for the 5thorder 1 +4°1+463+4-3°+(3*5-3)

o case 2 ((87¢)
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of 9. Similarly, when we come to the Tth order the square of a

15-termed expression turns up, and this we must now count as
containing, not 15 terms, but 152 C,;,,. The numbers of unlike

terms are thus—

6th ,, 1+5°1+10°3+103*+5(3%5~3)+(15”

7th 3

19. As a bordered skew determinant of the nth order can be
expressed as a sum of -1 such determinants of the (n - 1)th
order, together with a skew determinant of the latter order, and as

Q\ﬁ,.ﬁ)(w“ \/he number of unlike terms in a skew determinant is known,* it is
[

1T\

$

W2,

clear that we have a ready means of verifying the figures just

obtained.
Denoting the number of unlike terms in a skew determinant of

the wth order by S, we have * (g
; n & Fer
S3=i: S“l:li’ S:,:%_l‘_y S“:‘:)_.-‘_’)G, k;=l2__‘2; o3

bordered skew determinants, we have

(DS), =S, + 3(BS),= 4+36
(BS), =8, + 4(BS), = 13+ 422
(BS), =8, +5(BS),= 41 +5-101={ 546,
(D). = S, + 6(BS), = 226 + 6346 = 3502,

Il

exactly as in the preceding section.
t should also be noted that as a consequence of this

(BS)y=8; + 78,4+ T-05,+. .. .+ 7-0:5:4-3-2.1.
13. The most important special case of the theorem is gof 1v

co=ny, Ry, Ry, ..., for then the hordered

determinant Lecomes itself a skew determinant. A notable chung:

putting), &y, %, .
takes place also in the development, the two 1faffians in every pro-
duct, even where in the general theovem they are of diffvrei

* Cunningham, Allan, ¢ An Investigation of the Number of Constirnent

Flements, and Minors of a Determinant,” Journ. of Seicunce, iv. (187411
212-298,

) —
14+61+15°3+20°3%+15(3%5 - )+ 6(152 - 5:3) + (1527 = 105653}~ 050
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orders, becoming erual,

Tor example, w 1
A ple, when the order is the 5t

| o ay ag |- | Iyl R Ty |
B B, o heo h,
71 al ﬂ: a.\‘
21 183
71

on account of the identity of the

first two fr nes
: ame-lines of the see
Plaffian, becomes o

my | a a, a, |?

By B,
Yl

and the full statement of the identity is

_ l/,)i ”7: izf: fa hy|=my | a,a, Sy ik, by |
' 2 1 2 Oy B, B, By B,
Che—aypomy BB, _ Y1 “/~ J
/ —ay =B e o l
T v omy -+ nzl}"lwk'/r;‘«/f—i- Enz:wz:;n/_}-hf’-i- MR,
or | |

=2may aya, 24 it min oy,
By B

Y1 +7)Z17)?,,7N.,7)1 M
EEEV S M

. o .
Pwe bear in mind the wider sphere to which S now refers
This special case is, as implied in .

Cayley, being the subject of his secor
intg,*

S 1, that first dealt with hy
nd paper on Skew Determin.

4. A considoration of this expansion of

“ffices to determine the number of nlik
uinant,

a skew determinant
1 > berins in such a defor.
For exauiple, for the 7

orler we cloarly have 1)
- ' c ool ave the
“imber of unlik. rmg

:C,;)l(Bi_CJ,1>+ C,3~:, + C )
= 30 + 10 + 1,
=41,

. (‘ﬂ\'h’y A g -k 5
) yley, A, Sur les déterminants canches.® Otz
o gl " ants ganches,” Crells’s Jour xvi
25065 or Colleetad Math. Pupers, i. pp. 410-413 ) e
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And, gencrally, the number of unlike terms in a skew determinant

of the ath order is ¥

3 « 3:5(1+3-5
1+ (J“.._» + Cn_i‘ 3(1‘)‘—'1-'_) + C‘H.G_—'(_c)‘__)

3.5.;<123-5-7)+____

+ CJA,S

-

15. If we specialise further, by making m = mw,=wm,=m,=m =1,
il expansion takes the form of a sum of squares,

1f, on the other hand, we make each of the w’s equal to 0, the
expansion in the case of odd orders entively disappears; and, in the
vasa of even orders, reduces to one term.  This is the ““ very speelal
case” referred to in §2, and used in §7 in proving the general
theorem. It is the subject of Cuyley’s fourth paper on Skew
Determinants. T

It would be well, however, to combine these two special cases
and others in one stalement, viz., that, ;7 (e ralues of the diagonal
clements of @ skow doferwinant be conpived to 0 or 1, the defor-
wminant ix oepressible as a sum of syueres of Diegians.  For ex-
ample, i the case of the Sth order, it w) =0, and w,=m,=m, =

m. =1, we have

}11 ]’3 //3

1 o) 0y«

-a, 1 B ﬁ:} N I 71 = a
—a=B 1y +hEtalt BT
o= By-y 1

16. Before proceeding to our next theorem, the nature and
notation of the elements of product-determinants require to b
recalled to mind.  The elements of the determinant which is the

product of | @ hyes | and | e, By, | are of the form,

aa + B +agy,,

or (ma,a)(a,6yv,),

* Cf. Cunninghany’s paper, above referred to, p. 225,
1 Cayley, A., ““Théoréme sur les d'terinants gauches,” Crelle’s Journ., 19
Pp. 277, 278 or Cullected Math. Papers, iv. pp. 72, 78.
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or, for compactness’ sake,
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In the next place, the product |
has clements of the form

abr, :‘ @By, |- w07 |

Laaa, W, A,
i = 7 102700 R G
” % ol R, )
uLBl/l “;‘!8:/: a f3y,

or LA O

“ B v o

a By vy, 7

ag f3, Yo7

the final expansion of the latter expression heing easily obtainable

on remembering that there is a term corresponding to every ele-
ment in the square array, and that this term is the product of that

element, B, say, and the two outsile eloments a, and z; standing

i the same eolumn or row with it.

Further than these two cazes it is not urcessary at present t go.

The succeeding expressions of the

paper published in Lrrizactinns of

sawe kind will be found in a

the Soeiety, whers also an ex-

pasition of thedr praperties is given*

17. Now, the first three instances of our new theorem are—

fa g, Iy
weVal+ la F=m+ 11 ;9 +oal by by,
f—ay 11 -a 1k A Fy Ty
o3
Tty Js X%
L g a,/+ 1 g a, | Iy=in + Zr‘r’l:*/;-"" + Sa,lm by by r,
—ap 1 B‘l —e 1B Ty s i I
- _'_Bl 11 aq—ﬁl 1 7:3 o,
+ 7 hy I h
. - e el I 1 ) .
e,  a ay 1 0, a, a, fy=m *z ]-_}_"l.‘z + aymhh,
LB B —ap 1B Ba Ty s ey Iy
BTy ~ay =B Loy Uy o
=By -n 1 —ay =By =y 1y + miayayap?
) B’
ML

* *“On Bipartite Functiens,” Trans,

R.S.E.| xxxii. pp. 461-481,
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