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Abstract

We refine the celebrated Stern Diatomic Sequence {b(n)},>0, in which b(n) is the number
of partitions of n into powers of 2 for which each part has multiplicity 1 or 2, by studying
the sequence {b(n,k)}n x>0, in which b(n,k) counts the partitions of n into powers of 2 in
which exactly k parts have multiplicity 2, the remaining parts being of multiplicity 1. We find
closed formulas for the b(n, k) as well as for various of their associated generating functions.
Relationships with Lucas polynomials and other number theoretic functions are discussed.

1 Introduction

The Stern diatomic sequence, {b(n)}>°,, which begins as!

1,1,2,1,3,2,3,1,4,3,5,2,5,3,4,1,5,4,7,3,8, ..., (1)
has many magical properties, among which are the following.

1. The sequence {b(n + 1)/b(n)},>0 assumes every positive rational value, each once and only
once.

2. For all n > 0, b(n) and b(n + 1) are relatively prime, so that the consecutive ratios are all
reduced fractions.

3. b(n) is the number of partitions of the integer n into powers of 2, in which no power of 2 is
used more than twice.

*This material is based upon work supported by the National Science Foundation under Grant No. 0604423. Any
opinions, findings and conclusions or recommendations expressed in this material are those of the author and do not
necessarily reflect those of the National Science Foundation

!Some authors take b(0) = 0 and continue as in (1), which complicates the partition connection and the generating
function, while having no obvious advantages.



The sequence was discovered by M. A. Stern [6] in 1858, and it has been studied by many
authors since. Its relation to partitions into powers of 2 was discussed by Reznick [5]. Calkin and
Wilf [1] derived the properties of the sequence from a presentation in the form of a binary tree,
with a rational number sprouting at each node.

In [2], Mansour and Bates generalized the Calkin-Wilf tree to a g-tree, and showed that their
tree defines a generating function for a refinement of the Stern sequence, namely to a new sequence
{b(n, k) }n k>0 which counts the partitions of n into powers of 2, no part used more than twice, and
exactly k parts being used exactly twice. Here we study further properties of the b(n, k)’s, and of
their generating polynomials, which we call B, (t) = >, b(n, k)t*.

We will first, in order to illustrate the method, derive a fairly explicit formula for the original
Stern sequence b(n), and second, we’ll use the same method to find an explicit expression for b(n, k).
We will then discuss which properties of the original Stern sequence carry over to the generalization

{Bn(t)}-

2 A formula for b(n)

Theorem 1 Let a(n) be the sum of the binary digits of n. For each i =0,1,...,5 let
si=|{r:0<r<nanda(r)—aln—r)=1imod6}|

Then b(n) = s + s1 — S3 — S4.

We start with the generating function

B(x) = Y by =] (1 +a? :1:2j+1> .

n>0 §>0
Now since
14+u+u® = (1 —wu)(l —ou), (w=e3)

we have

B(z) = [J(1 - wa®) T](1 - @®).

§>0 >0
However, in view of the uniqueness of the binary expansion we have

[T —22) = (—2)"am,

§>0 n>0

from which

Bx) =) (—w)*Ma" (-w)*)a. (2)

r>0 s>0



The coefficient of ™ here is, since W = 1/w,

5
Z (—w)a(r)*a(s) = Z s5(— = S0 — S1w + S9w? — s3w° + st — s5Wd
r+s=n J=
= (50 — 83) + (54 — 81)w + (52 — s5)w° (since w3 = 1)
= (so—s3)+ (84 —s1)(w+w) =50+ 51 — $3 — S4,

as required. O

Theorem 1 was first proved by Northshield [3], where it appears as Proposition 4.4. We remark
that Theorem 1, when regarded as a method of computing the sequence {b(n),>0}}, is distinctly
inferior to the well known divide-and-conquer recurrence for the sequence, which is eq. (8) below
with ¢t := 1.

