicular meet in a point. My attention’

was particularly drawn to the subject by a letter I received

from Dr. Casey (April 16th, 1884), in which he also states the

point to be the “Symmedian-point” of the triangle. He was
not aware that he had been partly anticipated in Question

. 7644 of the Educational Times (Mareh, 1884). The earliest
‘ Rublication of this neat result, however, appears to be by Prof.

. Neubei'g in his paper “Sur le centre des médianes anti-

parall®les,” where the Author also shews that the point is the

“ S{mmedian-point ” (point de Grebe) of ABC.

et AD, BE, CF be the perpendiculars meeting in the

orthocentre P, and let IV, E, F'; d, e, f be the mid-points
of the sides and of the perpendiculars. .

Then since

2dE’' = DC, 2¢F’ = AE, ofE = AF,

~ we get for the AD'E'F ’

S dE . eF' . fIF.=fE . dF’. D' :
whence D'd, E’e, F'’f meet in a point K, the * Symmedian-
point ”’ of ABC. \

Now on the respective sides of ABC take
) Ba=CD, CB8=AE, By=AF,
and we see that da, BB, Cy meet in a point w. Hence, by
the above result, 7 is the * Symmedian-point” of the triangle
formed by drawing lines through A, B, C, parallel to the

‘ ogposite sides; and Prr is the diameter of the Brocard circle
0

the same triangle.

e et



