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) and then put z =0, we
amely,
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¢ k., we have, using 64 (2),
V9,

ctorials analogous to the

s h-—s.

z and h,

‘L"BW:“(»:\,
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f Bernoulli’s Numbers.
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Putting z = 1 and dividing by t", we have
log (L+8)0 <~ y
(1) ) \:i(t ):\ — }: 7{ B£n+ +1)(1)
I~ P

using 6-3 (4).
In particular, for n =1,

v

o~

B(n+v)_ . _ =

.J

log (1+t) . ad N ty (V+1)
) t _yzo(v+1)'B” :

Again, mtegratmg (14-¢7)** with respect to z from z to z+1,
n times in succession, we have from 6-11 9),

(1= 2r SV pe-ntD
log LFDT" =258 @

Putting z = 0, we have

o v
(3) in N v i R(',_ﬂ+])
CQrafog(1HOF Y]

and in particular, for n =1,

Nt
2 (1+t)10g (1+¢) Zz'v v
which is the generating function of the numbers BY.

Again putting = = 1, we haves_'(

which shews that (1 ) also holds When n is negative.

In particular, for n-=1,

oh!
G} 1mf(1 S Z B

ich is the generating function of the numbers B(,")(l).
Using 6-3 (4), we have from (6),

- t = o BV
‘) = 1+3t- .
log (1+1) et Z_ng' v-1
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We give a list of ten of the numbers B¢:

6 SP—J BY =-1, B = 15525,
( 00

| £ %] o~ 55
BY

— 8) _ 1070017
== By =1
b s : (@ _ _zo082158
= 25" ; By’ = — 2085782,
5) __ 5 (10) _ 1342112
By’ = - 458, O T

6-5. Bernoulli’s Polynomials of the First Order. We

shall write B, (z) instead of B!V (), the order unity being understood.
Thus from 6-1 (2), we have

6“ m‘\ tv
(1) 1= 2 ;1 5.@,
as the generating function of the olynomials and

t b
(2) N Gt—]._,z.___%-v_.Bv’
as the generating function of Bernoulli’s numbers, £,, of the first
order.

From 6:11, we have the following properties :
3) B, (z) = (B+a)".
(4) (B+1)'—B, =0, v=2,34,...
" d
() dx B,(x) = vB, (4
= 1

(6) [ B.0)d = Ba@-Boa@)
(7) A B, (z) = va.

(8) B,(1-z) = (-1)" B,(x), from 6-2.
The first scven poly pomialsare given in 'he folamwing Hob -

| By(z) =1,

B,(z) =2-%,

B,(z) = 2*-z+ 4,
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By(2) = z(z-1)(z-§) = 2° - §2°+

B,(z) = * - 223+ 2® - 5,

By(z) = z(z-1)(z-§)(@* -2 -}) =

By(x) = 25-32%+ S22 — $ 2%+ 2.

~—We have also for the values 6f the first se
B, B, B, B I
T S S

Il

6:501. A Summation Problem. T

|
! We have by 6-5 (6) and (7),

s+1 . 1
[ B.@ s = 5Bt

= §".

Z:, :r lBy(x)dxz

Tor ex qnu]w ify-= ?

Thus

1
V'f‘—]- [Bv+ﬁ

3 o= BB,
=31 200+ 1)
— [In(n+ P
The method can clearly be applied if the s

te a polynomial in s.

6:51. Bernoulli’s Numbers of the F
trom 6-5 (2),

l) E+§:_VB—£.et+
gt 2T =g s

The functlon on the right-is even, since
function unaltered. It follows ¢
- no odd powers of ¢, and hence
BQM+1 = O, L > 0.«
B, =-1.