3 A formula for b(n, k)

We now will find a formula, that appears to be new, for b(n, k), the number of partitions of n into
powers of 2, which have exactly k different powers of 2 of multiplicity 2, the remaining parts being
of multiplicity 1. A short table of this sequence is shown below.

k\nH012345678
1 11111111
00102 110 3
000 000O0T1O00

Theorem 2 For b(n,k), the number of partitions of n into powers of 2 which have eractly k
different powers of 2 of multiplicity 2, the remaining parts being of multiplicity 1, we have the
formula

= S 6k — al6), al6) — a(s)),

l+s=n
in which ¢ is given by (5) below, and a(m) is the sum of the binary digits of m.

The generating function is obviously

D bkttt = (14 + 427, (3)

n,k>0 §>0

and we will treat it in the same way that the result of the previous section was obtained.

First,
1+u+w2:(1_1) (1_£>,
’I”+ T_



in which

—-1+v1—-4t

= t) = 4
Ty =r+(t) 57 (4)
Therefore, since r_ry = 1/t,
B(z,t) = [](1 - trea®)(1 — tr_a®),
j=0
from which, as in (2) above, we obtain
B(x,t) :Z —try)? ez —tr_ ) M gm,
>0 m>0
Thus the coefficient of z™ is
Z ta(f)(_hr)a(f)—a(m)'
l+m=n
Next we have the well known series
1—T—4t\"
(%) = et me,
n>0
where, for all integer m, we have
0, if n<O0;
¢(n,m) = 1, ifm=n=0; (5)
%?FUH’ otherwise,
in which 2" is the rising factorial.
It follows that
bn.k) =[] 3 (—r) O
l+s=n
= [ >0 ) o(u,alt) — a(s)tt®
l+s=n >0
= > d(k—a(t),a(t) — a(s)), (6)
l+s=n

as required. O



4 Some interesting polynomials

Now we study the polynomials

Bu(t)=> bn,k)t*.  (n=0,1,2,3,...)
k>0

These series, of course, terminate, and in fact it is easy to see that B,(t) is of degree at most

llog (1 +n/2)].
If we multiply (6) by t* and sum over k > 0 we find a quite explicit formula, viz.

n u 1—’—\/1——415 a(nff)fa(é)
By(t) =Y t0 <f> : (7)
=0

in which a(m) is, as before, the sum of the bits of m.
For example,

n a(n—~0)—a(f)

14+ v1—4t

my = Yoo (FRIEE)
=0

o (LtyI—di 14+ yT—1i o (1+vT—at\ " 14+ yT—at\ "
= |t ) vt () (5

— 142,
In the form (7) it might not be obvious that B, (¢) is a polynomial, but note that the right-hand
side of equation (7) is invariant under the automorphism defined by /1 — 4t — —+/1 — 4¢. Another
representation of B,,(t), which clearly shows its polynomial character, is given by Theorem 4 below.
5 A divide-and-conquer recurrence for the polynomials
The generating function B(z,t) in (3) evidently satisfies
(1+x +t2®)B(z% t) = B(x, 1),

which is to say that

(1+z+t2”)Y Bu(t)z™ =) Bu(t)a"™.
n n
If we match the coefficients of like powers of x on both sides, we find the recurrence

Bon(t) = Bu(t)+tB,1(t), (n=1,2,3,...)
Boni1(t) = By(t), (n=0,1,2,...) (8)



with By(t) = 1. This sequence of polynomials? begins as
11,641,126 +1,t+1, 62+t 4+1,1,3t+1,2t +1,22 +2t+ 1, t+1,262 +2t4+1,....
From the recurrence (8) we obtain recurrences for the coefficients b(n, k), namely
b(2n,k) = b(n,k)+bn—1k—1), n>1;k>1) 9)
b(2n + 1,k) = b(n,k). (n>0;k>0) (10)

Now define the “vertical” generating functions Cy(z) = >_,~ob(n, k)2". Multiply (9) by 2
and sum over n > 1, then add to the result of multiplying (10) by 22"*! and summing over n > 0.

