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Start with a number, known as the generator, and repeatedly add the sum of the digits. Numbers which cannot be generated by this process were originally called Columbian numbers and are now
called self numbers. In base b we also call them b-self numbers.

The first few self numbers are (Sloane's A003052):
1,3,5,7,9,20,31,42,53,64,75,86,97,108, 110, 121, 132, 143, 154, 165, 176, 187, 198, 209, 211, 222,233,244, ...

For odd bases b the b-self numbers are exactly the odd numbers. The proof is easy because for x = ay a_; ... a; ag with 0 < a; <b:
X + SOD(x) = (2ag) + al(b1+1) + a2(b2+1) + ...

and the right side is always even. Therefore all odd numbers are b-self. Conversely each even number can be written in the above form and is not b-self.

For even bases the b-self numbers up to b are again exactly the odd numbers but above b the situation is more complex and no easy characterization is known. However there are infinitely many b-self
numbers since an infinite sequence can be generated from the following recurrence relation:

Cl =b-1,
Cy = (b-2)bX1 + Cp | +b-2. (k=2)

(for b=2 use Cy = 2+ Ck-1 + 1, where j 1s the number of digits of Cy_)

For even bases b the following can be proven:
If n = b is a self number then n has the form n = (b-1) + al(b1+1) + a2(b2+1) + ...withO<a; <b.

Note that the reverse direction is not true.
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