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Tables for the Step-by-Step Integration of Ordinary

Differential Equations of the First Order

Wirnniane I Prexann

Harvard Universily,* Cambridge, Massachuscils

Abstract. A study is made of the step-hy-step integration of ordinary differential equa-
;ions of the first order by means of formulas obtained {rom the Gregory-Newton backward
nterpolating formula. Tables of relevant constants are presented.

Consider the ordinary differential equation of the first order
v o= fy,2) (1)

which 1s to be integrated step by step over x = a(h)b. A natural method for
wecomplishing this integration is a predictor-corrcetor process based upon a
:uitable finite difference interpolating formula.

Let 2o be a tabular point within (a, b) and assume that 7 is known at the
points @—; = xo —=%h (j = 0,1, -+, (xo—a)/h). One can then write for y the
approximation to it which is provided by the Gregory-Newton backward in-
{crpolating formula

y = ?; Jl—‘ (w45 — DV + 2" T i oy (e F JYHIFER ) (2)
where w = (z — 20)/h, Af_; is the jth forward difference of 3 about
i, = &< o, and (w — 1) s the factorial polynomial

(w=D" = (u—=Ou=1=1) - (u=1—-j+1) (3)
which possesses the expansion
(= DY = 3 S (3)

k=0

where the 1S’ are the gencralized Stirling numbers of the first kind [1]. The formula,
(2) can be integrated in two fashions. In the first it is assumed that 1, y-1,
«o+, y_s are accurately known and that a prediction of v, = y(x;) is desired:

J
y(z) = 50 + b B0 + I, PREDICTOR (4)
=0

where the error &, is given by

) l ](I’J ‘ é ’LJ+2)3J+X |,/.(.’-H)'nmx (5)

and
17t . Ui
gj:j_!fo (w+7 — 1) du (6a)
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T <& L

= . = o SR R 1 S ,J ib)
'/{ !.24“ 7 + = » J-ng (Gh.
- R,‘ (6o

e {6e)

where L(4) is the leasl common denominador of 1/1, 1/2, -+, 1/(j + 1). In

(-

byt )

the second method it is assumed that gy, -+ J-s aFC accurately known, that, e o o
yo is approximately known, and that a corrected value of yo is desired: = @ s
2 & R

J :
E y E 'y = b = @
() = you + 2 B A s J CORRECTOR  (T) | 12 ¥ »
=6 ' % 2
where the ervor 12,% is given by =z =
* T2 * (J-F1) . < X R
‘ E./ i é I \ ﬁJ~H H[ ‘mnx (8) ' T ;‘ :
and | °
O - (=3
1 [ T 2 2
* . 1 3 e 2 v
8 = -*.f (w47 — D du (%) =12 & 8
J -t s ¢ 2

A 1 7 (__ l)f""P . ‘ :
1 . ! & w o
== (9b) ( g 23
Jlpmj +1—7p Jl7ls 2 3
N (%) . 5 - -
= - ¢ s -
L FeololE 5§
. . . . . . = 2 0% 3
This corrected value of yq can itsell be used in (7) to obtain what is presumably = vot.
o still better value of 7, and this process can be repeated indefinitely until it w ow oo
- . 3 " - ~N
converges to a final value or, m bad cases, is scen to be divergent. The use of e T .
(4) to obtain an initial estimate and the repeated use of (7) to improve this v W o
« . [=1 ~ -
value constitutes a well-known predictor-corrector process. s o
The quantitics 8; and 8, as defined by (6a) and (9a), respectively, have been

. , . . ~ . . 5 T &
deseribed by Collatz (2] and tabulated by him for j = 0(1)6. 1 he increasing " -
usc of digital.machines—often i double precision— or the integration of dif- R IR
ferential cquations has made a somewhat extended table of these cocflicients .

desirable and the existence now {1} of oxtensive tables of the :S;’ has made | '
possible the simple computation ivom (6b) and (9b). Table I presents the results | =47 T 7

i . . . N . . . t

of such an extension; the table entries were c¢hecked using the recursion relation e 2
4 — o
L =

(2,
B = Bi + 6;‘&4»1- (10)
Tigure 1 presents a graph ol these cooflicients. The @, can be scen to fall off

slowly and can he shown, from (Ga), to satisfy the incquality

I < Bin .
— T = i < ], —Z— Ov (113’)
J+1 Bj !

which implies that their decling is very slow indeed. The B;* can be scen to fall
off somewhat faster; this is to he expeeted sinee, from (6a) and (9a),
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These data point up the intrinsic superioritics of corrector formulas over pre-
dictor formulas: (i) that, sinee | 87 < [ B;] the series (7) converges faster
than the series (4), and (ii) that, since the 8, decay much faster than the 8;,
the buildup of computational crvor in the taking of successive differences will,
for a given number of terms in the interpolating series, have much less cffect
on the final answer when a corrector formula is used.

In actual practice the calenlation of the several differences is often not carried
out. Instead, the differences are cxpanded as

A{f—j = ZO'me—r (12)
p
and (4) rewritten as
y(a) = v + b 2 2o vei B + Es (13a)
j=0 p=0
J
= yo + L ZO o, () f—p + Es (13b)
p= .
J
= -+ '—Zk‘_‘ Z ap(']>f—p + El (130)

TSt =0

while (7) can be rewritten as

J J

y(xo) = y—1 + b S v B B o (14a)

j=0 p=0

The calculation
(13¢) or (14c)

nated. Tables o
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T
=y Do (o + 1T (14h)
p=i
h 4 e . Ty &
= Y- + s Z by ('/).}—75 + I (]‘lc)

[J(-/)J! p=0

The caleulation of the next value of y can then be accomplished directly from
13¢) or (14e) and the labor of maintaining a difference table thereby chimi-
wted. Tables of 6,(J) and 6,"(J) have been computed for J = 0(1)10 and
p = 0(1)J and are given in Tables 1T and ILI, respectively; they represent a
onsiderable extension over the existing tables [2, 3] which go at most to J = 5.
I'he values of 8,(J) and §, (J) were checked by the relations (21,

J J
1= X o)), 1= 2a(J) (15, b)
p= p=0

and by having key portions of the computations individually repeated.

The selection of a predictor-corrector pair for a specific problem is by no
neans simple, it being necessary to choose J and /& with care to minimize the
oiicets of roundoff and truncation error. However, for modern digital machines
gperated in double drecision, J = 10 will probably be as large as is profitable
<ince by this point the computing error generated in caleulating the A'f_; will
he growing much faster than the 8, will be decreasing, and the total error due
i this cause will normally be at least as important as the truncation error I2,”.
I'inally, for suitable f(y, ), it may be desirable to suspend the common prac-
ice of using a low-order predictor to obtain an estimate of the next point which
can then be improved using a high-order corrector; the existence of high-order
predictors makes the initial use of a high-order predictor formula and the sus-
pension of corrector iterations scem attractive where the superior roundoff
suppressing’propertics of a corrector formula are not essential.

Recervep July, 1963.
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