The result is that
Cr(z) = (1 + 2)Cr(z?) + 22Ch_1 (2?). (k>1;Co(x) =1/(1 —x)) (11)
Now in general, the solution of the functional equation
G(r) = (14 2)G(z*) + F(x) (F(0) =0)

is seen, by iteration, to be
1 27 27
G(z) = 1_sz>:0(1—x )F(z).

If we apply this to the present case (11), we find a recurrence formula for the vertical generating
functions {Cy(x)}2,, viz.

Cula) = Y = i 270 @Y. (k215 Co=1/(1- 1)) (12)

With k = 1 we obtain )
1 = z%
Cil) = 1—332 14227 (13)

J=1

The coefficient of 2™ in the power series expansion of C}(z), i.e., b(n, 1), is the number of 0’s in the
binary expansion of n (see [4], sequence #A080791) We state this as

Theorem 3 The number of partitions of n into powers of 2 in which exactly one part has multi-
plicity 2, the others being of multiplicity 1, is equal to the number of 0 digits in the binary expansion

of n.

2These are the f(n;q) of [2].




Proof #1. (Recurrence) In eq. (11) put & = 1, and compare the coefficients of ™ on both sides,
to obtain

b(n,1) =b(n/2,1) +b((n —1)/2,1) + 1,
with the usual convention that b(u,1) = 0 unless u is an integer. If z(n) is the number of 0 digits
in the binary expansion of n, it is easy to check that z(n) satisfies this same recurrence with the
same initial values. O
Proof #2. (Bijection) Suppose that 27 does not appear in the binary expansion of n > 27. Let k
be the least integer for which k > j and 2* does appear. Then in the binary expansion of n, replace
2k with 27 + 27 4 20+ - 2012 4 | 4 2k=1 O

An alternative method for computing C1(x) is to use the generating function

B(z,t) = ZBn(t)x” = H (1 +a2¥ t:z:2j+l> .

n>0 §>0

Applying % and setting ¢ = 0 yields equation (13). Similarly, applying %6% and setting t = 0
yields
2i+l 2 2i+2

1 z x
=gy |\ LT ) X ey

i>0 i>0 (1+2%)

Similar but more complicated formulas clearly exist for every Cy(z).

As a final remark, note that if we put ¢ =1 in (7) we recover another proof of Theorem 1.

6 Lucas polynomials

The Lucas polynomials L, (t) can be defined as

Ly(—t) =u} +u”. (14)

For instance,

Li(t) = 1

Lo(t) = 142t

L3(t) = 143t

Ly(t) = 144t + 2

Ls(t) = 14 5t+ 53

Le(t) = 1+6t+9t*+ 263

Lo(t) = 14+ 7t+ 1482 + 743

Lg(t) = 1+ 8t+20t* 4+ 16t> + 2t*.



In particular, L,(1) = L,, a Lucas number. The Lucas polynomials have many equivalent defini-
tions. For instance, the coefficient of t* in L, (z) is the number of k-edge matchings of an n-cycle.
We also have the recurrence L, y1(t) = Ly (t) + tLy—1(t), n > 2.

Equation (14) allows us to write a formula for B, (¢) in terms of the Lucas polynomials. We
write My, (t) = L,(—t) and omit the argument ¢ for simplicity.

Theorem 4 We have

( (n—1)/2
Moy + D (MagyMagn—r) = Mageyta(ns)) » n odd
k=1
B, = (n—2)/2
Moy + (Magk)yMagn—t) = Magkyta(n—1))
k=1
| —I-% (Mg(nﬂ) — Mga(n/2)> , n even.

