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Paxtial sums of the harmonic serizs. IT.
2. . Boas
It has been conjectured that if the partial sums of
the harmonic seriss exceed the intemer & (> 2) for the
first time at n = n,, then n, is the integer closest %o
'Y, umers y is Iuler’s constant 0.57721 56649 ... .
(v is now kmown to 7114 decimal places [1].) It was
ghowm in [2] that this holds provided that otV 4 % is

o
0se Yo an interer; specifically, if le™™ Y - ml

-t
-

not ton ¢
< -0, i/mor > % + 1/m, vhere m = re®~Y1.

In thie note I prove the following hore precise result.

Theoren, n, = [e® 771 ir e YV am<un +(m-£)/m,
and n, = (e~ 34+ 146 n> % + 1/(24n), where
£ > 0 es A-—>res gnd £ can be taken to be 0.006 for all
A2 2,

This does not disprove the conjecture, although it
malies it seem sonewhat less plausible. & machine computa-
tlon of n, for 4 < 200 revealed no case vhere even the
crudsr eriterion of [2] was not more than adequate to
determine n,. As a curiosity, I note that

e=09=¥ _ 1,05709 15001 19742 42417 27202 15083 27003
86982 29075 38568 62003 86928 96447 08%06
50133 72179 59917 61318 27522 X100,

80 that o0 is the inte~ral part of this number
(ending in ...99176).

I am indebted to John ... .rench, Jr, for the 150 D
yn‘

that made the computations possible; and

value of e




to Lester i. Carlyle, Jr. for commmicating the
raaults of some conputations which zugmested that a

agren of this Iind should exiast.

ot
=5

I tale this onnoxbunity to note the folloving
errata to [2]: In Theorem 1, last line, read m for n
(tuica). On pe 866, in the line before formula (1),
road - %n—e. On p. 868, lines 9 and 10 (statements
(ii) and (iii)) read nm for n.

Zrool of the theoren. If B is the nth partial sunm
of the harnmonic series, the Juler=-.aclaurin formula
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"J’*'*ﬁ*"+ 1nt
where 2 can be estimated much as in [4, p. 539] and

satisfies 0 < 2 < 0.004 n"q

Suppose nov that s > A, and write m = [e™7 1. e
know from [31 or [2] that n > m, and that n,, the smallest
value of n, is at most m+1.

In the first place, since s, > A, we have

fﬁa{n e.xp[;“ - E—;—;; LR_]E > A-r,

and hence

(1) vrexr[ - 1-+R] e 8

4

fiow expand the exponential in (1) in powers of the
gquantity in square brackets, with remainder of order b,

-0

and collect terms. e find that
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wvaere | €1 < 0, CO7 if n 7 2. 3Suppose now that
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But since n > m and | )< 1/48, this implies that n > m.
flence n, > m. 3ince ny £ m+l, this means that n, = n+1
if (3) holds.

Tn fact, the arsument establishes somewhat more,
nanely tThat n, = m+1 if

AT >med + g - (F5 )5

where n < 0.002.

On the other hand, we have s, < A when n = n, ~ 1.

n
Lith this value of n, then,

’g’ai“’?—"’)’ % - aw Rl teAr,

and hence
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wuppose that
e AT m s 4 (Fr-n) 2
vhere q > 0.006. Then
] o
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But n = n, - 1 B0 n, < m+1, whence n, = .
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