For instance,
1
Bs = M+ (MpMy — Ms) + (M7 — Mp) + (M3 — Ma)

1
= (L—%)+t+2ﬁ+§@ﬂ)
= 1+t+t%
Proof of Theorem 4. Note that
a't’ 4+ alb' = (a' + ) (a? + ) — (a7 4 b)), (15)
In particular a’d’ = 1 ((a’ 4 b%)% — (a® +b%')). If we collect the terms of the rightmost sum of
equation (7) indexed by ¢ and n — ¢, apply the identity (15), and use equation (14), the proof
follows. O
Note that Theorem 4 expresses B, (t) as a nonnegative integer linear combination of the poly-
nomials My, M;M; — Myy; (i # j), and (M7 — Moay). If we set ¢t = 1 in Theorem 4 then we get a

formula for b(n). The sequence M;(1), Ma(1), ... is periodic of period 6, and the resulting formula
for b(n) is equivalent to Theorem 1.

7 Generalizations of the tree of fractions

The Stern sequence, as we remarked earlier, has the property that the ratios by, /b, 11 of consecutive
members run through the set of all positive reduced rational numbers, each occurring just once. In
this section we look at the extent to which this property generalizes. That is, for fixed integer ¢t > 1,
what can be said about the set S(t) of values that are assumed by the ratios {B),(t)/Bn+1(t) }n>0
of consecutive members?



7.1 Which fractions appear in the sequence?

First, since all By,(t) are = 1 mod ¢, S(¢) can contain only fractions p/q for which p = ¢ = 1 mod
t. But it can’t contain all of these, for, according to the recurrence (8), we have

BQn(t) . anl( )
BZnJrl(t) =1 i Bn(t) ” 1’
and
BQnJrl(t) _ Bn(t) < 1/t.

Ban2(t) Bry1(t) + tBn(1)

Thus, if ¢ > 1, the ratios of consecutive polynomials can assume only rational values p/q such that
p =g =1mod ¢, and p/q lies outside of the interval [1/¢,1]. We can, however, recover some of the
structure of the Stern case t = 1, in general.

7.2 Are consecutive values relatively prime?

Theorem 5 For fized integer t > 1 and for all n > 0, B, (t) and B,41(t) are relatively prime.

Proof. From the recurrence (8) we have that any common divisor d of Ba,(t) and Bay41(t) must
divide B (t) and tB,,—1(t). But d must be relatively prime to ¢, for if p is a prime that divides d

and t, then in view of
t)=1+> b(n,k)t"
k>1

the left side is 0 mod p and right side is 1 mod p, a contradiction. Thus ged(Bay, (), Bont1(t)) =

ged (Ba(t), Bui(1)):
On the other hand, the recurrences

Bon(t) = Byu(t)+tB, 1(t), (n=1,2,3,...)

Bon—1(t) = Bn-1(t), (n=0,1,2,...) (16)
imply that every common divisor d of By, (t) and Ba,,— 1( ) must divide B,,_1(t) and B, (t) and con-
versely. Thus ged(Bay,(t), Ban—1(t)) = ged(By(t), Bn—1(t)). Therefore the ged of every consecutive
pairis 1. O

7.3 Can a pair of consecutive values recur?

We can also recover the uniqueness of each ordered pair of consecutive values.

Theorem 6 FEach reduced positive rational number p/q can occur at most once in the sequence

{Bn(t)/Bni1(t) }5%0-



Proof. Suppose that p/q occurs twice in the sequence. Say, to fix ideas, that

Byi(t) _p _ Bai(t)

Byjri(t) @ Baipa(t)

with j < 7 and j chosen to be minimal among all such indices. Then from the recurrence (8) we
have
Bj(t) +tBj_1(t) = p; Bj(t) = ¢; Bi(t) + tB;_1(t) = p; Bi(t) = q.

Therefore t divides p — ¢ and
Bj_1(t) = (p— q)/t; Bj(t) = ¢; Bi-1(t) = (p — ¢)/t; Bi(t) = q.

Hence the ratio of consecutive members is also repeated not only at the indices 25 and 2¢, but also
at 7 — 1 and ¢ — 1, which contradicts the minimality of the chosen j. O
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